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LINEAR’ TOPOLOGICAL SPACES 
D. H. HYERS, 


1. Introduction. In general analysis it is customary to study linear 
spaces for which there is defined a “norm,” which takes the place of 
the absolute value of ordinary analysis in defining distance, limit 
point, continuity, and so on. Linear metric spaces more general than 
the normed spaces have also been studied by Fréchet, Banach, and 
several others. In line with the trend toward general topology, it 
seems natural to generalize still more by introducing linear topological 
spaces, that is, linear spaces which are at the same time topological 
spaces, in which the fundamental “linear” operations of addition and 
scalar multiplication are continuous. We shall always assume that 
the topology is subject to the axioms for a Ti-space.! 

The topology of Tı-spaces may be introduced in various ways; by 
postulating a system of open sets or of neighborhoods with certain 
properties, and so on. We shall find it convenient to give a set of 
postulates for the topology of the linear space L in which “neighbor. 

‘ hood” is the fundamental undefined notion. Since L is a topological 
group, it has a uniform topology and hence it is sufficient to consider 
_ neighborhoods of the origin. Moreover, the “uniform structure” im- 
“ plies that L is a completely regular Hausdorff space? 

The following notations will be used. The set of elements x having 
the property P will be denoted by fx; P}. If Sand T are subsets of 
L, a is a fixed real number, and x a fixed point of L, «+S denotes the 
set {x+y; YES}; S+T denotes the set {y+z; YES, 2ET}; aS 
stands for the set fay; yES } . The notations U and A are used for 
union and intersection, respectively. The following definition of a 

-linear topological space is equivalent to the one given above." 

DEFINITION 1.1. A linear space L will be called a linear topological 

space (abbreviated I.t.s.) if and-only if there is a system U of subsets 


An address delivered before the April meeting of the Society in Berkeley on April 
29, 1944, by invitation of the Program Committee; received by the editors July 17, 
1944, 

1 The definition given here seems to be due to Kolmogoroff [1], 1934. However, 
a linear space with a more general topology than that of a Ti-space was defined by 
Fréchet [2, 3] in 1926 under the name “topological affine space.” The postulates for 
a Ty-space are given in Alexandroff and Hopf [1, p. 59]. The bracketed numbers 
refer to the bibliography. 

2A. Weil [1, p. 13]. 

3 For the proof see Hyers [4]. 
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U of L called neighborhoods of the origin subject to the following postu- 
lates.4 

(i) The intersection N { U; UEU} of all the members of U is the 
one element set consisting of the origin 0. 

(ii) Given UEU, VEU, there exists WEU such that WC UAY. 

(iii) If UEU there exists VEU such that V+VCU. 

(iv) Given UEY there exists VEU such that & VC U, for all real 
a satisfying —1 Sasi.. 

(v) For every «CL and UCU, there exists a real number & such 
that xEaU. 

Linear topological spaces may be regarded on the one hand as very 
special topological groups, which are abelian and have real “oper- 
ators,” or on the other hand as a generalization of Fréchet spaces, 
Banach spaces, and so on. 

We now consider some examples of I.t.s. 

EXAMPLE 1. The space of all real functions x(t) of a real variable 
t on a fixed interval (the interval may be finite or infinite). The neighbor- 
hoods U of the origin are taken to be the sets U(c, 6) = fæ; EOJ <6, 
i€o}, where g ranges over all finite sets of real numbers on the in- 
terval, and 6 ranges over all positive numbers. 

EXAMPLE 2a. Any linear normed space E with its usual “strong” . 
topology. Put U(8) = {x; ||x||<8}, where 5>0. _ 

EXAMPLE 2b.° A linear normed space E with its weak topology. Cor- 
responding to each finite set ø of linear continuous functionals f(x) on 
E, and gach 8>0, define U(e, 8)={x; |f(x)| <ô, feo}. A linear | 
normed space # with its weak topology, considered as a af s., will 
be denoted by €. 

- EXAMPLE 3. The space I? of sequences x= (x1, %2, - a such that 
|x] =( 2021 | |“)? < ©. The neighborhoods U are defined to be the 
sets U(5) = {x; |x| <5}, where 5>0. 

The space E of Example 2b is of considerable importance in some... 
recent developments of Banach space theory. In Example 1 the topol- 
ogy is simply that of “point-wise” convergence. This example illus- 
trates the utility of the concept of a I.t.s. in situations where point- 
wise convergence i desired. The norm or “strong” topologies on the 
other hand (Example 2a) apply to function spaces in which the con- 
vergence of elements means the uniform convergence of functions, or 
convergence in the mean, and so on. 

Example 1 may be generalized by considering the topological prod- 





4 Except for (i), these postulates are identical to those given by von Neumann {al 
ë For. further examples of a similar nature related to Hilbert space see von 
Neumann [1, 2]. ` 
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uct of a family of 1.t.s. Let A be any abstract set of arbitrary cardinal 

number, and let there be assigned to each aGA,al.t.s. La The space 

JIL. of functions x(a), with x(a) EL, for each aCA, will be called 

the linear topological product of the family {La; acA} of lt.s. when 
` addition and scalar multiplication are defined in the usual manner, 

and a typical neighborhood U of the origin in [[Z, is defined as 


U = {x(a); x(a) E Uani =1,--+, x}, 


where Gi, +++, an» is any finite set of indices and U, is any neighbor- 
hood of the origin in the space La. It is easily shown that the linear 
topological product of a family of I.t.s. is itself a I.t.s. According to 
this definition, Example 1 may be thought of as the space of real 
numbers raised to the power of the continuum. The linear topological 
product of a finite number of normed spaces is itself a normed space, 
but this is not true for an infinite family of normed spaces.® 


2. The properties of boundedness and convexity; normability and 
metrizability. One of the first questions to come up in studying I.t.s. is 
to determine conditions under which the space under consideration 
is capable of being normed or metrized, and hence subsumed under 
more traditional systems. l 

We shall call two I.t.s. isomorphic if they are isomorphic as abstract 
linear spaces and if in addition the isomorphism is bicontinuous. A 
necessary and sufficient condition for a 1.t.s. to be normable, that is, 
isomorphic to a normed space, was given by Kolmogoroff [1] in 
terms of two geometrical properties which will now be defined. The 
term “convex set” will be used in its usual sense: S is convex if x, 
yES,A <a<1 imply ox+(1—a)yC5. A subset S of a l.t.s. L will be 
said to be bounded if for any neighborhood U of the origin there is a 
real number @ such that SCaU. This definition was given by von 
Neumann [1]. It can beshown’ to be equivalent to an earlier definition 
due to Banach. Another equivalent definition of boundedness was 
iven by Michal and Paxson [1]. 


THEOREM 1 (Kolmogoroff [1]). A necessary and sufficient condition 
a l.t.s. to be normable is that it contain an open set which is both 
vex and bounded. 











he central idea of the proof is the Minkowski functional, which is 
d to define the norm: 


llall = inf {a;2 E€ aU}, 


€ See for example Bourgin [1, p. 639]. 
? Hyers [3]. 
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where U is a bounded, open, symmetric, convex neighborhood of the 
origin. The triangular property of the norm is a consequence of the 
convexity of the fundamental neighborhood U. The property that 
||| =0 implies x=0 follows from the fact that since U is bounded, 
the neighborhoods U’=(1/n)U, n=1, 2, 3, , form a complete 
neighborhood system of the origin. me ; 

It has been pointed out® that the next theorem can be easily de- 
duced from a theorem of G. Birkhoff [1] on the metrization of 
topological groups. 


THEOREM 2. A l.t.s. L is metrizable as a space of type F (not neces- 
sarily complete) if and only if there exists a countable complete neighbor- 
hood system of the origin in L. 


The following definitions are suggested by the results of Theorem 1. 

DEFINITION 2.1. A l.ts. Lis called locally convex? if there exists a 
complete neighborhood system of the origin, every neighborhood of 
which is convex. 

DEFINITION 2.2. A l.t.s. L is called locally bounded if it contains a 
non-void bounded open set (Hyers [4]). 

To return for a moment to the examples given in §1, we see that 
Examples 1, 2a and 2b are locally convex. The space //? of Example 3 
is locally bounded but not locally convex (Tychonoff [1]). Examples 1 
and 2b are, in general, spaces which do not have countable complete 
neighborhood systems of the origin and hence are not metrizable. 
This is easily demonstrated for Example 1. It was proved by von 
Neumann [2] for weak Hilbert space 3¢ by constructing a set SC3¢ 
which had the origin as a limit point, and yet had the property that 
no sequence of the elements of S was convergent to the origin. Thus 
in non-metrizable l.t.s. the ordinary concept of sequential con- 
vergence may not be sufficient to give us all the limit points of the 
space. The space € of Example 2b is normable if and only if it is 
finite-dimensional (Wehausen [1]). 

The property of local convexity plays an important role in many, 
analytical theories, especially in the theories of linear functionals, 
integrals, and functional equations. Fortunately, most of the mor 
important instances of |.t.s. do have the property of local convexit; 
It is easily seen that the linear topological product of an arbitra 
family of locally convex spaces is itself locally convex.!® 

The property of local boundedness" puts a rather severe restrictic 

8 Hyers B] Wehausen [1]. 

9 The term “convex” is used by von Neumann [1] in place of “locally convex.” 


10 This was pointed out by Bourgin [a]. 
2 Defined by Hyers [4]. 


m 


1945] - LINEAR TOPOLOGICAL SPACES 5 


on the 1.t.s., as the following theorems show. It was mentioned in con- 
nection with Theorem 1 that the property of local boundedness im- 
plies that there exists a countable complete neighborhood system of 
the origin. Thus from Theorem 2 we have: 


THEOREM 3. Every locally bounded l.t.s. is metrizable. 


Again, by carrying through the same type of argument used in 
proving Theorem 1, one can prove” the following theorem (the func- 
tional | «| is again defined by formula (1), but without requiring the 
convexity of U). 


THEOREM 4. If L is a locally bounded L.t.s. there exists a non-negative 
real valued functional x on L with the following properties: 

(i) |x] =0 implies that x=0; 

(ii) [ax] =]a] -|x| for every x in L and every real a; 

(iii) there exists a real number B21 such that lx+y| SB(|x| +| yl) 
for all x and y in L; 

(iv) the sets S(6) = fx; xEL, | x-| <ô}, where 5>0, form a complete 
neighborhood system of the origin. 

Conversely, if L is a linear space and there exists a non-negative real 
valued functional | zc| defined on L and having the properties (i), (ii), 
(iii), then L is a locally bounded L.t.s., when the topology is defined in 
accordance with (iv). 


The multiplier property (iii) is due to Bourgin [1]. The properties 
given by Hyers [4] were (i), (ii), (iv) and in place of (iii) an appar- 
ently weaker continuity property, that [x+y] —0 whenever | x]—0 
and | y| —0. However, on the assumption of this continuity property 
and properties (i) and (ii) it is easily shown that (iii) holds.® For if 
|æ] sô, ly| <ô imply that |x+9] <1, then choose any x: and yı 
such that either xı or yi is not the zero element. Putting 
x=ô. x1/ (| xa| +[9]) and y=6- y:/(| xa] +] 911) gives sty] - 
<A(|x1| +|y:|), where 8=1/8. On the other hand, if | xı! =| yı] =0, 
the inequality (iii) is obviously satisfied. 

DEFINITION 2.3. The functional | x|- appearing in Theorem 4 will 
be called a qguasi-norm, and £ is called a multiplier of the quasi-norm. 

One is tempted to look for the least multiplier for a given locally 
- bounded space. However, Bourgin [1] has shown by an example that 

there may be no least multiplier. By Theorem 1 it is possible to take 

ß=1 if and only if the space is locally convex. 
In normed spaces the triangular inequality implies that the norm 


est” 


~ £ For the proof see Hyers [3] and Bourgin [1]. 
- B A different proof was given by Bourgin. » 


i ` 
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is continuous at every point of the space. It is easily shown by an 
example that the properties (i), (ii), (iii), (iv) do not imply continuity 
everywhere. However, if the set U is bounded and open, the quasi- . 
norm obtained by formula (1) is everywhere upper semi-continuous 
(Hyers [4]). The complete answer to this continuity question was 
recently given by Bourgin [1] who proved the following theorem. 


THEOREM 5. In any locally bounded L.t.s. L it is possible to define a 
quasi-norm with the properties (i), (ii), (iii), (iv) of Theorem 4, and 
with the additional property: (v) |x is continuous in x at each point 
of L. i 


Bourgin’s proof, of course, involves a suitable selection of the fun- 
damental neighborhood U occurring in the definition of the quasi- 
norm (see formula (1)). This neighborhood was chosen to be a sphere 
fa; p(x, 0) <a}, where p(x, y) is a certain metric for the space (see 
Theorem 3), A particular case of a locally bounded I.t.s. with is not 
normable is the space /'/? (Example 3). Here the quasi-norm can be 
defined as |x| =(>-f1 x |¥2)2, and in this case the number 2 is a 
_ multiplier. Further examples are given by M. M. Day [1]. 

The following theorem shows that the results of requiring local 
compactness are the same for a I.t.s.‘as for a linear normed space. 
The term compact will be used in the “old fashioned” sense, that is, 
a set S is compact if every infinite subset of S has a limit point in S. 





THEOREM 6. A necessary and sufficient condition for a L.t.s. L tobe 
isomorphic to a finite-dimensional Euclidean space is that L be locally 
compact, that is, that L contain an open set whose closure is compact. 


Theorem. 6 may be proved by first showing that local compactness. 
implies local boundedness, and hence the existence of a quasi-norm. 
The existence of a finite basis is then established by the method of- 
F. Riesz [1], who proved the theorem for the space C of continuous 
functions.4 : 

This result suggests the possibility of extending the Riesz theory of 
completely continuous linear functional equations to transformations 
of 1.t.s. However, so far it has been found possible to do this only for 
locally bounded spaces (Hyers [4]). 


3. Fixed point theorems and functional equations. The well known 
fixed point theorem of Brouwer for continuous transformations of an 
n-dimensional topological simplex into itself has been generalized to 
compact subsets of (possibly) infinitely-dimensional spaces by several 


x Theorem 6 may also be deduced from Theorem 43 of Pontrjagin [1, p. 170]. 


1945] LINEAR TOPOLOGICAL SPACES 7 


authors, beginning with Birkhoff and Kellogg [1]. The numerous 
applications of such fixed point theorems to the proof of existence 
theorems for both ordinary and partial differential equations as well 
as to other functional equations are too well known to require exten- 
sive reiteration here. The Brouwer fixed point theorem was general- 
ized to the case of bicompact convex subsets of a locally convex I.t.s. 
by Tychonoff [1], who also applied his results to obtain an existence 
theorem for infinite systems of differential equations. Tychonoff’s 
theorem was also used by Paxson [1, 3] in the study of differential 
equations for functions whose values are in a I.t.s. 

As beautiful as the concepts and methods are in this general ap- 
proach to the solution of functional equations, it does have certain 
disadvantages. The method is “non-effective” in the sense that no 
method is given for constructing a set of approximations to the fixed 
point. Moreover, the method leads only to the existence of a fixed 
point, and tells us nothing about its uniqueness. 

Another and older method for proving existence theorems for func- 
tional equations is the famous method of successive approximations 
of Picard. This method has the advantage of being “effective,” and 
hence capable of being applied to obtain approximate solutions. It 
also provides a uniqueness proof. The “heavy” restriction made here 
is that the transformation involved satisfies a Lipschitz condition. 
An application of Picard’s method to the proof of a fixed-point 
theorem for transformations of a subset of a complete metric space 
was given by Hildebrandt and Graves [1]. The author’s Theorem 7 
below!” is a generalization of the result of Hildebrandt and Graves 
to transformations operating on 1.t.s. In order to formulate a suitable 
analog of the Lipschitz condition in a I.t.s. we need the following defi- 
nition. 

DEFINITION 3.1. By a Lipschitz system for a l.t.s. a we shall under- 
stand a family of sets K(x), with the following properties: 

(1) To each x in L there corresponds a convex set K(x). 

(2) «EG K(x) and 0EK(x); if x0 and a>1, then axG K(x). 

(3) K(ax) =aK(x) for a20. 

(4) y€K(x) implies K(y) CK(x). 

(5) Each K(x) is bounded. 


2 For example, Schauder [1]. Further references are given by Graves [1]. An 
application of a fixed point theorem to an existence theorem arising in a hydro- 
| dynamical problem was worked out by Wey! [1]. 

18 For a discussion see Graves [1]. 
u Hyers [1, 2]. 
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In the special case of a linear normed space E, the sets K(x) 

= {y; |lyl| <||x||} form a Lipschitz system. A sequence x,€Z will be 
called fundamental if, corresponding to each neighborhood U of thr 
origin, there is a positive integer no such that £m —x%„ EU for m>m 
- and n>n. A subset S of L will be called sequentially complete if every 
fundamental sequence x,@S converges to a point of S. The closure 
of S, that is, the set consisting of S and its limit points, is denote; ; 
by 5. ‘ 


THEOREM 7. Let z=f(y) be a continuous transformation of Y into, 
part of itself, where Y is a sequentially complete subset of a linear topos 
logical space L. Let {K (y)} be any Lipschitz system with respect ty 
which the function f(y) satisfies the Lipschitz condition 


fo) — JC) E uK — 2) 


Jor all pairs y, z EY, where p is a positive constant less than one. Then’ 
the transformation 2=f(y) of Y into part of itself has a unique fixed. 
point. 


l 
3 
{ 


PROOF. or any chosen oC Y, define y, recurrently by Yayı =f (Yn), 
n=0,1,2,+++,s0 that yE FY for all n. Using properties (3) and (4) 
of Lipschitz systems and an induction we obtain | 


Ynti — Yn E WK (y1 — Yo), n= 1, 2,008 . 
Hence we have 


utp — Ym = Ympp — Ympp-r F °° F Ymyl — Ym 
E wt P-1K (y — yo) +- + uK (1 — yo) 
E (prt 4. + u) K — yo), 


where the last step is justified since by (1), K(y1— y0) is a convex set. | 
By (5) the set K(yı— y0) is bounded, so that there is a 6>0 corre- | 
sponding to each neighborhood U of the origin @ such that 0<6<6 
implies BK (y1—0) C U. Now 0<p<1 so that Xu” converges, and for 
sufficiently large m and any p we have Ynip—V¥m€ U, whence yẹ, is a 
fundamental sequence. The existence of a fixed point now follows im- 
mediately, while the uniqueness ‘is readily proved by using property 
(2) together with the inequality 0<u <1. 





THEOREM 8. In any locally convex linear topological space there al- 
ways exist complete neighborhood systems U: (U, V, W, -+ ) of the ` 
origin with the properties: 

(i) if UEU, then U is convex; 

Gi) if UCU then aUEU, for each real æ. l 
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For any such neighborhood system U put K(x)=N { U; UEU, xEU }. 
-Then the sets K(x) form a Lipschitz system for the space L and we have 
=N U; VEU, <ET}. 


This theorem gives us a useful way of finding Lipschitz systems ia 
“any particular locally convex space. For instance, in weakly topolo- 
ized Hilbert space 3 the theorem tells us that the sets K(x) of all z 
‘or which | (z, y) | s | (x, y) |, as y runs over 3C, form a Lipschitz system. 
Theorem 7 in conjunction with Theorem 8 may be used to prove 
existence theorems for differential or integral equations (Hyers [1, 
2J). By interpreting the space L in different ways a variety of exist- 
ace theorems can be proved. For instance, on taking L to be the 
ace (s) of all real sequences x= (xı, xz, -- +), topologized by com- 
honent-wise convergence, we can obtain an existence theorem for an 
nfinite system of ordinary differential equations. Again if L is taken 
o be the weakly topologized Hilbert space 3, one may establish an 
existence theorem for “weak” differential equations for functions 
whose values lie in Hilbert space. 


ba 


4, Pseudo-norms. The notion of a pseudo-norm, introduced by 
J. von Neumann [1] for the case where the I.t.s. is locally convex, is 
both useful and suggestive in theories of linear transformations, lin- 
ear functionals, differentials, and so on. It springs from the same idea 
already used in proving Kolmogoroff’s normability theorem, and in 
connection with locally bounded spaces, namely, the Minkowski 
functional. It differs from a norm (or the quasi-norm introduced in §2) 
in that the vanishing of the pseudo-norm of an element x does not 
imply that x =6. The following treatment is based upon the author’s 
generalization!® of von Neumann’s pseudo-norm, so that it may be 
applied to any I.t.s. 

DEFINITION 4.1. An arbitrary set D with elements a, b, c, ©- to- 

gether with a binary relation > is called a directed system”? if the fol- 
“lowing postulates are satisfied: 

(i) either a>b or a}0 for every pair a, b in D; 

(ii) if a>b and 6>c then a>c; $ 

(iii) given aED and b€D there exists c&D such that c>a and 
` c>b. ; 

‘Properties (i) and (ii) state that D is partially ordered, and (iii) is 
the “composition” property of Moore and Smith. 

Derrnition 4.2. A linear space L will be said to be pseudo-normed 

18 Hyers [5]. See also LaSalle [2]. 

18 Moore and Smith [1]; G. Birkhoff [2]; Tukey [1]. In our notation ¢>8 in- 
cludes the statement a =b. 
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with respect to a directed system D if there exists a real-valued func- 
tional | x| a defined for all x LZ and dED which satisfies the following 
postulates. : 

(1) x| a20; |x| a=0 for all dCD implies «= 6. 

(2) |ax|a=|o|-|x| for all real æ arid every «EL. . 

(3) Given e€D there exists dED such ‘that |x+y|-S|xlatlyla ’ 
for all x and y in L. a 

(4) |x| az |x] e whenever d>e, and for all x in L. 

Remark. The property (3) in Definition 4.2 is due to LaSalle [2]. 
A weaker property was used in the author’s original definition. 

As a simple example of a pseudo-norm, consider the space (s) of 
all real sequences x = (x, x2, - ++) and take D to be the ordered set o! 
positive integers. Then the functional |x| ¢=max{|x,|;1<¢Sd} i 
a pseudo-norm for (s) with respect to the set of positive integers. 

Having defined a pseudo-norm for a space, the topology, obtained 
by defining x to be a limit point of a set S if, given 6>0 and dED, 
there exists a point yx such that |æ—y|a< ð, is called the topology 
generated by the pseudo-norm. In the example just given the pseudo- 
norm generates a topology equivalent to the usual metric topology 
for (s). i i 


THEOREM 9. Every pseudo-normed linear space L is a L.t.s. in which 
the pseudo-norm generates the topology of L. Conversely, given any Lt.s. 
L, there exists a directed system D with respect to which L may be pseudo- 
normed in such a way that the pseudo-norm generates the topology of L.?° 






COROLLARY. The directed system D for a l.t.s. may be identified with 
a certain complete neighborhood system {U } of the origin, in which 
U> U, means UC U2. 


The directed system D for a I.t.s. L will be called a directed system 
associated with L. ` 

Theorem 9 affords an alternative definition of a 1.t.s. In some cases 
it seems simpler to define a pseudo-norm directly instead of defining 
an equivalent neighborhood topology. 

A pseudo-norm is called triangular if it satisfies the postulate: 

(3a) |xty|aS|zl|at|y|a for all x, yEL and dED; that is, if 
d=e in property (3) of Definition 4.2. 

The “pseudo-metric” of von Neumann [1] is a triangular pseudo- 
norm for which D is a suitably chosen complete neighborhood system 
of 8. It is possible to define a triangular pseudo-norm for a I.t.s. L if 
and only if L is locally convex.” A good many properties of I.t.s. and 

20 Hyers [5]; LaSalle [2]. 

3 von Neumann [1]. 
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their subsets can be stated conveniently in terms of the pseudo-norm. 
Thus, it is easily shown on the basis of Theorem 9 that a subset S 
of a I.t.s. L is bounded if and only if, given d€D, there exists u>0 
such that |x| «<p for all xES. 

The notion of pseudo-norm has been generalized still more by J. P. 
LaSalle [1, 3] to apply to linear spaces in which the “scalars” are ele- 
ments of a normed ring instead of real numbers, and also to topologi- 
cal spaces which need not be linear spaces. 


5, Linear transformation and functionals. In this section we shall 
consider additive transformations T(x) on a I.t.s. L to a 1.t.s. L2. The 
following theorem was proved by Wehausen [1] for the case in which 
Lı and Ls are both locally convex. However, the proof remains un- 
altered for the present more general statement. 


THEOREM 10. Let Lı and Lz be two l.t.s. and let Dı and Dz be associ- 
ated directed systems for Lı and Lo, respectively. An additive transforma- 
tion T on L, to Lz is continuous if and only if to each e in D3 there corre- 
sponds a d in D, and a real number p=0 such that |T(x)| «Su x| a, for 
all x in Ly. 


COROLLARY. A linear continuous transformation on Lı to Le takes 
bounded sets into bounded sets. 


In the study of linear operators on Lı to Lz, one of the natural 
questions which arises is that of finding a suitable topology for the 
set G of all continuous linear transformations T on Lı to L which 
will make © a linear topological space. A satisfactory topology was 
given by LaSalle [2] in terms of a pseudo-norm. The focus of atten- 
tion is the set B, of all bounded sets B. of Lı which contain the origin, 
rather than a neighborhood system of the origin in Lı. Bı is a di- 
rected system if we define B>B’ to mean BCB’. Consider the set D 
of all pairs e= (d, B), where d€ Do, BC Py, and D: is a directed system 
associated with Lz. Then E is also a directed system, if we define 
e>e’ to mean that d>d’ and B>B”. 


THEOREM 11. For each TET and each eG, put | T]. =sup 
{| T(x)|a;xEB}. Then |T]. is a pseudo-norm for the linear space ©, 
and E is an associated directed system. In case Le ts locally convex, then 
|T|. is a triangular pseudo-norm.?? 


In particular, Theorem 11 provides a topology for the space L* of 
all linear functionals on a L.t.s. L. An equivalent topology in this spe- 
cial case was used by Bourgin [1]. 


# LaSalle [2, Theorems 5, 6]. 
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We now turn to the special case of functionals on L, The‘following 
existence theorems, due to Wehausen [1] and LaSalle [2] respec- 
tively, may be proved on the basis of the Hahn-BanacH theorem 
(Banach [1, p. 27, Theorem 1]). These two theorems once again em- 
phasize the importance of convexity properties in connection with 
linear functionals. 


THEOREM 12. If L is a locally convex l.t.s. and D is an associated 
directed system, then for any xGL and any dCD there exists a linear 
continuous functional f(x) defined on L with the property that f(x») 
= | xo| d 


+ 


It is easily shown by example (for example, the sequence space %2) 
that this condition of local convexity, while sufficient, is not necessary 
for the existence of non-null linear continuous functionals. This re- 
mark adds interest to LaSalle’s result: 


THEOREM 13. A necessary and sufficient condition that there exist a 
‘non-null continuous linear functional on a l.t.s. L is that there exist a 
convex open set which is properly contained in L. 


The question of the existence of linear continuous functionals in 
function spaces of the type L? and 1?, where 0<p<1, has been stud- 
ied by M. M. Day [1]. In particular it was shown that every continu- 
ous linear functional defined on the space L? of real functions Ff) 
on the interval (0, 1) is identically zero when 0<p<1. 

In the light of Theorems 12 and 13 the desirability of requiring local 
convexity in order to establish a satisfactory theory of linear func- 
tionals on a'l.t.s. becomes apparent. In the case of a locally convex 
I.t.s., a good many generalizations of theorems on linear functionals 
which are well known for Banach spaces can be carried through. In 
particular, theorems of the Helly type (Banach [1, pp. 55-57]) on 
the extension of functionals, which are important for their applica- 
tions to the problem of moments and the solution of infinite systems 
of linear equations, have been generalized by Wehausen [1] and 
Bourgin [1]. - 

The relationship between a locally convex I.t.s. L and the space L* 
of linear functionals on L has been studied from a new viewpoint by 
G. W. Mackey [1, 2]. He starts with an abstract linear space X, 
singles out a certain subset of the set of all linear (additive and homo- 
geneous) functionals on X, and considers the problem of what topolo- 
gies in X will make the distinguished set of functionals the continuous 
functionals. In the case of normed spaces, there is a theorem of Fich- 
tenholz [1] to the effect that two norms in the same ‘linear space give 
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the same topology if and only if the same linear functionals are con- 
tinuous with respect to both norms. Such is not the case, however, 
in the case of locally convex I.tis., as shown by the example of a 
Banach space with its weak and strong topologies. This leads to the 
concepts of relatively weak and relatively strong |.t.s., and to several 
theorems involving these notions. (In the example just referred to, 
the norm topology 4: is relatively strong, and the weak topology te 
obtained from the set of all linear continuous functionals is relatively 
weak. Any other locally convex topology for the same space and lead- 
ing to the same set of continuous linear functionals will be stronger 
than t2 and weaker than ż.) In particular it is shown that a locally 
convex I.t.s. of the second category is relatively strong. This theorem 
generalizes Wehausen’s result [1] that an infinitely-dimensional 
Banach space with its weak topology is of the first category. 


6. Differentials. In functional analysis a number of definitions of a 
differential have been used.** Perhaps the simplest is the “weak” or 
Gateaux differential df (x+cadx)/de| a=0 Which is simply the “varia- 
tion” used in the calculus of variations. However, the Gateaux differ- 
ential does not have many of the usual properties associated with the 
total differential for functions of two or more real variables, and we 
shall be interested in the generalization of the fotal differential. At 
this point it might be well to list the properties which a differentiable 
function should have. Denoting the differential of f(x) with increment 
ôx by df(x; ôx) we shall require that (I) if a function is differentiable 
at a point it is continuous at this point; (II) the composite function 
rule holds, that is, if g(x) =f(¢(x)) and d¢ and df exist then dg exists 
and dg(x; 6x) =df(y; dy), where y=@(x), dy =do(x; ôx); (III) the dif- 
ferential is linear and continuous in the increment; (IV) df(x; 6x) is 
a first order approximation to the difference f(x-+ 6x) —f(x) when dx 
is “close” to 8. 

Property (IV) is purposely left vague. The various definitions 
which will be discussed differ principally in the exact interpretation 
of this property. 

The standard definition of a differential of a function on E, to Es, 
where E; and Ey are linear normed spaces, is due to Fréchet [1]. A 
function on FE; to Ez is Fréchet differentiable at the point x with 
the differential df(x; ôx) if df(x; 6x) is a linear continuous function of. 
ôx on E, to Ez such that limy.d|f(e+h)—f(x)—df(x; Wila] =0. 
It is well known that the Fréchet differential has the four properties 
listed above. The definition shows the sense in which it satisfies (IV). 


% For example, see Fréchet [1, 2]. For a discussion see Graves [1]. 
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The differential calculus has been extended to include functions 
whose arguments and values lie in 1.t.s. and also in topological groups 
by A. D. Michal and his students. The first step in this direction was 
made by Michal and Paxson [1, 2] in 1936. However, their definition 
did not prove entirely satisfactory, since the domain and range of 
the functon had to lie in the same space, and the rule (II) for the 
differentiation of composite functions was not demonstrated. Since 
then a number of different definitions have been proposed having the 
properties (I), (II), (III), (IV). We consider first Michal’s M-differ- 
ential,” 

DEFINITION 6.1. Let Lı, Le be Lt.s., and let f(x) be defined on a 
neighborhood N of a point w»GLi to Ly. The function f(x) will be 
said to be M-differentiable at x=%, and df(xo; 6x) will be called an 
M-differential of f(x) at x= with increment ôx if and only if 

(1) df(xo; ôx) is a linear continuous function on L to Ls; 

(2) there exists a function e(xo, #1, %2) with arguments in ZL, and 
values in Lə such that 

(a) €(xo, 0, x) =8@ for all «<ELy; : 

(b) elso, 21, Axa) =Ae(0, £1, £2); for all N>O, for all x, in some neigh- 
borhood of 6€ LZ, and for all x2E Ly; 

(3) there exists a neighborhood U of 6€L, such that f(%o+ ôs) 
—f(xo)—df (xo; 6x) = (xo, ôx, 5x) for all ôxE U. 

The M-differential can be shown to have the properties I, II, ITI, 
and the Definition 6.1 shows the sense in which it satisfies IV. Every 
M-differential is a Gateaux differential, so that the function ‘df (xo; dx) 
is unique, for a given x) and a given f(x). When LZ, and Le are norm- 
able spaces, every Fréchet differential is also an M-differential, but the 
converse statement is not true, as is shown by the following example. 
© Let Lı be the linear normed space of all sequences «= (x1, X2, - °° ) 
such that only a finite number of the x,’s are different from zero, 
where ||x|| =sup {| x,| ; 0<i< œ}. Let Ls be the linear normed space 
of all bounded sequences, with the norm defined in the same way. 
Define the function f(x) =(fi(x), fo(x), -- +) on Lı to-Le by means 
of the formula f,(«) = (r¥/?-+-r3/2x2)-1, r=1, 2,3, - +--+. It can be shown 
that f(x) is M-differentiable at the origin with df(6; dx) =0, by defin- 
ing €(6, y, 2) = —ry,2,/(1-+ry*) and verifying that the conditions (1), 
(2), (3) of Definition 6.1 are satisfied. 

Now if we assume that f(x) is Fréchet differentiable, then there is a 
6>0 such that |je(0, y, y)]| S|ly|]/4 for ll>| <ô. Choose x so large that 
nu2> §-1, and choose y so that y,=0 for rn, and y,=n—"?, Clearly 


“ Michal [1, 2]. A number of other definitions of differentials have been given 
by the same author. See Michal [1-3]. 
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lly <6. However, |le(9, y, y)||/||y|] =1/2. Hence f(x) is not Fréchet 
differentiable at’ the origin. This example shows that the M-differ- 
ential satisfies the condition (IV) in an essentially weaker sense than 
does the Fréchet differential. 

Since Fréchet’s original definition leans so heavily on the concept 
of anorm, it is natural to try to phrase a definition in terms of pseudo- 
norms (Hyers [6]). 

DEFINITION 6.2. Let Zi and Lz be |.t.s., and let Dı, D2 be associated 
directed systems. The function f(x) on an open set GCL to Ly will 
be said to be F-differentiable at the point x of G, and df(x; 6x) will 
denote its F-differential if 

(a) df(x; h) is linear and continuous in # on L to La; 

(b) for every e€ Dz there corresponds d€D, such that, given 7 >0, 
nr exists 5>0 with |f(x--h) —f(x) —df(x; kh)|e&n|h|a whenever 

hla <ð. ` 

Note that d depends only on e, while 6 depends on e, d and 7. It 
can be shown that every F-differentiable function is also M-differ- 
entiable. The F-differential has the properties I-IV. In addition, 
when L; and L: are normable, the F-differential reduces to the Fréchet 
differential. It follows that the M-differential is more general than 
the F-differential. 

The notion of a differential for functions whose arguments and val- 
ues are in certain abelian topological groups was also introduced by 
Michal [3, 4]. The definition of the differential was of the same gen- 
eral character as Definition 6.1, except that \ was, of course, restricted 
to be an integer, and a stronger uniformity condition was imposed 
on the e-function. This uniformity property was strong enough to 
make the definition reduce to that of Fréchet when the topological 
abelian groups were taken to be linear normed spaces and when the 
homogeneity property of the e-function was assumed to hold for all 
real scalars. However, for I.t.s. this modified M-differential is less 
general than the F-differential. Higher order differentials and their 
properties were investigated by the same author.® 

Later LaSalle (1) introduced differentials for transformations of a 
still more general type of space—a vector space in which the scalar 
multipliers were replaced by elements of a valued ring. His definition 
makes use of a suitably generalized pseudo-norm. Differentials for 
functions on noncommutative topological groups have been studied 
by K. Millsaps [1]. 

E. J. Pinney [1] has studied the calculus of variations for func- 
tionals on a 1.t.s., making use of the m-differential. 


% Michal [5]. 
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Although a good many definitions of differentials have been given 
and many of their more elementary properties have been studied, 
much remains to be done in the development of the differential cal- 
culus for transformations of one I.t.s. into another. In particular it 
would be interesting to obtain a generalization of the implicit func- 
tion theorems proved by Hildebrandt and Graves [1] for the case of 
linear normed spaces. These theorems have many applications in 
functional analysis and it is desirable to extend their range of appli- 
cation still farther. 


7. Convergence and completeness. We have seen how the topology 
of a I.t.s. could be generated by means of neighborhoods or.by means 
of pseudo-norms. Another equivalent way is to use a suitably gen- 
eralized notion of convergence. In non-metric topologies it is clearly 
not sufficient to consider merely the convergence of a sequence in the 
ordinary sense, since, by von Neumann’s example already referred to, 
a point p may bea limit point of a set and yet no sequence of elements 
of the set may converge to the point. However, by using some ideas 
of Moore and Smith [1] on the convergence of integrals, Garrett 
Birkhoff [2] succeeded in generalizing the notion of convergence so 
that the convergence topology is equivalent to the neighborhood to- 
pology, even in very general spaces.** Given an abstract directed sys- 
tem D (Definition 4.1) and a topological space T, a directed set?” x, is 
defined to be a function on D to T. A directed set x. is said to converge 
to the limit point x if, for every neighborhood V, of x, there exists 
aED sach that a> implies that «.@ Vz. Thus the generalization 
consists in replacing the ordered set of positive integers coming into 
the definition of a sequence by directed systems D. 

In terms of this concept of convergence Birkhoff defined “com- 
pleteness” of a l.t.s. as follows. First, a directed set x. will be'called 
fundamental if, for every neighborhood U of the origin, there exists ap 
such that a>ao, B>a» imply that xe—x EU. A I.t.s. L will be said 
to be complete if every fundamental directed set converges to some 
x€L. Completeness is an extensionally obtainable property,?® al- 
though most of the “natural” instances of I.t.s. are not complete. For 
example, weak Hilbert space is not complete, in Birkhoff’s sense. 

Several other types of completeness have been defined for I.t.s., all 

. of which coincide in metric spaces. The most obvious definition is that 
of “sequential completeness” already used in connection with the 


% For a discussion see Tukey [1]. 
27 The term “directed function” might have been better. 
28 Birkhoff [2]. 
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fixed point theorem of a previous section. This is the weakest type of 
completeness. g 

J. von Neumann [1] has defined “topological completeness” by 
generalizing another criterion for completeness in metric spaces. A 
subset S of a I.t.s. is called totally bounded if for every neighborhood 
U of the origin there is a finite set x1, %2, © © - , %, of points of L such 
that the family of sets x;+ U, i=1, : - - , n, covers S. Then L is said 
to be topologically complete if every totally bounded set is compact. 
It can be shown?’ that every topologically complete l.t.s. is also se- 
quentially complete. In particular weak Hilbert space 3¢ is topologi- 
cally and hence sequentially complete. 

Still other definitions of completeness have been given by Šmulian 
[1] and Taylor [1, 2]. Smulian calls a 1.t.s. quasi-complete if every 
totally bounded closed set is complete in Birkhoff’s sense, and Taylor 
calls a 1.t.s. boundedly complete if every bounded fundamental directed 
set is convergent, that is, if every bounded closed set is complete. 

If we denote by C the class of complete 1.t.s., by B the class of those 
which are boundedly complete, by Q those which are quasi-complete, 
by T the topologically complete and by S the sequentially complete 
l.t.s., then we have the following inclusion relations: 

CCBCOCTCS. 
An important theorem on metric spaces states that every complete 
‘metric space is of the second category. However, this is not true? for 
all I.t.s. belonging to the classes S, T, Q or B. 

The notions of convergence of directed sets and the various notions 
of completeness and compactness arising therefrom have been applied 
to the study of Banach spaces by a large and still growing number of 
authors, including Alaoglu, Bourgin, Day, Dunford, Goldstine, Mil- 
man, Pettis, Smulian, Taylor and several others. The ideas centering 
around the notion of weak (sequential) convergence as developed by 
Banach [1] are generalized by the use of the convergence of directed 
sets instead of sequences. This often makes possible the elimination 
of the hypothesis of separability which usually occurs in Banach’s 
results. To quote only one example, a well known theorem* states 
that if a Banach space E is separable and has a weakly compact unit 
sphere then Æ is reflexive. An equivalent statement of this result may 
be obtained? by replacing the weak compactness condition by the 
condition that € be topologically complete. Goldstine [1] generalized 
this result by the use of convergence of directed sets, and obtained a 


2° von Neumann [1]. 

30 Wehausen [1]; Mackey [2]. 

2 Banach [1, p. 189]. 

2 Taylor [2, §6]. ; 7 
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necessary and sufficient condition for reflexivity. Goldstine’s result 
may be stated in either of the two forms: 

A Banach space Æ is reflexive if and only if 

(a) E is boundedly complete, 

(b) € is quasi-complete.™ i 

Several other conditions for reflexivity have been given by Milman, 
Day, Bourgin and others in terms of various types of weak compact- 
ness of the unit sphere. However, for lack of space we are unable to 
pursue this interesting topic further. 


8. Conclusion. There are several topics which we must leave with 
but the briefest mention. The subject of integration` of functions 
whose values are in ].t.s. has been considered by a number of authors. 
In particular, integrals of the Lebesgue type have been defined by 
G. Birkhoff [2], R. S. Phillips [1], and the present author.** The work 
has been carried the farthest by Phillips, who showed that by properly 
choosing the neighborhood topology for the special case of a Banach 

space, his integral can be made to include the integrals of Birkhoff, 
Dunford, Gelfand, and Pettis, depending on the “strength” of the to- 
pology used. This is an example of how the concept of I.t.s. may be 
used to unify various theories which appear quite diverse from the 
standpoint of Banach space theory. 

The theory of almost, periodic functions has been studied by 
S. Bochner and J. von Neumann [1] in a very general setting, in 
which the arguments of the functions lie in groups, and the values 
inalts. 

Another interesting topic is the relation between I.t.s. and abelian 
topological groups. The question of characterizing the I.t.s. among all 
abelian topological groups has been answered by E. W. Paxson [4] 
and R. C. James [1]. The question of characterizing the subgroups’ 
if a L.t.s. has not yet been satisfactorily solved in general. Partial 
answers have been given by James [2] and Hyers [5]. 

In conclusion we mention another unsolved problem, namely, un- 
der what conditions does a linear transformation of one l.t.s. into 
another have an inverse? The general type of existence proof used for 
metric spaces seems unavailable here, since non-metric I.t.s. are usu- 
ally of the first category, even when they satisfy completeness condi- 
tions. Apparently little has been done on this problem even for special 
types of transformations such as T(«)=x+G(x) where G(x) is com- 
pletely continuous. 

3 Taylor [1, 2]. E, as usual, denotes the Banach space with its weak topology. 


3 Smulian [1]. 
% Hyers [1]. 
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Math. Ann. vol. 102 (1929) pp. 370—427. 
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1. Ein Fıxpunktsatz, Math. Ann. vol. 111 (1935) pp. 767-776. — 36 Be 


J. V. WEHAUSEN 
1. Transformations in linear topological spaces, Duke Math. J. vol. 4 (1938) 
pp. 157-169. 
A. WEIL 
1. Sur les espaces à structure uniforme, Actualités Scientifiques et Industrielles, 
No. 551, Paris, 1938. 
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1. On the differential equation of the simplest boundary layer problems, Ann. of 
Math. vol. 43 (1942) pp. 381—407. 


THE UNIVERSITY OF SOUTHERN CALIFORNIA AND 
THE CALIFORNIA INSTITUTE OF TECHNOLOGY 


THE OCTOBER MEETING IN NEW YORK 


The four hundred seventh meeting of the American Mathematical - 
Society was held at Columbia University on Saturday, October 28, 
1944. The attendance included the following one hundred fifty-five 
members of the Society: 


R. L. Anderson, R. G. Archibald, H. E. Arnold, L. A. Aroian, F. E. Baker, P. T. 
Bateman, E. G. Begle, Felix Bernstein, Lipman Bers, Garrett Birkhoff, Gertrude 
Blanch, H. W. Bode, C. B. Boyer, A. B. Brown, G. E. Bulloch, Hobart Bushey, 
J. H. Bushey, S. S. Chern, Edmund Churchill, B. H. Colvin, T. F. Cope, Richard 
Courant, M. D. Darkow, J. A. Daum, M. M. Day, Jobn DeCicco, Jesse Douglas, 
Jacques Dutka, Samuel Eilenberg, Paul Erdös, J. M. Feld, A. D. Fialkow, L. A. 
Fine, M. C. Foster, R. M. Foster, R. H. Fox, G. A. Foyle, Hans Fried, Bernard 
Friedman, K. O. Friedrichs, G. N. Garrison, Abe Gelbart, David Gilbarg, B. P. Gill, 
R. O. Goodman, W. H. Gottschalk, H. J. Greenberg, Bernard Greenspan, H. M. 
Griffin, C. C. Grove, F. C. Hall, P. R. Halmos, G. A, Hedlund, Olaf Helmer, Erik 
Hemmingsen, M. R. Hestenes, Edwin Hewitt, Einar Hille, Abraham Hillman, G, P, 
Hochschild, T. R. Hollcroft, E. M. Hull, W. A. Hurwitz, (L.) C. Hutchinson, B. M. 
Ingersoll, S. A. Joffe, Irving Kaplansky, Edward Kasner, M. E. Kellar, J. W. 
Kitchens, J: R. Kline, E. G. Kogbetliantz, Horace Komm, D. M. Krabill, M. E. 
Ladue, Solomon Lefschetz, Max LeLeiko, Howard Levene, W. J. LeVeque, Howard 
Levi, Norman Levinson, Marie Litzinger, W. R. Longley, L. H. Loomis, Simon 
Lopata, E. R. Lorch, A. N. Lowan, Eugene Lukacs, Janet McDonald, L. A. MácColl, 
G. W. Mackey, Saunders MacLane, H. F. MacNeish, A. J. Maria, D. M. H. Maria, 
W. T. Martin, A. E. Meder, L. W. Miller, Deane Montgomery, G. W. Mullins, C.. A. 
Nelson, A. V. Newton, P. B. Norman, J. C. Oxtoby, Gordon Pall, F. W. Perkins, 
W. A. Pierce, Harry Pollard, E. L. Post, M. H. Protter, Hans Rademacher, Tibor 
Radó, J. F, Ritt, H. A. Robinson, P. C. Rosenbloom, Raphael Salem, H. E. Salzer, 
Arthur Sard, L. J. Savage, I. J. Schoenberg, E. J. Scott, I. E. Segal, C. E. Shannon, 
L. L. Silverman, M. H. Slud, P. A. Smith, Ernst Snapper, I. S. Sokolnikoff, Herbert 
Solomon, J. J. Stoker, E. G. Straus, W. C. Strodt, Fred Supnick, Otto Szász, Feodor 
Theilheimer, C. J. Thorne, Leonard Tornheim, J. W. Tukey, Annita Tuller, Andrew 
Vazsonyi, R. M. Walter, S. E. Warschawski, W. R. Wasow, Alan Wayne, G. C. 
Webber, Louis Weisner, A. P. Wheeler, J. E. Wilkins, John Williamson, Y. C. Wong, 
S. C. Wu, Z. S. Wurtele, Daniel Zelinsky, M. F. Zucker, Antoni Zygmund. 


There was a session for contributed papers in the morning at which 
Professor W. T. Martin presided. At the general session in the after- ` 
noon Professor Gordon Pall of McGill University gave an address 
entitled The arithmetical invariants of quadratic forms. Professor Gar- 
rett Birkhoff presided at the afternoon session. i 

Titles and cross references to the abstracts of papers read follow 
below. Papers whose abstract numbers are followed by the letter ¢ 
were read by title. The papers numbered 1-9 were read in the morning 
session and papers 10-29 were presented by title. Paper 1 was read 
by Dr. Pollard. Mr. Hsiung was introduced by Professor T. R. Holl- 
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croft and Professor Hua and- Mr. Min were introduced by Professor 
A. T. Brauer. 

1. R. P. Boas and Harry Pollard: Completeness of sets of functions. 
I. The Legendre functions on (—1, 1). Preliminary report. (Abstract 
50-11-271.) 

2. J. E. Wilkins: A special class of surfaces in projective differential 
geometry. II. (Abstract 50-11-281.) 

3. Otto Szász: On Lebesgue summability and its generalization to in- 
tegrals. (Abstract 50-11-275.) 

4. L. A. Aroian: The frequency function of the product of two nor- 
mally distributed variables. (Abstract 50-11-283.) 

. 5. J. J. Stoker: Nonlinear theory of curved elastic sheeis. (Abstract 
51-1-35.) 

6. Edward Kasner: Multi-valued symmetries: (Abstract 51-1-41.) 

7. John DeCicco: Survey of polygenic functions. (Abstract 51-1-38.) 

8. Einar Hille: The commutative n-parameter case of semt-groups of 
linear transformations. (Abstract 51-1-15.) 

9. R. H. Fox: An application of the complete homotopy group. (Ab- 
stract 51-1-49.) 

10. R. F. Arens: Topologies for the class of continuous functionals on 

a completely regular space. ‘(Abstract 50-11-284-4.) 

11. Stefan Bergman: Representation of potentials of electric charge 
distributions. (Abstract 50-11-276-2.) 

12. Paul Erdés: Converse of Fabry’s gap theorem. (Abstract 50-9- 
216-2.) 

13. H. W. Eves: Calculating machine computation forms‘ for the 
three-point problem on a rectangular coordinate system. (Abstract 50- 
11-277-t.) 

14. A. L. Foster: The idempotent elements of a commutative ring form 
a Boolean algebra; application to principal ideal rings; ring duality and 
general transformation theory. (Abstract 50-11-263-t.) 

15. C. C. Hsiung: New geometrical characterizations of some con- 
jugate nets. (Abstract 50-9-241-t.) 

16. L. K. Hua: On the distribution of quadratic non-residues and the 
Euclidean algorithm in real quadratic fields. I. (Abstract 50-11-264-2.) 

17. L. K. Hua and S. H. Min: On the distribution of quadratic non- 
residues and the Euclidean algorithm in real quadratic fields. II. (Ab- 
stract 50-11-265-#.) 

18. B. M. Ingersoll: On singularities of solutions of linear partial 
differential equations. III. (Abstract 50-11-272-t.) 

_ 19. Nathan Jacobson: A definition of the.radical for an arbitrary 
ring. (Abstract 50-11-266-2.) 


24 AMERICAN MATHEMATICAL SOCIETY 


20. Nathan Jacobson: A problem on algebraic algebras. (Abstract 
51-1-8-2.) 

21. R. L. Jeffery and D. S. Miller: Convergence factors for general- ` 
ized integrals. (Abstract 50-9-219-2.) 

22. Jakob Levitzki: Chain-conditions and nilpotency. (Abstract 50- 
11-267-2.) 

23. A. E. Meder and Elizabeth Hallett: The equipollence of two 
systems of axioms. (Abstract 50-11-282-2.) 

24. Raphael Salem: On power series with integral coefficients. (Ab- 
stract 50-11-274-t.) 

25. I. J. Schoenberg: An interpolation formula derived from heat- 
flow. I. (Abstract 50-11-278-2). 

26. I. J. Schoenberg: On smoothing and subtabulation of empirical 
functions by means of heat-flow. II. (Abstract 50-11-279-t.) 

27. A. H. Stone: On the normality of product spaces. Preliminary 
report. (Abstract 50-11-286-2.) 

28. Alexander Weinstein and J. R. Pounder: On two elementary 
problems of mechanics and electromagnetic theory, (Abstract 50-11- 
280-1.) 

29. G. W. Whitehead: On products in homotopy groups. (Abstract 
50-11-288-2.) 

- T. R. HOLLCROFT, 
Associate Secretary 


THE ANNUAL MEETING OF THE SOCIETY 


The fifty-first Annual Meeting of the American Mathematical 
Society was held at the Museum of Science and Industry, Chicago, 
Illinois, Friday and Saturday, November 24 and 25, 1944, in con- 
junction with meetings of the Mathematical Association of America. 
Over two hundred persons registered, including the following one 
hundred seventy-seven members of the Society: 


V. W. Adkisson, A. A. Albert, Warren Ambrose, B. M. Armstrong, W. A. Asprey, 
Max Astrachan, Reinhold Baer, R. M. Ballard, R. H. Bardell, Walter Bartky, Felix 
Bernstein, H. R. Beveridge, S. F. Bibb, H. L. Black, G. A. Bliss, Henry Blumberg, 
D. G. Bourgin, M. G. Boyce, A. J. Brandt, R. W. Brink, R. H. Bruck, E. L. Buell, 
R. S. Burington, Herbert Busemann, W. H. Bussey, Albert Cahn, W. D. Cairns, 
W. B. Carver, W. B. Caton, Subrahmanyan Chandrasekhar, J. H. Chanler, E. W. 
Chittenden, R. V. Churchill, M. D. Clement, R. H. Cole, J. J. Corliss, D. R. Curtiss, 
Paul D'Arco, J. Edgar Davis, John DeCicco, M. W. Dehn, Douglas Derry, Paul 
Eberhart, Paul Erdös, H. P. Evans, H. S. Everett, Will Feller, J. V. Finch, N. J. 
Fine, L. R. Ford, R. H. Fox, J. S. Frame, Evelyn Frank, R. E. Fullerton, H. M. 
Gehman, J. W. Givens, G. D. Gore, L. M. Graves, L. W. Griffiths, V. G. Grove, 
P. E. Guenther, D. W. Hall, P. R. Halmos, R. W. Hamming, W. L. Hart, J. O. 
Hassler, E. D. Hellinger, Fritz Herzog, E. H. C. Hildebrandt, T. H. Hildebrandt, 
J. D. Hill, D. L. Holl, T. R. Hollcroft, S. P. Hughart, H. K. Hughes, C. C. Hurd, 
M. H. Ingraham, R. D. James, Karl Johannes, A. W. Jones, B. W. Jones, William 
Karush, D, E. Kearney, I. F. Keeler, H. R. Kingston, J. R. Kline, L. A. Knowler, 
J. C. Koken, W. C. Krathwohl, Joseph Landin, E. P. Lane, R. E. Langer, E. H. 
Larguier, D. H. Leavens, B. A. Lengyel, A. L. Lewis, A. T. Lonseth, C. C. MacDuffee, 
H. F. MacNeish, Murray Mannos, Morris Marden, A. V. Martin, R. M. Martin, 
W. T. Martin, J. R. Mayor, Karl Menger, A. N. Milgram, H. J. Miser, W! L. Miser, 
A. C. Moeller, J. T. Moore, C. W. Moran, E. M. Morenus, E. J. Moulton, F. H. 
Murray, J. R. Musselman, A. L. Nelson, John von Neumann, C., V. Newsom, Ivan 
Niven, E. P. Northrop, F. S. Nowlan, E. B. Ogden, Rufus Oldenburger, J. M. H. 
Olmsted, F. W. Owens, Gordon Pall, P. M. Pepper, George Piranian, J. C. Polley, 
J. F. Randolph, R. B. Rasmusen, W. T. Reid, Haim Reingold, P. R. Rider, L. V. 
Robinson, W. H. Roever, A. E. Ross, E. H. Rothe, Arthur Saastad, Hans Samelson, 
R. G. Sanger, O. F. G. Schilling, K. C. Schraut, G. E. Schweigert, I. E. Segal, M. E. 
Shanks, H. A. Simmons, R. C. Simpson, E. R. Smith, G. W. Smith, W. S. Snyder, 
R. C. Stephens, B. M. Stewart, E. B. Stouffer, E. G. Swafford, H. P. Thielman, 
T. Y. Thomas, C. J. Thorne, W. J. Trjitziasky, Henry Van Engen, J. I. Vass, W. A. 
Vezeau, H. S. Wall, M. J. Weiss, E. L. Welker, P. A. White, G. W. Whitehead, W. M. 
Whyburn, L. R. Wilcox, J. E. Wilkins, K. P. Williams, R. S. Wolfe, M. A. Wurster, 
Oscar Zariski, M. C. Zeller, H. J. Zimmerberg. 


Sessions for the reading of contributed papers were held Friday at 
2:00 P.M., Saturday at 10:45 a.m. and 3:15 p.m. The presiding officers 
for these sessions were Dean E. B, Stouffer, Professor E. W. Chitten- 
den and Professor Karl Menger. 

The eighteenth Josiah Willard Gibbs Lecture was given Friday 
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evening by Professor John von Neumann on The ergodic theorem and 
statistical mechanics. Vice President L. M. Graves presided. The 
attendance was about three hundred. 

The annual business meeting and election of officers was held on 
Saturday morning, Vice President Graves presiding. The proceedings 
are included later in the report. At the close of the business session, 
Vice President Graves announced the award of the Cole Prize in 
Algebra to Professor Oscar Zariski of the Johns Hopkins University 
for the following series of memoirs: (a) Some results in the arithmetic 
theory of algebraic varieties, Amer. J. Math. vol. 61 (1939) pp. 249- 
294; (b) Algebraic varieties over ground fields of characteristic zero, 
Amer. J. Math. vol. 62 (1940) pp. 187-221; (c) The reduction of the 
singularities of an algebraic surface, Ann. of Math. vol. 40 (1939) pp. 
639-689; (d) Local uniformization on algebraic varieties, Ann. of 
Math. vol. 41 (1940) pp. 852-896. Professor Zariski gave a brief 
résumé of these memoirs. 

Saturday afternoon with Professor John von Neumann presiding, 
Professor Will Feller of Brown University gave an address entitled 
Limit theorems in the theory of probability. 

Sessions of the Mathematical Association of Smena were held on 
Saturday evening and Sunday morning. 

There was a dinner Saturday evening at Hotel Windermere West 
for mathematicians and their guests. The toastmaster was President 
W. M. Whyburn of Texas Technological Institute. Professor R. E. 
Langer of the University of Wisconsin spoke on some problems which 
may be expected to confront mathematicians in the postwar period, 
and dwelt briefly upon the great loss sustained by mathematics and 
by the members of this Sociéty in the recent death of Professor G. D. 
- Birkhoff. Professor W. T. Martin of Syracuse University presented 
resolutions expressing the thanks and appreciation of the members 
of the Society and the Association to the local committee, the staffs 
of the Museum of Science and Industry and of the Hotel Windermere 
for the excellent arrangements. ‘ 

At the meeting of the Board of Trustees at 6:00 p.m., November 24, 
1944, in the Hotel Windermere East, there was no quorum present 
and the Board adjourned to January 6, 1945, The Council met at 
9:00 p.m. on November 24, 1944, in the Hotel Windermere East. 

The Secretary announced the election of the following nineteen 
persons to membership in the Society (the address given is that of the 
member at the time of his application): 

Mr. Harold William Becker, Mare Island Navy Yard, Calif.; 
Dr. Donald Lee Benedict, Sylvania Electric Products, Inc., Flushing, N. Y.; 
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Miss Grace L. Bolton, New Jersey College for Women; 

Lieutenant Paul Francis Byrd, Army Air Corps; 

Mr. Frederick Merle Carpenter, Missouri School of Mines; 

Mr. Jasper Brown Jeffries, Metallurgical Laboratory, University of Chicago; 

Dr. Herbert Jehle, Harvard University; 

Mr, Richard Eugene Krug, Milwaukee Public Library; 

Dr. Vincent Owen McBrien, College of the Holy Cross; 

Dr. Donald Curtis May, Jr., Bureau of Ordnance, Navy Department; 

Lieutenant Edwin Evariste Moise, U.S.N.R., Naval Communications Annex, Wash- 
ington, D. C.; 

Mr. Philip Peak, ‘University School, Indiana University; 

Dr. Robert Collom Rand, U.S.N.R.; 

Mr. Shien-Siu Shü, School of Mechanics, Brown University; 

Professor Allen Simmons, Bethany College, Bethany, W. Va.; 

Dr. Karl H. Stahl, State Teachers College, California, Pa.; 

Dr. Paul Porter Sutton, Geophysical Laboratory, Carnegie Institution of Washington; 

Mr. Henry Zatzkis, University of North Carolina. 


It was reported that the following had been elected as nominees on 
the Institutional Memberships of the institutions indicated: 
Columbia University: Mr. Áaron Galuten, Professors Sigfrido Carlos Mazza and 

Milton da Silva Rodrigues, Mr. Hing Tong; 


University of Pennsylvania: Mr. Charles W. Saalfrank; 
University of Washington: Mr. Marvin Clifford Stippes. 


The following appointments by President M. H. Stone were re- 
ported: as representative of the Society at the inauguration of W. M. 
Whyburn as President of Texas Technological College on September 
30, 1944, Professor H. J. Ettlinger; as representative of the Society 
at the inauguration of Homer Levi Dodge as President of ‘Norwich: 
University on October 9, 1944, Dean Elijah Swift; as representative 
of the Society at the inauguration of Howard Foster Lowry as Presi- 
dent of The College of Wooster on October 21, 1944, Professor C. O. 
Williamson; as tellers for the election at the 1944 Annual Meeting, 
Professor W. C. Krathwohl, Drs. Mary E. Ladue and W. C. Strodt; 
as a member of the committee to study the role of the Society in the 
publication of mathematical research (replacing Professor A. E. 
Taylor), Professor G. C. Evans; as a member of the Committee on 
Printing Contracts for the period 1945-1947, Professor R. M. Foster 
(committee now consists of Professor R. M. Foster, Dean M, H. 
Ingraham, and Professor J. D. Tamarkin); as a member of the Com- 
mittee on Places of Meetings for the period 1945-1947, Professor 
W. T. Reid (committee now consists of Professors W. B. Carver, 
Chairman, C. R. Adams, and W. T. Reid); as new members of the 
Committees to Select Hour Speakers: for Annual and Summer Meet- 
ings, Professor C. C. MacDuffee (committee now consists of Profes- 
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sors J. R. Kline, Chairman, C. C. MacDuffee, and J. D. Tamarkin); 
for Eastern Sectional Meetings, Professor’ Oystein Ore (committee 
now consists of Professors T. R. Hollcroft, Chairman, E. J. McShane, 
and Oystein Ore); for Western Sectional Meetings, Professor Tibor 
Radó (committee now consists of Professors R. H. Bruck, Chairman, 
A. A. Albert, and Tibor Rad6); for Far Western Sectional Meetings, 
Professor D. H. Lehmer (the complete membership of this committee 
will.be announced later). , 

Certain invitations to give hour addresses were announced: Pro- 
fessor S. S. Chern for the February, 1945, meeting in New York City; 
Professors A. P. Morse and Witold Hurewicz for the April, 1945, 
meeting in New York City. 

The Council voted to invite Professor Enrico Fermi to deliver the 
nineteenth Josiah Willard Gibbs Lecture at the 1945 Annual Meeting. 

The Secretary reported that the ordinary membership in the So- 
ciety is now 2,754, including 210 nominees of institutional members 
and 64 life members. There are also 86 institutional members. The 
total attendance at all meetings in 1944 was 1,126; the number of 
papers read was 284; there were 14 hour addresses, 2 symposium 
addresses, 1 Gibbs Lecture, and four Colloquium Lectures; the num- 
ber of members attending at least one meeting was 714. The Secretary 
also reported that an effort had been made to increase the member- 
ship through the cooperation of chairmen of departments of mathe- 
matics. 

At the annual election which closed on November 25, and at which 
578 votes were cast, the following officers were elected: 

President, Professor T. H. Hildebrandt. 

Vice President, Professor J. M. Thomas. 

Secretary, Professor J. R. Kline. 

Associate Secretary, Professor T. R. Hollcroft. 

Treasurer; Professor B. P. Gill. 

Librarian, Professor Arnold Dresden. 

Members of the Editorial Committee of the Bulletin, Professor 
Saunders MacLane and Dean E. B. Stouffer. : 

Member of the Editorial Committee of the Transactions, Professor 
Oscar Zariski. 

Member of the Editorial Commiitee of the Colloquium Publications, 
Professor C. C. MacDuffee. 

Member of the Editorial Committee of Mathematical Reviews, Pro- 
fessor Oswald Veblen. 

Members of the Editorial Committee of Mathematical Surveys, Pro- 
fessors A. A. Albert, Nelson Dunford, and J. D. Tamarkin. 
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Member of the Editorial Committee of the American Journal of Mathe- 
matics, Professor Richard Brauer. 

Members at large of the Council, Professors H. F. Bohnenblust, S. S. 
Cairns, H. B. Curry, M. H. Ingraham, I. S. Sokolnikoff. 

Members of the Board of Trustees, Professors W. R. Longley, 
Marston Morse, G. W. Mullins, Dean R. G. D. Richardson, and Dr. 
Warren Weaver. 

Professor Hermann Weyl was appointed as a member of the Edi- 
torial Committee of the American Journal of Mathematics, to fill the 
unexpired term of Professor G. D. Birkhoff. 

The Council adopted the following resolution on the death of Pro- 
fessor G. D. Birkhoff: i 


On November 12, 1944, this Society lost through death an illustrious and distin- 
guished leader—a widely known and esteemed member—George David Birkhoff. 
Professor Birkhoff was in the sixty-first year of his life. He was in possession of his 
full mental vigor, and to outward appearances of his whole physical strength as well. 
The news of his death, therefore, came to many of his friends unexpectedly and un- 
mitigated in its suddenness. 

From the time of his early manhood to that of his end Professor Birkhoff was a 
force in American mathematics, and only less directly so in the wider realm of general 
American scholarship. Intellectually he was alert, active and versatile; as a mathe- 
matician he was peculiarly original and profound. His researches, which were numer- 
ous and prolific of important results, in many instances blazed the ways in which other 
investigators have found it fruitful to follow. At their best they sufficed at times to 
encompass difficulties the resolution of which served to open, or to reopen afresh, 
important channels of mathematical development. In their broader aspects the works 
of Professor Birkhoff have become widely known. In their details an enumeration of 
them would be lengthy and impressive. The whole measure of the man, "however, 
would reach beyond the bounds of any such listing, complete though the catalogue 
might be. 

Professor Birkhoff’s personality was vigorous and dynamic. Over a period of al- 
most forty years he graced the meetings and journals of this Society with the presenta- 
tions and publications of his results. He entered actively into the discussions of this 
Council, officiated as editor of the Transactions, and participated in the work and 
deliberations of many committees. He was the Society’s president in 1925 and 1926. 

Professor Birkhoff was a distinguished teacher, extraordinarily gifted for the 
guidance of advanced students and particularly of those who came to him for training 
for mathematical research. Such students foune him admirably accessible intellec- 
tually, and profited greatly from his faculty for the sensing and definition of problems 
which were at once significant and yet within a modest technica! reach. He gave 
willingly of bis time and counsel, and seemed able to impart without effort his own 
enthusiasms and his own high critical standards. Many members of this Society have 
had such contacts with him. Many in a sense look upon him, therefore, as the master, 
with an almost filial regard. 

Professor Birkhoff’s quality as a scholar was widely recognized. A number of im- 
portant prizes were won by him, among them the Bécher Prize of this Society. His 
name appears on the rolls of the National and American Academies and upon that of 
the American Philosophical Society. The American Association for the Advancement 


30 AMERICAN MATHEMATICAL SOCIETY January 


of Science bestowed its annual prize upon him in 1926 and elevated him to its presi- 
dency in 1937. More than a dozen universities, over half of them in’ foreign lands, 
conferred the honorary doctorate upon him, and no less than half a score of foreign 
mathematical societies extended their fellowship or honorary membership to him. It 
seems almost fair to say that Professor Birkhoff had come to be looked upon in this 
country and abroad as the symbol of the stature of American mathematics. 

With Mrs. Birkhoff, who by her graciousness and charm has endeared herself 
widely among its membership, this Society grieves the departure of Professor Birkhoff. 
In the richness of his influence and in the wealth of his accomplishments, however, it 
takes pride and finds the deepest satisfaction. 


4 


This resolution was read at the annual business meeting and the 
members of the Society stood for a minute in respect to the memory of 
their distinguished colleague. The Council requested the incoming 
president to appoint a committee to study the problem of a suitable 
memorial for Professor Birkhoff. 

The Council voted to hold the 1945 Summer Meeting June 24-25 in 
Montreal, Canada, at the conclusion of the Canadian Mathematical 
Congress. The invitation to meet at Macdonald College of McGill 
University, was accepted with the appreciation of the Council. 

Since the 1944 Annual Meeting was held before the close of the 
Society’s fiscal year, it was impossible to present a full report of the 
Treasurer. (Excerpts of the final report of the Treasurer, however, 
appear on pages 35-38 of this Bulletin.) It was reported: (1) That 
total receipts would exceed estimates by considerable amounts. This 
is due to the fact that more than 150 ordinary members have been ' 
added during the year, the amount from contributing memberships ` 
has intreased, all institutional memberships have been continued, and 
subscription lists for the Society’s periodicals have grown. (2) That 
total disbursements would be within expectations and the actual ex- 
cess of receipts over expenditures would be a considerable amount. 
The surplus which has been thus created will be needed to meet the 
difficult financial situation which will probably confront the Society 
in the years immediately following the war. 

The Librarian reported the following additions to the Library: 
28 books, 58 bound volumes of periodicals, 306 printed dissertations, 
136 dissertations on microfilm. He also reported that 90 members of 
the Society have used the library during the academic year 1943- 
1944. 

The Bulletin Editorial Committee reported that it would publish 
approximately 1,000 pages in 1944. The Committee is able to publish 
a research paper with reasonable promptness after it is received from 
the author whereas a few years ago a year or more elapsed between 
the receipt of the paper and the time of publication. The editors re- 
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gard the present accelerated publication as highly desirable and are 
making plans to maintain it. The Editorial Committee is no longer 
adhering to the limitation of ten or fewer pages for papers to be pub- 
lished in the Bulletin. It was reported that Professors R. H. Bruck, 
R. H. Cameron, Irving Kaplansky, J. C. Oxtoby, and Leo Zippin 
have been appointed as Assistant Editors, to replace Professors 
P. O. Bell, O. F. G. Schilling, Garrett Birkhoff, W. B. Carver, Morris 
Marden, and Virgil Snyder. 

The Transactions Editorial Committee reported that it would pub- 
lish approximately 1,100 pages during 1944. The backlog of papers 
continues low and manuscripts are published within six or eight 
months after receipt. ` 

The Mathematical Reviews Editorial Committee pore that 
abstracts of mathematical literature have been published in the usual 
form despite the continued difficulties ensuing from the war. The 
situation regarding foreign literature has been somewhat alleviated 
and the coverage of the mathematical literature of the world is 
practically complete with the exception of certain journals from Italy. 
The editors feel that this situation will be relieved shortly. During 
the year the Edinburgh Mathematical Society has been added to the 
list of sponsors of Mathematical Reviews. The total number of sub- 
scriptions is at present 1,332, while the financial situation continues to 
develop favorably. 

On recommendation of the Colloquium Editorial Committee, the 
Council voted to invite Professor Hassler Whitney to deliver the 
Colloquium Lectures at the 1946 Summer Meeting. ‘ 

The War Policy Committee reported concerning its activities since 
the last meeting of the Council: (1) The subcommittee appointed to 
advise the Examinations Staff of the Armed Forces Institute (Pro- 
fessors W. T. Reid, Chairman, Ralph Beatley, L. L. Dines, W. L. 
Hart, C. C. MacDuffee) has completed examinations in trigonometry, 
analysis, geometry, college algebra, differential and integral calculus, 
which will be submitted to the Institute for accreditation purposes. 
The work of this subcommittee should prove of aid to college author- 
ities in assigning college credit for work taken under the auspices of 
the Institute. (2) Chairman Stone has appointed a subcommittee on 
historical records of mathematicians in war activities consisting of the 
following: Professors J. R. Kline (temporary chairman), R. C. Archi- 
bald, Marston Morse. This committee is empowered to add to its 
membership. (3) The Office of Scientific Personnel is continuing its 
activities in the matter of placement of scientists in various phases of 
the war effort. This Office is now in a transition period and in the 
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near future its work will be mostly concerned with the problem of 
postwar placement. The War Policy Committee has voted to con- 
tinue to support the Office of which Dr. M. H. Trytten is now the 
Director. (4) The War Policy Committee is also studying the tre- 
mendous problem which will be created by the shortage of scientific 
‘personnel which is the result of the decrease in the number of gradu- 
ate students during the war. 

The resignations of Professors G. B. Price and A. D. Michal as 
Associate Secretaries were accepted. (Professor R. H. Bruck was sub- 
sequently elected by the Council, with the Board of Trustees ap- 
proval, to fill the unexpired term of Professor Price.) 

Titles and cross references to papers read at the meeting follow 
‘below. Papers 1 to 6 were read Friday afternoon, papers 7 to 11 
Saturday morning, papers 12 to 16 Saturday afternoon, and papers 
17 to 38, whose abstract numbers are followed by the letter #, were 
read by title. Mr. C. C. Hsiung was introduced by Professor T. R. 
Hollcroft, Mr. Walter Kohn by Professor Alexander Weinstein, and - 
Mr. C. T. Loo by Professor E. J. McShane. 

“1. W. H. Roever: Second derivatives of the potential function of the 
earth's weight field of force. (Abstract 51-1-33.) 

2. V. G. Grove: Quadrics associated with a curve on a surface. (Ab- 
stract 51-1-39.) 

3. W. J. Triitzinsky: Singular integral equations with Cauchy ker- 
nels. (Abstract 51-1-22.) 

4. W. S. Snyder: Derivatives of set functions. (Abstract 51-1-21.) 

5. P.-R. Halmos: On an incompressible iransformation. (Abstract 
51-1-36.) ) 

6. A. T. Lonseth: Error-limitation for the method of least squares.. 
(Abstract 51-1-46.) 

7. R. H. Bruck: Quasitgroup theory. II. The lower central series. Pre- 
liminary report. (Abstract 50-11-261.) 

8. R. E. Fullerton: Linear operators with range in a space of differ- 
entiable functions. (Abstract 51-1-14.) 

9. H. S. Wall: The convergence of a positive definite J-fraction in the 
limit-circle case. (Abstract 50-9-228.) 

10. R. H. Fox: On topologies for function spaces. (Abstract 51- 1- 
50.) 

11. Felix Bernstein: The swastika and the Sicilian triskelon from the 
standpoint of “higher geometry.” (Abstract 51-1-37.) 

12. H. K. Hughes: The asymptotic developments of a class of entire 
functions. (Abstract 51-1-16.) 
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13. T. R. Hollcroft: The peop) of repetitions. (Abstract 51-1- 
43.) 

14. W.T. Reid: A matrix differential equation of Riccati type. (Ab- 
stract 51-1-19.) 

15. P. A. White: On regular transformations. (Abstract 50-11-287.) 

16. N. J. Fine: Congruence properties of the elementary symmetric 
functions. (Abstract 51-1-6:) 

17. R. P. Agnew: A simple and natural notation for the theory of 
summability of series and' sequences. (Abstract 50-11-268-t.) 

18. R. P. Agnew: Spans in Lebesgue and uniform spaces of transla- 
tions of step functions. (Abstract 50-11-269-2.) 

19. E. F. Beckenbach: Concerning the definition of harmonic func- 
tions. (Abstract 50-11-270-t.) 

20. L. M. Blumenthal: Generalized elliptic spaces and quadratic 
forms. (Abstract 51-1-48-2.) 

21. R. H. Bruck: Quasigroup theory. III. Finite p-loops. Prelim- 
inary report. (Abstract 50-11-262-t.) 

22. R. H. Bruck: Quasigroup theory. IV. Associatral series. Pre- 
liminary report. (Abstract 51-1-3-t.) 

23. C. J. Everett: The basis theorem for vector spaces over rings. 
(Abstract 51-1-4-2.) 

24. C. J. Everett and S. M. Ulam: Projective algebra. I. (Abstract 
51-1-5-t.) 

25. H. W. Eves: A geometrical note on the isocenter. (Abstract 
51-1-25-t.) 

26. C. C. Hsiung: A ternary of plane curvilinear element$ with a 
common singular point. (Abstract 51-1-40-Z.) 

27. Fred Kiokemeister: The Asano postulates for orders i in a linear 
algebra. (Abstract 51-1-10-#.) 

28. Fred Kiokemeister and G. W. Whitehead: A coset theory for 
left loops. (Abstract 51-1-11-¢.) 

29. Walter Kohn: Contour integration in the theory of the spherical 
pendulum and the heavy symmetrical top. (Abstract 51-1-27-t.) 

30. A. T. Lonseth: A note on relative errors in systems of linear 
equations. (Abstract 51-1-45-t.) 

31. C. T. Loo: Note on the strong summability of Fourier series. 
(Abstract 51-1-17-2.) 

32. C. T. Loo: Two Tauberian theorems in the theory of Fourier 
series. (Abstract 51-1-18-2.) 

33. A. N. Lowan and H. E. Salzer: Formulas for inverse interpola- 
tion within a square grid in the complex plane. (Abstract 51-1-28-2.) 
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34. Isaac Opatowski: A botanical application of Jensen's inequality. 
(Abstract 51-1-31-2.) 

35. Ida Roettinger: An operational approach to the solution of 
boundary value problems by generalized Fourier series. (Abstract 
51-1-32-£.) 

36. A. R. Schweitzer: Functional relations valid in the domains of 
abstract groups and Grassmann’s space analysts. II. (Abstract 51-1- 
20-ż.) 

37. Seymour Sherman: Complex polynomials and polygonal do- 
mains. (Abstract 51-1-12-2.) 

38. Antoni Zygmund: On smooth functions. (Abstract 51-1-23-t.) 


T. R. HOLLCROFT, 
Associate Secretary 
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APPENDIX 


EXCERPTS FROM REPORT OF TREASURER 


December 8, 1944 
To THE BOARD OF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 


Gentlemen: 

I have the honor to submit herewith the report of the Treasurer for 
the fiscal year ended November 30, 1944. The following comments 
may be of interest. 


Investment Portfolio 


On November 30, 1944, the market value of securities held for 
Invested Funds exceeded book value by $3,566, and the market 
value of securities held for Current Funds exceeded book value by 
$482. In view of these figures and of the conservative character of 
many of the securities, the reserves held in accounts “Reserve for 
Investment Losses” and “Profit on Sales of Securities” may be con- 
sidered sufficient protection against contingent depreciation in 
market value. 

The investment portfolio now includes government bonds 29 per 
cent, other bonds 20 per cent, preferred stock 14 per cent, common 
stock 30 per cent, cash in savings banks 7 per cent. 


Income from Investments ° 


Income received during the year from investments of Current 
Funds amounted to $962 exclusive of $87 earmarked for International 
Congress. This represents a return of 2.1 per cent computed on aver- 
age book value of investments. Income on Invested Funds amounted 
to $6,851 representing a return of approximately 32 per cent. Total 
investment income from all sources was thus $7,900 representing a 
return somewhat under 34 per cent. These rates of return are slightly 
under the corresponding rates for the fiscal year 1943 as the result 
of purchases of additional government bonds. 

Income from the Henderson Estate was $4,511, which is slightly 
more than was received in 1943 from this source. 


Increase in Surplus and Assets 


Surplus account shows an increase of $9,212 after transferring 
$5,463 from Surplus to Endowment Fund Principal. This excellent 
outcome of the operations for the year is to be attributed among 
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other things to a gain of some 150 ordinary memberships, a gain of 
$100 in contributing memberships, larger subscription lists for all of 
the Society’s periodicals supported from general receipts, and un- 
expectedly heavy sales of back volumes. It is to be discounted a little 
by the fact that payment for the List of Members now in the course 
of publication will be deferred to the next fiscal year. 

Further light on the results of the year’s financial operations is 
given by noting that total assets increased during the year by $23,637 
so that their amount is now $258,209. This increase reflects, in addi- 
tion to the’ above mentioned increase in surplus, a gain in subscrip- 
tions to and in back volume sales of Mathematical Reviews, the fact 
that no provision had to be made for printing new volumes either 
of the Colloquium Series or of Mathematical Surveys, and the 
accumulation of income in the special funds held by the Society. The 
assets include $1,719 of a grant from the Rockefeller Foundation held 
for the use of the War Policy Committee. 

Respectfully submitted, 
BENNINGTON P. GILL, 
Treasurer 
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BALANCE SHEET 


Assets 
November 
30, 1944 
CURRENT FUNDS: 
Cash psa orara E iat seed tae ETERA $ 27,973.79 
Investments 516 356 bes bie asa dew eieeta sae ease 41,839.37 
$ 69,813.16 
INVESTED FUNDS: 
Cash nS scioi pe aa E eet es eee devs $ 336.09 
Investments svete ces cester nessies 188,059.77 | 
` $188,395.86 
TOTAL ASSETS 2s iy ia/saci povake concorre $258 , 209.02 
Liabilities 
CURRENT FUNDS: 
Mathematical Reviews...........6 ce cece eeeees $ 11,936.09 
Colloquitint .) ic sss 400 SER eee aces oe 7,368.15 
Mathematical Surveys. ......ssesnssrenereseeso 1,236.10 
Reprinting Funds. ........ ccc cece esse nee n es , 3,765.26 
Prize Funds and Other Special Funds Accumulated 
Income. isso ee ase Peas sede eee eee es 3,332.75 
International Congress.........cseeeseeveereeer 6,233.39 
War Policy Committee. ....... neoe 0. e eee eee 1,719.41 
Miscellanéoúsi eenei sistin a aa 72.56 
Sinking Fund... .. ccc cece eee cece eee 768.96 
Profit on Sales of Securities. ........ u.ne 413.36 
Surplus, esseen ANAE EET 32,967.13 
‘ $ 69,813.16 
INVESTED FUNDS: 
Endowment Fund Principal..........-......00 $ 65,573.18 
Prize Funds and Other Special Funds..... aethai 31,033.22 
Life Membership and Subscription Reserve....... 4,032.68 
Colloquium. vii: iels ieiateee pei dace ieee sweden 5,000.00 
Mathematical ReviewsS........cesseeeee eee ennes 65,000.00 
- Reserve for Investment Losses... s... ereere 4,385.89 
Profit on Sales of Securities............0.eceeeee 13,370.89 


$188,395.86 


TOTAL LIABILITIES. «0.0.0.0... cece cerca ee $258,209.02 


November 
30, 1943 


$ 19,846.11 
36,731.06 


$ 56,577.17 


$ 1,273.67 
176,721.29 


$177 ,994.96 


$234,572.13 


$ 14,252.62 
5,761.69 
840.03 
2,239.10 


2,296.18 
6,146.06 


80.99 
592.34 
612.86 

23,755.30 


-$ 56,577.17 


$ 60,110.68 
31,033.22 
4,434.81 
5,000.00 
60,000.00 
4,385.89 
13,030.36 


$177,994.96 


$234,572.13 
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SUMMARY STATEMENT OF INCOME 
AND EXPENDITURES 






` 


1943-1944 
1944 
Recerpis D ae 
GENERAL RECEIPTS: 
Dues—Ordinary Memberships . ......... $18,060. re 
Dues—Contributing Memberships........ 948.0 
Dues—Institutional Memberships eecoreiaie ace 7 510.02 
Initiation Fees .. .. LARRA 793 95 
Investment Income........ seeeececnees 8,836.16 
Miscellaneous. .... cece cece cee eeeeees 353.84 
Grant from Rockefeller Foundatıon for War 
Policy Committee..........eec eee eee 3,750.00 ‘ 
GENERAL DISBURSEMENTS: 
Secretaries........0- sececee E TEE $ 5,642.71 
TYOASUI CT E E E I E AEEA 1,070.77 
Officers’ Traveling... .sessssoresesesrree 600.00 
Library. ey ae eke E L A RENNET REEN 984.46 
War Policy Committee Sa aaa Siere in teeta 2,030:59 
Emergency.. aio eea S 158.38 
Total... ...cceseeceeee cerns steno $40,252.67 $10,486.91 
Excess of General Receipts...... eevee $29,765.76 
PUBLICATION: 
Bulletin ici saw, one naaiowasdowcs ~^... $ 2,462.10 $11,189.68 
Bulletin Reprinting. ` 856.40 
Transactions... 7,097.63 8,644.20 
Transactions Repnnting RA 669.7 
Colloquium. .. boaon eee eeevee 3,210.08 1,603.62 
Mathematical Reviews 2.0022 (22D! 15,453.49 12, 470; 02 
Mathematical Surveys...........0seeeeee 713.82 a 75 
Semicentennial Publications. Pea eee ene 180.65 4.03 
American Journal... ... 0.006 ceesewenece 2,500.00 
Taal. hoer n tees enews .. $30,643.93 $37,029.30 
Excess Cost of Publication........... $ 6,385.37 
_ OTHER: 
Special Funds (including Congress). ...... $ 1,223.90 $ 100.00 
Profit on Sales of Securities......... cara 141.03 
Gift from R. C. Archibald. ..... . asss a 
Miscellaneous .......605 priok rinw se 8.43 
From Surplus: 
Transactions Reprinting. :....s..ss.. 
Mathematical Reviews............56 1,000.00 
Mathematical Surveys.........-.. = 
Totales aaeain eiee Sa eis $ 1,364.93 $ 1,108.43 
Difference... a.. se oo oooeseee eene § 256.50 
Net Change in Assets..........0.0006 $23 ,636.89 
ASSETS BEGINNING OF YEAR . ...-.--- cesses $234,572.13 
ASSETS END OF YEAR... .. $258,209.02 


1943 


: Disburse 
Receipts ments 


$16,514.71 
859.63 


1,250.00 


$ 5,590.02 
1,093.58 


$34,272.49 $ 9,747.05 
$24,525.44 


$ 1,710.80 $11,536.88 
5,886.83 8,309.42 
1, "172. 40 889.16 
3,951.38 994.73 
10,235.88 12,167.95 
3,600.89 2,760.86 

76.35 R 

2,500.00, . 

$27,261.24 $39,159.00 


$11,897.76 


$ 1,273.41 $ 3,600.00 
9,160.49 
80.97 


12.03 

750.00 

300.00 

1,000.00 

$10,433.90 $ 5,743.00 


$ 4,690.90 
$17,318.58 


$217,253.55 
$234,572.13 


THE NOVEMBER MEETING IN LOS ANGELES 


The four hundred ninth meeting of the American Mathematical ° 
Society was held at the University of California, Los Angeles, on 
Saturday, November 25, 1944. The attendance was about forty, in- 
cluding the following twenty-seven members of the Society: 

Harry Bateman, Clifford Bell, Myrtie Collier, J. M. Danskin, P. H. Daus, C. H. 
Dix, W. H. Glenn, H. J. Hamilton, O. G. Harrold, P. G. Hoel, D. H. Hyers, O. E. 
Lancaster, A. D. Michal, Knox Millsaps, M. K. Peabody, W. T. Puckett, W. C. 
Randels, G. E. F. Sherwood, R. H. Sorgenfrey, D. V. Steed, J. W. Swank, Gabor 
Szegö, A. H. Tappan, S. E. Urner, F. A. Valentine, František Wolf, E. R. Worthing- 
ton. 


\ 


The morning session was opened by the reading of paper 1 by 
Dr. C. H. Dix. By invitation of the Program Committee, Professor 
Gabor Szegé of Stanford University delivered an hour address en- 
titled On the capacity of a condenser, with Professor Harry Bateman 
presiding. 

By invitation of the Program Committee, Professor František 
Wolf of the University of California delivered an hour address in the 
afternoon on Summability and uniqueness of trigonometric integrals, 
with Professor D. H. Hyers presiding. 

Titles and cross references to the abstracts of the papers read 
follow below. Papers whose abstract numbers are followed by the 
letter ¢ were read by title. 

1. C. H. Dix, C. Y. Fu, Mrs. E. W. McLemore: The cubic Rayleigh 
wave equation. (Abstract 51-1-24.} 

2. R. A. Beaumont: Groups with isomorphic proper subgroups. 
(Abstract 50-11-260-t.) 

3. E. F. Beckenbach: A Looman-Menchoff theorem for Newtonian 
vectors. (Abstract 51-1-13-z.) 

4. H. W. Becker: The composite umbra theorem. (Abstract 51-1- 
1-2.) 

5. H. W. Becker: The hyper-umbra theorem. (Abstract 51-1-2-t.) 

6. P. J. Kelly: Some properties of a tertain interchange type of self- 
isometry. (Abstract 50-11-285-2.) 

7. E. J. Purcell: Some Cremona involutions in n-dimensional space. 
(Abstract 51-1-42-2.) 

8. Gordon Overholtzer: A new application of the Schur derivate. 
(Abstract 50-9-204-2.) 

9. Henry Scheffé: A note on the Behrens-Fisher problem. (Abstract 
51-1-47-2.) 

A. D. MICHAL, Associate Secretary 
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DAVID EUGENE SMITH—IN MEMORIAM 


With the death of David Eugene Smith on July 29, 1944, at age 
eighty-four, the world lost one of the most colorful and influential 
figures in the fields of the history and teaching of mathematics. It is 
not possible to choose the one in which Professor Smith accomplished ' 
‘ the most or reached the greatest number of individuals. He lives on 
in the lives of innumerable persons whom he inspired as teachers and 
whom he inspired as writers, as well as in his own writings. He will 
live on long after all. these persons have gone, in the great library 
that he presented to Columbia University in 1931. In the limited 
space at our disposal, we shall try chiefly to give some idea of the im- 
mense value of this collection for the history of mathematics. 

Let us first note briefly some facts concerning Doctor Smith’s 
career. He was born at Cortland, N. Y., in January 1860, and here 
he received his early education to the extent that he spoke both Latin 
and Greek as a boy. When the Cortland Normal School opened, he 
was the first student to enroll, and at seventeen years of age he en- 
tered Syracuse University. During the years 1881-87, Syracuse con- 
ferred on him the degrees of Ph.B., Ph.M. and Ph.D. From 1881-84; 
he practiced law at Cortland, N. Y., before taking up the teaching 
of mathematics at the State Normal School in Cortland until 1891. 
For the next seven years, he was professor of mathematics at the 
Michigan State Normal College, Ypsilanti, and then for three years 
principal of the New York State Normal School at Brockport. In 
‘1901, he accepted an appointment as professor of mathematics at 
Teachers College, Columbia University. Here he continued until! his 
retirement as professor emeritus in 1926. 

Already in 1900 he had commenced to attract attention by his writ- 
ings and had started the publication of the series of elementary math- 
ematical texts which were later enormously popular, some of them 
being translated into Spanish, Arabic, and Chinese. For several years 
about 1930, more than a million copies of his books were sold.an- 
nually. It was not long after coming to Columbia University that 
Doctor Smith started the series of annual trips to different parts of 
the world, and the collection of items for the Library, now at the 
service of scholars in beautifully appointed quarters. 

Professor Smith was a collector from his youth up. He once related 
that as a boy he had read a Victorian novel, St. Elmo, by Augusta J. 
Evans, published first in 1866. In this book he found a description of 
the furnishings of some “quaint and elegant rooms.” A few phrases 
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. from this description will account for his saying to himself: “Some- 
time I am going to have a room like that.” “On a verd antique table 
lay a satin cushion holding a vellum MS., bound in blue velvet, whose 
uncial letters were written in purple ink, powdered with gold-dust. 

‘while the margins were stiff with gilded illuminations; ... A small 

` Byzantine picture... hung over an etagére,... where lay a leaf 
from Nebuchadnezzar’s diary, one of those Babylonian bricks.... 

Several handsome rosewood cases were filled with rare books—twc 
in Pali—centuries old; and moth-eaten volumes and valuable MSS.— 
some in parchment, some bound in boards—recalled the days of as- 
trology and alchemy...” In a not too modest fashion, Professor 

Smith reached the goal which he had set before himself. 

Whatever the beginnings of his passion for old books and related 
material on the history of mathematics, it possessed him throughout 
a long life. A census made on April 22, 1940, shows that the David 
Eugene Smith Library contained the following items: Volumes 
10,965, Documents 1,500, Autograph letters (before 1900) 4,000, In- 
struments 280, Portraits 3,250, Medals, Counters, and so on, 300—a 
total of 20,295. While the Library adds occasional items, the figures 
quoted here as well as in Osiris vol. 1 do not change substantially. 

It may be well to note at the outset that the Smith collection as 
enumerated above, the Plimpton collection of incunabula, early text- 
books and manuscripts, the Dale collection of books on weights and 
measures, are all housed in the same rooms in the Seth Low Library. 
and together constitute The Plimpton-Smith-Dale Library. Many of 
the mathematical items in the Plimpton collection were purchased by 
or on the advice of Professor Smith. These two great collectors hac 
agreed not to duplicate in their acquisitions, with the result that they 
gave to Columbia University the greatest collection in America of 
works on mathematics up to 1600, and one of the greatest in the 
world. The interest of Professor Smith was the interest of a scholar 
in his field. This is illustrated by his own notes on the margins of the 
books, and by his annotations on slips attached to a thousand docu- 
ments of the fourteenth, fifteenth and sixteenth centuries. There was 
here the interest of a real lover, for he came in to the Library every 
day, rain or shine, asked to see a book or just to look around. 

Only a few high lights can be turned on to illuminate the figures j 
given above. It means little to'say that there are nearly eleven thou- 
sand volumes without indicating their nature. The comprehensiveness 
of this collection in books and periodicals dealing with the history of 
mathematics cannot be too strongly emphasized. It is safe to say that 
there is hardly a mathematician of any importance before 1900 whe - 
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is not represented by some edition of his works. Here are all the out- 
standing books in the history of mathematics such as the one in which 
is made “the first serious attempt in England to write on the history 
of mathematics.” This is De Algebra Tractatus; Historicus & Practicus 
by John Wallis. The collection contains his Opera Mathematica, 1693- 
1695, in vol. 2 of which this work is found. There are ninety-four 
other works on general history of mathematics, in Latin, Italian, 
French, German, English. In addition, there are innumerable works 
on the history of mathematics in some twenty-four countries. To these 
must be added the great number of biographies of individual men. 

The Smith and Plimpton libraries together contain probably the 
most important collection of editions of Euclids in the United States 
and the largest collection of sixteenth century editions of the Elements 
in this country. Besides the first printed edition of 1482 which is in 
Latin, it contains editions in other languages including original Greek 
(from Greek manuscript), Italian, German, French, English. There 
are manuscripts, in addition. Among the “more than fifty Euclids 
printed before 1600 are the first printed edition of 1482; the Pacioli 
edition of 1509; the Peletarius translation of 1557; the first English 
edition, translated by Billingsley in 1570; four editions of the Clavius 
translation and the same number of Vivianis. Barrow, Oughtred, 
Deschalles and many others are represented by one or more editions.” 

The Galileo collection of books is a rich one in content if not in 
volume. The most outstanding works are the Dialogo, Florence, 1632, 
and Disgorsi e dimostrazioni matematiche, intorno à due nuoue scienze, 
Leida, 1638. Other important works are Sidereus nuncius, Venice, 
1610, London, 1682 [that is, 1683], Della scienza mecanica, Bologna, 
1655, and Trattato della sfera di Galileo Galilei, Roma, 1656. 

In the joint libraries, there is a fine collection of Newton material. 
Here are found: the first edition of his masterpiece, Philosophiae 
naturalis principia mathematica, 1687 (both first and second issues), 
1713, 1714, 1739, 1822, 1846; Arithmetica Universalis, 1707, 1732, 
1752; Universal Arithmetick, 1720, 1728; A catalogue of the Porismouth 
collection of books and papers written by or belonging to Sir Isaac New- 
ton . . . 1888 (“Many of the mathematical papers contain Newton’s 
preparations for the Principia, and notes which sprang out of ques- 
tions that were started by his own correspondents.”); Correspondence 
of Sir Isaac Newton and Professor Cotes, including letters of other emi- 
nent men, . . . 1850; Enumeratio linearum tertii ordinis (in his Optice, 
1706); La methode des fluxions, et des suites infinies, par M. Chevalier 
Newton, 1740; Optice, 1706, 1719, 1740; The mathematical principles of 
natural philosophy ...Tr. into English by Andrew Motte, 1729; `a 
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French translation of the Principia, 1756; an Italian translation of 
same, 1925; Tractatus de quadratura curvarum, 1706. Added to these 
works by Sir Isaac Newton himself is a long array of works about, 
him with titles suggesting fascinating reading and study. The greater 
number of this list is in the Smith library and works of equal value 
with those in the Plimpton section. 

Professor Smith was particularly interested in collecting Italian 
works. In the purchase of the library of Professor Jacoli of Venice in 
1904 he obtained a library which was very valuable in the history of 
Italian mathematics, and there were very few important works on the 
subject which he did not have. 

Among many treasured association copies of books are: G. Libri, 
Histoire des Science Mathématiques en Italie (this is one of eight or 
ten copies saved from the first edition. Libri had gone to the publisher 
to get copies for a few friends the day before its expected publication. 
A fire destroyed the whole edition. This copy contains Libri’s correc- 
tions for the ultimate first edition); Joseph Raphson, Analysis Æqua- 
tiorium Universalis, 1690; (a presentation copy from Raphson “To 
M” Isaack Newton [sic] Wt? my most humble service. J. R.”); Bom- 
belli, L’ Algebra parte maggiore dell’ aritmetica, 1572 (first edition of 
his algebra. Autograph presentation copy by his grandson); The 
Analyst, or, A Discourse to an Infidel Mathematician, 1734 (this is 
Bishop Berkley’s attack on Newton’s fluxions. It is the presentation 
copy from Berkley to Sir Thomas Hammer, Speaker of the House of 
Commons). Then, too, there are two bound volumes of the proof 
sheets of the translation into English of the Ganita Sāra Sangraha 
of Mahavira, a gift from the translator, the late Professor Ranga- 
charya. Doctor Smith characterized this work as the most important 
contribution to our knowledge of Hindu mathematics made in recent 
times, and regarded it as one of the rarest books he had. 

Among the printed material are almost two thousand pamphlets 
not yet evaluated. These cover reprints, memorials, dissertations, 
school programs with always an article of less magnitude than a dis- 
sertation but still a scholarly one. Professor Smith had a magnetic 
eye for the little known, and so here is assembled material on many 
lesser lights, as well as some well known. The collection is especially 
well equipped in the field of mathematical recreations. All the worthy 
contributors are represented as well as the most popular but not so 
worthy. 

The books on mathematical and astronomical instruments of his- 
torical interest constitute probably the best collection in America. It 
contains some 265 volumes, all published previous to 1790. Of these, 
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90 appeared before 1600. The books are concretely illustrated by 280 
instruments of historical interest. “Outstanding items include several 
celestial spheres of the seventeenth century. One of these is from 
Japan, made of papier-mé@ché; another is of Hindu origin, of bronze 
with realistic silver stars; while a third is from Persia, made by the 
grandson of Haddad, the emperor Humayun’s chief astronomer. A 
telescope made by the famous instrument maker, Jesse Ramsden, 
about 1775, is still in working order. A rare group of old English tally 
sticks dating from about 1296 has an interesting history. They were 
found in the Chapel of the Pyx, Westminster, in 1906, where they had 
lain undisturbed for six hundred years ... The ancient English tal- 
lies were ordered burned in 1834, and it is said that owing to the extra 
fires made up for this purpose the Houses of Parliament were de- 
stroyed ... Astrolabes of intricate and delicate workmanship and 
from many lands show the development of this ancient scientific in- 
strument ... Compasses dating from the beginning of the Christian 
era, quadrants, protractors and sextants further enlarge the scope of 
the collection.” (Bibliotheca Columbiana, June 1936.) 

But the rich primary source-material, consisting of thousands of 
manuscripts and tablets, is undoubtedly the most valuable part of 
the Smith Library. In his History of Mathematics, a considerable num- 
ber of such items was made available in facsimile to historians and 
students. The De Ricci Census of Medieval and Renaissance Manu- 
scripts in the United States and Canada, 1937-40, gives descriptions 
of thirty-five of the manuscripts dated 1118-1650. It then continues: 
“The same collection contains several fragments of Greek papyri, one 
describing the area of a piece of land; also an extensive series of about 
one thousand early deeds of the XIVth, XVth, and XVIth centuries, 
mainly relating to France, and some fifty single leaves of manuscripts, 

- mainly theological. These would be worth listing in detail.” 

By far the most valuable part of the manuscript material, however, 
is that from the East. The Indic manuscripts constitute the largest 
collection of any institution in the United States in the outstanding 
languages of India—(accordiag to Horace I. Poleman of the Library 
of Congress who catalogued it). Besides the ones from India, there 
are manuscripts in Japanese, Chinese, Arabic, Persian. 

The Indic manuscripts include the famous work on astronomy by 
Varahamihira, of which “only six complete copies ...in Sanskrit 
[are] known to Oriental scholars.” There are sixteen manuscripts of 
the Lildvait of Bhaskara, and one'complete manuscript of the Bija 
Ganita by the same author. Of the two rare specimens of the best- 
known algebras of the Moslem civilization, one is the ‘ilm al-jabr wal 
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mugabalah’ of al-Khow4rizmi}, a manuscript of the eighteenth century, 
and the other of the fourteenth century is one in Arabic of the treatise 
on algebra of Omar Khayy4m. There are two Oriental manuscripts 
of special interest on geometry. One is an Arabic translation of Books 
I-VI of Euclid’s Elements, made originally c. 890 but this copy is 
dated 751 A.H. (1350/51 A.D.); “the second of the interesting manu- 
scripts of Euclid is the Chinese version in several volumes of Matteo 
Ricci, . . . translated in 1603-1607 with the help of two learned ‘man- 
darins.” This copy was probably made c. 1800. “This was the first 
translation of Euclid attempted in the Far East.” There is a Persian 
manuscript of the tables of Ulugh Beg, the prince astronomer of 
Samarkand, which bears the date 1214 A.H. (1836 A.D.). Of this, 
Doctor Smith says: “I consider this the finest mathematical manu- 
script that I bought in the East.” 

There are more than a hundred specimens of Japanese manuscripts 
as well as many books. In one of his dictated notes, Doctor Smith 
says: “In Japan [first visit in 1907], I simply laid down the rule that 
I wanted to buy every mathematical manuscript or printed book that 
could be found . «. I had all the important works on mathematics in 
manuscript or in first editions . . . In my library there is now a very 
complete collection of the important works on mathematics written or 
printed in Japanese.” Would that it were possible to quote the ac- 
counts of the experiences in obtaining some of this material! It is 
almost fantastic at times. One wonders how Professor Smith survived 
the emotion of having long-sought or unexpected treasures fall into 
his hands like manna from Heaven. j 

It is in order to mention here the exquisitely written manuscript 
of Omar Khayyám’s Rubáiyát from the seventeenth century. And 
Professor Smith’s own edition of the Rubdiydt must be noted. In this 
is, as the title page states, “The Rubdéiydt of Omar Khayyám set forth 
in meter... based upon a verbatim translation by Hashim Hussein.” 
It was most beautifully illustrated by a Persian artist. . __ 

While making no outstanding original discoveries in the history of 
mathematics, Professor Smith made available many works by fac- 
similes, translations, annotations either alone or in collaboration with 
` some able student. Among these are: The Sumario Compendioso of 
Brother Juan Diez, the earliest mathematical work of the New World; 
The Geometry of René Descartes; Le Comput Manuel de Magister 
Anianus; A Source Book in Mathematics [ed.]; and articles on the 
first printed and other arithmetics. Rara Arithmetica, A Catalogue of 
the Arithmetics written before the year MDC1 with a description 
of those in the library of George Arthur Plimpton of New York, is 
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the only thing in its field and is the most important of his works from 
` the librarian’s point of view. 

The Letters and Portraits are highly important but must be covered 
in a few sentences. The latest count on the number of autograph let- 
ters shows that there are 4056 from some 560 individuals (mainly 
those written before 1900—later correspondence not included). 
Among these individuals are found Arago (75), the Bernouillis (23), 
Carnot (16), Delambre (75), Descartes (1), Euler (16), Galileo (3), 
Newton (6), Quetelet (19), Voltaire (7). The choice of names is purely 
arbitrary. These letters throw light on the writers as human beings 
and as mathematicians. A series of articles Among my autographs by 
Professor Smith in the American Mathematical Monthly (between 
February 1921 and November to December 1922) presents not only 
letters, sometimes in facsimile, but with meticulous care an explana- 
tion of every item in the letters as well as some account of the writer. 

* De Moivre expresses himself and Legendre and Cauchy sponsor Abel 
are two of the accounts. Descartes’s appreciation of Huygens the Elder 
is the one precious specimen from the hand of Descartes. 

- , The over three thousand portraits of mathematicians include repre- 
sentations of about a thousand individuals. There are several portraits 
of many of the men represented; for example, there are thirty of 
Arago, twenty of Johann Bernouilli, fifty of D’Alembert, eight of 
Descartes, and some hundred and fifty of Newton. Calls come from 
all over the world for representations of mathematicians and these 
have been supplied to many writers. 

‘Proféssor Smith made other collections, the outstanding one of 
which is that of some eighty Korans. This also was presented to Co- 
lumbia University.. He himself writes: “My experience in buying 
mathematical books led me at one time to take an interest in the 
Korans. I have always felt that the most beautiful manuscripts in 
the world are the Korans, not that they are illustrated (which would 
be against the Mohammedan law) but because of the writing itself. 
I therefore purchased not only complete Korans, but some valuable - 
pages from the older manuscripts . . . There are decorations around 
the edge of the pages but not of humans, only floral designs, etc. ... 
Pages from the Koran of every century since the birth of Mohammed 
will be seen in the collection.” Most of these Korans are on paper since 
the art of paper making was known very early in the Mohammedan 
countries (Samarkand, 751). There are two interesting exceptions, 
one on linen cloth and one on vellum. The most unique volume in the 
collection is the one on linen. It is a Persian manuscript of the eigh- 
teenth century and measures eight by thirteen inches. The opening 
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pages are exquisitely decorated with the predominating blue that is 
as thrilling as a glorious sunset or a strain of great music. The most 
valuable volume is one of the nineteenth century. Even a slight ex- 
amination by an Arabian scholar has shown this collection to be of 
textual value. A number of its treasures were loaned for an exhibit in 
the Metropolitan Museum of Art. 

What has been written here gives only a slight hint of the riches in 
the Smith Library at Columbia University. That scholars shall make 
use of all this material gathered by Professor Smith will make it live 
as he made it live, an end to be devoutly hoped for. 

In addition to the collections already presented, some others will 
be touched on. Among these is one of Early Diplomas of the sixteenth, 
seventeenth and eighteenth centuries, the earliest a diploma of the 
University of Bologna, dated 1564. Still another is “believed to be one 
of the finest Ikon collections in the United States.” In it are rare old 
pieces, some of which were made as early as the ninth century. “Al- 
most all... were gathered from ancient religious meeting places in 
Russia, Old Macedonia, Juga-Slavia [sic], and Bulgaria.” A further 
list covers: illuminated manuscripts and calligraphic specimens; 
medals, coins, and counters, illustrating the history of mathematics; 
Sumerian and Babylonian tablets illustrating the use of the early 
numerals of Iraq; and, manuscripts and printed books on education 
which include manuscripts relating to the history of nursing. 

Many readers have in their possession evidences of Doctor Smith’s 
wonderful gifts as a letter-writer. These would make a story in them- 
selves, and it is hoped that that story will some day be written. Then, 
too, among memories of readers are remarkable dinners and luncheons 
given by this most gracious host at his home in New York City and 
abroad at Congresses. Professor C. J. Keyser has recalled these so 
well that his statement is quoted: “What I remember most vividly 
was his extraordinary hospitality, his fine and many-sided culture 
and his gentle representation of the gracious manner of the long since 
vanished and almost forgotten ways of the mid-Victorian social life.” 
There stand out from such occasions ones on his return from some 
corner of the globe, always with treasures and always with interesting 
accounts of their acquisition. Details of these talks have been brought , 
back and strengthened through the privilege accorded the writer of 
reading notes dictated by Professor Smith, many of them as late as 
1936. Let us recount one ‘of these. 

“Finally I came back to Colombo and called upon the high priest 
of the Buddhists in the outskirts of the city. I went to the monastery 
and was cordially received by two or three priests, but they told me 
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it would be impossible for me to see the high priest because he was 
very sick and was not expected to live. I gave them my card telling 
my affiliation with the University and the American Mathematical 
Society, and asked that it be presented to him after I left. I noticed, 
however, that they had called in two or three other priests, and in 
the corner of the room they looked over my card and then one of 
them left the room and I was asked to wait a few moments. Soon ‘he 
returned, saying that His Reverence, the High Priest, wished to see 
me. I passed through a long corridor, and was admitted to his bed- 
room, where I saw him lying on his bed in the darkness, the curtains 
having been lowered. It was rather an embarrassing situation to be 
going to a man’s death bed and talking mathematics to him. I found 
him, however, one of the finest gentlemen I ever met. He was inter- 
ested in my inquiry, and he finally said there was nothing in the li- 
brary of Ceylon that related to mathematics or astronomy. There 
was, however, he said, a well-known book on astrology which ‘had 
some mathematics in it, and he sent the servant out and he brought 
back a palm leaf manuscript which thé high priest told me was well- 
known among all the scholars of Ceylon.:He said that it would be 
impossible to buy one, but that it would give him great pleasure to 
have a copy made and sent back to me. This was done, and I received 
it somewhere along the route back to America .. . I had been seated 
in a small child’s chair, the priest having told me that in the presence 
of His Reverence no one was allowed to sit, but that in this case, if 
I would sit in the chair of a child, I would be welcome to that rest. 
When the time arrived for leaving, I arose, and to my astonishment, 
the dying priest threw off the bed clothes, arose, and conducted me 
with great courtesy to the door. I treasure that copy that was made, 
not only for its own value, but also for the great kindness that this 
man, an invalid, showed me, a stranger. I was glad to learn afterwards 
that he recovered, and that he lived some years thereafter.” 

The most outstanding memories of the writer are those of visits with 
a group of twenty or thirty students which took place for many years 
at the close of each semester through June 1939. These were made to 
Professor Smith’s home and later to the Smith Library by students 
from courses in the history of mathematics who had become some- 
what familiar with the names and writings of the great workers in 
` the field. When these gatherings were held in his beautiful, treasure- 
filled home, tea was’served and was followed by a talk that was pure 
magic on the books and other objects assembled on tables at the front. 
(Professor Smith's talks to general audiences, such as the whole stu- 
dent body at a college chapel hour, and even on a topic like “Leonardo 
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of Pisa,” always held them spell-bound.) In the Smith Library, a dis- 
play had been especially prepared and Professor Smith acted as guide 
par excellence in presenting these treasures. Notice of his death in 
the daily papers must have carried the thoughts of scores of women in 
New York City back to these rare experiences, to some of them a 
glimpse into an unknown world. 

The direct association of Professor Smith with the American Math- 
ematical Society was as vice president (1922), associate editor of the 
Bulletin (1902-20), Librarian (1902~20). In A Semi-centennial His- 
tory of the American Mathematical Society, 1888-1938, p. 91, Dr. R. C. 
Archibald states: “With the election of Professor Smith as Librarian 
for 1902 enormous strides were almost immediately made in the Li- 
brary’s development... The Library’s present excellence is almost 
wholly due to Professor Smith . . . ” The extraordinary growth of the 
` Library in this period is shown by increase in the number of volumes 
from 121 to 5,862 and in the number of periodicals on the exchange 
list from 64 to 123 (in 1912, 180). 

Professor Smith’s activities were legion and cannot all be named 
in this brief space, but a few others demand a place. He was the 
Founder of the History of Science Society and the Founder of the 
journal Scripta Mathematica and for one year (1920-1921) was presi- 
dent of the Mathematical Association of America. He was also a vice 
president of the International Commission on the Teaching of Mathe- 
matics (1908-1920), president (1928-1932), and honorary president 
(1932+). He was departmental editor in mathematics of the Four- 
teenth Edition of the Encyclopaedia Britannica. 

Apart from being an international educational leader, Professor 
Smith was a great teacher. On the occasion of his seventy-fifth birth- 
day, he was presented with a large collection of letters from former 
students. Among these was one from Miss Muriel Bowden which ex- 
pressed fully their attitude toward him, and we close on this note. 


Dedication 
TO DAVID EUGENE SMITH 


Who by his great scholarship has given to all his 
students a love of sound learning; 

Who by his glowing wisdom ever transformed the 
dead letter into the living spirit; 

Who by his sincerity and fortitude has inspired 
and encouraged all those who have known 
him in the quest for truth: 


MASTER AND FRIEND. 
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Notes 


1. The first volume of Osiris, 1936, was dedicated to Doctor Smith 
and presented to him on his seventy-sixth birthday. It contains his 
portrait, a dedication to him by George Sarton, editor of Isis (official 
journal of the History of Science Society), a bibliography of his ¢riti- 
. cal, historical and pedagogical writings, as well as thirty-six contribu- 

tions by different authors and friends. 

2. In Bibliotheca Columbiana, April 1933; December 1934; June 
1936; August 1937, there will be found brief accounts of Doctor 
Smith’s gifts to Columbia. at 

3. The Mathematics Teacher, May 1926, In honor of Professor 
David Eugene Smith contains addresses (by colleagues, former stu- 
dents and friends, given at a dinner at the time of his retirement), . 
and also a reproduction of an oil painting of Doctor Smith by Leo 
Mielziner. 

4. In Columbia University Honorary Degrees. Appreciations by 
Nicholas Murray Butler, 1933, p. 137, is found a tribute given at 
the time of the conferring on Doctor Smith of the honorary degree 
of Sc.D. 

5. Dr. David Eugen Smith, ein hervorrangender amerikanischer 
Reckenmethodiker, vom Rudolf Knilling, Reportorium der Pädagogik 
vol. 52 (1898) pp. 561-569, is another tribute. 
` 6. Brief but comprehensive biographies are found in (a) Biography, 
R. C. Archibald, Scripta Mathematica, April 1936, pp. 182-184; 
(b) Seventy years of iextbook publishing, 1867-1937, Thomas B. Lawler, 
pp. 155-159. 

The writer of this article wishes to express deep appreciation of the 
unfailing courtesy and scholarly assistance of the curator and assist- 
ants of The Plimpton-Smith-Dale Library. Acknowledgment is also 
made of invaluable help from other sources. 

Lao GENEVRA SIMONS 


BOOK REVIEW 


Integration. By E. J. McShane. Princeton University Press, 1944. 
8+392 pp. $6.00. : 


Modern mathematical analysis deals with many different methods 
of assigning values to integrals. If 4 and B are two such méthods, 
perhaps those of Riemann and Lebesgue, we may use the symbols 


(1) (A) J reves, (B) [ noe 


to denote the corresponding values of the integrals when E and f(x) 
are such that the integrals exist, that is, when E and f(x) are such 
that the methods assign values to the integrals. The following 
terminology, while not so firmly established in the theory of inte- 
gration as in the theory of summability of infinite series, serves as a 
basis for precise statements in the theory of integration. Two methods 
A and B for evaluation of integrals are consistent if the two integrals 
in (1) are equal whenever both exist. The two methods A and B are 
equivalent if the two integrals in (1) both exist and are equal whenever 
E and f(x) are such that at least one of the two exists. A method A 
includes a method B if existence of the second integral in (1) implies 
existence of the first and equality of the two. Thus A and B are 
equivalent if and only if each includes the other. The esteem at- 
tached to the notion of regularity in the theory of summability sug- 
gests that a method for evaluation of integrals should be called regular 
if it includes the Riemann method. 

It could be argued that, in a textbook in applied mathematics in 
which there is a tacit understanding that only integrals consistent 
with each other are employed, there is no point in bothering with 
names of integrals. Whether the integrals be Riemann, Darboux, 
Lebesgue, C&uchy-Riemann, Cauchy-Lebesgue, Riemann-Stieltjes, 
and so on, does not matter. In such a book, the statement that a 
function is integrable means simply that it is integrable by one of the 
methods in the (undefined) family used. When an integrable function 
is given, one evaluates or estimates the integral, and proceeds to use 
the result. In such a book, the statement that a given function is not 
integrable could not be proved; there is always the possibility that 
there is some method in the undefined family by means of which the 
integral can be evaluated. There is no reason why one must stop when 
he has reached a general Banach integral by means of which every 
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bounded function is integrable over every bounded interval over 
which it is defined. 

A textbook on the theory of integration should, as the one under 
review does, make careful presentations of its definitions of integral. 
It should, as the one under review does, give proper attention to 
questions of consistency. It should, as the one under review does to 
some extent, make distinctions between methods which are not equiv- 
alent. It should, as the one under review fails to do in important cases 
pointed out below, make distinctions between equivalent methods 
which are conceptually different. That the author recognizes the 
desirability of making these distinctions is clearly indicated on p. 54 
where he wrote “The reason for marking the integral sign with a 
prime in the definition is to avoid its confusion with other integrals 
later to be defined; even when applied to step-functions these later 
(and more useful) definitions will be conceptually different ... and 
may even be numerically different.” 

This book deals mainly with Lebesgue and Lebesgue-Stieltjes in- 
tegrals and with integrals equivalent to them. The author says in 
his preface that it is designed for students of little maturity. While 
less detailed, its style is similar to that of Hobson’s Theory of func- 
tions of a real variable. 

Chap. 1, pp. 1-51, is an introductory chapter giving a precise de- 

- velopment of the fundamentals of the theory of sets in R, (Euclidean 
space of g dimensions) and of real functions defined over such sets. 

In chap. 2, pp. 52-100, Lebesgue integrals are defined, in terms of 
bounds ‘of other integrals, without mention of measurable sets and 
measurable functions. The volume AJ of an interval (or cell) J in R, 
is defined to be the product of its dimensions. It is in accordance with 
the tenor of the book that detailed proofs of such theorems as the 
following are given. If 4, In,---, In are closed non-overlapping in- 
tervals whose sum (union) is an interval J, then JAI, =A. Let I be 
an interval which is the union of disjoint subintervals J;, Iz, © ++, In, 
let cu +°, Ca be-constants, and let s(x) be the step Tunction for 
which s(x)=c, when x is in Z. The prime integral of s(x) over I is 
defined by . 


f s(x)dx = Salni 


A few properties of the prime integral are developed. The upper and 
lower Darboux (the author says Riemann) integrals over I of a func- 
tion f(x) bounded over J are defined to be, respectively, the greatest 
lower bound of f/'s(x)dx for all step functions s(x) =f(x) over I, and 
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the least upper bound of the same integral for all step functions 
s(x) Sf(x) over I. This is a neat way of phrasing the classic definitions 
of Darboux. When these upper and lower integrals are equal, their 
common value (the Darboux integral) is called the Riemann integral. 
There is no mention of the Riemann sums used by Riemann to de- 
fine his integral. Some properties of the Riemann integral are de- 
veloped. Special integrals of semicontinuous functions are defined in 
terms of bounds of integrals of continuous functions in specified 
classes. Special upper and lower integrals' of functions f(x) defined 
over a finite closed interval J are defined in terms of bounds of in- 
tegrals of semicontinuous functions in specified classes. If the latter 
upper and lower integrals are équal, the author defines their common 
value to be the Lebesgue integral of f(x) over I. Just as the Darboux 
concept of integral is different from that of Riemann, so also this 
concept of integral is different from that of Lebesgue. It is not proved - 
that this method of assigning values to integrals is equivalent to that 
of Lebesgue; unfortunately, the book does not mention Lebesgue’s 
fundamental concept of the value of an integral. The nearest ap- 
proach to this matter comes on p. 125 where it is shown that if f(x) 
is bounded and measurable over a set E of finite measure, then f(x) 
is Lebesgue integrable over E. At this point, it would be easy to give 
Lebesgue’s own definition of integral and use it to prove the required 
equivalence. On the basis of the author’s definition, the fundamental 
properties of the Lebesgue integral are derived. 

In chap. 3, pp. 101-135, the theory of measurable sets is obtained 
by applying the theory of integration to characteristic functions. The 
theory of measurable functions is then developed. The classes Lp are 
defined, and the Hélder and Minkowski inequalities are proved. ` 
Chap. 4, pp. 136-187, gives the Fubini and other theorems on iter- 
ated integrals. Functions of sets`are defined and discussed. Fatou’s 
lemma is proved. Chap. 5, pp. 188-217, deals with differentiation of 
integrals and change of variable of integration. Chap. 6, pp. 218-241, 
deals with approximations to functions. In Chap. 7, pp. 242-311, 
Lebesgue-Stieltjes integrals are developed for functions defined over 
sets in R,. Chap. 8, pp. 312-335, develops the Perron integral. Chap. 
9, pp. 336-365, gives existence theorems for systems of differential 
equations. The final chapter,,Chap. 10, pp. 366-382, deals with 
differentiation of multiple integrals. There is a good index. 

R. P. AGNEW 
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The Adolph Lomb Medal for 1944 has been awarded to Mr. R. C. 
Jones of the Bell Telephone Laboratories. 


The Department of Mathematics of Brooklyn College, Professor 
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Jesse Douglas of Brooklyn College, and Professor John DeCicco of 
the Illinois Institute of Technology received awards at the First 
Honors Day Exercises at Brooklyn College, October 5, 1944. 


Professor A. R. Crathorne of the University of Illinois has retired 
with the title professor emeritus. 


Professor N. J. Lennes of Montana State Unversity has been given 
the title professor emeritus. 


Professor W. H. McCrea of Queen’s University, Belfast, Northern 
Ireland, has been appointed to a professorship at the University of 
London. 

Professor Harold Simpson of the University of London has retired 


and Dr. W. N. Bailey of the University of Manchester has been ap- 
pointed -to the chair of mathematics at the University of London. 


Dr. A. J. Allen has been appointed professor of engineering at the 
University of Pittsburgh. 


Dr. E. G. Begle of Yale University has been promoted to an assist- 
ant professorship. 

Assistant Professor H. R. Branson of Howard University a been 
promoted to an associate professorship. 


Associate Professor W. H. Brothers of Talladega College, Tal- 
ladega, Alabama, has been promoted to a professorship. 


Mr. J. O. Brown of Hampton Institute, Hampton, Virgirlia, has 
been promoted to an assistant professorship of physics. 


Dr. E. W. Cannon of the University of Delaware has been pro- 
moted to an assistant professorship. 


Dr. M. A. Coler has been appointed adjunct professor of chemical 
engineering at New York University. 


Sister M. Loyola Conlan of the College of Mt. St. Vincent, New 
York City, has,been promoted to a professorship. 


‘Mr. R. E. Fullerton of Yale University has been appointed to an 
assistant professorship at the University of Oklahoma. 


Dr. B. E. Gillam of the University of Missouri has been appointed 
to an assistant professorship at Drake University, Des Moines, Iowa. 


Mr. F. F. Helton of the University of Illinois has been appointed 
to an associate professorship at Central College, Fayette, Missouri. 
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Dr. A. W. Jones of Yale University has been appointed to an as- 
sistant professorship at Michigan State College. 


Assistant Professor J. F. Kubis of Fordham University has been 
promoted to an associate professorship. 


Mr. Simon Lopata has been appointed lecturer in the evening ses- 
sion of Hunter College. 


Associate Professor Florence M. Mears of George Washington Uni- 
versity has been promoted to a professorship. 


Assistant Professor R. H. Moorman of Tennessee Polytechnic In- 
stitute has been granted leave of absence to serve as acting associate 
professor at the College of Charleston. 


Associate Professor Cronan Mullen of Siena College, Loudonville, 
New York, has been promoted to a professorship. 


Assistant Professor R. J. Pitts of Fort Valley State College, Fort 
Valley, Georgia, has been promoted to an associate professorship. 


Dr..G. M. Robison of Susquehanna University has been promoted 
to an assistant professorship. 


Associate Professor J. S. Rosen of Eastern New Mexico College has 
been appointed to an assistant professorship at the University of 
Kansas City. 


Assistant Professor A. E. Ross of St. Louis University has been 
promoted to an associate professorship. 


‘Dr. T. H. Southard of Wayne University has been promoted to an 
assistant professorship. 

Dr. C. W. Vickery, formerly with the University of Texas and with 
the War Department, is now a consulting engineer, specializing in in- 
dustrial, actuarial, and quality control engineering in Washington, 
D.C. $ 


Assistant Professor W. G. Warnock of the University of Alabama 
has been promoted to an associate professorship. 


Associate Professor S. S. Wilks of Princeton University has been 
promoted to a professorship. 


Mr. J. F. Wyckoff of Trinity College has been promoted to an as- 
sistant professorship. 
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The following persons are in residence at the Institute for Advanced 
Study during the current academic year: Professor S. S. Chern, Dr. 


* Kurt Gödel, Dr. A. A. Grau, Dr. Olaf Helmer, Dr. Ning Hu, Profes- 


~ 


sor Wolfgang Pauli, Professor Tibor Radó, Professor D. E. Rich- 


- mond, Professor Robert Schatten, and Professor C. L. Siegel. Mr. 


E. G. Straus and Dr. Valentine Bargmann have appointments as as- 
sistants. 


The following appointments to instructorships are announced: 
University of Buffalo: Mr. R. C. Luippold; University of Chicago: 
Mr. S. P. Hughart; Georgia School of Technology: Mr. S. B. Sommer- 
ville; Hillyer Junior College, Hartford, Connecticut: Mr. P. T. Bate- 
man; Michigan State College: Dr. Margaret Mauch; University of 
Michigan: Dr. O. G. Owens; New Mexico College of Agriculture and 
Mechanic Arts: Mr. N. W. Wells; University of New Mexico: Miss 
Ethel M. Hove; Oregon State College: Dr. S. P. Avann; University 
of Pennsylvania: Mr. E. A. Knobelauch; Queens College: Dr. Ruth O. 
Goodman, Dr. J. C. R. Li; Rutgers University: Mr. Max LeLeiko; 
University of Saskatchewan: Dr. W. J. R. Crosby. 


Sir Arthur Eddington, professor of astronomy at Cambridge Uni- 
versity, died November 21, 1944. 


Professor G. D. Birkhoff of Harvard University died November 12, 
1944. He had been a member of the Society since 1906. l 


Professor Paul Capron, formerly of the United States Naval Acad- 
emy, died September 29, 1944, at the age of sixty-nine years. He had 
been a member of the Society for forty years. 


Professor J. A. Shohat of the University of Pennsylvania died on 
October 8, 1944. He had been a member of the Society for twenty 
years. : 


Professor Emeritus C. L. Thornburg of Lehigh University died 
October 14, 1944, at the age of eighty-five years: He had been a mem- 
ber of the Society for twenty-one years.» 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


1. H. W. Becker: The composite umbra theorem. 


Let U, V, W,+++ be different umbrae, and let [ ] confine a polynomial 
umbra. It is well known that [U++-V],=(U+V)*, based on the generator equation, 
elU+¥] =e -eV-[UV],, needs analogous definition. elUYI=607 = (eU-1)) =e), 
where (V)n is a Jordan factorial, and [Ue]a=¢na(U) is the exponential polynomial of 
E. T. Bell (Ann. of Math. vol. 35 (1934) p. 263). Then [UV]n= [Ue*(V) ]a==oa(U*V), 
where * means that every term in U of weight m is multiplied by (V)m. This,is the 
composite umbra theorem. Such asymmetric composition is in general commutative, 
associative and distributive only for scalars, or for umbra iterates and inverses (calcu- 
lated from UU =U®, UU‘) =1, and so on). These decompositions greatly simplify, 
if U= U,=1. Or they may be generalized, to an umbra form [fU],, where f is any 
function of any number of umbrae. Where the U are scalars, [fU ]n reduces to fU)”, 
conveniently verifying the theorem and its consequences. The extension to any num- 
ber of factors, [UVW--- J is in close parallelism with the iterated exponential 
integers of E. T. Bell (Ann. of Math. vol. 39 (1938) p. 539), the classic instance. 
(Received October 28, 1944.) 


2. H. W. Becker: The hyper-umbra theorem. 


An umbra U is the representative of a series Up,- ++, Um » + +. The umbra of 
an umbra, and so on, to m dimensions, or blanks, is called a hyper-umbra, and written 
mU=n f,- . ,}. The fundamental umbra is e, of generator e*-!=ete, Its property 
(e)=1, where ( ) is a Jordan factorial, underlies the new operational transformation 
e8 =eE* in the finite difference calculus. Application to an umbra yields e¥»U{0} 
=e U { e}. The classic instance is Dombinski’s theorem, in the form e¥0* =ee,. The oper- 
ation may be iterated, along each dimension of a hyper-umbra. Denote by ”e a contin- 
ued exponential of the mth order. Then eo" U{0,-- + , 0} =e" =em-mU{e,-- +, eh, 
This is the hyper-umbra theorem. Where ™U = Y is the cubic array whose typical cell 
is (UZ +X)”, this gives %¥ =exp exp exp Y =e° - e°, Where” U = W is the square array 
of cells VZn=(U+ - - - +U)” to ZU’s, e?” =e, This is remarkable, in that the part 
is equipotent to the whole. If U=1=the identity umbra, then W =M =the table of 
all integer powers. Thus the power matrix is equipotent to unity. The theorem gen- 
eralizes to e720" U{0, - - +, O} =memU "T= emT*{ eT, -- - , eT}, where * denotes scalar 
or subscript multiplication according as T is ordinary or umbral. (Received October 
28, 1944.) 
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3. R. H. Bruck: Quasigroup theory. IV. Associatral series. Pre- 
liminary report. 


For a loop G, finite or with suitable chain conditions for normal subloops, define 
the associator A =A (G) to be the maximal normal subloop of G contained in the three 
associators of G (see abstract 50-5-107). If H is any normal subloop of G define 
(i) U= U(H) to be the unique normal subloop of G such that U/H=A(G/H), and 
(ii) L= L(A) to be the minimal normal subloop of G such that U(Z)_H. Associatral 
series, and in particular the upper and lower associatral series, may be defined analo- 
gously to central series. If any associatral series extends from 1 to G so do the upper 
and lower series, and the latter have equal length g, the associatral class of G. The 
associatizer L(G) may be used for a theory of associatral solubility analogous to ordi- 
nary (central) solubility. (Received November 6, 1944.) 


4, C. J. Everett: The basis theorem for vector spaces over rings. 


A vector space of 2 basis elements over a ring with unit has the property that every 
proper subspace has a basis of at most z elements if and only if the ring has no zero 
divisors and is a right-principal-ideal ring. This perfects Theorem F of the author's 
Vector spaces over rings, Bull. Amer. Math. Soc. vol. 48 (1942) pp. 312-316. (Received 
October 26, 1944.) 


5. C. J. Everett and S. M. Ulam: Projective algebra. I. á 


For a subset A of a direct product (X, Y) of two sets, define x(4) as the set of all 
(x, yo) for which there exists a y such that (x, y) GA, and y(A) similarly, where (£o, Yo) 
isa fixed point of (X, Y). Define the direct product A XB for A C (X, yo), BC (xo, ¥) 
in the usual way. If a boolean algebra % of subsets of (X, Y)=J is closed under pro- 
jection and product, it is called a projective algebra of (X, Y) and has properties 1. 
x(A\UB)=x(A) Ux(B); 2. xy(D) =(xo, yo) =yx(I) is an atom in ®; 3. x(A)=0 if 
and only if A =0; 4. xx(A) =x(A); 5. «(4 XB) =A, y(A XB) =B, and A XB contains 
all sets with these projections; 6. (X, ya) X (xo, Yo) =(X, Yo); 7. direct product is dis- 
tributive with respect to union; with similar properties for y in 1, 3, 4, 6. An abstract 
boolean algebra with mappings x(A), y(A), and product. satisfying these properties 
as postulates is called a projective algebra. It is proved that every such algebra is em- 
beddable in a complete ordered projective algebra, and that every projective algebra 
of ail subsets of a set is representable as a projective algebra of some (X, Y). (Re- 
ceived October 26, 1944.) 


6. N. J. Fine: Congruence properties of the elementary symmetric 
functions. 


Define ul”) as the elementary symmetric function of order k in n independent 
variables. Let Pa(p, k, a) be the probability that u(n) be congruent to a (mod $p), 
where p is any prime. It is proved that lim P,(p, k, a) =P (p, k, a) exists. If s is the 
number of ones in the dyadic expansion of k, then P(2, k, 1) =1/2*, Simple recursion 
formulas are given for P(3, k, a). The following general theorems are proved: 
(i) P(p, k, a)=1/p for R=rpt, with O<r<f, all p and ż. (ii) P(p, k, 0)>1/p for 
k=(p—1)p'+R, with 0<R<ġ'. (iii) P(g, k, 0) >C(p) >0 for all positive k. It is con- 
jectured that equidistribution holds only if k=rp*; that P(ġ, k, 0) is not less than 1/p 
for all p and positive k; that P(p, kp, a2) =P (2, k, ro; finally, that lim sup P(, k, 0)=1. 
(Received October 26, 1944.) 
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7. A. P. Hillman: On derivatives of differential polynomials. 


Proofs of the following results are given. Let F be a differential polynomial effec- 
tively involving the unknowns 41, * ++, Yn. Then F holds no (essential) component 
of the manifold of its derivative F}. Every component of the rth derivative F, of F 
is the general solution of a differential polynomial of order at least 7 in at least one 
of the unknowns. For r sufficiently large, F; is algebraically irreducible, its manifold 
is irreducible, and the perfect ideal it generates is prime. (Received November 30, 
1944.) 


8. Nathan Jacobson: A problem on algebraic algebras. 


The question considered in this paper is the following one: Let M be an algebra 
over a field ® such that (1) every element of M satisfies an equation of degree not 
greater than N with coefficients in @ and (2) A has a finite number of generators. 
Then is 9 necessarily an algebra with a finite basis? This is a special case of a problem 
recently proposed by Kurosh and it is analogous to the well known Burnside problem 
in the theory of groups. A partial solution of the problem is obtained in‘this paper. 
It is shown that the question can be answered in the affirmative for algebras that are 
semi-simple in the sense that they contain no nil ideals not equal to 0. This makes it 
possible to reduce the problem to the more special one in which (1) is replaced by (1’) 
every element of M satisfies the equation aY =0. It is shown also that an affirmative 
answer to a special case of Burnside’s problem on groups would imply an affirmative 
answer to our problem for algebras over a field of prime characteristic. (Received 
October 13, 1944.) 


9. Irving Kaplansky: The commutativity of generalized Boolean 
rings. 


Stone’s observation that a ring in which x?=x is necessarily commutative is ex- 
tended to more general rings, and in particular to the p-rings of McCoy and Mont- 
gomery (Duke Math. J. vol. 3 (1937) pp. 455-459). It is shown that a ring of char- 
acteristic p in which «* =x is commutative if n =p" with r a power of 2; and regardless 
of the characteristic, it is commutative if the regular polygon of 2—1 sides is con- 
structible by ruler and compass. The lowest case where commutativity remains in 
doubt is n =8, (Received November'30, 1944.) 


10. Fred Kiokemeister:, The Asano postulates for orders in a linear 
algebra. ‘ 


Let g be a domain of integrity with unique factorization of ideals into products 
of prime ideals, and let P be the quotient field of g. An investigation of the g-submod- 
ules of the linear algebra A over P leads to the theorem that if R is an order in A, 
the maximal chain condition and the modified minimal chain condition hold for regu- 
lar ideals in R. The Asano postulates for an arithmetic are shown to hold in A. (Re- 
ceived October 25, 1944.) 


{1. Fred Kiokemeister and G. W. Whitehead: A coset theory for 
left loops. 
A left loop is a multiplicative system Q with two-sided identity such that the 


equation ax=b has a unique solution for every a, b Q. A subset H of Q is an admissi- 
ble left subloop if it is closed under multiplication, the solution of the equation ax =b 
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is in H whenever a, b CH, and x(yH) =(xy)H for every x, y CQ. Under these circum- 
stances Q has an expansion in left cosets of H, and the system Q/H of left cosets is 
made into a left loop under a suitable definition of multiplication. The group % 
spanned by the left multiplications (that is, the permutations L,(2)=ex) of Q is 
introduced, and an isomorphism of Q with 2/2) (where & is the subgroup of £ con- 
sisting of all permutations keeping the identity E fixed) is established. It is shown that 
the admissible left subloops of Q are in 1:1 correspondence with the subgroups 
MD BW of g, and isomorphisms HAM/%, Q/HAL/M are established. An extension 
theory is developed: given left loops H and K, a construction is given for all left loops 
Q such that Q/H=K. Necessary and sufficient conditions are given (when H is a 
group) that Q shall bea group, and specialization of H to be normal yields the Schreier 
extension theory. (Received October 20, 1944.) 


12. Seymour Sherman: Complex polynomials and polygonal do- 
mains. 


Theorems of Sturm, Routh, and Hurwitz have been generalized so as to provide a 
finite numerical algorithm for finding the number of such roots of a polynomial with 
complex coefficients as lie on a generalized polygon or linear transformation thereof. 
By this means a finite procedure is given for determining the number of roots of a 
polynomial lying in a quadrant, half-plane, circle, or circular sector. Such problems 
have proved of interest recently in connection with airplane flutter (S. Sherman, 
Jane DiPaola, and H. Frissel, Routh's discriminant, flutter, and ground resonance, 
abstract 50-7-190) and econometric business cycle analysis (P. A. Samuelson, Condi- 
tions that the roots of a polynomial be less than unity in absolute value, Annals of Mathe- 
matical Statistics vol. 12 (1941)). (Received October 17, 1944.) 


ANALYSIS 


13. E. F. Beckenbach: A Looman-Menchof theorem for Newtonian 
vectors. 


It is shown that if the vector function X (z, y, z) is continuous in the finite domain 
D, if except at most at the points of a denumerable set of points in D, X(x, y, z) is 
totally differentiable in the planes parallel to the coordinate planes, and if the curl and 
divergence of X (x, y, 2) vanish almost everywhere in D, the X(x, y, z) has continuous 
partial derivatives of all orders. (Received October 28, 1944.) 


14, R. E. Fullerton: Linear operators with range in a space of dif- 
ferentiable functions. 


The Banach space C*(0, 1) is defined to be the Space of functions possessing 2 con- 
tinuous derivations over the interval (0, 1) with norm ||f|| =1.u.b.ostsil.u-b.egalf Ol. 
If Tx=f is a bounded linear operator from a Banach space X to C*(0, 1), Tx is repre- 
sentable in the form Zx where #; is a function defined from (0, 1) to the space # con- 
jugate to X, In this paper, necessary and sufficient conditions that £: represent such 
an operator are found. Both bounded and completely continuous operators are in- 
vestigated. Particular attention is devoted to representations of operators from se- 
quence spaces and Lebesgue spaces to the space C*(0, 1). In all cases the expression 
for the norm of the operator is obtained in terms of the function £:. (Received October 
20, 1944.) 
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15. Einar Hille: The commutative n-parameter case of semi-groups 
of linear transformations. 


Let T(s) be a family of linear bounded transformations on a B-space ¥ to itself 
such that 7(s)T(f)=T(s-+2). Here s= fs, s+ °°, sa} and T(s) is defined in S: 
OSsy<~, > /s,>0; parameter addition being vector addition. If T(s) is strongly 
measurable in S then it is strongly continuous. If il T| SM, Z s:<1, and if 
U.T(s)[¥] is dense in ¥, then T(s)—7 when,s—0. From this it follows that T(s) is 
the direct product of not more than n one-parameter commuting semi-groups. Con- 
versely the direct product of such semi-groups is a semi-group of the type considered 
here. If Ai, As, - > + , An are the infinitesimal generators of the factors, then the Lie 
ring of T(s) is the set $ a4: with a, 20. (Received October 28, 1944.) 


16. H. K. Hughes: The asymptotic developments of a class of entire 
functions. , 


In an earlier paper (Bull. Amer. Math. Soc. vol. 50 (1944) pp. 425-430) the author 
established a general theorem which furnishes the asymptotic expansions, valid for 
large Jel , of an entire function defined by a Maclaurin series of the form Egla)", 
where the coefficient g(») of z” satisfies certain conditions. In the present paper, the 
theorem is applied to find the asymptotic expansions of the function f(z) for which 
gln) is the reciprocal of the product of m gamma functions of the form T'(a,2-++-a;); 
1 Sj Sm; m22; a;>0; a, any constants, real or complex. The main part of the paper 
consists of showing that the present g(n) satisfies the condition stated in the hy- 
potheses of the theorem. This requires the introduction of a special lemma concerning 
the asymptotic representation of a fraction whose numerator and denominator are 
each the product of m gamma functions of the type described above, with certain 
relations existing among the constants. (Received October 13, 1944.) 


17. C. T. Loo: Note on the strong summability of Fourier series. 


Let f(x) be of period 2r and of the class L®, p>1. Let k=2, 3, +++ bean integer 
less than p and suppose that for some x and.for some S, fl S(xo-+u) +f (xou) 
—2S| du =o(t?) as (0. Then the partial sums S,(x) of the Fourier series of f satisfy 
the relation >| Sa k(x) —S [2 =o(n). (Received October 16, 1944.) 


18. C. T. Loo: Two Tauberian theorems in the theory of Fourier 
series. 


Let f(x) be integrable L and of period 2x. Let ao/2+}r (an cos nx-+b, sin nx) 
=} o Aa(x) be the Fourier series of J, and let «%(x) denote the ath Cesàro means of 
this series. Let, for some fixed xo and S, $(t)={f(xo-+t)+f(x0—2) — 2S} /2, palt) 
=al-*f"(t—u)“16(u) du, Then (i)*if @>0 and if o%(x0)—S=o(1/log n), we have 
brizalt)—90; (ii) if o%(%0) -S=O(n-*) and if An(%0) = O(n-5) with a>0, e>0, 5>0, 
e+5>1, we have ġalt)—0. (Received October 16, 1944.) 


19. W. T. Reid: A matrix differential equation of Riccati type. 


This paper is concerned with the matrix differential equation (I): W’+WA(x) 
+D(x)W+WB(x)W=C(x), where A(x), B(x), C(x) and D(x) are given Xm square 
matrices whose elements are continuous functions on the interval a Sv <b. The first 
part of the paper contains generalizations of well known theorems on solutions of a 
single ordinary differential equation of Riccati type; in particular, the theorems estab- 
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lished provide decided extensions of results proved by W. M. Whyburn (Amer, J. 
Math. vol. 56 (1934) pp. 587-592) for the equation W’+WW =C(x). In the second 
part of the paper the matrix equation (I) ıs used to present a compact discussion of 
the Legendre transformation of the second variation for simple integral problems of 
the calculus of variations. (Received October 19, 1944.) 


20. A. R. Schweitzer: Functional relations valid in the domains of 
abstract groups and Grassmann’s space analysis. II. 


The relations stated in abstract 50-7-185 are generalized as follows: 1. Autodis- 


tributivity: f(t, Ua °° +, Uny) =f, 4, f° °°, fn) where m=f(m, fh, botte, ta) 
and w=f(x1, %,°°', Xap). 2. Restricted distributivity: f(vo, Yn 2° °°, Un) 
=v, bs hb, +++, ba) where vo=¢(x, tr fb, °°, ta), n= olh, A, byt, fe) and 
v=f(x, fh, to, ° °°, bn). 3. Reflexiveness: f(x, x,- ", x)=x. 4. Duals, in f and ¢, of 


the preceding postulates. 5. Closure of the set S of elements x, under the compositions 
f and ¢. Various systems associated with the above postulates are discussed. For ex- 


ample: 6. The postulate fl ox, hh, ty, tn), bn tye, tn} aft, batte, ba) 
and its dual are adjoined, with definition: f(x) =x; f(x, x) =f{m, Fed}, dwy 
Jln 2, 00+, Ina) =f fa, flea) Sadh, and dually for ¢. 7. Postulate 2 is re- 


placed by full distributivity. Postulates 1-6 are valid in the domain of the algebra 
of logic if f(x1, x) =x; xand $(m, x2) =x1 +22. In particular, any associative, com- 
mutative and reflexive function f(x, xə) 1s autodistributive. (Received October 20, 
1944.) 


21. W. S. Snyder: Derivatives of set functions. 


Let T be a class of subsets T of the xy-plane, subject to the following conditions: 
(A) The sets T lie in a bounded portion of the xy-plane. (B) | T| =| T| >0 for every 
set T. (C) The parameter of regularity of each T exceeds a fixed positive number p. 
Let f be a real-valued set function defined on T. The upper (lower)-derivatives of fata 
point pare defined by u(f, p)=lim supiri.0(f(T)/|T|), PET CY, 2) = —u(-F, 2). 
The derivatives are shown to be measurable point functions. Necessary and sufficient 
conditions of an e—6, variety are obtained (a) for the derivatives to be summable, 
(b) for a unique, finite derivative to exist almost-everywhere, (c) for f to-be an in- 
definite Lebesgue integra]. Similar theorems are proved for functions defined on non- 
regular classes. The results are then extended to several other varieties of derivatives, 
in particular to the derivative considered by R. C. Young (Functions of 2,°° +, 
Math. Ann vol. 29 (1928) pp. 171-216). (Recerved October 20, 1944 ) 


22. W. J. Trjitzinsky: Singular integral equations with Cauchy 
kernels. 


The theory of equations a(t) (t) +k, yoty)dy/(yv—1) =f) (a, f, x of Holder 
class along L, integrations in sense of Cauchy principal values over L) in recent times 
has been brought to a high degree of perfection, notably by M. I. Mushelishvil and 
I. Vecoua, in the case when L consists of a finite number of suitably regular open or 
closed arcs (tn the complex plane of y} without common points. In.the present work 
the theory is developed in the more general situation, presenting substantial new diffi- 
culties, when the arcs may have common points. (Received October 20, 1944 ) 


23. Antoni Zygmund: On smooth functions. 
Let f(x) be continuous, of period 2x. It is untformly smooth (symbolically: fC"), if 
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A f(x) =f(x+th)+f(x—h)—2f(x) =o(k) uniformly in x. If A,f=OCh), fEa*, If 
f€Lip 1, then fCA*, The converse is false, since there are f€A* nowhere differ- 
entiable. The modulus of continuity of an f Œ A* is O(6 log 8). The class A* is some- 
times more natural than Lip 1. (i) A necessary and sufficient condition that the best 
approximation E,[f]=O(n~*) (k=1,2,°-+) is f@ Car, (ii) If f CaA*, so does the 
conjugate function f. (iii) Let f*, fa denote the ath derivative and integral of f 
(0<e<1). If f Ca*, then f* CLip (1a). H f ELip a then fi-a CA*. (iv) A neces- 
sary and sufficient condition that a harmonic function f(r, x), 0Sr<1, be the Poisson 
integral of an f CA* is f(r, x)/ax?=O{1/(1—r)}. If Af f(x) =o(k) for each x, f is 
smooth (f Gr). A g(x) defined over a set E is said to satisfy condition D, if g(x) takes 
all intermediate values. (v) If f Œ, f'(x) exists ina dense set (Rajchman) and satisfies 
condition D. (vi) The sum of a trigonometric series with coefficients o(1/#) satisfies 
condition D. (vii) If-g(«) is continuous, ¢ (x) satisfies condition D. (Received October 
28, 1944.) 


APPLIED MATHEMATICS 


24, C. H. Dix, C. Y. Fu, Mrs. E: W. McLemore: The cubic 
Rayleigh wave equation. 


Consider a plane compressional wave incident on the free plane surface of a semi- 
infinite elastic medium. The incident and reflected compressional amplitudes are re- 
spectively A and B. Then B/A=N(i, s)/D(i, s) where s= A/a, ND =16(s+1)w3 
—~8(3s-+4)w?+8(s+2)w—(s+2) and w=sin? 4, rı =reflection angle of shear wave. 
Zeros of ND show two or no 7s (also zeros of N) corresponding to no reflected com- 
pressional wave. The third zero is a zero of D and gives the reciprocal of the important 
solution of the Rayleigh wave cubic. The cubic curves all pass through one fixed 
point whose coordinates are w=1.0957, ND = —1.83927. For a fixed s, ND has the 
same value when w=0 that it has when w=1. If s corresponds to a small Poisson ratio 
then ¢ for the larger zero of N will be very close to 90°, giving no reflection of compres- 
stonal type whereas for +=90° all reflected energy is compressional. There is a dis- 
continuity when s =0 where B/A = +1 while B/A = —1 for s greater than 0. (Received 
October 27, 1944.) 


25. H. W. Eves: A geometrical note on the isocenter. 


Consider a central projection of plane $ on plane p’, L being the center of pro- 
jection, and adopt the convention that angular directions on $ (or p’) are positive if 
they are counterclockwise when $ (or p’) is viewed from L. A point on @ is called a 
positive isocenter on 9 if all angles on p having the point for vertex are invariant under 
the projection, and a point on $ is called a negative isocenter if all angles on p having 
the point for vertex project into equal but oppositely directed angles on p’. It is 
shown that a tilted photograph possesses one and only one positive isocenter and one 
and only one negative isocenter. These points are geometrically located on the picture. 
Now the positive isocenter has long been known in photogrammetry, but the existence 
of the negative isocenter does not seem to have been noticed before. With the com- 
bined aid of these two isocenters a simple graphical procedure is developed for rectify- 
ing a tilted photograph. The mapping process can then be continued by the method 
of radial plotting. (Received October 19, 1944.) 


26. H. W. Eves: Analytical and graphical rectification of a tilted 
photograph. 
An aerial photograph fails to be a perfect map of the ground photographed be- 
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cause of unavoidable tilt in the photograph and because of the presence of relief on 
the ground. To convert the photograph into a true map of the ground, then, it must 
be corrected for both tilt and relief. This correction program usually follows the order 
of first correcting for tilt, and then correcting that result for relief. The present paper 
is believed to be a new analytical and graphical treatment of the first, and more diffi- 
cult, part of the program, that of correcting a photograph for map displacements 
induced by tilt. The graphical method devised is particularly applicable to high ob- 
lique photographs, and seems superior to the perspective grid method of the Canadian 
Government in that it is faster and does not require that the terrain be flat. Some 
linkage motions are indicated for carrying out the graphical solution on high obliques. 
The analytical results obtained are employed in discussing the curves which appear 
on parallax correction graphs. (Received November 25, 1944.) 


27. Walter Kohn: Contour integration in the theory of the spherical 
pendulum and the heavy symmetrical top. 


This paper is concerned with new developments of the method of complex integra- 
tion as applied to the, motions of the spherical pendulum and the heavy symmetrical 
top. Let ¢(¢) be the angle of azimuth at time ¢ and ® the advance in azimuth corre- 
sponding to the passage from the lowest of the highest level of motion. By decompos- 
ing the expression for ¢’(¢), the Puiseux inequality for the spherical pendulum, 
namely ¢>7/2, is derived in a new and very simple manner. Next, an adaption of 
Weinstein's vertical line of integration (Amer. Math. Monthly vol. 49 (1942) p. 521) 
yields a new result which includes the Puiseux inequality. Similar methods are applied 
to the different types of motion of a heavy symmetrical top, and bounds for ® are 
determined in each case. These bounds aré proved to be actually the greatest lower 
‘and least upper bounds respectively. It is found that all important characteristics of 
the motion of the spherical pendulum, such as those of Halphen, Puiseux and the 
level-inequality characteristics, are shared by the heavy top whose precession is 
retrograde. The spherical pendulum is a limiting case of such a top. (Received October 
11, 1944.) R 


28. A. N. Lowan and H. E. Salzer: Formulas for inverse interpola- 
tion within a square grid in the complex plane. 


The results obtained in the article by H. E. Salzer, A new formula for inverse inter- 
polation, Bull. Amer. Math. Soc. vol. 50 (1944) pp. 513-516, are applicable to the 
problem of inverse interpolation of complex functions which are tabulated at equi- 
distant intervals along any straight line in the complex plane, provided that k stands 
for the complex interval and p, given by (5), isa complex number from which is ob- 
tained the unknown argument as @o+-ph. But when the function is tabulated over a 
square grid, just as in the case of direct interpolation (see A. N. Lowan and H. E. 
Salzer, Coefficients for interpolation within a square grid in the complex plane, Journal 
of Mathematics and Physics, Massachusetts Institute of Technology, vol. 23 (1944) 
pp. 156-166), a closer approximation is obtained by choosing the points along the 
corners of a square. For the cases where it suffices to employ quadratic and cubic di- 
rect interpolation with the points chosen as in the latter article, formula (5) in the 
former article is still applicable, where for the quadratic case r=2(fp—fo)/A, 
s=[(—1+df1—2ifo+(1+ifi]/a, where A=(1—df1t+2G—D f+ -ifn t=u=v0 
=w=0, and for the cubic case r=2(fp—fy)/A, s=[(-34+0f-1—4ifo+B+ofh 
+2if:)/A, t= [1 —Dfa++ofot(—1+4+ifit(—1—-afe]/a, where A=2fs+(-3 
+3i)fo—2ifi +f, u=v=w=0, (Received October 20, 1944.) 
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29. F. J. Murray: Gears, cams and differentials. 


The problem of obtaining, mechanically, the value of a function, F(x, +++, %m), 
without integrating or differentiating, is considered, In the machine the x, - © -© , Xm 
enter as rotations of corresponding shafts and the value of F appears as a rotation. 
A set of gears yields an output which is a fixed multiple of its imput. The output 
of a differential is the average of its two imputs. A device which yields a prescribed 
function of one variable will be called a cam. F can be mechanized by n cams and 
various gears and differentials, if there exist constants, 7,4, Bii Yr Ön h j=l, °° n; 
k=1,---, m, and n functions J;(t), such that F=} kayera) for 
the set of J,’s defined by the system of equations D=} yes, ete abi), 
i=1, - - - , n. The J;'s are the imputs of the various cams. A system of partial differ- 
ential equations on F which constitute necessary conditions for this are derived and 
sufficient conditions are obtained from a part of these when certain determinants are 
not zero. The difficulties of this theory arise in showing that these determinants are 
not identically zero. This, however, is done. It is also shown that there are analytic 
functions of two or more variables which cannot be mechanized by gears, cams, and 
differentials. (Received November ,13, 1944.) 


30. F. J. Murray: On solving a set of n linear equations. 


Consider a system of » linear equations in n unknowns, 2- raik% = bs. If we form 
the function F,(x1, ++ * , £a) =D, Dias, x0z)? then the gradient of Fat (0, - ++, 0) 
lies along the direction i in which x; is negatively proportional to J sbias, e Consequently 
the vectors (Yu * * * , Ya) with yz=A)sbiai,z lie along a path which is initially one of 
quickest descent for F. If ` is chosen so as to make Fa minimum along this path, an 
approximation for the solutions of the given system of equations is obtained. This 
can be used as a step of an iterative process for solying the equations. The error of 
the nth iterate depends on the dispersion of the reciprocals of the characteristic roots 
of the matrix, (D.,%,:@),4)s,201)-.-,n. The gradient notion can.also be used to design 
machines ‘with very desirable characteristics for solving such systems, (Received Octo- 
ber 23, 1944.) 


31. Isaac Opatowski: A botanical application of Jensen’s inequality. 


The paper is a mathematical] elaboration of some ideas connected with the theory 
of form of plants of N. Rashevsky (Bulletin of Mathematical Biophysics vol. 5 (1943) 
pp. 33-47, 69-73). Its purpose is to show that the function of branches of a tree, 
which is usually explained on exclusively biological bases, may be also interpreted 
from a mechanical viewpoint, as some kind of tendency of the tree to shape itself in 
such a manner as to increase its own strength. The theory is based on some experi- 
mental relations established by the U, S. Forest Products Laboratory, and consists 
of a comparison of a tree (T) of n branches of length L; (2=1, - - - , #) with a hypo- 
thetical tree (H) of one branch only which from a purely biological viewpoint is iden- 
tical with (T), except for a different shape. The ratio of the maximum bending stress 
in the branches of (T) to a similar stress in (H) is (0-:L3)°/(0.L)", which is greater 
than 1, by Jensen’s inequality. The paper is a part of an article to be published in the 
December 1944 issue of the Bulletin of Mathematical Biophysics. (Received October 
18, 1944.) 
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32. Ida Roettinger: An operational approach to the solution of 
boundary value problems by generalized Fourier series. 


The idea of G. Doetsch (Math. Ann. vol. 112 (1935) pp. 52-68) to consider the 
set of Fourier coefficients of a function as the finite Fourier transformation of this 
function is applied to the set of coefficients in the expansion of a function according to 
characteristic functions of certain Sturm-Liouville problems. Results known for the 
sin nx- and cos mx-transformations (see H. Kniess, Math. Zeit. vol. 44 (1938) pp. 266- 
291; see also the author’s abstract 50-5-155) are extended to these more general trans- 
formations. The main idea in this generalization is the introduction of almost periodic 
functions in the form of “almost periodic extensions” of a function defined on a finite 
interval. Some applications of these transformations to boundary value problems are 
given. In particular the solution of the problem of an elastically supported string is 
expressed in closed form by means of an almost periodic extension; this form of solu- 
tion gives an intrinsic characterization of the motion of the string. (Received October 
17, 1944.) 


33. W. H. Roever: Second derivatives of the potential function of 
the earth's weight field of force. 


The author shows that, in considering the statical and dynamical phenomena 
which take place in the earth’s weight field of force, both the first and the second 
partial derivatives of the potential function of this field of force come into play. The 
moment actuating the Eötvös torsion balance involves some of these derivatives, 
and these are thus experimentally determined and found to considerably exceed in 
value those corresponding to the generally accepted’ potential function used in 
geodesy. Those second derivatives which occur in the curvature of the lines of force 
are of the order of magnitude of w?, where w is the angular velocity of the earth’s 
rotation. However, those which occur in the curvatures of the level surfaces are con- 
siderably larger arid come into play in exterior ballistics if the convergence of the 
verticals is considered. The differential equations of motion of a trajectory are also 
derived using for the potential functions of the weight field an analytic apprdximation 
involving both the first and second derivatives of this function. In setting up the 
frame of reference in exterior ballistics it is shown that w? cannot be neglected. (Re- 
ceived November 24, 1944.) 


34: H. E. Salzer: Inverse interpolation for eight-, nine-, ten-, and 
eleven-point direct interpolation. 


In the paper A new formula for inverse interpolation, Bull. Amer. Math. Soc. vol. 50 
(1944) pp. 513-516, the author obtained all the terms involving the first six powers of 
(fp—fo) in the expansion for p in terms of fp and the tabular values corresponding to 
the cases where three- to seven-point direct interpolation was required, In the present 
paper that same formula for ~ is extended to include all the terms involving the first 
ten powers of (f,—fo) and, as before, quantities are defined in terms of fp and the 
tabular entries to provide for inverse interpolation when eight-, nine-, ten-, or eleven- 
point formulas are required for direct interpolation. Although the greater part of the 
expression for p will hardly ever be needed in most practical problems, due to the 
rapidity of convergence and smallness of many of its terms, its full use can provide 
unusual accuracy in solving equations (both real and complex) up to the tenth degree 
when the values of the polynomials are tabulated near the root at equal intervals. 
(Received November 14, 1944.) 
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35. J. J. Stoker: Nonlinear theory of curved elastic sheets. 


The membrane theory of thin elastic shells, which is based on the assumption that 
bending stresses can be neglected, is relatively simple from the mathematical point 
of view since the stresses can be determined independently of the strains. However, 
it is not possible then, in general, to satisfy boundary conditions which refer to dis- 
placements—such as, for example, the condition of a fixed edge. The present paper 
presents a theory of thin shells which neglects bending stresses but which, neverthe- 
less, makes it possible to satisfy various types of boundary conditions which are 
reasonable from a physical point of view, such as that of a fixed edge. This is accom- 
plished by taking into account certain of the quadratic terms in the expressions for 
the strains as functions of the displacements, in a manner analogous to that employed 
in deriving the von Kármán equations for bending of thin plates. (Received October 4, 
1944.) ; 


Ercopic THEORY 


36. P. R. Halmos: On an incompressible transformation, 


E. Hopf has introduced a very strong notion of incompressibility for one-to-one 
measurable transformations on a measure space and showed that a transformation is 
incompressible in that sense if and only if it possesses a positive finite invariant 
integral. Recently Hurewicz has shown that under the assumption of a much weaker 
notion of incompressibility a very elegant generalization of Birkhoff’s ergodic theorem 
is valid. The purpose of this note is to point out the following two facts: (1) If a trans- 
formation does possess an invariant integral, the Hurewicz theorem can be made to 
follow from known results for measure preserving transformations. (This fact is not 
immediately obvious only because of the rather peculiar formation of the Hurewicz 
means.) (2) There exists a one-to-one measurable transformation on a measure space 
which has the weak but not the strong property of incompressibility. (This fact in 
addition to answering a question explicitly raised by Hopf also serves to show that 
Hurewicz's theorem is indeed an extension of Birkhoff's.) (Received October 16, 1944.) 


GEOMETRY 


37. Felix Bernstein: The swastika and the Sicilian triskelon from 
the standpoint of “higher geometry.” 


From the standpoint of higher geometry as defined by Felix Klein, the swastika 
and the triskelon are interpreted by the crystallographic groups of the plane, which 
are known groups composed of translations and rotations, with an angle of rotation 
of 360/n degrees, where is restricted to the values 2, 3, 4, 6. The known fundamental 
domains (F.D.) of these groups with one center of symmetry are altered here into 
F.D. with two centers of symmetry. The broken line of greatest length connecting 
the two centers is called an arm and the smallest region whose boundary consists of 
arms only is called a blitz according to its shape. A blitz and its images produced by 
the operations of the group in the case n=4 fill the whole plane with swastikas, in 
the case n=6 with a like set of triskelons. With the aid of a properly generalized 
swastika it is possible, in an analogous manner, to fill euclidean space. By certain 
alterations of given F.D., a proof of the Pythagorean Theorem is obtained. (Received 
December 1, 1944.) 


38. John DeCicco: Survey of polygenic functions. 


The author presents a general outline of the theory of the first and second deriva- 


1945] ABSTRACTS OF PAPERS 69 


tives of a general polygenic function. This leads to the geometry of the related circles, 
limaçons, and cardioids. (When the function is monogenic, these related curves de- 
generate into points.) In addition to summarizing the already published material, 
many new theorems are included. (Received October 26, 1944.) 


39. V. G. Grove: Quadrics associated with a curve on a surface. 


The quadrics of Darboux, Moutard and Davis, the conjugal quadrics, the asymp- 
totic osculating quadrics and many other quadrics belong to a certain family of 
quadrics. This paper seeks to characterize all of the members of this family in terms 
of cross-ratios. In so doing a generalization is obtained for Bell’s R-associate of a 
line in the tangent plane. Some special quadrics of the pencil are characterized and 
new characterizations of the pan-geodesics are obtained. (Received October 7, 1944.) 


40. C. C. Hsiung: A ternary of plane curvilinear elements with a 
common singular point. 


This paper studies three curves having a common singular point of different kinds 
and a common tangent at the point. A projective invariant is found and characteriza- 
tions are found for the invariant for various kinds of singularities. (Received October 
7, 1944.) 


41. Edward Kasner: Multi-valued symmetries. 


The author studies conformal symmetry in a general algebraic curve. This is equiv- 
alent to Schwarzian reflection for an analytic curve. For an algebraic curve of degree n, 
the operation T is in general of degree 22. The degrees of the powers of T are studied in 
detail. In the special case of a conic, the results are noteworthy. If the base curve is a 
potential curve (obeys the Laplace equation), symmetry is easily constructible, Satel- 
lite curves discussed in a previous paper are related to the present theory.” (Received 
October 26, 1944.) 


42. E. J. Purcell: Some Cremona involutions in n-dimensional 
Space. 


A previous paper (E. J. Purcell, Variety congruences of order one in n-dimensional 
space, Amer. J. Math. vol. 66 (1944) pp. 621-635) discusses linear k-parameter sys- 
tems of varieties in n-dimensional projective space (k any positive integer not greater 
than n). Each variéty of such a system is of dimension n —&% and order h (k any posi- 
tive integer), Through a generic point of [n] one and only one variety of the system 
passes. When 7 =k and 4=2, a generic variety of the system is a pair of points. Each 
point determines the pair to which it belongs and the system consists of the pairs of a 
rational Cremona involution in [»]. This paper treats a type (n)a Cremona involution 
in [z]. When 2=2, the involution is Geiser’s. When 2=3, the involution i is due to 
Sharpe and Snyder. (Received October 25, 1944.) 


STATISTICS AND PROBABILITY 
43. T. R. Hollcroft: The probability of repetitions. 


The probability of repetitions is concerned with repetitions only and not with the 
particular numbers that are repeated. For example, let one number be drawn at a 
time from ten and replaced after each draw. Eight may be drawn as follows: 
4376476 7. This set contains one triple and two double repetitions. The double 
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repetition 4 4 counts merely as a pair as does 6 6 or any other two of a kind drawn. 
This set is represented by the symbol (3221). The repetitions and number of trials 
in the set characterize the set. Let n be the number of trials and p be the probability 
of drawing a given number in one trial. The total number of sets of repetitions for 
any 7 are given in a table. The total number of ways in which each set can be drawn 
is then found and finally general formulas for the probability that a given set will 
occur in » trials. Relations among probabilities are obtained. A special case of one of 
these states that two pairs are 3(n—3)/4 times as probable as one triple. Similar 
probability formulas are derived in case the draws are made without replacement. 
(Received October 10, 1944.) 


/ 
44. Mark Kac: Random walk in the presence of absorbing barriers. 


The solution of the random walk problem in the presence of absorbing barriers de- 
pends on calculating probabilities of the form ‘P(m; p, q)=Prob. { —4 SX: Sþ, 
4E Xi +X: Sp,- , -4S Xi Xa Sp}, where %, Xa - - - are identically dis- 
tributed random variables and p 20, g20. The present paper illustrates a method by 
means of which explicit formulas can be obtained. If each X assumes values 1 
and —1 with probability 1/2 and if p and g are integers one obtains P(x; p, g) 
=2(p+9+2) Ù cos” aj/p-+g+2 sin r(g+1)7/p+9+2 cot mj/2(p+4+2), where ĵ 
runs from 1 to p+g+1 through odd integers only. If the density of the probability ' 
distribution of each x is exp (—|x|)/2, P(n; p, q) can be expressed in terms of the 
roots of the transcendental equation tan (p+g)y = —2y/1—y*. The method of solu- 
tion depends on the use of the eigenvalue theory of matrices (discrete case) and in- 
tegral equations (continuous case). (Received November 21, 1944.) 


45. A. T. Lonseth: A note on relative errors in t systems of linear 
equations. - 


A nonsingular system of linear equations is considered, the coefficients being sub- 
ject to error. Under the assumption of uniformly bounded errors in the coefficients, a 
bound is found for the relative error in each solution-component. (This note is to ap- 
pear soon in the Annals of Mathematical Statistics.) (Received October 19, 1944.) 


46, A.T. Lonseth: Error-limitation for the method of least Squares. ‘ 


Let y(#) be such that Scyrat=|lyl|? exists. Let x(t) satisfy Tx=y, where T is an 
additive, homogeneous bi-unique transformation possessing the bounded inverse T~! 
with bound M(T~): that is, || 71y|| < @(T—)||9|| for every y with finite Ilo]. Omitting 
boundary conditions, which enter if T is a differential operator, an estimate x, Hi is 
obtained as follows (method of least squares): given a set of n functions ¢z(¢) such that 


|| Teall exists for k=1, 2,---, n, values ay, a, sey a, of parameters a1, a2, ++ * , an 
are determined so as to minimize Flan an- =f, a(T£n—y)?dt, where 

n= wad; Then x, noted a% Kbi. It is shown i in this paper that the global error 
ine —x| SM(T-) F(a, ap * * +, ap), where F*(a},a,, +++ ,u, a =lloll? Las SorToude. 


(The integrals under summation occur in the linear Ne ier Tep for the minimizing 
parameters.) For linear integral equations of Fredholm type and second kind the 
local error [xe (£) — x(t) | is similarly bounded. If T is continuous, hence itself bounded, 
the accuracy of the approximation can be limited: leg —x|| 2M (T) F(a, an ET 3 °), 
(Received October 19, 1944.) 
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47. Henry Scheffé: A note on the Behrens-Fisher problem. 


Let (xun ** +, Xm) and (1,---, Ya) be samples from two normal universes. The 
problem is the comparison of the means of the universes when the ratio of their vari- 
ances is unknown. Solutions based on the ż-distribution were studied in a previous 
paper (Annals of Mathematical Statistics vol. 14 (1943) pp. 35-44), and a very con- 
venient one was singled out. This, however, did not have the desirable “symmetry” 
property, that is, invariance under permutations of the x’s among themselves and of 
the y’s among themselves. This note outlines a proof that there exists no “symmetric” 
solution based on the ¢-distribution. (Received October 26, 1944.) 


TOPOLOGY 


48, L. M. Blumenthal: Generalized elliptic spaces and quadratic 
forms. š 


Continuing his study of generalized elliptic spaces (abstract 49-11-304) the writer 
obtains quadratic form theorems concerning invariance of rank under sign changes 
of coefficients. Thus, for example, if a quadratic form in more than three variables, 
with the coefficients of the squared terms 1 and those of the products xix, (i<j) 
between —1 and 1, is positive definite of rank 2, then each positive definite form 
obtained by a change of sign of coefficients of terms x% is also of rank 2. The “natural” 
extension of this theorem to forms in more than four variables with rank 3 is not valid. 
By investigating the different kinds of equilateral sets contained in 2-dimensional 
elliptic space, the writer shows that these spaces have neither congruence order +3 
nor n-+4 (except for n=1). Since, for example, the ordinary elliptic plane contains 
an equilateral 6-point it failed to have congruence order 6. (Received October 23, 
1944.) 


49. R. H. Fox: An application of the complete homotopy group. 


The fundamental group 7,(Y) =m(Y7) of the space of continuous mappings of the 
(n—1)-dimensional torus T= T,- into a topological space Y was introduced i ina 
previous communication (abstract 49-11-306). J. H. C. Whitehead has proved two 
theorems (Proc. London Math. Soc. (2) vol. 45 (1939) p. 281 and Ann. of Math. 
vol. 42 (1941) p. 418) about homotopy groups. When these are combined and restated 
in terms of the groups 7, the result is as follows: Let K* be a complex and let K bea 
complex obtained from K* by removing the interior e —o'of a principal n-dimensional 
simplex o, where n>2. The nucleus of the injection homomorphism 7,(K)—7n(K*) 
is precisely the invariant subgroup of 7,(K) which is generated by the image of the 
injection homomorphism 7,(¢)—7n(K). This reformulation seems to have more intui- 
tive content and suggests an attack on the harder problem where dim o >z..(Received 
October 28, 1944.) 


50. R. H. Fox: On topologies for function spaces. 


To be useful a topology for the set F of continuous functions from X to Y should 
have one or more of the following properties: (1) A function from X XT to Y is con- 
tinuous if and only if the corresponding function from T to F is continuous, (2) The 
sectioning operation to or from F is continuous. (3) The function (x, f) =f(x) from 
X XF to Y is continuous. For any compact set AC X and open set WC Y let M(A, W) 
denote the set of continuous functions f€ F such that f(A)C W. The topology deter- 
mined by the subbasis { M(A, W)} satisfies (1) and (2) if XXT is separable Haus- 
dorff. If X is normal but not locally compact and Y is an arc, no topology satisfies 
both (1) and (3).-(Received October 21, 1944.) 
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EVALUATION OF VARIOUS WIENER INTEGRALS BY USE OF 
CERTAIN STURM-LIOUVILLE DIFFERENTIAL EQUATIONS 


R. H. CAMERON AND W. T. MARTIN 


Introduction. Wiener [1]! has introduced a measure in the space C 
consisting of all real-valued functions x(#) continuous on 0 $/S1 and 
vanishing at ¢=0. He first defines the measure of a quasi-interval—a 
quasi-interval is the set of all functions of C which satisfy relations 
of the form 


a; < xlt) < bi gri,--+,n, 
where 2 is a positive integer, a; and b; are real numbers, — © Sa;<d; 
So, and k,---, ia are n ordered points on 0</S1, 0<h4< -> 
<ta £1. The Wiener measure of this quasi-interval is defined to be 

1 f” 
(mhle — b) ++ + (n — aD) a 
2 2 '2 ' 
F ( s (ss) (Sn — Sat) ) 
. exp { ~ — ~ — ~m — jds: > + dsm 
an ty te ty bn — tym 


the multiplier before the integrals having been so chosen as to make 
the measure of the entire space C equal to unity. With this definition 
of measure for quasi-initervals, the Wiener measure on C can be de- 
fined in a manner entirely similar to that used for ordinary Lebesgue 
measure, and a theory of (Wiener) integration can be defined over C, 
the integral of a functional F[x] being a number. We write 


(0.1) J “Felid 


to denote the Wiener integral of a functional F[x] over a subset S 
of the space C. 

In several papers the authors have-recently considered various 
aspects of the theory; in the present paper we shall evaluate several 
Wiener integrals. In particular, we shall evaluate integrals of the form 


0) j TE ę f POLO + e(O J2) de 


Presented to the Society, August 13, 1944; received by the editors June 5, 1944. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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or, more generally, 


(0.3) f exp Q Í i pli)aX()at) F |. J TEI ie 


where p(t) is a positive-valued continuous function on 0 $/S1, g(ż) is 
real and of class Z, on 0SiS1, and \ is real and less than a suitable 
positive constant A» which depends only upon the function p(é). In 
(0.3) the function F(z) will be a fairly general Lebesgue measurable 
function on — © <u<o., 

In a recent paper [2] we have shown that 


w 1 
(0.4) f exp Q f 2d) dex = (sec N3)! 0 S< r/4. 
CA 0 


This integral was evaluated by making use of a suitable linear trans- 
formation of C into itself; namely, the transformation 


(0.5) yi) = xù + wet f tan Ns — 1)-a(s)ds. 
0 


Under this transformation we found that 


ws = Ww 1 
(0.6) 1 -f 1-d.y = (cos ware f exp Of a(t |e, 
e c 0 


0 SA < 7/4, 


and frofn this (0.4) was obtained. The evaluation of integrals of the 
form 


(0.7) Í a ( Í “HO#(OA) de, So LALN 


can be carried out in a similar fashion using suitable linear trans- 
formations; the particular linear transformation to be used in each 
case will be determined by a consideration of the second order differ- 
ential equation 


(0.8) FO + O/H = 9, 


and the value Ap will be the least characteristic value of the equation 
(0.8) corresponding to the boundary values f(0) =f’(1) =0. 

The evaluation of integrals of the form (0.3) will use the same range 
of ideas, together with certain results recently obtained. Integrals of 
the form (0.2) are special cases of (0.3). 

The evaluation of (0.7) is given by the following theorem. 
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THEOREM 1. Let p(t) be continuous and positive (>0) on OStS1 and 
let Xo be the least characteristic value of (0.8) subject to the boundary 
conditions 


(0.9) KO = f) = 0. 


Then if — œ <A <No and falt) is any non-trivial solution of (0.8) satis- 
fying fx (1) =0, we have 


(0.10) f oe Q Í ' poartas) jpa E) 


Consequently, if <^ and f(t) and f(t) are any two linearly inde- 
pendent solutions of (0.8), we kave 


fox Qa f pOr) des 


z (ey 
VDO = A | 


where a is any convenient point in 0OSaS1. 

Remark 1. By the hypotheses of Theorem 1, A») must exist as a 
positive number. , 

Remark 2. For every value of there always exist (non-trivial) 
solutions of (0.8) satisfying fy (1) =0. 

Remark 3. The numerator inside the square root sign in (0.11) is a 
Wronskian whose value is actually independent of a, 0 Sa < f. 

Theorem 1 isaspecial case of Theorem 1a, which weshall provein §1. 





(0.11) 


THEOREM 1a. Let p(t) be continuous and positive on 0OStS1, and let 
Xo be the least characteristic value of the differential equation (0.8) sub- 
ject to the boundary conditions (0.9). Then if F(x) is any Wiener meas- 
urable functional, if X<do, and if fr) ts any non-trivial solution of 
(0.8) satisfying fx (1) =0, we have 


f "Gees Q Í i POPOH) des 


¢ 


= Go) Sebo tao fe gopor] 


where the existence of either Wiener integral implies the existence of the 
other. 


(0. 12) 





Remark 4. The radical on the right-hand side of (0.12) can be re- 
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placed by the radical on the right-hand side of (0.11). ` 
By using Theorem 1a and certain results proved recently we shall 
obtained in §2 the following result. 


THEOREM 2. Let g(t) be real and of class La on 0StS1, let p(t) be 
a positive-valued continuous function on 0 St S11, let Xo be the least char- 
acteristic value af the system (0.8), (0.9) and let falt) be any non-trivial 
solution of (0.8) satisfying ff (1) =0. Then 


iM exp Q f a F | f ' szat] dux 





(0.13) AD ~ 
- (22 A F(buje du, A <L Ao 

x- f(0) e 

where 
1 1 ` t is 

(0.14) pa f [5 a f sOlas dt, 
the result holding and the Wiener integral being convergent whenever 
(0.15) F(bu)e™’ E Li(— œ, œ). 


In the final sections we consider a few choices of p(¢) for which 
the differential equation (0.8) has solutions in terms of well known 
functions. Various other choices may occur to the reader. 


1. Proofs of Theorems laand 1. We shall need certain well known 

' properties of the differential equation (0.8). First, by classical Sturm- 

Liouville theory it is known that there is a least characteristic value 

Xo of the system [(0.8), (0.9)], it is known that Aj is positive, and it is 

known that the solution f(é) of the system [(0.8), (0.9)] with A= 

is nonvanishing in 0<iS1. These facts are all given’ for example in 
[3]. We need one other (known) property; namely, the following: 


RESULT 1. Every non-trivial solution f(t) of (0.8) corresponding to 
any real value of ^ <^ and satisfying the single boundary condition 


(1.1) h(i) =0 
is nonvanishing in 0Sts1. 


For the sake of completeness we shall give a classical proof of this 
result. For the proof we use the identity 


(1.2)! PAH eae f HOAAds, 
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where 0 S81, <r, falt) is a non-trivial solution of (0.8) satisfying 
(1.1), and f(#) is a solution of the system [(0.8), (0.9)] with A =^. 
Now f(t) cannot vanish at t=0 since Ay is the least characteristic 
value of the system [(0.8), (0.9)]. Also it cannot vanish at ¢=1 for 
if it did it would be identically zero. If it vanishes at all in OS#S1 
its zeros are isolated and we shall denote by tọ its greatest zero in 
(0, 1). With this value of t9(<1) relation (1.2) becomes 


1 
(1.3) KOR = =e) f KAONA: 

io fo 
Without losing generality we assume 
(1.4) hA > 9, <i i, 
(1.5) ' fl) > 0, 0<#S1. 


Then (1.3) yields the result that fy (to) is negative. Since fy(to) is as- 
sumed zero this contradicts (1.4). Hence there is no greatest zero of 
falt) in 0<éS1. This yields Result 1. 

We now proceed to the proof of Theorem 1a. For this purpose we 
consider the linear transformation 


ee E CO 
(1.6) OEO J alas, 


where A is fixed, — œ <A <Xg, and f,(t) is any non-trivial solution of 
(0.8) satisfying (1.1). (By Result 1, the denominator of the integral 
in (1.6) does not vanish.) Obviously the transformation (1.6) takes 
the space C into a part of C. We shall show that it actually takes C 

into the whole of C in a 1-1 manner. First ‘ 

















KO hÀ KO ci Ke 
= - d 
an DOF m Ko} aR Wafd. fo 
if R) 
-alzo arc aos | 
so that 
t fi (s) 1 t fx (s) 
1.8 ds = —— d. 
= BOROST RO I. ao O* 
Multiplying (1.8) by f,(f) and adding to (1.6), we obtain 
(1.9) y(t) +n f een y(s)ds = x(2). 
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Thus to every function x(-) of C there corresponds a function y(-) 
of C by (1.6), and this y(-) satisfies the relation (1.9). Conversely, 
it is easily seen that if y(-) is any function of C and if x(-) is defined 
by (1.9), then x(-) and y(-) again satisfy (1.6). Hence (1.6) is a 1-1 
transformation of C onto itself. This could also be seen from the 
fact that (1.6) is a Volterra transformation. We shall consider it, 
however, as a Fredholm transformation whose kernel vanishes when ' 
t<s, and calculate the Fredholm determinant using the half ce 
arithmetic mean) value along the diagonal: 


ssla fot) 
= exp (-+ [log (1) — log A01) = a 


In Theorem I of a recent paper [2] we have considered the behavior 
of Wiener integrals under Fredholm and Volterra transformations, 





(1.10) 





y= 2) + f " K(b s)a(s)ds, 


where 

7 KOE, s) when OSt<s5,0<sS1, 
Kit, s) frons x when s<#S1,0Ss<1, 
\ KO(s, s)/2 + K@(s, s)/2 when t=s, Ossai 


We quote for reference the special case of this theorem in which 
K®(, s)=0, so that the transformation is a pure Volterra trans- 
formation : 


THEOREM A. Let K(t, s) be continuous on the closed triangle [OSs St, 
0StS1], and let it satisfy the following five conditions: 

A. For almost all s, K(t, s) ts absolutely continuous in t, sStS1. 

B. For almost all s, AK(t, s)/0t is essentially of bounded variation, 
sSXtS1. More precisely, there exists a measurable function K(t, s) which 
is of bounded variation in i for each s and which for almost all t, s in the 
triangle [s<tS1, OSsS1] is equal to AK(t, s)/dt. (In the remaining 
statements, the hypotheses will be considered satisfied when 0K /0t is re- 
placed by such a K.) 

C. So, supss:s1 | OK (t, s)/ðt|ds < o: 

D. A vares:S1 [OK (E, s)/ðt]ds < æ. 

E. K(s, s) is of bounded variation OSs S1. 
Let S be a Wiener measurable subset of C, and let TS be the image of S 
under the transformation 


1945] EVALUATION OF VARIOUS WIENER INTEGRALS 79 


T: ae eee: f ‘KU s)a(s)ds. 


Then if F(y) is any Wiener measurable functional for which either mem- 
ber of the following equation exists, the other member exists and the equal- 
ity holds: 


[vole =p. [7 [o + fx sates | exp(—®|[x])dux, 


where 
[r] = f [= f ze Dads at 


42 J i f TKG, aoas] dz(i) 


i f i K(t, daf [x()]*} 


and D is the Fredholm determinant of the transformation, using the half 
(or arithmetic mean) value of the kernel on the diagonal: 


1 K(s1, 51) K(s2, K(Say Sn 
D= sah aa Tens si) K(s2 Klen s2) Kas (sm s Klem Sn) 3 dsidsa + > ds 
2 n! 2 


2 


It is clear that the linear transformation (1.6) for \<Xpo satisfies 
the hypotheses of Theorem A, and hence by that theorem with 
Fly] =F lx] = F[T-(y) ], we have 


fo +50 fo ia sas] K 
(1.11) : A Df” el ] exp {- ale x() | is 


8B tar 


where the existence of either side implies the existence of the other. 

On integrating by parts, simplifying, using the boundary condition 
(1.1) and the differential equation (0.8), we obtain that (1.11) is 
equal to 
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D f Ple exp {- SES aka sod ES |b a 


ERO P+ AGA) — LK (5) P : 
=D f Flele =» \- Poa een (as de 


=D i F[x] exp t-f Eo (ash dex 
=D fr [x] exp Q f i p()3%(0)) dX. 


This, together with (1.10), yields Theorem 1a, including the exist- 
ence of the integrals. Relation (0.10) 1 is obtained by specializing 
the function F in Theorem 1 to be identically unity, F(u)=1. 

Now take fx H =f’ (1)f (2) —f@’ ()f@@ where f® (t) and f (4) 
are any two linearly independent solutions of (0.8). This function ob- 
viously satisfies the condition fy (1) =0 and yields (0.11) with a=1. 
But since the differential equation (0.8) has no term in f'(t), its 
Wronskian is constant, and hence we may use any convenient point 
a instead of a=1. This yields Theorem 1. 








(1.12) 





f 


2. Proof of Theorem 2. In a recent paper [4, Lemma 3] we gave a 
new proof of a special case of a theorem of Paley and Wiener llr 
We proved 2 f 


Let m(t) be real and of bounded variation on 0 St £1, and let m(1) =0. 
Let. 


(2.1) b = f mat 


and let F(u) be a (real or complex-valued) measurable functional defined 
on — œ <u < œw. Then a necessary and sufficient condition that 


(2,2) r| f “a(dam(y | 


be a Wiener summable functional of x(-) over C is that 
(2,3) e~“F (bu) 


be of class Lyon — œ <u < œ. Moreover, if this condition is satisfied, 
ge eae 


2 Added in proof. In a letter to one of the authors, Professor J. L. Doob recently 
pointed out that this result, for an arbitrary function m/(¢) of Ee, follows at once from -` 
probability considerations. The probability argument uses the known fact that 
` So om(t)dx(t) is a Gaussian variable with mean zero and dispersion 62/2. 


4 
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(2.4) ras x(dam( |a ot = af" __ © Plbu)du. 


On integrating by parts seid uaa the nee that m(1)=0 we find 
from (2.4) that 


(2.5) fr f mda) | dex = 5 f aroa 


holds under the same conditions. 
We pass now to the proof of Theorem 2 itself. We first consider 
the integral which occurs in the left-hand member of (0.13); namely, 


(2.6) f ( f i poaa) F | f EZ P 


where g(ż) and p(é) are real, g(t) of class L2(0, 1) and p(t) positive and 
continuous, 0S$¢<1. On applying relation (0.12) of Theorem 1a for 
A <o we find that (2.6) is equal to 


Go fer [ f “gy(dat 


+f i OL f i agp 2h at fn 


the equality holding for every measurable function F for which either 
(2.6) or (2.7) exists. We now consider the argument of F in (2. 7) and 
integrate twice by parts; we obtain 


soat [gaps [ AL. ysyasbat 
0 i 0 0 {fa(s)} 


ie: f gydd 
+f soso{- oun lie i 


(2.8) -f Odi — f FOROS + T 


+ f cons f whe 
= f onoi f a ha 


ON rol Jae: 





(2.7) 
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where 
(2.9) GU, N) = f AINNE: 


Now G(é, A) vanishes at t=1, and fédy(s)/f,(s) vanishes at t=0. 
Hence (2.8) becomes 


1 G(t, W 
(2.10) = f om 


and hence the quantities (2.6) and (2.7) are equal to 


1)\V2 p™ 1 GME, N 
(2.11) (E y f e|- f ( aya] duy 
fx(0) c o AÒ 
provided any one of the (Wiener) integrals in (2.6), (2.7), or (2.11) 
exists. Now the function G(t, )/f,(é) is of bounded variation on 


© OSŁS&1, and it vanishes at t=1. Hence the result (2.5) applies to 
(2.11), yielding the result that the integral in (2.11) is equal to 











(2.12) = =f: ‘F(bu)-s-*"du, 


where 


(2.13) b? -S [E] -f Fal eO] a 


This yields Theorem 2, including the summability of the integral. 





3. A corollary to Theorem 2. On specializing the function F(z) of 
Theorem 2 to be 


(3.1) F(u) = ed! 
and replacing g(t) by p(t)g(t), we obtain from Theorem 2 the relation 


fo Q f l OA + 2AA) Jar) dos l 


O 1 fanen (8) 


(3.3) 8 = f [= K f PAOA |a 


(3.2) 








> 
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On multiplying the first and third members of (3.2) by 
exp’ (A/op(t)22(t)dt) we obtain the following corollary. 


COROLLARY 1. 
t 


f ep Q f ONE s0 }ear) ie 


(3.4) i | 
g (Fo) exp (xe +A f POLOA), 


the equality holding for \<)o and for every real-valued function g(t) be- 
longing to Lz on 0<t<1. The constant B in (3.4) is defined in (3.3). 





This evaluates the expression (0.2) mentioned in the introduction. 
In the remaining sections we consider briefly a few examples. 


4, Example 1, p(#)=1. For p(#)=1, the differential equation (0.8) 
becomes 


(4.1) F'O HNA = 0 
and the least characteristic value is 

(4.2) Xo = x?/4. 

A non-trivial solution of (4.1) satisfying fy (1)=0 is 

(4.3) f(t) = cos AV2(¢ — 1). 

Relation (0.10) of Theorem 1 yields g 


w 1 1 1/2 ' 
(4.4) f exp Qf ad) = (= » ~ œ << 7/4; 
la] 0 cos A12 


which agrees with result (0.4) stated in the introduction. 
For use elsewhere we state explicitly Corollary 1 of §4 for p(4)=1. 


COROLLARY 2. Let g(t) be a real-valued function belonging to Lz on 
O<t<1, and let — œ <A <T?/4. Then, 


J ap ( f O+ «(0 }t) du 


= (sec A2/?)1/2 exp Of [Go(t, N) sec AV2(¢ — 1) at) 


en Q f : eoa), 


(4.5) 
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X? 


where 
$ 
Gae f P Gg Das, 
1 


5. Example 2, p(t) =(t-+a)~*, 0<a< æ. With this value of p(t) the 
differential equation (0.8) becomes 


(5.1) f'O + AEH AA = 0 

and if we write l 

(5.2) A = 1/4 — p, O<p<o, 
then two linearly independent solutions are 

(5.3) (t+ aja? 

and 

(5.4) (t+ ajeti, 


Also it is easily seen that ħo2 1/4 since no linear combination of (5.3) 
and (5.4) satisfies the boundary condition 


(5.5) IO = f0) = 0. 
Hence relation (0.11) of Theorem 1 yields 


foo (a — p’) f a) dux 


2uar—-12(1 + a)e+!2 1/2 
z (z — 1/2)a* + (p+ 1/94 + >) í 
0<u< æ, 0 <a<%. 


6. Example 3, p(t) =e*', æ real, a0. With this choice of p(t) the 
differential equation (0.8) becomes 


(6.1) S'O + ref) = 0. 


We solve (6.1) by use of a series with undetermined coefficients—let 





(5.6) 


(6.2) ù= 2 aner“, 
Then (formally) H 


f'® = > an Water 


naĝ 


and (6.1) leads to 


i 
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kad kaod 2 
L Gpn?rarernat ‘a cm AD anertat oe AD Gy_ye"™*, 
TQ nal 


tanh 
On equating coefficients we find 


anna? = — Mni n= Í,2,3, >, 
or 


(6.3) e a =) wi ON 


na? (n)a? Sa 








Choosing a= 1 we find 
Ar enat 


an (n ! 2 








(6.4) PE 2 (- 1)” 


and it is easily seen that this is an actual solution, not just a formal _ 
one. Also the series (6.4) is the classical Bessel function of order zero, 


(6.5) To(Qd1!2¢%*/2/e), 


The function (6.5) is a solution of (6.1) for every value of \, 
—«o<A\<o, We note that Jo(z) is an even (entire) function and 
hence there is no difficulty in (6.5) when A is negative. 

A second linearly independent solution of (6.1) for A real and not 
equal to 0 is given by j 


(6.6) fO() = Ya(2eat? a), 


where .Yo(z) is the Bessel function of the second kind of order zero, 
as introduced by Weber and Schläfli. The general Bessel function of 
the second kind is defined by the equation 

J.(z) cos nr — J_n{z) 


sin nam 


(6. 7) F Y,(z)- Ta 


b 


or by the limit of this expression when » is an integer. See [6, pp. 370, 
371.] Denoting (6.5) by f™(é) we next calculate the expression 


(6.8) I'OA) — f"@) JO), 


which occurs in relation (0.11) of Theorem 1. It is easily seen that 
(6.8) is equal to 
6 9) A1 2e2a12. Wronskian [Jo(z), Folz) Jemenui saatla 

i = Aeae [J (2) Vd (2) — Jd (2) ¥0(2) Leonun 


By (6.7), for n not an integer, we have 


86 R. H. CAMERON AND W., T. MARTIN [February 


Wronskian (Jale), Ya(z)) = Ja) V2 (2) — Jd (2)Ya(2) 





[Fn(2)Jd (2) cos nt — Ja) JL) 





(6.10) sin nT 
— Ja @)In(2) cos nm + Jale) Tale) | 
1 
ae: [ve (2)J—n(z) — Jnl) Ial) iE 
sin nT 


Now it is known that 

(6.11) Jale) nle) — J-J. (2) = — 2 sin nr/rz, 

see [6, pp. 360, 380]. Hence (6.10) becomes 

(6.12) | Wronskian (J,.(z), Yn(z)) = ———- —-—- = — 
Sin nr TZ TZ 


this holding whenever v is not an integer. On taking limits one can 
easily show that 


(6.13) Wronskian (J,(z), Yn(z)) = 2/22 

still prevails when v is an integer. Hence (6.8) and (6.9) are equal to 
j i 

(6.14) Ateaal? — ——____ = —. 
m QtN%easl2 op 


On using this in relation (0.11) of Theorem 1 we find 


wpe 1 
f exp ( f (Derde) dux 
c 0 


2 


. atl? , [Nen Qn? 
(6.15) ` = ——— | Fo Jo 
qil®\lAgal4 z a 


i = er 
Bg Jo Yo , 
a Qa 


this holding for æ real and different from zero, and for — œ <A <0 
or 0<A<Ao, where Apo is the least characteristic value of the differ- 
ential equation (6.1) with the boundary conditions f(0) =f’(1) =0. 


7. Example 4, p(t) = (¢-+a)*, 0<a< œ, 8+ —2. In this example we 
let 8 range over all real values other than the value —2. This value 
has already been handled in Example 2 given in §5. With this choice 
of p(t), the differential equation (0.8) becomes 


(7.1) F'O 4 MEF AD = 0. 
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We take as a trial solution of (7.1) the series 


=a 


(7.2) JÒ = E alt + a), 


n=0 


Then formally 


r 


> ayn(B + 2)[n(B + 2) + 1](¢+ a) G91 


C] ’ x 
— D> an(t + a) +D ate 


n=0 


(7.3) 


Il 


=A D anali + a) Dm, 
nal 


Thus we find the recurrence relations 


(7.4) mB + 2)[n(8 + 2) + 1an = — rons 
or 
Alnı 
mnn 
(7.5) (B+-2)*(m-+1/(6-+2))n 
(—1)"aov* 


7 (8-+2)*"(n-+1/(8+2))(n—1+1/(6+2)) + - - (1+1/(B+2))n! 
This suggests that we take 


(7.6) LO = (t+ a) pea xue ai 
. 1/ (8+2) B+2 , 


; Q(t + atn 
7, ei) = 1/2 EE A 
ON J) = Ea) Pues | t | 


and it can be shown easily that these represent two linearly independ- 

ent solutions of (7.1), for A real and different from zero. As an ex- 

ample we shall show that f™ (t) satisfies the differential equation (7.1). 
For convenience in writing we set ` 


2(t + qe) Blatt 
p+? 
With this notation we find from (7.6) 
(7.9) FOA = (1/2) (E+ a) Sygn) MEF aS gynl) 


“and 


(7.8) 


ue, 
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JL À = — (1/4) (¢ + Agal) 

(7.10) + ACE )P12(8/2 + DJi le) 
+ ANE H a) PUTS) p40) (z). 

Hence 


LOW +E a) FOO 


i ee 
= A(t + abe EZE + Ph 1/642) (2) 
(1.11) 


1 
_ ETEEN uem) +I uem | 


and this is zero by virtue of Bessel’s differential equation. Hence 
f™(£) defined as in (7.6) is a solution of (7.1). Similarly (7.7) is also 
a solution of (7.1), and it-is linearly independent. 

Next we calculate 


FO (a) f(a) — AOO) 
= MA(a + a)l [Yinga ugah) — J yeah) ¥ 1 642) (2) J. 
By (6.13) and (7.8) we find that this becomes 

SS) — f(a) f(a) 
(7.13) = AN2(q + aenn Z va = B+ i 
m 2(t -+ af PHN? r 


Also by 7 .9) and the recurrence formula for Bessel functions we find 


(7.12) 





gag JO = MA apr [Jona + Bap lve | 
= AUE A aP EUS 34 0)_1(2). 

Similarly i 

(7.15) SOC) = NPE + a) HUY gyal). 


Hence relation (0.11) of Theorem 1 yields 


w 1 | : 
f exp Of (¢+ otarlar) do% 
c 0 
(B + 2)3/2 
TNI + a) B+1) 414 ; 


[Fuera ue) — Juerd) Fuen) Jr, 


(7.16) = 
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where 
fl 24IQ U2 (1 + af? 
Zo = 4 ——— 24 = 2 ——. 


B+2 B+ 2 


The relation (7.16) holds for B#—2, 0<a<o, and — æ <A <ù, 
3540. i 
It is perhaps interesting to put p=0 in (7.16). We obtain 


Ww 1 21/2 
(7.17) J, Of s(t) dex = PRIM + a) ails 
+ [Peaya((1 + aA) (a) 
í = Jall + aA) Y yela) J, 

Now [6, pp. 364, 370] 

Jınlu) = (2/ru)"? sin u, Jiplu) = (2/ru)!!? cos u, 

Panta) = A 8/2) — Fos) i 

sin (w/2) 

J—1x(u) cos (— 2/2) — Jinlu) aN. 
eo ee o 
Hence (7.17) becomes ' 


w 1 21/2 
f exp Q f (Ddi )dez = 
5 ò mH2QAUA(L -+ a) att 


2 
(7.18) Eero {sin ((1 + a)\1/2) sin (an1?) 


Viin(u) = 


1 


5 (cos A173) 12? 


+ cos ((1 + a)A/?)cos (aM! 7) 


which yields our earlier result. 
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A GENESIS FOR CESARO METHODS 
RALPH PALMER AGNEW 


1. Introduction. The Cesaro methods C,, introduced by Cesaro! be- 
cause of their applicability to Cauchy products of series, constitute 
the most publicized class of methods of summability. 

The regular Nérlurid methods? of summability constitute one of the 
two most publicized general classes of consistent methods of summa- 
bility. The regular Hurwitz-Silverman-Hausdorff methods constitute 
the other. à 

This note proves the following theorem. 


THEOREM. The Cesèro methods are the only methods of summability, 
regular or not, which are both Norlund methods and Hurwtiz-Silverman- 
Hausdorff methods. 


Thus if the Cesiro methods had not been previously introduced 
into mathematical literature, they could be defined and exploited as 
the unique class of methods of summability enjoying all of the prop- 
erties of Nérlund methods and all of the properties of Hurwitz-Silver- 
man-Hausdorff methods. 

In §4, it is shown that the only methods which are both Riesz 
methods‘and Hurwitz-Silverman-Hausdorff methods are methods I, 
closely related to the methods C,. 


2. Nérlund methods. Each sequence fo, f1,: ++ of real or complex 
constants for which Pa=fo+pfi+ +--+ +n+0 for each n defines a 
Nérlund method of summability by means of which a sequence 
So, $1, °* © is summable to o if ¢,—0 where 
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2 N. E. Norlund, Sur une application des fonctions permutables, Lunds Universitets 
Arsskrift (2) vol. 16 (1919). l 


g 


1945] A GENESIS FOR CESARO METHODS 91 


(1) on = (Panso F paasi bos + + aSa + posn)/Pa. 


The class of Nérlund transformations (1) is identical with the class of 
triangular matrix transformations 


(2) . On = >> arks 
kal 
for which 
(3) Onn ¥ 0, n=0,1,2,- 
(4) Dd dns = 1, n=0,1,2,+°°, 
kon 


and, for each g=0, 1, 2,---+, there is a constant b, such that 
(5) an n—-g = bg@nny ne q. 


3. Hurwitz-Silverman-Hausdorff' methods. These methods (here- 
after the HSH methods) constitute the class of triangular. matrix 
transformations which commute with the arithmetic mean trans- 
formation ` 


(6) On = (so + si+ +++ + S,)/(n + 1) 


and hence also with each other. 
As Hurwitz and Silverman’ and Hausdorff* have shown, with each 
method HSH there ‘is associated a generating sequence Xo, M, ° 


such that the transformation takes the form ‘ 
n $ 
(7) On = a (— 1)i nM De (- 1)°C 45% 
i f=0 k0 

or 

n n—k 8 
(8) oa = E| Cady (= CMa |e 

ho j=0 


Assume that (8) is a Nörlund transformation, and let the quantity 
in brackets in (8) be denoted by anz. Then, @an=An 80, by She and (4), 
\u#0 for each n and A»=1. Moreover 


(9) On, n~- = nAn = An) 


3 W. A. Hurwitz and L. L. Silverman, On the consistency and equivalence of certain 
definitions of summability, Trans. Amer. Math. Soc. vol. 18 (1917) pp. 1-20. 

+F. Hausdorff, Summationsmethoden und Momentfolgen. I and II, Math. Zeit. 
vol. 9 (1921) pp. 74-109 and 280-299, 
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and hence (5) with g=1 guarantees existence of a constant (which we 
call r instead of qı) such that 

(10) nAn — An) = TAn nzi. 


Here r cannot be a negative integer; otherwise one could set n = —r in 
(10) and contradict A-r10. Therefore 


(1) de = (n/ (0+ 1) nnn n= 1,2,-- 

Since do=1, (11) implies that . 

(12) M=i/A+r), M= (2/2 +7))M = 1-2/1 +72 +7) 

and in general 

(13) A, =H 1-2-3 -o n/Atn(2+r--+(n +r) = nlr!/(an +7)! 
n=0,1,---, 


where 7! is the factorial function, I'(r+1), defined for all complex r 
except —1, <2, —3, +... 
By use of the familiar identity 


(14) $ Cia = Cater rÆ- 1, oe 2, eae 
ka 
we obtain the familiar fact that for each rx —1, —2,-- - the Cesàro 


transformation C,, 
(15) On = > [Co—ner—15r~1/Cate.e [Sky 
ken 


is the one and only Norlund transformation for which @nn™AÀn 
=nlr!/(n-+r)!. This completes the proof of the fact that the only 
HSH transformations which are Nérlund transformations are the 
Cesaro transformations. 

It is only when r=0 or r is a complex number with a positive real 
part that C, is regular and'can be written in the Hausdorff form 


(16) on = E Crati — ġ)"*sidx(ð) 
i 0 ke0 l 

where , 

(17) x)=1-—-(1— Ar 


For each complex r not a negative integer, the more general Hurwitz- 
Silverman transformation (8) becomes C, when A, =2!r!/(n-+7)!. 
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4. Riesz methods. Each-sequence po, pı, + + - for which Pa=pot+fr 
+ -.+-+,+0 for each z determines a Riesz transformation 


(18) On = (poso + p181 + -+e + pada) / Pay n = 0, 1, 2, 


If one of the two transformations 


n n 
(19) on = Ds EnkSky on! = a On n—kS1 
. ken keal 

is a Nörlund transformation, the other is a Riesz transformation. It 
can be shown, by a suitable modification of our treatment of HSH 
and Nörlund methods, that if A is both an HSH method and a Riesz 
method, then there is a constant 7 not a negative integer such that A 
has the form ' 


(20) On = De [Cri -1/| Cater Js ke 
k=O 


Thus the only methods which are simulianeously HSH methods and Riesz 
methods are the methods T, defined by (20). For each rž —1, —2,---, 
the transformation T, is obtained from C, by reversing the order in 


which the elements af? are applied: to So, 51, © © +. The HSH sequence 
An generating T, is Ay =ao0=1 and 
(21) An = Onn = r/(n + r), n> 0. 


The following discussion applies only to regular transformations. 
The elements @nz of the matrix of the Hausdorff transformation gen- 
erated by x(#) are given by 


(22) ünk = f Caxt®(1 — ġ”tdx(À. 
$ : 
If (22) holds, then 
1 
ann—k = f Ca xl? (1 a t) ¥dx(2) 
0 
i ; 
= -f Ca,nuk(1 — u)™*dux(1 — u) 
0 
and hence 
nN ; 1 j 
(23) ün.n—k = f Caxt®(1 — Ard — x(1 — À. 
@ ` 


It follows that if x(¢) generates one of the transformations in (19), 
then x:(f)=1—x(1—4) generates the other. Suppose now that x(é) 
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generatés a regular Riesz method. Then 1—x(1—#) generates a 
Nérlund’ method, which must be a Cesaro method C;. Hence 
1—x(i—#)=1-—(1—4" and x(4=#. Since # generates a regular 
HSH method only when Rr>0, and since t generates the regular 
Riesz method T, when R>0, we have proved the following result. The 
methods T, for which Rr >0 are the only regular methods of summability 
which are simultaneously Riesz methods and HSH methods. 

The identity 

rinl (r — 1)! r 
(n+ r)! tre Dl eee 
implies the identities C,=C,aT,=I,C,.1 and T,=C,Cj2,=C;-\C, in- 
volving the methods T, and C,; this is a consequence of the fact 
(Hurwitz-Silverman, loc. cit. p. 7) that if AZ generates A’ and A,’ 
generates A’’, then A, Ad’ generates A’A’’. From the fact that C, 


and the Hélder method H, are equivalent (C,~H,) when Rr > —1 we 
obtain, when Rr>0, the familiar formulas 


(25) C, ~ H, = Ay»aHi~ Cray = Ciri 





(24) $20 E EREA 


and C,CZ4~C. This gives the fact, proved by Hausdorff, loc. cit., 
that T, is equivalent to Cı when Rr>0. 


CORNELL UNIVERSITY 


A DIFFERENTIAL INEQUALITY 
R. P. BOAS, JR. 


The following theorem was discovered by S. B. Jackson in connec- 
tion with a problem in differential geometry. 


THEOREM 1. If f(x) is of class C? in (0, a), f(0)=f’(0)=0, and 
f(x) SK\f'(«)| +L] f(x)| in (0, a), where K and L are constants, then 
f(x) S0 in some interval (0, b). 


If f(x) is in addition analytic at 0, Theorem 1 becomes trivial, since 
if @, is the first nonvanishing coefficient of the power series of f(x), 
xaf" (x) approaches a nonzero limit, while x?-*f’(x) and x?-"f(x) 
approach zero, as x—0, and consequently a,<0. 

I shall prove the following more general theorem. 


THEOREM 2. If f'(x) is absolutely continuous in (0, a), f(0) =f’ (0) =0, 
and 


(1) f(a) S Kea) | f(a) | + La) | fa | 


almost everywhere in (0, a), where K(x) and L(x) are non-negative and 
integrable in (0, a), then either f(x)=0 in some interval (0, b), or 
fæ) <0 in 0 <x <min (a, c), where c is such that 


(2) J (xo +20\a<1, ) 0O<n<e. 


Since f(0)=0, f(x) is negative in (0, c) when f’(«)<0 in’ (0, c). 
Theorem 1 is contained in the special case K(t)=K, L(t) = Lt. 

Theorem 2 is the best possible result of its kind; for, if tt K(t)di 
diverges and K(#) is positive and continuous in £>0, the function | 
f(x) defined by f(x) =1/f-K (dt, f’(0) =f(0) =0, is positive in x>0 
and satisfies (1) for all x such that JK (@)dt>1. 

Assume that f(x) is not identically zero in any interval (0, b), and 
write M(x) = maXss] f’ (|, so that M (x)>0 for x>0 and M(x) is 
nondecreasing. 

We observe that for 0 Sx Sa, 


3) |z) | = | f O 





< xvM(x). 


There are points &n such that x, | 0 and M(x,)=|f’(xa)|. Suppose 
that f’(xn) >0 for some n. Let (an, bn) be the largest interval, contain- 
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ing x,, in which f'(x) >0; since f'(x) is continuous, there is such an 
interval, and f'(a„)=0. Consequently we have, using (1) and (3), 


0< Mm) = se) = f Oa 
< f "KOO KOLO | sO | Jat 


a. 


= M(x) f EO + L(t)} dt. 


This leads to a contradiction if x,<c, where c is defined by (2). 
Hence we must have f’ (xn) <0 for x, <c. 

There is a largest interval (an, ba), containing x,, in which f'(x) <0. 
Suppose first that ¢,>0 for every n; then the intervals (aa, bn) are 
separated by other intervals in which f’(x)20, and consequently 
f' (on) =0, 6,20. Then we have for a, <x <b, 


f bn 
0<- fa = f roa 


bn 3 
(4) sf 1- Koro + exo sol jar 


z 


ba 
; suo f {KO + LO}. 


Since ¥’(b,) =0, there is a point x} in (£a, bn) such that —f' (æn) 
= M (bn). Taking «=<x,! in (4), we have 


(5) 0 < M(b,) < M (bn) f i {KÀ + LA} dt, 


and again there is a contradiction when b,<c. 

Hence a,=0 for some n. If baza, we have f'(x) <0 in 0<x <a; if 
ba <a, we have f'(ba)=0, and then (4) and (5) hold. But (5) is con- 
tradictory unless 6, 2c. Hence we have f’(x) <0 in 0<x<min (a, c). 

We have incidentally established the following result about a func- 
tion and its first derivative. 

THEOREM 3. If f(x) is absolutely continuous in (0, a), f(0)=0, and 
FO S$K(x)|f(x)|, where K(x) is non-negative and integrable in (0, a), 
then either f(x) =0 in some interval (0, b), or f(x) <0 in 0 <x <min(a, c), 
where [| K(t)dt<1 if x <e. 


HARVARD UNIVERSITY 


‘NOTE ON THE EXPANSION OF A POWER SERIES INTO 
. A CONTINUED FRACTION 


H. S. WALL 


1. Introduction. In view of the fact that the continued fraction 
frequently furnishes a method for summing a slowly convergent or 
even divergent power series, it is desirable to have a simple algorithem 
for obtaining the continued fraction. We present here such an al- 
gorithm based upon the fact that the process for constructing a se- 
quence of orthogonal polynomials can be so arranged that it gives 
simultaneously a continued fraction expansion for a power series. It 
has been known at least since Tschebycheff that the problem of con- 
structing a sequence of orthogonal polynomials is'related to the prob- 
lem of ‘expanding a power series into a continued fraction. However, 
the fact that the two problems are actually identical does not seem 
to have been emphasized. 


2. The expansion of a power series into a J-fraction. A continued 
. fraction of the form 


$ 


ao ay as 


ia a Mae a oe eae 2 +z- 











(2.1) 


is called a J-fraction. The a, and b, are constants, and z is a complex 
variable. We shall suppose that the a, are different from zero. We 
denote by A,(z) and B,(z) the pth numerator and denominator, re- 
spectively, of the J-fraction, so that A,(z)/B,(z) is its pth approxi- 
mant. The usual recurrence’ formulas 
Ag = 0, Ay = lp; A, = (bp + 2)A pı = Gp 1A 52, 
(2.2) p=2,3,4,-°-, 
Bo = 1, Bı = by + Z, By = (bp + 2) By-1 = Gy 1B 5-2, 
show that A,(z) is a polynomial of degree p—1, and B,(z) is a poly- 
nomial of degree p: 
Ap(Z) = ap, 02?! + ap, + +++ + appi 
B,(z) = Bp.02” + Bpa +--+ + Br.o 
We note that 


(2.3) 
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(2.4) Bro= 1, Bor =bitbet+-+- H bp 
By means of (2.2) we readily obtain the determinant formula 
(2.5) A,(2)Bp-1(z) — Ap-a(2)Bp(2) = 0o01 > + + ap, 


p=1,2,3,-+°. 
Consequently we find, with the aid of (2.4), that 





Avil) As), oa te ha 
Byialz)  Bp(z) gent gente 
where 
` (2.6) i hn = — aoti * > anlbi + be + >e + bapi). 
It follows that there exists a power series 
(2.7) P(1/2) = ¢o/2 + 61/2 + c/8 + +e 


such that the expansion in descending powers of z of A,(z)/B,(2) 
agrees term by term with P(i/s) for the first 2n terms (n=1, 2, 
3,+++). This uniquely determined power series is called the equiva- 
lent power series of the J-fraction. 

We shall now write down formulas connecting the various con- 
stants, Œp, Bp.q) Cp, €p and by. These formulas serve as an algorithm 
for expanding a given power series P(1/z) into a J-fraction, and, con- 
versely, for obtaining the equivalent power series of a given J-frac- 
tion. 

Bo = 1,  CoBoo = ao, Coo = ko = — abr; 


bı = — ho/an, (B10, B11) = (1, bi), 


(C2, c) (") = Aot, (cs, c2) i = h= — dit; + be); 


by = ho/ao == hı/aot;, 
1, be, O 


0, 1, $ g a,(0, 0, Boo); 


(Boo, B21, B22) = (B10, B11) ( 
(2.8) " 


Bao 
(Cay Cay Co) a) = Aotita, 
Bae 


Boo 
(Cs, C4 a(n] = he = — aotit2(bı + b: + bs); 
Bos 
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bs = hy/aoa1 — he/aoere2, 


1, bs, 0, 0 
(B30, Bs1, Bs2, Bas) = (B20, B21, B22) (0 1, dz 0 ) 
0, 0, 1, b: 
— a2(0, 0, Bio, B11), 


(2.9) (en,0, Oni" "sy Qn,n—1) = (Bn, Bays ee s Basn)’ 
Co, Cls » n=l 
0, co PE Oa 
i eils n= 1,2,3, , (Bao = 1). 
0, 0, sey C9 


By way of illustration, we shall obtain the third approximant 
of the J-fraction for the function P(1/z)=log (1+1/z). Here cp 
=(~1)?/(p+1), p=0, 1, 2,--+. We then have: 
` Boo = 1, 6 = a= 1; 


bı = 1/2, (Bro, Bu) = (1, 1/2), 


(1/3, — 1/2) (a) ETETA 
(— 1/4, 1/3) A a A . 


1; 1/2, 0 
ba = 1/2, (B20, Bar, B22) = (1, 1/2) $ a) — (1/12)(1, 0, 1) 
= (1, 1, 1/6), 
1 
(1/5, — 1/4, w( 1 ) = 1/180 = aoan, a = 1/15, 
1/6 


1 
(— 1/6, 1/5, 1/4) ( 1 ) — 1/120 = hz; 
1/6 


b: = 1/2, (B30, B31, B32, Bas) = (1, 3/2, 3/5, 1/20); 
z (as, Gai, œa) = (1, 1, 11/60). 
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Consequently, the third approximant of the J-fraction is 
A(z) ` 1 1/12 1/15 
Biz) 1/2+2-—1/2+2-—1/2+2 
= ` g + z+ (11/60) 
zè + (3/2) + (3/5)z + (1/20) 
We remark that for z=1 this gives log 2=.69312 - - - , which is 
exact to four decimal places. Only six coefficients of the power series 
were used in the computation. 


By the same method we find that the seventh approximant of the 
J-fraction expansion of the divergent power series 




















Bı B; $ Bs 
1-2-2 34g 5-6-25 } 
where B,=1/6, B;=1/30, B5=1/42, - - + are the Bernoulli numbers, 


1/12 1/30 53/210 195/371 22999/22737 
z +z + z + z + z 
29944523/19733142 109535241009/48264275462 
oos A 


Stieltjes. [3, p. 521]! proved that this J-fraction converges for 
R(z)>0 to the remainder J(z) in Stirling’s formula log I'(z) 
=(z—1/2) log z—z+ (1/2) log (27)+-J(z). He remarked that the 
law of formation of the coefficients in the J-fraction seems to be 
extremely complicated. 


3. Proof of the formulas (2.8) and (2.9). We shall first prove that 
the formulas (2.8) constitute an arrangement of the algorithm for 
constructing a sequence of polynomials B,(z)=2*+8,,13"7!+ + 
+8... which are orthogonal relative to a certain operator S. We 
define S to be the operator which replaces every z? by cp in any poly- 
nomial upon which it operates: 


S(Bot” + yet + ++ + Ba) = S(Bos" + Br"! + ++» + Baa) 
= Bola + BiCn—1 + cea) + Broo, 


where co, Cu * + *, Cp, © © are given constants. Two polynomials B, 
and B, are said to be orthogonal if 5(B,B,)=0 when the degrees p 
and q are unequal. We shall prove the following theorem: 








`3 Numbers in brackets refer to the bibliography, at the end of the paper. 
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THEOREM A. Let m be a positive integer, and put ' 


Cp; Coty’ * s Cap 

There exists a sequence of polynomials B, (2) =2"+6n12" + - -© +a, 
n=0,1,2,--+,m, such that 
=0 if px, pSmqSm, 
¥~¥0 if p=g<m, 
if and only if Apx¥0 for p=0, 1, 2,- - -, m—1. The polynomials are 
uniquely determined by the formulas 
(3.2) Bi=0, Bo=1, By = (bp + 2)Bpa — Gp-1Bp-2 

p =1,2,3,---,m, 


GD $(B,B) 4 


where 
5S(s°B,) = gtı: +: dp #0, 
(3.3)  S(z?*1By) = — aoa1- ++ Gp(by + bz + +++ + bon), 
p=0,1,2,--:,m— 1. 


ProoF. We suppose first that A 0 for p=0, 1,-+-, m—1, and 
_ shall prove that the required polynomials exist uniquely, and are 
given recurrently by (3.2) and (3.3). Since By =1, we have: S(B}) 
= S(1) = §(2°) = Co =A,+~0. Let By=by+32. Then, S(Bi) = bico tei =0 if 


and only if 
S(Bo) = do, S(zBo) = — aby. 


Using induction, suppose that Bo, Bu, -© +, Ba, #<m, have been 
uniquely determined such that (3.1) holds for p Sn, g Sn, (3.2) holds 
for p £n, and (3.3) holds for p< —1. Now, an arbitrary polynomial 
of degree n+1 in which the coefficient of 2"*! is unity can be expressed 
uniquely in the form Basi = (+0n41)Ba—GnBn-1+hoBothiBit <--> 

+hn-2Bn2, where basi, Gn, Ro, Bi, © ++, ka are suitable constants. 


The conditions S(z*B,,1)=0, p=0, 1, - - + , n—2, give in succession: 
Roto =0, Ridoti=0,-- + , ka-201 ++ © Gn2=0, so that, since a,+0 
for p=0,1, +--+ , n—2, we must have ko=hi= -~ -© =k =0. From 


the conditions S(2*-1B,4:)=0 and S(s®B,i:)=0, we then find that 
S(2"B,)=@o01-°+a@, and S(z*t1B,)=—apa,- + * Gn(bi tht -+> 

+5,41). Then, from the system of equations: S(z?B,)=0; p=0, 
1, -< , n—1, S(2"B,) =aoa1 - + - Gn, we find at once that 


va 
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(3.4) A, = Godt ++: OnAn—ty 


and, inasmuch as n<m, we see that a0. Consequently, Bai is 
uniquely determined, and (3.2), (3.3) hold for p=n+1 and p=n, 
respectively. Also, S(B,B,)=0 for p¥g, pSn-+1, gSn+1. More- 
over, if n+i<m, then S(B2y1)=S(s"*t'B,i1)0, for otherwise we 
would have Any:=0. We have proved that the condition A0, 
p=0,1,--+°,m—1, is sufficient for the polynomials to exist (uniquely) 
and aiy the stated conditions. - 

Conversely, the condition is necessary. For, it is obviously neces- 


sary that Ao=co0; and if S(2?B,)=0, for p=0, 1, 2, ,n—i, 
S(3"Bn) =n 0, n<m, then the relation A,=g,An_1 must hold, and 
hence A,+#0, p=0,1,2,--+,m—1. 


One will now readily see that the polynomials B, given by (3.2) 
and (3.3) are the same as those given by (2.8). 














THEOREM B. Let A,+#0, p=0, 1, 2,-+-, and define polynomials 
An(2) = On 087 tay 272+ + + + Fann by means of (2.9). Then, 
A(z a a än- 
(3.5) Pi . L, w= 1,2,3,+°+, 


B,(2) i bit z~ b: +z —.-.— b +z 
and we have the formal power series identity 


aoli +++ On hn 


(3.6) P(1/z)Ba(z) — Aa(s) = 





gnti gnt2 : 


wheredin = —atı + + anlbitbz+ > - Hbr) and P(1/2) =) (c/2"+). 

Proor. Let us define polynomials A,(z) by means of the formulas 
A= —1, Ao=0, Ap=(b,+2)A p-1—Gyp1A p-2, p= 1, 2,3, ++ - . From 
these recurrence formulas and (3.2) it follows that (3.5) holds. Fur- 


thermore, we may conclude from the determinant formula (2.5) that 
there exists a power series P*(1/z) => (c*/2"*1) such that 


1° ea n in 
ght gnt2 





P*(1/z)B,(z) — A(z) = hena 


On equating coefficients of corresponding powers of z on either side 
of this identity we find that precisely the relations (3.3) hold but 
with cp replaced by c,;*. Inasmuch as those relations determine the 
Cp uniquely in terms of the a, and bp, we conclude that c¥=cp, 
p=0, 1, 2,+-+, or P*(i/z)=P(1/z), so that (3.6) holds. The 
relation (2.9) may now be obtained. by equating the coefficients of 
z°, zt, - - - ,2"-} on either side of the identity (3.6). 
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This completes the proof of the formulas (2.8) and (2.9) connecting 
the constants ap,¢, Bp,q, Cp: Gp, bp of a J-fraction and its equivalent 
power series. í 


4. The expansion of a power series into an S-fraction. If we replace 
z by 1/z in the power series (2.7) and in its J-fraction expansion 
(2.1), the series becomes 


(4.1) P(z) = coz + 012? + coz? Peris 
and the J-fraction becomes 

oZ az? az? 
[pipette = I pigmeo 


An important special case arises when all the bẹ, are equal to zero. 
For, in this case it is evident that P(z)/z contains only even powers 
of z. If we change the notation and replace cza by cn, we see that the 
power series 


(4.3) coz + 02? + cag? + O24 + cz + --- 


has the expansion 





(4.2) 


(4.4) ae 

a a er 
Let us now remove a factor z from both (4.3) and (4.4), and subse- 
quently replace z? by z. Afterwards, we again multiply both the series 
and continued fraction by z and then replace z by 1/z. The series then 
becomes 


(4.5) —+—-+—4+:::, 
and the continued fraction becomes 


a a a a 
(4.6) Te o a. 


og SS deg s 


ao 
Conversely, if the power series (4.5) has a continued fraction expan- 
sion of the form (4.6), then the fpower series (4.3) has a continued 
fraction expansion of the form (4.2) in which the b, are all equal 
to zero. We shall call (4.6) an S-fraction since it is the form of con- 
tinued fraction preferred by Stieltjes. 

From the preceding it follows that the condition for (4.5) to have 
an S-fraction expansion (4.6) in which a,~0, p=0, 1, 2,---, is the 


104 H. S. WALL j [February 


same as the condition for (4.3) to have an expansion (4.2). This con- 
dition is that the determinants 








Co, 0, C1, 0 
Coy 0, cy 
Co, 0 0, cn O, c 
Co, 2- 0, Cis 0 ? 
0, cy Cis 0, C2; 0 
' C1, 0, C2 
0, Ci, 0, C2 


be different from zero. From this we readily conclude the well known 
result that the power series (4.5) has an S-fraction expansion if and 
only if the determinants 


Co, Ci, , Cp C1 C2, ’ Cott 
Cl, C2, » Cpl C25 C3, » Ep42 
Ap =: , Q5 = 
` 
Cpr Cp+ls * ° * , Cop Crotty Cp+2s ` * * » Capt 


(p = 0,1,2,-+-) 
are all different from zero. 
It is immediately evident that the algorithm of §2 can be used to 
compute the coefficients in (4.6) if we there replace czan by Ca and 
Contt by 0. ° 


5. A theorem of Stieltjes. A remarkable formulation of the problem 
of expanding a power series into a continued fraction was given by 
Stieltjes [3, p. 184]. Rogers [2] rediscovered part of the result of 
Stieltjes in a slightly different form. We offer the following formula- 
tion of the theorem. 


The problem of expanding the power series 


into a continued fraction 


1 ay aq 
by 2 — Os 3 bg es 











is equivalent to the problem of securing a power series identity of the 
form 


Ole + I) = AAU) + nA) + a10202(2)Q2(y) + ++, 
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where ii ae 2,3,2, 
grt X grt 


Qn(z) = = + Tnn > + D! + tant2 PENNI + 


and 


Qo(z) = Q(z) = thas ea eae pe 


The formulas connecting the various constants are: 


Too = 1, Tpa=0 for p>q; 


(To, Tig Tz’ ) bi 1, 0, 0, Tas 
a1, be, 1, 0, aoe 
= (trove Tuah Trg- * °) 0, an ae ee l 
bi = 70,1; bp = Tip — Tp, is $=23, 4i 


Cpa = Fo, pTo, F OTi, pTi g + G102T2,pT2,¢ H ttt 


This combines the idea of Rogers with a formulation of Stieltjes’ 
algorithm particularly adapted to the J-fraction. A part of this is 
given in [1, pp. 328-329]. We omit the proof. 

Both Stieltjes and Rogers gave the example: 

f 1 1k Ak+1) 3(k+2) : 
0 


sech*u e-**dy = — 


ztect z + z z ea 
This can be obtained almost by inspection from the identity 
sech* (æ + y) = (cosh x cosh y + sinh v sinh y)—*, 
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A COMBINATORIAL FORMULA WITH SOME APPLICATIONS 


L. CHING-SIUR HSU 


The aim of this note is to present a combinatorial formula and state 
its applications to partitions, number of solutions, and Dirichlet’s in- 
tegral. 

Let 6:(¢),---, Oa(x) be n arbitrary functions of x and let 
„Saia ( [81] - + - [8n]) be defined by 


m@or..-on({91] +++ [On]) 


(1) 
= 2, O(a) ++ Onlan), 
aps eymm, aS 13 by+ anib 
where a1, ++, On 01, °° +, On, M are all integers and the right-hand 


side of (1) is summed over all different integral solutions of . 
Eaka ni a +-x,=m with 13%,Shy, ae » On SXnSdq. 
More generally we define 


„Saa (f «+ + [6x]"*) A 


= > 61(%11) 
(2) Bite being he beget + Zen =m, O1S 21,8 b1,°*'+ 04S gS by 


+++ OA(Eim) +++ On( ea) +> + Oal Erny). 


We make the following conventions:! 
. (A) „S [0 ]>) =0 for m <na or m>nb. 


(B) m@([6]°) =0 if m0, mG((8]°) =1 if m=0. 
(C) Ifa,= +--+ =a, =4, b= ++. =b,=b, we write 


a5 in [on] ie [@n]) as nal [01] es [0,1). 
We now show that? 


n nz ni + H + 
oz 2 Oa 2 (= 1” 7 CanCan 


vyex0 yo=0 vpn 7 


(3) ov Gr (Lor) ry +» [bed ed) 
-b n: n : 
' = aSa.. oka] ++» [oe], 
where 6;, - - - , 0, are k arbitrary functions of x and ¢,(x) = 6,(x+b:), 
Received by the.editors June 2, 1944, 


1 These conventions are used in proving (3) and other formulas. 
2 The formula (3) shows that all the strong restrictions for x can be removed. 
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ie 6 lets = 1), m = wm! (vy Basis va) =m -$ biv: -> (a; <= 1) (ni = vi) 
li=1, =- , k). 
ee By definition we have 


w@1 (lo Wal” - ++ e TTS 
= D mS [02] mg Ser ( [01]") 


myt. o++mapam . 
° “map—1© by 1( [o] ”) marSas, [6x] S Y 
— Let Ti=b:lza) - + - O:(*ing) (@=1,---, $), and let T=T; - -+ Tx be 
a term contained in the right-hand side of (3), that is, x: 201, © © >, Xx 
2a,. Without loss of generality we may assume “n,-°--+, Xin 


Zot+li---; ; a, °° Yee, 2b,+1. Since the necessary and suffi- 
cient condiuee for 


T, E ma-t l0; 7 Nea Sail [6s ] 


is that there is a term 95 (#1) ++ + O:(%5,) Of main1 contained in T; 
as a part while the other part T;/0:(x1) - - - 0:(x,;) is contained in 
m2{©q, the number of occurrences of T in the left-hand side of (3) 
is therefore given by 


{ 2E 1)"Canh { ZE "Cant et ee eiat 


ry=0 pgal 7220 
_ 0 if f,---+, & are not all ‘zero, 
a een eh 
We see that the term T generally vanishes except when asSx Sd; 
(j=1, , k). Hence (3) is proved. 


It is dete deduced from (3) by putting m=--- =m;,=1, 
mt++++ +ngp=n that 


23 (= 1)* 2 m1 ([bar] rar [bax] [ asai] SAAN [ anl) 
bs (4) f ken (ay ++ ory) EG (1+ on) sete 

: = m@a;-+-a,( [61] DAA [On1), 
where (œ; +--+ an-+--+@n)=(1-+-- n), m' =m" (œ +++ ax) =m+n—k 

— (ba t Pra a, tba tapi t ni +4.,). 
Let F be an arbitrary function of 6:,:---, 0, and let 

„Saan {FOr +--+, On)} be defined by 

E a EEE A 

= 2 F(6:(x1), vey On (%n))- 


+++ ftom, G18 218 bi. + 1 GnS TaB by 


plate 


(sich 
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i Then, the formula (4) can be written more generally ás 


£ (= 1)” os mir {F (dar Aee Qarı Yarın naD Yad} 


(5) ko (arap Eden) 
Bi + by 
= nDo.. a {F(O1, +++, On)}. 
If, for every (a1 - - + ax), the limit 
lim mi Or {F (ban + Dap Varn mtg Ya,)} (m = m' (ar PERA ar)) 


m0 


exists, then we have further 


2 (- 1)" 2 lim m@1 ÍF (bas Gn Qarı Week 419 TY: , Yan)? 
= (aak) E (1+ en) mom 

6 sac 
©) = lim aSa {Eln +++, On)}. 


m0 


We shall now state some applications of the above formulas. 

Application to partitions. We denote by pa(m) the number of 
partitions of m into parts not exceeding n or into at most 7 parts. 
Let {61 -- - Ba} be an ordered partition of m, namely, 


m= Bit b+: +B BÈ Z Be 


We further denote by p%:::2+(m)'the number of ordered partitions, 
{61 tee Ba}'s, of m into exactly n parts which are restricted to 
a SP1 Sbr d2 Lpz Lbz, © © +, On Sbn Sbn We have then 


a arr 2 k 
(1) boa. -a(m) = È (— 1) 2 palm — k — ba — tte 
ken (ass sax) E (1+ + +n) 
A ba, = apy oe lan)» 
where the ~,(m)’s can be evaluated by the generating function 
1 
(1 — x)(1 — s) -e (1 — e”) 
Proor oF (7). Starting with (5) wẹ define 
1 if ay s x < bi, 
6;(x) = { A . 
0 if «<a; orb; < x, 


(8) Gala) = =1+ È patma”. 


(j= 1--- 4m), 


F(6,(x), nea | On(2n)) ` 
_ ae +++ On(%p,) if the order x) = x: 2 -+ - & x, holds, 
0 if the order a 2 x: 2 +--+ & x, does not hold. 
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Thus we see that 


mer cree {FOr +++ On)} = Pa.. co(n). 
Similarly 
mõ {F lban DFP Dayı Virs oe | Pad} J 
= prím — ba ~ e — ba, — larp Ttt — Ge, — k). 
Hence (7) is proved. 
It may be noted that the formula (7) still holds when p: (m) 


denotes the number of partitions of m into n parts which are restricted 
to more conditions than 


Biz b2. = Ba; a, S Pi S bn teos An S Bn S bn 
Application to number of solutions. Let Awr% (N) denote the 
number of integral (or prime) solutions of the equation 
k k k 
w+ tbe bay N 
with a1 Sx <b, @2Sx_<be, © ++, dn Sxn<bn, then by (5) we have 


byes dn = k © sso o e. 
(9) Ao- -a (N) az 2 (= 1) > Ady, +++ barges’ + tng N)» 
k=l (1 eE- +n) 


where (+--+ pe Pn) =(1L+-- 7). 

We shall now proceed to find an asymptotic formula concerning 
the number of integral solutions of a linear equation with integral 
coefficients. j 

Let A(N) denote the number of integral solutions of the equation 


D crar = N (ex 2 1t, Gm 2 1) 
kel 


Pa 


under the restrictions a,N <x, < BN (k=1,---, n), where 
Cu * * * , Cn are relatively prime to each other, œx, Bx are real values. 
When œæ=0, 8=1 (k=1, - - - , n) it is well known that? 


(10) A(N) = Ner- >- ca (n — 1)! + O(N), 
Define 
1 if x is divisible by c; and the inequality a;c;V<*<8;c;N holds, 
sa-i (1Si<n) 
0 if xis not divisible by c, or the inequality does not hold. 


3 The proof of (10) can be obtained easily by the method of partial fractions. 
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Thus by (4) and (10) we obtain the following consequence.‘ 
Let Sk =) pı erh Ed.. -n)Ọri. -vk where 





0 for (1 — Bnén — t — ACn) & 0, 
Prien = fa — Brylry — eee — Boson — OregiOngy — 1 — ApEn) 2 
for (1 — BanG — ++ * — arinn) > O0. 
Then 
A(N) So-Sit---+ tS, 1 
(11) aa > 61°** Ga‘ (n — 1)! T (5) 


Evidently (11) may be seen as a generalization of (10). If 
“= et e =Cy=1, ar Sx Sbr (k=1, ++ +, n), we can express A(N) 
more precisely as® 


n j ` 
(12) A(N) = D7 (— 1)* 2 CHE yt Happy te + toy) sn] 
kað Cierp Ell een) 2 


_ where N’(k) =N-+n—k—-1—(ai+ +++ +e,). 
Application to Dirichlet’s integral. The following theorem is well 
known. ý 


Lei 


aj—l ag—1 anml 
Iw = nee xı Xe vee En 
D 


flait x+ + F ta)daydae -© dtp, 
where the variables x1, Xa +°>, ean restricted to the region 
D: 03 kis nt zt: +a Sho OS 1,08 m,-°-,08 x. 
Then the integral Iœ can be reduced to the form 
43) Iw = _TlaDT laa) +++ Tos) _ RAPET iy: 
Tar + a2 + ++ + on) 
We shall now extend the formula (13). Let 


bi, 
I jen =} Sf fa ey~1 oe ry i 


a1, 
i f(x + ve + + an)daidx,+ ++ dEn 


1 The detailed proof of this is omitted. 
5 The formula (12) can be obtained also by considering two generating functions. 


N 


` 
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where the region R is defined as the set of all points (xı - + + æn) such 


that 
OS usar Sh; ait rt ee +a, Sk. 


Since the Dirichlet integral Fo can be considered as a limit of 
multiple summations with variable upper limits, by applying (6) we 
have 


by ++ ban 
I Xi En 
ay * an 
(14) 
io] oO 7 œ 
= >) (— 1)! 2 TX ante Xa, Kop t Eon 
j=0 (ra ++ +93) E (++ en) 


We have to establish a formula for 


eo ioe) i 
I< x% k (¢1 2 0,++*, n 2 0) 
C1 °°" Cn 


Let Zq..-s) denote the integral 


T (asi) pa - T(an) min(ernk) 014 min(c2, kz) az= 
—cc xy xy f £2 dx 
Tæ Hee t+ ano 0 


min(eg,k~z1— + + *—2s-1) tt 
. Xs dx, 
0 


k—-zp—- + + ze Oetrh sb a_—1 
af uE fle + mH sald 
0 


Now, by (14) it can be shown that 


Ors © 
Cat Cnt 
I< 41 +++ Xn = Iq) — > Loy + 2 Tuy mt 
(15) MEd- sen) EDE (1s ony 
Cr *'' ln 
+(- IPI a-n 
where s 
O»... © 
Io = vy En’, 
0 ---0 


: min(c1, k) min(len,k—zi—: t =zn1) gy zi 
E$ je 
Fann = f -f Xy o. Xn dxi’ e dën. 
0 o 
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To prove (15), the formal logic theorem is also applicable. 

Consider a differential 4%! - - - a(z > e © +#,)d& - + © dën. 
We may assume that 4, S651, + © © , Ën £ Cre Ën > Cay © © C s Bog > Cops 
(m: eva) = (1-a). 

Since the integral is a limit of multiple summations and may be 
written as i 


min(c1,k) azi min(¢s,k—21—+ + -—2s-1) Zaj 
= pe 
Ia... -f xi da»: f Xs dX, 
0 


fan ve a T Rar H e bata )dtags + dan 


0 
Ri 


ou “8 ai—l al agp an 
= s.. eee xy see Xs Vs41 eee Xn 
0 0 Rg (21° * 2n) 


f(a + < + ndar dan 


where 
Rites s+)? OS mH H a S k (aH $m); 
Met) ** a Xa 2 O, 
Roars an): O SIRS cente, O S k SG; 
OSmt+-:--tum Sk; Mepis ty Xn Z O, 
we see that the differential #€:7! - - - za- Y( + +--+ +4,)dé © © © dën 


appears exactly C:a times in Dj @---»,Ga--+n)Lo-+-r,). Therefore 
the number of occurrences of the given differential in the right-hand 


side of (15) is equal to 
Cx EE aL ee 
aaa “Vo if ¢>0. 


Hence the formula (15) is proved. 

The integral Ia... may be calculated by dividing the limits of 
the integral and integrating it separately. 

It is seen that the integral Ia... ,) can be written also in the form: 


Ta, +++ Tan 2 a c? aa Co gi 
(æs+1) (an) Pn, ‘den f Pi es oa f 2 ia 
T (œ+ + MIRT + On) 0 0 0 i 


[kar + + ara) +] krr + + 24] /2 pag bese fan a 
. u . 
0 


f(t tite + %)du. 


Connecting (14) with (15), we see that it is a generalization of 
Dirichlet’s integral I() with k2=0, kı=k in (13). 
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It may be noted that the formula (14) is also called Liouville’s 
extension and the integral regions D and R can be defined also by 


D: OSkSam +e Hat Sh, O85 x3 
R: OSa;S a5, diay +-+++da, Sh 


SOUTHWEST AssocIATED UNIVERSITY, 
KUNMING, CHINA 


TRANSFORMATIONS IN METRIC SPACES AND 
ORDINARY DIFFERENTIAL EQUATIONS 


JOHN V. WEHAUSEN 


1. Introduction. It is evident that the solutions of a differential 
equation y’=f(, y) passing through a point (r, 7) in the region of 
definition of f(t, y) may be considered as invariant functions of the 
transformation Ty(t)=n+/J f(s, y(s))ds when suitable restrictions are 
placed upon the functions y(t) considered. That such invariant func- 
tions exist for continuous f(t, y) can be made a consequence of 
Schauder’s fixed point theorem for completely continuous trans- 
formations in bounded convex subsets of a Banach space.' For f(t, y) 
satisfying a Lipschitz condition in y the existence and uniqueness of 
an invariant function can be made to follow from a fixed point theo- 
rem of Caccioppoli of an essentially simpler nature.? In the present 
paper we wish to show that the existence of invariant functions for 
continuous f(t, y) as well’ as several other theorems concerning solu- 

- tions of differential equations can be made to follow from some theo- 
rems concerning a particular class of transformations in a complete 
metric space. Although the existence theorem for fixed points given 


Presented to the Society, November 26, 1943; received by the editors November 
15, 1943, and, in revised form, June 20, 1944. 

1 J, Schauder, Der Fixpunkisatz in Funktionalraumen, Studia Mathematica vol. 2 
(1930) pp. 171-180; also, Zur Theorie stetiger Abbildungen in Funktionalraumen, 
Math. Zeit. vol. 26 (1927) pp. 47-65 and 417-431. 

2 R. Caccioppoli, Un teorema generale sull'esistenza di elementi uniti in una tras- 
formazione funzionale, Rendiconti R. Accademia dei Lincei (6) vol. 11 (1930) pp. 794- 
799; for proofs and various applications of both Caccioppoli’s and Schauder’s theo- 
rems we refer also to Niemytsky, Metod nepodvizhnykh Tochek v Analize, Uspekhi 
Mat. Nauk vol. 1 (1936) pp. 141-174. 
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here is much more elementary than Schauder’s theorem, it is no more 
difficult to apply to ordinary differential equations provided one is 
willing to admit that differential equations for which f(t, y) is a poly- 
nomial in ¿ and y have unique solutions. 


2. Transformations in metric spaces. Let M be a complete metric 
space. A transformation T of M into itself will be called completely 
continuous if (1) it is continuous, (2) T(M) is bounded, and (3) the 
image of any bounded set in M has a compact closure. If Mis bounded, 
condition (2) is of course trivial. The “distance” between two such 
transformations may be defined by p*(Ti, Tz) =supzea p(Tix, Tex); 
this is clearly finite from condition (2). If is any class of such trans- 

‘formations it is easy to see that this distance function may be used to 
convert © into a metric space. It is a routine matter to prove the fol- 
lowing theorem. 


THEOREM. If © is the class of all completely continuous transforma- 
tions defined on M and metrized as above, then © is complete. 


In general, however, will not denote the class of all completely 
continuous transformations but merely some subclass. Moreover, it 
will be advantageous to alter the distance function in £ by substitut- 
ing for p*(T1, Tz) any distance function p(Ti, T2) which is at least as 
“strong” as-p*(Ti, Ta), that is, one such that lim p(T, 7) =0 implies 
lim p*(T,, T)=0. Topological properties of subsets of © such as 
“closed,” “dense,” and so on are to be understood in terms of the 
topology defined by the function p(Ti, Tz). There seems to be little 
danger of confusing this function p with that defined in M. 

Let Tı denote those elements of T having no fixed points in M, 
Tı those elements having exactly one fixed point in M, and ZT» those 
having more than one fixed point. For a given TCT let F(T) denote 
the set of fixed points of T. This set is clearly closed and compact. 
For any xE M, e>0, let S(x, e) =Eyeu|[p(x, y)<e] and for any set 
ACM let U(A, e) be the union of all S(x, e) for x CA ; analogous nota- 
tion will be used for elements and subsets of ©. | 


THEOREM 1. There exists 6(T)>0 defined for TEX such that 
p(T’, T) <d8(T) implies T’ EX, that is, Zo ts open in T. 


For suppose there exist 7,€%3it+3, and TEX, such that 
p(T, T)<1/n. Let x,CF(T,). It is easily seen that the sequence 
{xn} is bounded. Since T is completely continuous there exist x,,, £o 
such that p(T%a, %0)—0. But p(%n,, %0) Sp(Ta, Xn TEn +p (Txn,, £o) 
Sp*(T,,, T)+p(T%xn,, xo) which approaches 0 as i— œ. But then, 
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since T is continuous, p(7Tx,,, T%o)—20 which implies that Txo=%o, 
contradicting the choice of TE Xo. - 


THEOREM 2. There-exists 5(T, €)>0 defined for TET +T: and 
e>0 such that p(T’, T)<8lT, e) implies F(T')C U(F(D), €). 


If F(T’) is empty the conclusion is trivially true. Suppose that for 
some e>0 and TESi4+S. there exist T ETa +J and x, E F(T,) 
such that p(T, T)<1/n but x € U(F(T), €). Since T is completely 
continuous there exist £a; xo such that p(T%s,, %»)—0. It now follows 
as in the previous theorem that p(£n; %0)—0 and Txo=%o, that is, 
xo& F(T) which contradicts the assumption that x,¢ U(F(T), e). 


THEOREM 3. If Ti+ T: is dense in T, To is empty. 


This is an immediate consequence of Theorem 1 since the comple- 
ment of a dense set cannot be open unless it is empty. 


THEOREM 4. If Z, is dense in T, To is empty and Zz is of the first 
category in T. If T is complete, Ti is of the second category in &. 


That To is empty. follows from Theorem 3. Let d[A] denote the 
diameter of A CM. Then TE & is equivalent to d[F(T)] 20. Clearly, 
T2=Msi+Me+ +--+ +R:+ +--+ where R= E[TET, dl F(T)] 21/1]. 
If it is shown that N; is nowhere-dense, the statement concerning Tz 
will be proved. Let 7>€S, e>0 be arbitrary. Since Ty is dense in Ẹ, 
there exists T€ g; such that 71€S(To, €/2). But also there exists 
n <e¢/2such that S(T), 7) C.S(TLo, e) and such that S(T}, n) hasan empty 
intersection with N;. For, by Theorem 2, if 7<min [e/2, 6(7i, 1/32) ] 
and TES(Ti, 7), then F(T)CU(F(T:), 1/34) and consequently 
d[F(T)] S4[F(T1) ]+2/3¢<1/i, that is, TEN;. This is just the con- 
dition that N; be nowhere-dense. The final statement follows from the 
facts that T= T+, and that T, being complete, is of the second 
category in itself. 


THEOREM 5. If Zo is dense in © and UCL ts closed in T, then A is 
nowhere-dense in TẸ. 


For suppose % is not nowhere-dense in ©. Then there is some sphere 
in £ in which Y is dense and which consequently Y contains since it is 
closed. But this contradicts the hypothesis concerning Ze. 


3. Applications. We wish now to apply these theorems to systems 
of real differential equations of the form y? =fili, 1,---, Yah 
a=1,--++, n. In order to do this we shall introduce certain metric 
spaces, in this case Banach spaces. Let R be the set of points 
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(t, Yur ° °°, Yn) in Enp determined by the inequalities aSiSb and 
c, Sy, Sd, i=1, ---,n, wherea<b, c, <d, and any of the values c, di 
_ may be infinite. Let C,(a, 6) be the Banach space of n-tuples of func- 
tions Y(t) = (y0), - - , Yad), each y,(¢) being continuous on [a, b], 
and with norm defined by || ¥|] =>? ||y,|| =o? 
C,(R) be the Banach space of ian of functions F(t, Yn + - +, Yn) 
= (fill, Yi © ©, Yn) © © + s falt, Yi © + + , Yn)), each f; being continuous 
and bounded on R, with norm fal =D Alf] =D 21 supel fit, Yu 
‘y yn) | - Let M be the subset of Cala, b) consisting of elements Y 
such that ¢;S+.(t) Sd;. M is a complete metric space. 





For any P(r, m, ++ ©, 0n) ER and FEC,(R) we may define the fol- 
lowing transformation in M: TY=(TiY,-+--, TaY) where for 
astsb 

t ‘ 
d; if Ne +f fds > di, 


t t 
TY = dnt f EN eNO gone f jis Sa, 


t 
Ci if ¢ > ni + f fds. 


Each transformation T is thus associated with a definite point PER 
and a definite FEC,(R). Clearly, any fixed point Y(é) of this trans- 
formation gives a solution in R through the point P of the set of 
differential equations y? =fi(f, Yı +--+, Yna), @=1,--+-+, n, after one 
has taken proper account of the modification of TY on the boundary 
of R. The actual solution of the differential equations will be a sub- 
continuum containing P of the curve representing Y(t). This solution 
will not be a “local solution” but will extend in’ both directions? to 
the boundary of R. At the left and right end points of the curve 
representing the actual solution yf will of course be interpreted as 
the right and left derivative respectively. 

The class £ which we shall consider consists of all transformations 
of the form above associated with some PE Rand FEC,(R). A metric 
in T is defined by p(T’, T) =|r’—r""| +) 02a] of al’ | +F — FI]. 
Since R and C,(R) are complete T is a complete metric space. It 
follows from the form of T that TMCM. That TM is bounded fol- 
lows from the boundedness on R of the functions f,. Continuity of T 

3 It may happen, however, in case some of the values y; are equal to c; or da 
that the curve representing the actual solution will reduce to the single point P. This 
will not happen if P is interior to R. 
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follows from the uniform continuity of the functions f; on bounded 
closed subsets of R. That T takes bounded subsets of M into sets 
with compact closures follows from the equicontinuity of the func- 
tions T; Y(t) for YEM and Arzela’s criterion for compactness in 
the space C,(a, b). One may conclude from the following inequal- 
ities that p(T’, T”) is at least as strong as p*(T’, T”): p*(T’, T") 
= Dit supren |T? Y — TY’ Y|| S Xi suprem maxesess |1; — nf’ 
+ Safe (Ss nls): 2's DaD ds = Sinf (Ss A) + ++ gads] S 
Dela! =n | 42 supren] Jv" F! ds| 402, suprenfi f? fi" ds, 
which evidently becomes small as p(T’, T’’) becomes small. 

In order to apply Theorem 4 to © we must still show that g; is 
dense in ©. But this follows from the well known facts that the ele- 
ments F whose components are polynomials are dense in C,(R) and 
that for such FEC,(R) the corresponding set of differential equa- 
tions y/ =fi(t, Yn ***, Yn), 2=1,-++*, n, has a unique solution 
through every PCR. From Theorem 4 we may now conclude that 
To is empty and, consequently, that every set of differential equations 
of the kind considered has at least one solution through every point 
in R. Theorem 4 gives the additional information that those sets of 
differential equations, associated with some PER and FEC,(R), 
which have multiple solutions are of the first category in © whereas 
those with unique solutions are of the second category. This theorem 
is closely related to the following theorem of Orlicz:4 Let G be a do- 
main in EF, and C(G) the Banach space of bounded continuous func- 
tions f(t, y) defined on G. Then those functions f(t, y) for which 
y'=f(t, y) has a unique solution through every point of G are of the 
second category in C(G) whereas the complementary set is of the first 
category. The chief difference between the theorems seems to be that 
Orlicz’s theorem is concerned with a property of the element F while 
the theorem above deals with a property of the pair (P, F). Orlicz’s 
theorem does not seem to follow readily from Theorem 4 but requires 
additional discussion. 

Theorem 2, when applied to our special choice of M and &, gives 
the following result. If Pi(rs, mn, © + >) Qar) P(r, N, © +» Na) where 
¢:<:<d; and ||¥,—F||-0, then there exists an interval [a’, b'] with 
asa’ Sr Sb’ Sband a’ <b’ such that for any e>0 there exists k. such 
that for k>k, each solution through Px of y? =fis(t, Yun °, Yah 
4=1,*--+,%, is within norm distance e of some solution through P 
of yf =f,(t, Yu -+ *, Yn), t=1, -> -, n, when one restricts consid- 
eration of the solutions to [a’, b’]. In case y? =f:(t, Yn +--+, Ya) 





4 W., Orlicz, Zur Theorie der Differentialgleichung y' =f(x, y), Bulletin International 
de l’Académie Polonaise des Sciences et Lettres, Série A, Nos. 8, 9 (1932) pp. 221-228. 
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i=1, - - - , n, has a unique solution through P, the solutions through 
Prof y? =fix(t, Yi ++ +) Ya)h t=1, ++ +, n, will converge uniformly on 
[a’, b’] to this solution. It is evident that the indices k do not need to 
be integers but could be elements of any directed set, for example, a 
set of y parameters upon which the point P and the functions F de- 
pend continuously in the sense of our topology. That it may be neces- 
sary to consider the solutions only on some subinterval of [a, b] is 
clear when one recalls the modification of the transformation T on 
the boundary of R. : 
In order to apply Theorem 5 we must first show that T; is dense in 
T. Let P(r, m, + * +, n) and FEC,(R) be the point and functions cor- 
responding to an arbitrary transformation TES. For any e>0 select 
a>0 and 8;>0 so that in the neighborhood |t—r| <a, |y;—n:| <b: 
one has lft, Ji; 22 * 1 Ya) —Filt, Ms" ty mn) | <e/2, i=1, ct he In 
this neighborhood define g(t, Yett,- -Yn =S, Nute, Na) 
+y|y:—q—(t—r)f:(r, Tt, tn) | Y2 where y is chosen so small 
that in the neighborhood one has | giv f:l <e. Then extend g; over R 
as a continuous function in such a manner that | fi— g] <eon R. The 
transformation T” associated with P and G will then be such that 
p(T, T) <e, But T’C&», for the set of equations y? =gi(t, Yy °° +, 
Yn), 1=1, -+-+ , n, has more than one solution (in fact, continuum- 
many) through the point P. In the neighborhood defined above two 
of them are: y,(4)=m+(—7)fil7, n a Mn), t=1, ++, n, and 
y(t) =n t(t—r)fi(r, Mt tty nu) + (y/2)*(¢—7)*sgn(é—7), i=l, Hue eg 
n. These functions will then extend over R to two different solutions.® 
Since e>0 was arbitrary, Tz is dense in X. To see the significance of 
Theorem 5 we remark that the set of FEC,(R) satisfying a uni- 
form Lipschitz condition on R with a fixed constant m>0, that is, 
those (fi, aes 1 Sn) with | Falé, Myr, jn) fill, Yurrty, Ya)| sm 
Dol j —y:l on R, is closed in C, (R). Consequently, the set (m) of 
transformations associated with an arbitrary PER and any F in the 
class above is closed in T. Moreover, as is well known, A(m)C Z1. But 
then, from Theorem 5, (m) is nowhere-dense in &. Since the class of 
transformations with the associated F satisfying a uniform Lipschitz 
condition on R for any m>0 is given by >>7.,%(m), this class is of 
the first category in X. This theorem can be weakened to the follow- 
ing: The class $ of transformations such that F satisfies a uniform 
Lipschitz condition in some neighborhood containing P is of the first 


5 This theorem is given by Kamke, Differentialgleichungen reeler Funktionen, Leip- 
zig, 1930, p. 149, Theorems 3 and 4. 
6 Kamke, loc. cit. p. 135, Theorem 2, 
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category in T. This does not follow directly from Theorem 5 for this _ 


class is not contained in 1. However, B= Daai Bm, r) where 
%(m, r) is the class of transformations for which F satisfies a uniform 
Lipschitz condition with constant m in a neighborhood of radius 1/r 
about the point P associated with T. The class 8(m, r) may be shown 
to be closed. Inspection of the functions (g1, - - - , gn) defined above 
shows that the complement of (m, r) is dense in Y and, conse- 
quently, that S(m, r) is nowhere-dense in T, and $ of the first cate- 
gory in ©. Not only for uniform Lipschitz conditions, but also for 
more general uniqueness criteria is it true that the class of functions 
satisfying them is closed. Without going into details we mention the 
criterion given by Kamke” which, when satisfied at every point of R, 
gives a class of functions closed in C,(R) and consequently a subclass 
of Tı nowhere-dense in T. These theorems are also closely related to 
theorems of Orlicz® where again the present theorems differ from 
Orlicz’s in the way described above. 


UNIVERSITY OF MISSOURI 


7 Kamke, loc. cit. p. 139, Theorem 3. 
8 Orlicz, loc. cit. pp. 226-228. 


DISTRIBUTIVE PROPERTIES OF SET OPERATORS 


WILLIAM WERNICK 


A set operator, designated by small letters, a, b, - - + , is one which 
takes subsets A, B,- - - of a given space S into subsets aA, aB,--- 
CS. A property of a set operator a is a constant relation between 
argument and image sets under a and is expressed in a statement of 
equation or inclusion, for example, a(A +B) =aA-aB or ACOA where 
a, b may mean, for example, “complement” or “closure.” 

We investigate properties expressed by relations of the form: 


(1) a (4fıB) R: aå f:aB 


where fi, fe are either set sum: +, or set product: -, and where R 
is either =, D, or C. A property defined by such a relation (1) is a 
distributive property, but not all distributive properties can be de- 
fined by (1), for example a(4 +B)=A-aB+B-aA, and so on. 

When fi, fo, R are given constant values, (1) becomes the statement 
of a specific distributive property of a. We now list them individually 
for reference. Properties of monotonicity and inverse-monotonicity (œn 
and æu below) are closely related to properties of distributivity so 
they are listed in the table also. (The arrow, —, is used for implication 
throughout this paper.) 


TABLE I 
“a: a(A+B)=aA+oB er: a(A+B)=aA + aB 
a: a(A+B)DaA+aB ag: a(A+B)_aA + aB 
as: a(A+B)CeA+eB ag: a(A+B)CaA -aB 
a: ald- B)=aA aB aw: @(A + B)=aA+aB 
as; alá - B)DaA -aB an: a(A  B)DadA +aB 
a: ald - B)Caå aB an: alA - B)CaA+aB 


as: AC B—a4CaB 
au: AC Bad DaB 


To say that a has property a (notation ata) means: “For every 
A, B, a(A+B)=44A +aB.” These properties a; are obviously not in- 
dependent, for example, a@:0,— a: a2, as (which we may shorten, at our 
convenience, to a2, 3). 

Our first main question is: if we hypothesize to a a single property 
ox, what other properties must a have? This is completely answered 
by the following diagram of implications: 


Presented to the Society, October 26, 1940; received by the editors July 18, 1944. 
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Since most of these implications are quite obvious, I present only 
two proofs which are models for the not too obvious implications. In- 
troduction of the hypothesis is indicated by subscript h. 


as >a: A C B—B= A+ B—aB = ald + B) Daad + aB 
>) aA—-adA C aB 
auon: [A-BCA—a(A-B) Dad; 
A-BC B-a(A-B) D>, 0aB]— a(A-B) D a4 + aB. 


Sometimes we know or wish to assume that a given operator a does 
not have a specific property a; (notation ¢:a;) and we wish to know the 
implications of this. 

We define the property &, thus: a:a, if and only if a:a,; and easily 
get the implications for &, from diagram I by replacing a; by &; and 
reversing every arrow. The resulting diagram, which will not be 
drawn, can be called II. 

Our second main question is: if a:œ, what other properties may be 
hypothesized for a (from now on, unless otherwise noted, “property,” 
and “a,” will include the properties &;). 

The distributive character of an operator a is (said to be) determined 
with respect to æ; (notation a:t) if it is known definitely that aia; 
or that a:@;. Otherwise the distributive character of a is not deter- 
mined with respect to a; (notation @:7) and we may then hypothesize 
a:a (or @:&;), provided there is no subsequent contradiction between 


122 WILLIAM WERNICK [February 


properties already hypothesized for a and the consequences of the 
joint hypothesis of a; (or &) and these properties. 

All the implications from the joint hypothesis of any of the a; are 
derivable from the implication diagrams I and II, already given, and 
III, which is indicated below: 


HI 
2, Ag — a4; 5, Ag — O43 Qs, Ag —> Q7; Qil, Q12 —> ayo. 


These implications are immediate consequences of the definitions in 
Table I and the usual meanings for set sum, product, and inclusion. 

If a:a; then from I and II we can easily determine all the 7 for 
which a:j. If a:a; and a:7 then we test the self-consistency of 
a: ai, a;, and of a:a, &;, using I, II and III. If both of these are pos- 
sible (that is, self-consistent) then a; is independent of a. If, further- 
more, @:&, a; and a:&,, &; are also possible, then a; and a; are 
completely independent of each other. We investigate the complete 
existential theory of all the æ;, following the procedure outlined above, 
so that if a:a;, oj, k, we shall investigate a:a;, a, ax, and aaj, aj, ax} 
and so on. 

If, finally, a:i for i=1, - - - , 14, then we say that the distributive 
character of a is completely determined. It is easily seen that the 
distributive character of an operator can be completely determined 
in a variety of ways, for example, if a:a1, as, then a:i for every t; 
likewise if a:a, œ. The selection of properties that completely de- 
termine the distributive character of an operator can be said to define 
a particular distributive type, thus two operators of the same type 
possess exactly the same selection of properties {a;}. The complete 
existential theory of these properties as well as all questions on their 
interdependence will be determined as soon as we find all possible 
distributive types.? 

1 The logical distinction between “(a:a;) or (@:&)” and “a: (a; or &)” should be 
noted. To determine the truth of either “It is now snowing at the North Pole” or 
“It is now not snowing at the North Pole” would require considerable effort whereas 
I already know that “It is now either snowing or not snowing at the North Pole.” 

2 I have made an attempt to list all distinct partially determined (p.d.) operators. 
With the assumption of one a;, there are 20 different p.d. operators. With the as- 
sumption of two independent a;, there are 5 completely determined (c.d.)and 99 p.d. 
operators. If we assume three independent a;, there are 4 more c.d. and 185 more 
p.d. operators. If we assume four independent a;, we know, from Table II below, that 
there are 8 more c.d. operators, but I have not determined the number of p.d. opera- 
tors with 4 or more independent a; assumed. The enumeration is simple and cumula- 
tive but tedious and not especially rewarding. The total number of p.d. operators is 
probably less than 500, but I see no importance in their exact number or constituency 
so they are not listed here. 
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The distributive types have been determined, and they are ex- 
hibited in Table II below. Each line represents a single type T;. A 
«1% in row 4, column 7 indicates that an operator of type T; is as- 
sumed to have property a;; a “—” indicates that the operator is as- 
asumed to have property &;. 


TABLE II 
a az as œ as œs œr ag a œo ay an a3 a4 Defining Sets 
Tr [+ bb tte REE EH +7 4) 
mhilttrttet er bee mw tH 148 (1) 
tT |t++--t-t--- t+ += 1,3 (1) 
/mM|-+-+++-+---++4+- 34 (1) 
i ee eee ee eee ee eee A G) 
Ttj--+-+-+4++-+-- +70 (1) 
Tf |--+-+--- +4 44+ - + 810_ (1) 
Tio ~ t-te a a tee 2, 3, 5, 8, 9, 12 (9) 
Tu ee e + — + ie <a + re! eee, ee eee ae N 3, 5, 8, y, 12 (3) 
Ti eS + — + oS sm Se, Sa oe + ras Ce 3, 5, 8, 9, 12 (3) 
Ts- —- +--+ —------- - — 35,35, (3) 
Figs eee a acs ee Se ee ee ESE BIAS SG) 
Ta Be ab ccs, see, ep path, ey as BE Ee 4) 
Te |- - + -- = ---- + — — 3,5,8, 12 (1) 
Tir ve mem + = SS a oS OR emt) aS ie Oe 3, 5, 8, 12 (1) 
Tis on ees ee ee a a el a ad 2, 3, 5, 8,12 - (3) 
Tis — = — — +4 — +4 ee S 3, 5, 8, 12 (1) 
Toj- —- -- +- - - - = - FH = 3, 3, 8, 12 (1) 
Tal- — - -+ =- - — He — — — — — 85,8, 72 (1) 
Ta | see Sele asia a BS, a E a, a eh a a a EB 48) 
Ta ea --- -+-- — — — = 3,5,8,1 (1) 
Taj- -- ---—— — me = +- -3358 (1) 
Pe |S eee et ee ee a Hi) 





Questions of redundancy, though not essential here, have a certain 
esthetic appeal, and also a later practical use. It is always possible, 
for each T;, to make a selection of properties from among the 14 on 
that line, which have the following 2 properties collectively: 

1. Sufficiency. All the other properties on that line can be deduced 
from those of this selection (that is, set) of properties. 

2. Non-redundancy. No property of this set can be deduced from 
the other properties of this set. 

Such a set will be called a “defining set” of properties for that type. 
All defining sets for each type have been determined. In the last 
column of Table II, a defining set is given for each type, and, in 
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parentheses, the total number of such sets for that type. (For pur- 
poses of brevity, in this column only, we have replaced a; by 7). The 
equivalence (as shown in diagram I) of ap, aig, Œs or Of Q9, Qu, Qu is a 
frequent reason for the multiplicity of defining sets for a particular 
type. 

From Table II we can quickly determine whether or not two prop- 
erties are completely independent; for example, æy and aj, both of 
which are enjoyed by the operator “complement,” are completely in- 
dependent, since, from Te, T7, œi is independent of a7, and from 
Ts, Ts, œr is independent of œw. Similarly we could determine the 
complete independence for groups of properties. 

We may show that a given set is a defining set by proving suffi- 
. ciency and non-redundancy; for example, for Ty we test far, as}. 
From I, O7—lg, Ag, 3, 14, B11, Xs; from II, Qy2— 13, Ge, Qa, Aig, Be, Qi; 
therefore this set is sufficient. From Table II there exist types Te, Tr, 
Ts, To, which show the complete independence of œy, ay, therefore 
this set is non-redundant and thus a defining set. 

Our second main question: “If a:q; what other properties may a 
have?” is obviously answered in Table II. 

We shall not.prove here that these are the only possible types 
(which could be done from our definitions) but shall show by ex- 
amples that functions exist for each of the 25 types. We use mainly a 
Boolean algebra of four elements (for Ty; and Tz we require eight 
elements) in which 1 is the universal, 0 is the null, and 2, 3 are the 
mutually exclusive, exhaustive elements. The tables for sum, product 


and inclusion are indicated below: \ 
+112 3 0 -|12 30 C|1i 2 3 0 
1/1 111 111 2 3 90 LIY NNN 
2/1 2 1 2 212 200 2| Y YNN 
3;1 1 3 3 3/3 03 90 3Y N Y- N 
0,1 2 3 0 00 00 0 oY Y Y Y 


An operator for each type will be given by listing the values for 
a(1), a(2), a(3), a(0) in that order. Thus, from the table below, an 
example of an operator of type T; is the operator for which a(1)=1 
a(2)=1, a(3)=1, a(0)=1, and so on? 


3 The simplest way to check these is to use the defining sets given in Table II, 
since if an operator has the properties required in the defining set of T, then it must, 
from the definition of “defining set,” have all the other properties required for an 
operator of type Ts. 
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Tı : (1, J, 1, 1) T14:(2, 2, 1, 3) 
T: :(1, 2, 3, 0) T15: (2, 2, 2, 3) 
T; :(1, 1, 1, 0) Tie: (0, 1, 2, 0) 
T, :(1, 0,0, 0) T17: (0, 3, 3, 2) 
Ts :(1, 2,2, 0) Tis: (1, 0, 2, 2) 
Ts : (0, 3, 2, 1) Tio: (1, 0, 0, 1) 
Tz :(0, 0, 0, 1) T20:(2, 3, 3, 3) 
Ts (0, 1, 1, 1) x Ta: (2, 3,3, 1) 
T :(0, 2, 2, 1) Te:given below 
Tio: (2, 1, 0, 0) . T23: (1, 3, 3, 2) 
Tu: (2, 2, 0, 1) Tx: (3, 2, 2, 0) 
T12:(2, 1, 3, 1) Tos: (3, 2, 2, 3) 


Ti: given below 


The 4-element algebra is provably inadequate for an example of 
Tis and T», so we use 8 elements, 1, 2, 3, 4, 5, 6, 7, 0, where 1 is the 
universal, 0 is the null element, 2, 3, 4 are the mutually exclusive and 
exhaustive elements, and 5=2+3, 6=2+4, 7=3+4. The tables for 
+, „and C for the algebra can be filled in very easily from the above 
description, so they will not be given. The operator definitions are 
now given as before by listing, in order, the value of a(1), @(2), 

- , a(0). 


Tis: (2,2,3,4, 5,6,7,7); Ta: (7,2,3,2, 3,6,7,2) 


Proofs that these operators have the properties listed for their re- 
spective types will not be given since they are lengthy and present no 
special difficulties.4 


New York City 


4 See previous footnote for easiest method of proof. 


SOME REMARKS ON ALMOST PERIODIC 
TRANSFORMATIONS 


P. ERDÖS AND A. H. STONE 


« Ina recent paper in this Bulletin (see [3], W. H. Gottschalk has 
proved a number of interesting theorems on “recurrent” and “almost 
periodic” homeomorphisms of a space on itself. In the first part of 
the present note we give very simple proofs of some of Gottschalk’s . 
theorems in an even more general form. In the second half we con- 
sider “regular” transformations in more detail. 


1. Recurrent and almost periodic transformations. 

Notations. Let f be a continuous mapping (not necessarily a 
homeomorphism) of a topological space X in itself (that is, f(X) CX). 
We say that f is recurrent at a point xCX, or that x is recurrent un- 
der f, if, given any neighbourhood U(x) of x, there exist infinitely 
many positive integers n for which f*(x)€ U(x). (This definition is 
equivalent to Gottschalk’s if X is a Tı space.) Further, f is almost 
periodic at x if, given any U(x), there exists an N(x, U(x))>0 such 
that for the (infinite) sequence {7;} of positive integers for which 
flx) EG U(x) we have nimni SN. 


THEOREM I. If a continuous mapping f of a topological space X in 
itself is either (a) recurrent, or (b) almost periodic, at x, then so is ft, 
for each positive integer k.? 


Proor. Let N, denote the class of positive integers congruent to 
r mod k. We may clearly assume that one at least of the classes 
Ni, Na, - ++, Nea, say N,, satisfies: every neighbourhood U(x) of x 
contains f*(«) for infinitely many values of n€N,; for otherwise each 
U(x) will contain f*(x) for all large enough #CNV;, and’ the theorem 
will follow trivially. 

Now let U, be any given open set containing x. Choose mEN, 
such that f” (x) € Up. Since f™ is continuous, there exists an open set 
Ux such that ULC Up and f4(Ui1) Uo. Choose EWN, such that 
Ff#(x) € Ui; and so on. In this way, we define integers m, +++, nk 
EN, and open sets UVD 02 +--+ DUraDr such that frx) E Uim 
and f**(U,;) C Ui. 


Received by the editors June 6, 1944. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 

2 Theorem I(a) is Theorem 1 of [3], without the restriction that f be a’ homeo- 
morphism. Theorem I(b) is Theorem 6 of [3], without the restrictions that f be a 
homeomorphism and that X be compact. 
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In case (a), we observe that for infinitely many integers mCN, we 
have f"(%)@Uy+. For each such m, consider M=m+m+ +- 
+ny1+m; clearly M=0 mod k, and it is easy to see that f¥(x) € Uo- 
Since there are infinitely many values of M, and' U, was any open set 
containing «, this proves that f* is recurrent at x. 

In case (b), there will be an infinite sequence {m;} of posi- 
tive integers (not necessarily in N,) such that f™(x)€ Ur- and 
sup (min —m:) < 0%, Now assume temporarily that k is prime. Then, 
for each m; one of the k incongruent integers mi, mi-+mza, +++, Mi 
neath -© ++ will be congruent to 0 mod k; call this 
integer M:. It is easy to see that f¥*(x) C Uy and that sup (Miyi— M:;) 
<œ. On rearranging the sequence { M;} in increasing order of mag- 
nitude, we see that the theorem is proved in this case—if k is prime. 
And the theorem follows in general, by induction over k. 


THEOREM II. Let f be a homeomorphism of a connected topological 
space X on itself (f{(X)=X). If a point x, recurrent under f, separates 
two other recurrent points in X, then f is periodic at x.8 


Proor. Let X~—(x)=AWUB, where A, B are mutually separated 
sets and A, B contain the recurrent points y, z respectively. Thus 
A=AWU(«), B=BU(x), and the sets A and B are connected. If the 
theorem is false, then for every positive integer n we have f*(x) x; 
from this we shall derive a contradiction. 

We first show that a positive integer k exists such that: 

(1) f*(A) meets A and f*(B) meets B. 

For suppose not. Without loss of generality, we may assume that 
S(x) GCA. We assert that: 

(2) f(A) meets A, for every positive integer x. 

For this is true when »=1, since f(A)>f(x). Suppose (2) is true 
when n =m. Then, since (1) is false, f"(B)1B=0, and so f"(B) CA. 
Hence, since f” is á 1-1 mapping, f"(A) DB, so that fm+!(A) DfA) 
Df(B)D>f(«) EA. Thus (2) follows for »=m-+1, and therefore holds 
for all n, by induction. Hence, since (1) is false, we have from (2) 
that f"(B)(\B=0 for every positive integet n. This contradicts the 
fact that f is recurrent at z&B; and so (1) is proved. 

Again without loss of generality, we may assume now that 
f*(x)EA. Thus f*(B) meets A; but, from (1), f*(B) also meets B, 
and therefore (being connected) contains x. Since f* is 1-1, we thus 
have x&f*(A), and therefore x¢-f*(A). Therefore the connected set 


3 Essentially [3, Theorem 2], without compactness restrictions. The proof as given 
assumes (x) is closed, but could easily be modified so as to dispense with this assump- 
tion. 
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f*(A), which meets A (in f*(x) at least), cannot meet B, so that 
J:(A)CA. It readily follows that, for every positive integer n, 
ft*(4) Cf*(A) CA. Since f*(A) is a closed set not containing x, this 
contradicts the fact that (by Theorem I) the mapping f* is recurrent 
at x. 


2. Regular and strongly almost periodic transformations. Now 

let X be a metric space. A mapping j(X)CX is said to be strongly 
‘ almost periodic (cf. [3]—or “almost periodic,” in [1]) if, given e>0, 
there exists an integer L>0 such that every set of L consecutive 
positive integers contains an n satisfying p(x, f*(x))<e for all «GX. 


TuHeorem III. If X is a totally bounded meiric space, and if f is a 
homeomorphism of X in itself all of whose negative powers are equi- 
uniformly continuous, then f is strongly almost periodic! 


Proor. ‘By hypothesis, given ¢>0, there exists a 6>0 such that 
p(f-™(x), f-™(y)) <«/2 whenever m is a positive integer and x, y are 
points of f"(X) such that p(x, y)<6. We may clearly assume that 
b<e/2. 

Let Aı, : - - , A, bea finite covering of X by sets of diameter less 
than 6. For each positive integer m we define a square matrix B(m) 
of order r by setting b:;(m) =1 if f"(A:) meets A;, 0 otherwise. Of all 
the matrices B(1), B(2), -- +, only a finite number can be distinct; 
let B(1), - - - , B(L) include all the distinct matrices B(m). We shall 
prove the theorem by showing that, given any positive integer M, an 
integer n exists such that: (a) MSn<M-+L; (b) p(x, f*(x)) <e, for 
all xEX. 

In fact, B(M+L)=B(m) for some mSL. Define n=M+L—m; 
thus (a) is certainly true. To verify (b), let x&X be given, and sup- 
pose EA: f¥t4(x)EA; Then 3,,(M@+L)=1, and so b;,(m)=1 
also; thus f"(A;) meets A; Let yEAjf"(A,). Then p(x, f*(x)) 
S p(x, fO) +0(f-™(y), ft (x) S 6(A 1) + 8(f-™(A 5) (where 6(A) 
denotes the diameter of A) <6+6/2<e. Q.E.D. 

A homeomorphism f of a metric space in itself is said to be regular 
if all its powers (positive or negative) are equi-uniformly continuous. 
Thus every isometry is regular; and conversely it is easy to see that 
if a regular homeomorphism f maps the space on itself (as it must if 
the space is compact), then the space can be remetrized so that f be- 
comes an isometry. 


THEOREM IV. Let f be a regular homeomorphism of a totally bounded 


4 This is closely related to Theorems 5 and 6 of [2, pp. 701, 702]. It would be de- 
sirable to weaken the equi-continuity assumption on the powers of f. 
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metric space in itself. There exists an increasing sequence {n,} of posi- 
tive integers such that f*(x)—x and f\)(x)>x, uniformly, for all 
xExs 


Proor. Given ¢>0, we must show that arbitrarily large integers n 
exist such that, for all «@X, p(f*(x), x) <e and p(f* (x), x) <e. Now, 
from Theorem III, there exists a sequence {m’} such that f*’(x) x 
uniformly. We shall first show that a sufficiently rapidly increasing 
subsequence {m,;} of {m} will satisfy (for all x@X, and every pair ot 
integers r, s with 0 <7 <s) both 


(1) p(f rrt mert: +m)? a), frtm e tma g) < e/2 
and. 
(2) p(f rtm tmd (g), w) < e. 


For, by hypothesis, there is a positive function (e) of the positive 
variable e such that p(f”(x), f"(y)) <¢/2 whenever p(x, y) <6(e) anc 
f(x), f(y) are defined (m=0, +1, +2,---). Choose m to be 
an m’ so large that p(f™(x), x)<e/2 for all xX. Then define m, 
inductively to be an m’ so large that: (a) p(f™(x), x) <¢/2’, and 
(b) p(f t>- -tme-vma(y), x) <8(e/2*), for all xEX and every r be- 
tween 1 and s—1. Clearly (2) follows from (a); and (1) follows from 
(b), since (by the triangle law) 


p(fimrbmrtrts+ tm)? g), farem ima g)) 


s—1 . 
<> pift tmn tmr tmz), firt tman? +m) } 


t=r 
< J, 6/22 < ¢/2. 


Now let 4, +--+, Ar be a finite covering of X by sets of diameter 
less, than min { (6(e)), 8(e)/2} ; and, as in the proof of Theorem III, 
let B(n) denote the square matrix of order k formed by setting b:;(n) 
=1 if f-(A,) meets A;, 0 otherwise. Consider the sequence of matrices 


B(mi), B(m; + ma), « is Be Lat Mr + mi), eye A ok 


For some twointegersr, swith 0 <r <s we must have B(m?+ - - - +2?) 
=B(mj+ «+ - +2m?). An easy calculation (cf. the end of the proof of 
Theorem III) now shows that, for all x@X, p(fmit+: +(x), 
frit ++ -tmi(x)) <8(€), so that p(frrrt- +(e), x) <e/2. Combining 

5 This is essentially a generalization of a theorem of Hardy and Littlewood on 


the denseness of the fractional parts of {n%a}, æ irrational. See [4, p. 157]. It would 
be desirable to weaken the hypothesis of regularity. 


130 P. ERDOS AND A. H. STONE 


this with (1), and wiiting n=myi+ +--+ +m., we see that 
plf” (x), x) <e. Since we also have p(f*(x), a) <e, from (2), the theo- - 
rem is proved. 

In the same way (using induction over k) one could prove that, 
given any positive integer k, there exists an increasing sequence PA 
of positive integers for which, simultaneously, f(x)—»x, f(x) 


HK, cy fhlr, uniformly, for all x&X. In fact, substantially 
the same argument will show that this holds if each power n’ 
(t=1, » » > , k) is replaced by any polynomial ¢:(n) of degree ż, having 


integer coefficients, positive leading coefficient, and zero constant 
term. 

These results provide partial answers to the guston, raised by 
Theorem I, as to what can be said about the sequence of integers # 
for which f*(x) is in a given neighbourhood of x,'f being recurrent 
at x. Thus, under the hypotheses of Theorem IV, this sequence con- 
tains infinitely many squares, and in fact infinitely many kth powers. 
Query: Will it (under “reasonable” hypotheses—for example, non- 
periodicity) contain infinitely many primes? (For the special case in 
which X is the real line mod 1, and f(x)=x-+a, where a is a fixed 
irrational number, the answer is affirmative, though the proof is diffi- 
‘cult.§) 

BIBLIOGRAPHY 
1. R. H. Cameron, Almost periodic transformations, Trans. Amer. Math. Soc. 
vol. 36 (1934) pp. 276-291. 

2. Ky Fan, Les fonctions asymptotiquement presque-périodiques . . , Math. Zeit. 
vol. 48 (1943) pp. 685-711. 

3. W. H. Gottschalk, Powers of homeomorphisms with almost periodic properties, 
Bull. Amer. Math. Soc. vol. 50 (1944) pp. 222-227. 

4. G. H. Hardy and J. E. Littlewood, Some problems of Diophantine approximation, 
Acta Math. vol. 37 (1914) pp. 155-190. 

5. P. Turan, Uber die Primzahlen der arithmetischen Progressionen, Acta Univ. 
Szeged. vol. 8 (1936-1937) pp. 226-235. ; 

6. I. M. Vinogradoff, New estimations of trigonometric sums containing primes, 
C. R. (Doklady) Acad. Sci. URSS. vol. 17 (1937) pp. 165, 166. 


PURDUE UNIVERSITY 7 


8 This follows from results of Vinogradoff; cf. [6]. See also [5, p. 234]. 


ON THE LEAST PRIMITIVE ROOT OF A PRIME p 


P. ERDOS 


Vinogradoff! proved that the least primitive root of a prime p is 
less than 2”p'/? log p for sufficiently large p; m denotes the num- 
ber of different prime factors of p—1. Later he improved this to 
21/2 log log p.2 Hua? improved this to 2"*1p1/?, In the present note 
we are going to prove that the least primitive root is less than 
p*(log p)" for large p. This result is better than Hua’s if p—1 has 
` “many” prime factors, but worse if it has “few” prime.factors. We 
shall use Brun's method. It is very likely that the least primitive root 
is o(p*) but I can not even prove that it is less than cp"/?. 


Lemma 1. Let x<>, k| p—1. Denote by fi(x) the number of kth power 
residues not exceeding x. Then f;,(x) =x/k+0(pY? log p). 


Denote by xola), x(a), +--+, Xala) the characters for which 
[x:(a) ]*=1. xola) is the principal character. Clearly MEd [x:(a)]=k 
if a is a kth power residue, and is 0 otherwise. Thus 








1 kel r 
(1) a 2 dy xla) = fsla). 
de aml 
On the other hand by a well known result of Pólya‘ 
(2) De x(a) | < p"? log p (i = 0). 
aml 4 


Thus combining (1) and (2) we obtain 
(3) fala) = x/k + c(p*!? log $), [e| s1, 


which proves the lemma. 

Denote by F(x) the number of primitive roots not exceeding x. We 
clearly have by the sieve of Eratosthenes F(x) => apula a(x). 
Hence clearly 


F(x) > (= m Z fale) + p2 ? Jaak) ieee ) 
~~ 2L fo(x) = L pi pa? 


alp—1.q>(logp)3 


` Received by the editors April 11, 1944, and, in revised form, July 13, 1944. 
1Landau, Vorlesungen über Zahlentheorie, vol. 2, p. 178. 
2C, R. (Doklady) Acad. Sci. URSS (1936) pp. 7-11. 

3 Bull. Amer. Math. Soc. vol. 48 (1942) pp. 726~730. 
4 Landau, ibid. p. 178, 
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where the q’s are primes and the dashes in X indicate that the sum- 
mation is extended over only the q< (log p)*. By (3) 


4x 





© E< E = + 2log $)? < 
2  qglp~lg>(logp} J : (log p)? 
for x>p2(log p)4, since the number of different prime factors of p—1 
is less than 2 log p. ` 
Now we estimate > 1. Here we use Brun’s method. If we replace 
Sk(x) by x/k the error we make is less than p/? log p by (3). Thus 
following Brun’s® reasoning (p. 23, equation 21) we obtain 


1 
> > #:0.3 II 1— -) — ex(log p)*5p1/? log p 
1 g|p—1,9< (logp)3 q 


(5) 
> ¢———— — cxp"/*(log p)#8.8 
CESE 1p"?(log $) 
We do not give the details since the argument follows literally from’ 
Brun’s original argument. We make only the following remark. Put 


x x 
1 BE} Eb 
alp—iL Ji a1.92lp~lertas L192 


Then Brun obtains (p. 23, equation 21) 


. f 1 

A>x0.3 [I (i — =) — c (log p)". 
. alp—1,q< (logp)? q 

The error term c(log »)® comes from replacing in (log p)® terms 

[x/k] by x/k (see p. 22). Our error term op/2(log p)! comes from 

replacing in (log p)! terms f(x) by x/k. Thus we obtain from (4) 

and (5) 


F(x) > cex/log log p — e1p'/*(log p) — 4x/(log p)? > 0 
for x >p/?(log p)", and p sufficiently large, which completes the proof. 


PURDUE UNIVERSITY 


5 Le crible d’Eratosthene et la theoreme de Goldbach, Skrifter utgit av Videnskaps- 
selskapets I. Christiania Matematich Naturvidenskabelig Klasse (1920) No. 3. See 
in particular p. 23, formula (21), and the preceding pages. The prime , in that formula 
is less than (log ~)* here. r 

ê We have IDe —1/p)>c/log y. See, for example, Hardy-Wright, Theory of 
numbers, p. 349, 


ON A SPECIAL CLASS OF ABELIAN FUNCTIONS 


O. F. G. SCHILLING 


In the applications of the theory of Riemann matrices to algebraic 
geometry and arithmetic it is necessary to emphasize the rings of 
complex multiplications in preference to the rational algebra associ- 
ated to a given Riemann matrix. In recent years A. A. Albert com- 
pleted and amplified the algebraic theory of Riemann matrices that 
was inaugurated by G. Scorza, S. Lefschetz, and others.! We shall 
construct in this note the fields of abelian functions of genus n whose 
multiplication rings contain a given order of a totally real field of 
absolute degree n. For the proof we shall compare two types of Rie- 
mann matrices defined by S. Lefschetz and O. Blumenthal.? Applying 
equivalences to these Riemann matrices we find suitable matrices 
which show explicitly how a permissible ring of complex multiplica- 
tions can be realized. 

Let k=R(q@) be a totally real field of degree n. Suppose that 
a=a), a, ---, a@® are the x conjugate roots of the defining ir- 
reducible equation f(a) =0. Lefschetz? has determined the form of the 
most general Riemann matrix Qı of genus n whose multiplication 
algebra (1) contains an isomorphic image of the field k. The matrix 
Qı is equal to 


ri, THA, 66+, ruet; qi ra,e, rga D 
Ta Tual, >, TaD; To, Tga,» , rgan 
F? 
Tnls Tria™, e Taial™ nl; Tn2s Tna ™, ane Tyga (HAT 
where Tin ©, Tab Tz, °° * , Tag are complex parameters subject to 


the restriction that Q, satisfy the defining equations of a Riemann 
matrix. 

Now suppose that a; =a, --- , a, =al isa basis of k/R. Let AP 
be the minors of the determinant 6=6=|o|. Then there ex- 


- Received by the editors July 26, 1944. 

1 For references see Solomon Lefschetz, Selected topics on algebraic geometry, Na- 
tional Research Council Bulletin vol. 63 (1928) pp. 310-395, and A. A. Albert, 
Structure of Algebras, Amer. Math. Soc. Colloquium Publications, vol. 24, 1939. 

2 Solomon Lefschetz, On certain numerical invariants of algebraic varieties with ap- 
plications to abelian varieties, Trans. Amer. Math. Soc. vol. 22 (1921) pp. 327-482 
(quoted as L); Otto Blumenthal, Uber Thetafunktionen und Modulfunktionen mekrerer 
Verénderlicher, Jber. Deutschen Math. Verein. vol. 13 (1904) pp. 120-137 (quoted 
as B). 

2 L, loc, cit. p. 397. 
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ist infinitely many numbers [=f of k so that ¢MA™M/§~m 
=68®, -:-, €94M/569=8 form the basis of an ideal b=b%® 
of k.4 The Riemann matrix defined by Blumenthal’ can then be 
written in the form 





(1) (1) o, rey a) 
TUAL , TIA? 4° ty THGn ; Tie p? » T1282 ,°** , Tiba 
(2) (2) (2) rey (2) (2) 
TUI y Taide ,*** , Ta ; Tapi , Tae ,*** y Tapa 
Qe = , 
(n) (n) (n) tr) (n) (n) 
Tn1@1 s Tne ,*** y Tanin 3 Tn281 , Tabutet, Tanaba 
where tp/tn, j7=1,---, n, are restricted by the inequalities 
R [(re/ra)/f@] > 0. f \ 
LEMMA 1. The matrices Q and Q are isomorphic. 
Proor. We first observe that R(1,a™, + - - , @@a-!) = Ro, tay 
at) = R(8, ---, BM). Hence there exist two regular »Xn mat- 
trices ||a;; anc le. in R for which (1, a, +--+, a@@*-2)Ia,,]| 
=? al, er of) and (4, a®, aaa | (=) 5, il=@?, D, 
, BY), A y Consequently 
lij 
VCRA 
o [ell 








in other words, Qı and Q are isomorphic Riemann matrices.’ 

We next describe the explicit realization of k as a field of multi- 
plications of the matrix %. Let y =y be an element of k and set 
lP, af, ees a) =a, (BY, BY, EO? y BY) =b®, j=l, vty 
Then ya =a®C(a, y) and yb =bMC(b, y) where Cla, y) and 
C(b, y) are regular nXn matrices of R. Consequently 


C(a, y) | 
o C(6, y) HT 
The full algebra of multiplications 2(Q) is simple. In case %( Q) 


contains elements satisfying an irreducible equation of degree 2n it 
must be a totally imaginary extension K = f(u™?), p&o in k.8 





diag y™, y™, are y™)R = OQ | 





4 Georg Landsberg, Ueber das Analogon des Riemann-Rach'schen Satzes in der 
Theorie der Algebraischen Zahlen, Math. Ann. vol. 50 (1897-1898) pp. 577-582, 

5 B, loc. cit. p. 122. 

8 L, loc. cit. p. 365, , 

1 We use diag (y®, - ++, y™) for the »Xn matrix whose diagonal elements are 
yD e, yp), 

8 A<<O means that A and all its conjugates are negative. 
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By the general theory of Riemann matrices the algebra (Q) has 
a representation by 272 matrices in R.” Hence each element of 
9(Q) is the root of an equation of degree 2 over R. Since A(%) Dk 
there are multiplications satisfying an irreducible equation of de- 
gree n. The algebra A(Q) certainly cannot contain a real multipli- 
cation satisfying an irreducible equation of degree 2” for the roots 
of the characteristic equation must be double in case they are real.!° 
Since 2, admits a “general projectivity” aCk the general character- 
istic equation cannot be the product of relative prime factors." Hence 
the algebra A(%) cannot be semi-simple, that is, the direct sum of 
at least two simple rational algebras. Consequently Qe must be iso- 
morphic to a matrix diag (w, - - - , w). The number of diagonal ele- 
ments can at most be equal to two for otherwise the field.k would 
have a rational representation of degree less than z. In case that 


w 0 


QR © 
: 0 w 














the algebra %(Q_) would be the algebra of square matrices over k. 
Then %(Q) would contain all quadratic extensions over k, in par- 
ticular a totally real extension of degree'2” over R. This is impossible 
as was observed at the beginning of the proof. Thus there remains 
only 2(&)k(u?), uO. . 

In order to realize k as the multiplication algebra of a Riemann 
matrix (real case) we let £ be equal to the absolute value of the dis- 
criminant™ 6%, select ra=1, j=1,---, n, and take for rp, 
j=i1, ++ +,n,aset of transcendental numbers with positive imaginary 
parts. In case X(Q)=K (imaginary case) let ra=1, j=1,---, n, 
and re=4(u@)V2=MM, uK in k. Then % = (yz) has the form 


(1) a) o, a) 0 (1), e9) a) dQ) 


Ql » a2 yrt*, An ; M bi, M Be >e, M Bn 
(2) (2) 2) (2) 5 (2) (2), (2) (2) (2) 
Ql Q&Q ,tt*, Qn 5 M f4, MA: p**ka M Ba 
(n) (n) (n) (n) (a) (n) (7) (n) a) 
ar A rte An M Aa, M Boore, M Aa 


Observe now that the first row of %%(u) represents a basis of the 
field K=k(M). Hence M(e®,---, ao; M@BM,.--, MMB) 


§L, loc. cit. p. 392. 
L, loc. cit. p. 392. 
u L, loc. cit. pp. 395, 397. 
2 B, loc. cit. p. 122. 
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(a, ---, al; MOBP, ---, MOBY) Iml where the matrix 
[m.l] is a regular representation of M in R. Consequently 
diag (M®,---, M@) Q(p) =u) ||m,,||, that is, (u) admits 


K=k(M) for its multiplication algebra. 


THEOREM. In the real case there exisis for each order o of maximal 
rank in k at least one Riemann matrix which admits for its ring of 
multiplications the order o. In the imaginary case there exists for each 
order © of maximal rank in K=k(M) at least one Riemann matrix 
` which admits for tis ring of multiplications the order ©. 


Proof. Let Q be a Riemann matrix which has %(Q)¢k. Suppose 








that w1, - + + ,@, isa basis of o over the ring of integers. Then there ex- 
ist rational regular 2 Xn matrices Sı and Sz so that (wy, «+ + , w) S1=0 
and (ay, - - + , @2)S,=b6. Consider the matrix 

Sı 0 

Qo | | , 

0 S: 
it is isomorphic to Q% and admits exactly o for its ring of multiplica- 
tions. For this observe that (wr, «+ +, @n)= (w1, + > + , On) | full with 
Ek, p Æo gives rise to a matrix ||f,;|] whose élements do not all lie 
in the ring of ordinary integers since (wi, - - - , Wn) is a basis of D. 


Now let %(u) be a Riemann matrix admitting K=k(M) for its 
algebra of multiplications. We suppose that Q:(u) is given as in the 
proof of Lemma 2. Then the first row of (u) is a basis of K over R. 
Let (an, + + + , Wen) be a basis of the given order © in K. Then there ex- 
ists a regular rational matrix S so that (u) S has (wi, © © + , wen) for 
its first row. Again %(u)S is isomorphic to Q:(u) and admits exactly D 
for its ring of multiplications, that is, ®Qa(u)S= %(u) SI F: gives 
rise to a non-integral matrix || F,,|| in case PEK, PED. 


COROLLARY. In both the real and imaginary case there exist fields of 
abelian functions A of genus n which have models whose rings of multi- 
plications can be prescribed. 


For the proof we refer to the construction of the fields A for a given ` 
matrix of periods. 


THE Unrversity or CHICAGO 


18 A, Krazer, Lehrbuch der Thetafunktionen, Leipzig, 1903 and L, loc. cit. pp. 367— 
370. 


CONGRUENCES CONNECTED WITH THE SOLUTION OF A 
CERTAIN DIOPHANTINE EQUATION 


HAROLD F. S. JONAH 


Introduction. In this paper we shall show that, with the applica- 
tion of certain parts of the theory of functions, it is possible to derive 
some congruences connected with the solution of a certain diophan- 
tine equation. The use of analysis to derive certain arithmetical facts 
is not new, a typical such paper is that of Rademacher,! on the deriva- 
tion of the Dedekind reciprocal formula. The methods of analysis 
have been used repeatedly in analytic number theory. Rademacher 
in an invitation address said :? “It would, however, be a misplacement 
of emphasis if we were to look upon analysis, which here means func- 
tion theory, only as a tool applied to investigation of number theory. 
It is more the inner harmony of a system which we wish to de- 

‘pict, ---.” Here, by analysis, we shall derive general congruences 
from which the previously known congruences will appear as special 
cases. Heretofore these special congruences have been developed not 
as a single entity, but by a gradual sharpening of the methods used, 
which were primarily algebraic in character. 


1. Historical résumé. The solution of the diophantine equation 
(1.1) xP + yr +z? = 0, p = odd prime, 


in terms of the integers x, y, z prime to p, is connected with the con- 
gruences 


(1.2) Brfp—on(t) = 0 (mod $), —fp-a(¢) = 0 (mod $), 
where —# may be any of the quantities 
s/y, y/%, x/%, 2/%, y/2, z/y (mod $), í 


and where 
p-l 
FO = >» aie (r > iyn = 1, 2, SRT i, (Pp ae 3)/2), 
i=0 


and B,=1/6, Bz=1/30, B;=1/42, and so on, are the Bernoulli num- 


Presented to the Society, April 17, 1942; received by the editors April 21, 1944. 

1 Uber a Reziprozitéts formel aus der Theorie der Modulfunktionen, Matematikai 
es Physikai Lapok vol. 40 (1933) pp. 24-31 (in German), Zusammenfassung, pp. 32-34 
(Hungarian). 

2 Fourier expansions of modular forms and problems of partition, Bull. Amer. Math. 
Soc. vol. 46 (1940) pp. 59-73. 
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bers. The congruences involving the B’s are generally referred to as 
the Kummer criteria for the solution of (1.1).3 

Vandiver* in studying the equation á. 1) has obtained certain gen- 
eralizations of (1.2). For this purpose he introduced the polynomial 


n=l md p” zy 


(1.3) = (ks +) hn (a), 
where p, 2, k==1,2,++-;l=1,2,-+-+,k-—1;xisarbitrary. Then, Van- 
diver has shown that, if (1. 1) is satisfied by integers x, y, z, prime to p, 
(1.4) S EPOE O = 0 (mod 9), 

l=0 
rak 2,- --,p—1; k being any positive itse and —¢ the ratio of 


any pair of x, y, z modulus p. Relation (1.4) will be referred toas the 
general congruences of Vandiver. For k=1, (1.4) reduces to the form’ 


(1.5) Safoni) = 0 (mod $). 


The relation (1.5) will be referred to as the Mirimanoff congruences.® 
For k=2, after using (1.5) we have 


(1.6) ha Ohya (N) = 0 (mod 9). 


This latter relation will be referred to as the special congruences of 
Vandiver.§ 


2. Analytic approach. The foundation of the analytic approach to 
our problem is based upon the use of a function studied by Maier? 
- and the addition-theorems obtained by Maier for this function. The 
function, denoted by f(x, u), was defined by the series 


3 See Kummer's memoir, Abhandlungen der Akademie der Wissenschaften zu 
Berlin (1857) pp. 41-77. See also the papers of Vandiver under the title On Kummer’s 
memoir of 1857 concerning Fermat's Last Theorem, Proc. Nat. Acad. Sci. U.S.A. vol. 6 
(1920) pp. 266-268; and Bull. Amer. Math. Soc. vol. 28 (1922) pp. 400-407. For a brief 
history of this problem, read Mordell, Fermat's Last Theorem, Cambridge Press, 1921. 

4 Transformations of the Kummer criteria in connection with Fermat's Last Theorem, 
Ann, of Math. vol. 27 (1926) pp. 171-176. 

5 L’Equation indeterminée x'+-y'+s'=0 é le criterium de Kummer, J. Reine 
Angew. Math. vol. 128 (1905) pp. 45-68. 

6 Note on some results concerning Fermat's Last Theorem, Bull. Amer. Math. Soc. 
vol. 28 (1922) pp. 258-260. 

7 Zur Theorie der elliptischen Funktionen, Math. Ann. vol, 104 (1931) pp. 745-769, 

8 The choice of the function f(x, u), which can be thought of as a generating func- 
tion for the Bernoulli polynomials, or a function related to it, appears reasonable 
when we recall the intimate connection between the Bernoulli numbers and many 
of the congruences connected with the attempted solutions of Fermat’s Last Theorem. 
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+o e2rizk 


(2.1) few) = Lry 


for 0<x<1, and w0 (mod 1). Further, it has been shown, by con- 
sidering a special contour integral,” that 





mIrT 
é ru 


(2.2) f(x, u) = mi —-——_, 
1— gn lrte 


ux0 (mod 1). In this form the function f(x, u) is defined for all values 
of x. One of the addition-laws obtained by Maier for f(x, u) is: 
f(x, WSE, 2) = fle, u + v) f(x E, u) 
a f(*, u + o) f(x T E, z v), 


O<E<x<1; u, v, (u+v) 40 (mod 1). 
It was necessary, for this work, to tniveduce a new function, de- 
noted by fp(x, u), and defined as 


(2.4) fy, u) = flat p, u) — f(x, u), p= 0 (mod 1). 


Now, on using (2.2), we obtain the following relations for the func- 
tions f(x, u) and f,(x, u), which will prove useful for our immediate 
purpose. 


(2.3) 


(2.5) Kaw + fa r uo. 
fo(x, u) . 

(2.6) fæ u) = 2. 

ia I 
(2.7) folz, u) = — miS en2ri(etk)u, 
(2.8) fo(%, u) + f-(1 7% = u) = 0. 
(2.9) Sola + $, u) = aatpus (x, u). 
(2.10) fol, u) = — fole — p, u) = — errufe, u). 


Next, from the definition (2.4) and the above relations, we derive 
an addition-theorem for the function f,(x, u), which for our needs 
takes the form: 


? Namely, the integral In=/fe,(e@-D2**/sin wz) -(dz/(z+u)), where 0<u<1 
u#0 (mod 1) and where C, is a rectangle with sides x= + (27 +1/2) and y= tm 
where m is an arbitrarily large positive number and 1 an arbitrarily large positive 
integer so chosen that g= —y lies in the interior of the rectangle Cn. Finally it is shown 
that limmnscoln =0, 
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Sole + p, w+ a)fo(E+ p, otp) — fole w+ a)fp(E, 2 + 8) 
= fE t p utot atp) E- puta) 
(2.11) — f u +v + at B)fp(e — E u+ a) 
+S(e+putotat B)al — E — o p) 
; — f(z, u +v +a + Bfole— E — p, — v -— P), 
where u+a, v+8, u+v+a+8#0 (mod 1) and =0 (mod 1). 
Next, in the analytical development, we consider some special con- 


tour integrals involving the function f(x, u). In order to illustrate 
our procedure, let us consider some sample integrals. First, 


du 
Í — falz, u + a). 
cu 


Using (2.7) and the calculus of residues, this integral becomes 


(— Grp at 
Nag ae site e-2tileth)a z + k k=l 
G-p & G 
where k=1, 2,---, p—1; p=0 (mod 1); (u+a)#0 (mod 1), the 
path of integration C being a simple closed curve about the origin. 
Similarly, we obtain the expansion 


d 
(2.12) f “fleut a) = 


d 
f —filE+ but ot a +B) 
c 


. EN s(2r etl pl 
(2.13) ee DS (e+rt po 
(s = 1)! r=0 


x (e286) ttrtp(e-27i(uta)) Erte, 


where s=1, 2, - - -, p—1; p=0 (mod 1); u+a, v+ß, utvt+at+fBxs0 
(mod 1), the path of integration being similar to that used in (2.12). 
Finally we obtain 


du do 
SS Foie e- put det putotats) 
C C’ 


u oF 
du du 

=f She-s- puta f pet rutotats) 
cu gœ v 


(— 1)*FRe(Qqi) ttet? pi 
f a Ee rt piety ttre 


pal 
x D (etrt nietin f 
head 


(2.14) 
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where k, s<p; k, s, p=0 (mod 1); (uta), (0 +8), (4totatf) 40 
(mod 1). 

The method applied to the special contour integrals gives a device 
for expressing these and similar integrals as finite sums of terms in- 
volving all of the variables and parameters x, £, p, a, and 8. The in- 
tegral (like (2.14)) of both members of the equation (2.1) can be writ- 
ten in the form: 


pal pol 
Deter et te Ere ho eer 


And rad 
pl + pol 
= D (x + h) (e tria)sth. > (E + r)i (eriet 
hewO rn 
pol 


= E {e+ pt yaer 


ræ) 


pi 
Etr iyrace tierra 


h=0 


- E {e+ mirae 


ral) 


(2.15) 
p—i 
-J (æ+ r + h) Herta) steta} 
hed 
pol $ 
+> fe + p + ht t(etria)atpth 
hed 


p~1 
. > Etpth— Nrima} 
re 


~— 3 fe + h) -l(g-2eia) oth 


hea) 


pol : 
-È tph- Niara} i 
r=0 

In order to write this equation, (2:15), in a more symmetric form 
we shall put \=7-+A in the first two terms on the right side of (2.15), 
while in the last two terms on the right-hand side we shall put 
p=h—r. Next, we shall interchange the summation indices k and r 
in the first two terms on the right-hand side, and in the last two terms 
on the right we replace u by A, thus obtaining the expression: 


r 


/ 


142 ` H. F. S. JONAH [February 
pal p—l 
LOTI ore REA 2 EROA 
hæl i i 


= ç (æ + h) ie 2ria) eHh = (E 4 r) (e218) tte 


h=0 
p~l 


-2 [te + p+ h) id Loa E 4 i ial i 
(2.16) ~*~ 


prith 
DF (x +) b-1(g-2n1a) on 


Ash 


+3 EK +pt h)*-1(en2ria) ot eth— (gy + h)¥1(e-2ria) 2th} 


p—ith 
TE Gtp tyemir], 
Ach 
From the equation (2.16) we shall obtain congruences connected with 
the solution of the diophantine equation (1.1). 


3. Vandiver polynomial. A generalized polynomial. In the previous 
section we developed a rather complicated equality. involving finite 


"sums. We shall now connect our work with some of the attempts that 


have been made to solve or extend the known range of validity of 
“Fermat’s Last Theorem.” Vandiver, in order to obtain a transforma- 
tion of the Kummer criteria (1.2), introduced a polynomial, (1.3). 
These polynomials, (1.3), shall be referred to as the Vandiver poly- 
nomials. Then, following the successful lead of Vandiver, we shall 
introduce the polynomial 


p-l—r 


(3.1) De (s+ amut = bh (— 7; 2, i), 


for p, n, r=0 (mod 1); r <p; and any # and z. We shall refer to these 
as the generalized polynomials of Vandiver or for brevity as the gen- 
eralized polynomials. 

These new polynomials (3.1) are related to the polynomials of 
Vandiver (1.3) in the following manner: 


MOdise S GLa 


s=0 


(3 . 2) i _ Io’ f° 


S (ds + At : 


—(n—-1) cfd, (d 0) 


=d t ha (2), 
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where p, n, c, d=0 (mod 1); c<d; and # arbitrary. 
Before making use of the generalized polynomials we shall list some 
of the special forms: 


poi n—1 3 
(3.3) h,(0;0, = Zs ¢ =f,(d, 
a=x0 
(3.4) In(O; 1/2, ) = DEPE RE O, 
(3.5) ha(0; (d — 9/4, heat OR a: 


where p, n, c, d=0 (mod 1); c<d; n<p; t arbitrary. The function 
falt), in (3.3), was used by Mirimanoff in his transformation (1.5) of 
the Kummer criteria. The function 4? (t) in (3.4) was used by Van- 
diver in obtaining a transformation of the Kummer criteria, namely 
(1.6). Finally the functions ”{*-9(¢) from (3.5) and h(t) from 
(3.2) were used by Vandiver in his general transformation, (1.4), of 
the Kummer criteria. 
Next, let us consider the sum 


hop ` Atp-l 
E E+ pt Aart =D) (E+ ot eiri 
(3.6) AoA poh 


= h,(h; + 1,7). 


We shall develop, in the following, other properties of the generalized 
polynomials (2.12). 

The equation (2.16), which we obtained as an expansion of certain 
contour integrals similar to (2.14), on replacing e~®*#* by ¢ and e-?7 
by 7, can be written in terms of the generalized Vandiver polynomials, 
h,(—r; z, t). This equation, (2.16), after applying (3.6), can be writ- 
ten as ; 


hy (0; x + È, i) he(0; £ + È, 7) TE h(0; v, £) h.(0; $, T) 


= D [h(h; a, È (E+ p+ hiret — (E+ hjerta) ] 
(3.7) hað 
pri . 
O+ D [lk E+ 1, r) f(e + p H ett 
hod 7 (x + h) irth} J. 
This equation will be used to obtain a variety of congruences con- 


nected with the solution of equation (1.1). 


4. Some special congruences. In this section we shall derive some 
special congruences which are necessary for the final derivation of our 
general congruences. 
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The definition ọf the generalized polynomials gives us 
hn(0; ap, t)hpn(0; bh, 2) 


pal pol f 
= Z (k + aprima) ( Z (s + bp) reap) 
hex ax 


p—~i pal 
pene ( oe (k + op)*-4) ( D: (s + bp) 
s=0 


hap 


il 


p—1 Pal 
Kets ( x iw) ( yy ot) (mod $) 


hex a= 
patda h, (0; 0, À kp-nl0; 0, Ò 
= KDC) fp ald). 


Hence we obtain the following variation of the Mirimanoff congru- 
ences (1.5), namely!® 


(4.1) t+) PhO; ap, i) hpnl; bp, i) = 0 (mod $), 


1i 


where a, b=0, +1, +2,---+.A particularly simple congruence oc- 
curs when a= —b, namely 


(4.2) h,(0; ap, )hp-n(0; — ap, t) = 0 (mod $). 


If we put a=b=0 in (4.1) this reduces to the original Mirimanoff 
congruences (1.5). 

Let us next consider the product ka (0; 1/2, &)hp-n(0; 1/2, #) which 
reduees to £2-(?-® 42 (1h (t). Thus from the special congruences 
of Vandiver, (1.6), we have 


(4.3) t-12?-2h,(0; 1/2, i) kp-n(0; 1/2, #) = 0 (mod $). 


In the same manner we obtain the congruences : 


(4.4) 29-%4-1-(e+)PH,,(0; 1/24 ap, f)hy-n(0; 1/2 + bp, À = 0 (mod 2), 


where a, b=0, +1, +2,---. 

Following much the same procedure as before we shall derive some 
transformations of the general congruences of Vandiver, (1.4). For 
this purpose let us consider first 

d-1 


L h,(0; c/d, t)hpn(0; (d — c)/d, 4), 


1¢ In all the congruences given in this paper the following statements are under- 
stood. If the equation x?-+-y?+-2?=0, p=odd prime, is satisfied by integers x, y, z 
prime to p, where —t may be any of the quantities x/y, y/x, x/z, 2/x, y/z, 2/y (mod p), 
then the congruences are satisfied. 
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where p, n, c, d=0 (mod 1); ¢<d. This sum can be written in the form 


> I( > (h + ¢/d) matena) ( > (s + (2 — 6)/d) rryme) | 


co a= 
d~} pol pl 
= idn y}, i( 2 (hd + 6) =a) ( » (sd+d- orm) | 
c=0 hað a= 
dl edo), (d,d—e) ' 
= id-2}, ha (lpn). 
e=0 


Hence the general congruences of Vandiver, (1.4), are replaced by the 
relation 


d—1 


(4.5) dF, hnl; c/d; hyp-n(0; (d — c)/d, À = 0 (mod 9). 
i coal) 


Next, if we consider the sum 


d—1 


Èo ha(0; c/d + ap, i)hp-(0; (d — ¢)/d + bf, i) 


we obtain another transformation of (1.4), namely 
d-1 
d(v-2)¢-1-(a+d) Ft, (0; c/d + ap, t)hp-n(0; (d — c)/d + bh, À 
= = 0 (mod 9); 


where p, n, c, d=0 (mod 1); c<d; and a, b=0, +1, +2,---. ° 


(4.6) 


5. Some general congruences. Im §3 we derived an addition-theo- 
rem (3.7) for the generalized polynomials of Vandiver, (3.1). Since 
(3.7) is an identity in x, £, ¢, r, k, and s we can substitute particular 
values for the variables and parameters without destroying the equal- 
ity. Among a variety of possible substitutions we shall introduce the 

_ following: 


(A) x=f=0, 

(B) a=mp, &= QP, 

(C) w= 1/2+mp, §=1/2+ 9, 

(D) a=c/d+mp, = (d— c)/d +gb, 


and in each case we put 
T= 4, k=n, s=p-—n, 


where p, n, c, d=0 (mod 1); c<d; and m, g=0, +1, +2,-- 


(5.1) 
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- Now, on applying, successively, these substitutions to the equation 
(3.7) we shall obtain several different quadratic functional equations 
for h,(—7; x, £). 

The congruences resulting from applying (A) to the equation (3.7) 
and by using a proper choice of a and b in (4.1) give us a direct 
transformation of the Mirimanoff congruences, (1.5). 

On applying (B) to (3.7) and using (4.1) we obtain the congruence 


2 [ha(h; mp, D {Ca + 1)p + hromi a 
— (gp + hero oth) | 


pal 
+ È [holh ab + 1, ){((m + 1p + hjir 

ae — (mp + Hyer} 
+ p-Cetet2) 2h, (0; mp, t) hp-nl0; q?P; i) =0 (mod ?)- 
If we put m=q=0 in (5.1) we obtain the same congruence which re- 
sulted from applying (A) to (3.7). ` 

Next on applying (C) and (D) respectively to (3.7) and using ap- 
propriate forms of (4.4), (4.5) and (4.6) we obtain the following con- 
gruences 
2S [ha hs 1/2 + mp, D{(1/2 + (g + Dp- hye 

10 PU mtd oth — (1/2 4 gp + heme (mt tad] 


+ areas [hyn(h; 3/2 + gp, t){(1/2 + (m+ 1)p + h)" 
(5.2) hao < 


E-U2-G@tl) eth — (1/2 + mp + K) ta} ] 
+ 2P-2g-¥ (mtata) Ph (0; 1/2 + mp, i) hp—n(0; 1/2 + qh, 4) 


= 0 (mod 4), 
d—1 p— 
aD D [hah c/a + mp, O{(d — A/d + (Qt DP + E 
, c= hd . 
-preld—(mtt eth — ((d — c)/d + gp + h)ari elitta) | 
d~] p— 


+ dr > El [hp-n(h; (24— /a+ap, ){(c/d-+ (m+ DpH 
(5.3) cal kod 


p70) 1d (Gt oth — (¢/d + mp + hye G9) a Cat2) pth} ] 
d~1 i 


+ CEERD > hal0; c/d + mp, t) 


‘hp-n(O; (d — 6)/d + gp, ve = 0 (mod b), 
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where p, n, d=0 (mod 1); n<p; c=0, 1, 2; -< +, d—1; and m, g=0, 
#1, +2,---. 

Thus we have obtained transformations of the Mirimanoff and 
Vandiver congruences connected with the solution of equation (1.1). 
Other, and in some cases more symmetric, transformations of these 
congruences are possible by using one of the other permissible forms 
for the quadratic functional equation (2.11). 


PURDUE UNIVERSITY 


“ DEVELOPMENT OF CERTAIN QUADRATIC 
FUNCTIONAL EQUATIONS 


HAROLD F. S. JONAH 


1. Introduction. In some work devoted to the derivation of certain 
congruences connected with the solution of Fermat’s Last Theorem, 
it was found necessary to develop several quadratic functional equa- 
tions of a particular function which we shall define later. This note 
will deal with the derivation of these functional equations. Maier! 
derived two such quadratic functional equations for a generating 
function of the Bernoulli polynomials. This work of Maier serves as 
the basis for our developments. 


2. The Maier results. The function, f(x, u), used by Maier was 
defined by the infinite series 


+% e2tizr 





J 


2al 
ol) roo UT 


where x is a real variable satisfying the inequality 0 <x <1, and where 
u is a real Variable subject to the restriction «#0 (mod 1). Maier, 
then, showed that if u, v, x, £ are such that u, v, (u+v) #0 (mod 1) 
and 0<&<x<1, that the function f(x, u) is a‘solution of the func- 
tional equation 


Ss, u)flé, v) = JE u + a) f(x TEN $, u) 


(2.2) 
— f(x, u +o) f(z — $ — 9). 


Received by the editors April 21, 1944. i 
1 W. Maier, Zur Theorie der elliptischen Funktionen, Math. Ann. vol. 104 (1930) 
pp. 745-769, 
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If the restriction on x and & is replaced by the condition 0<&<1—x 
<1 (since we must have 0<*#+£<1), Maier obtains the functional , 
equation ; 
f(x, uf, v) = f(%, u — v) f(x + g, v) 

+ fé, — uy f(x + $, u). 


Returning to the definition of the function f(x, u), (2.1), we note 
that by considering a special contour integral it has been shown? that 


(2.4) f(a, u) = Iie ®ttz4/(1 — ei), u Æ 0 (mod 1). 


In this form the function f(x, u) is defined for all values of x, and we 
shall now use this form of the function f(x, u). Further we note that 
the addition-theorems (2.2) and (2.3) must remain satisfied by the 
function f(x, u) when the form (2.4) is used. 


(2.3) 


3. The function f,(x, u). For our purposes it was necessary to in- 
troduce a new function, which we denote by f,(x, u) and which will 
be defined in terms of values of the function f(x, u). We define 


(3.1) Jala, u) = f(e + p,u) — f(x, u), + p= 0 (mod 1). 
Hence by means of (2.4), we have : 
(3.2) Jola, u) = [etre — 1] f(x, u). 

Thus 

(3.3) , S(%, u) = f(x, u)/(ePne* — 1). 

By means of (3.2) we can show that 

(3.4) "  fol%, 4) + fll — z, — u) = 0. 


Other formulae involving the function f,(x, u) which shall prove to 
be useful for our immediate purpose are 


(3.5) Sola + p, u) = erref y(x, u), 
(3.6) f(s, u) e Sola — P, u) = eriruf (s, u). 


In the above formulae for fp(x, u) we can replace u by u+æ, where 
the condition «#0 (mod 1) now becomes (w-+a@) #0 (mod 1), and 
everything else remains valid. 


2 Namely, the integral I,=for(e@-Dti/sin xz) -(dz/(s+-u)), where 0<u<1, 
u340 (mod 1) and where Ca is a rectangle with the sides x= + (2741/2) and y= +m 
with m an arbitrarily large positive number and 2 as an arbitrarily large positive in- 
teger so chosen that z= —z lies in the interior of the rectangle Cn. Finally it has been 
shown that lima naln=0. 


1945] DEVELOPMENT OF CERTAIN QUADRATIC FUNCTIONAL EQUATIONS 149 


4. Addition-theorems for the function f,(x, u). In §2 we gave the 
two addition-theorems for the function f(x, u). In this paragraph we 
shall derive similar addition-theorems for the function f,(x, u). 

Let us write the addition-theorem (2.2) in the form 


(4 1) f(s, ut a)fẸ, z+ B) = f, utoutat B)f(« zug, u+ a) 

l = f(z,u +v + a+ p)f(s — £ — v — p), 
where (u+a), (v-+8), (utv+a+f) 40 (mod 1). 

On applying (3.3) to the equation (4.1) we have 


fala, u + a)fp(E, v + B) 


[e—2rip tuta) = 1 ] [e727 ir @+8) as 1] 


_ fx ut otat pfl — E u+ a) 


E [e-2z ip (uto+ats) = 1 [erip tuta) — 1] 


_ Sole u +o + at pfl- & oep) 


[ePrip(utobats) — 1] [erip — 1] 


(4.2) 


This reduces to 
[en2ip(utotat®) — 1] f le, u + a)fp(E, 0+ 8) 
= [erino — 1], (Eu tot at Bfp(x — & ut a) 


(4.3) [e 2min) — 1] 


pas 2ripluta) —. arenes abinteerees 
[e zip(uta 1] [erer = 1] 


“fox, u -+ v+ a+ B)fp(x oa E, oS 8). 
In order to further simplify the above equation, we write [e~?*i»@+™ 
~—1] = [e-2eip(utetatp)e2zip(uta) — 4], and similarly 


[eripe — 4] 


2rip(uta) —. -a 
eae 1] [e2rir — 1] 


[erir — 4] 


= [e-27tp (uta) = 1] geri (vt 8) 


[1 — e~2xtp(o+9)] 


= — [e-2vin(uta) — 4 |e-2rip(ets) = — [g-2vip(utetets) — g-2wip(ots) |, 


Then (4.3) reduces to 
[etrin(utotots) — 1] f(e, u + a)fo(E, v + 8) 


= [e2rip(utetotp)e2rin(ets) — {] 


(4.4) fol, u+ 0+ at B) fy — E w+ a) 


+ [entrip(utotats) — g-2rip(ot8) | 


X folz, u +v + a+ B)f,(x — E, — v — $). 
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Then on making use of (3.5) we obtain a quadratic functional equa- 
tion of the function f,(x, u), namely 


fola + p, u + afolE+ p,0+ 8B) — folx, u + a) fol, v + B) 
= fl + p, u +o tat B)fp(x —&— p, uta) 
(4.5) — folk, u +u + at pfx — E u+ a) 
+ fols + pputotat p)fp(x — E, — v — B) 
— falz, u +v + at pfs —&— p, — v P), 
where (u+a), (v+8), (u+v-+-œa+8)#0 (mod 1), p=0 (mod 1). 
Next, on using (3.4) with (4.5) we obtain for the latter equation the 
following modified form: 
— f-p(1 — £ — p, — u — a) ET p, v + B) 
+ fll — x, — u — a)fp(, v + B) 
(4.6) = — fét p, u+ 2+ atpB- — rtt p, — ua) 
` + fol u +o t at pf- rt & — u a) 
+ fri — x — p, —u— v — a p)f-1— «+ E v+ 8) 
— f-»(1 — x, — u — v — a — AR. — x+ E+ p, v +B). 
Consequently, on replacing 1—x by x and —u—a by u-+a, (4.6) be- 
comes . 
J-(£ — p, u + a)folE + b, v+ B) — f-t, u + a)fo(E, v+ 8B) 
= fal + p, v — u +p- aft t E+ p, uta) 
(4.7) — fo, v — u +B — a)f-p(x + E, u + a) 
+ fle u — v + a — B)f-ole + E+ pot 6) 
— fle — pu ~v + a — p)fola + E 0+ B). 


Introducing (3.6) in equation (4.7) we obtain the following func- 
tional equation for the function f,(x, u), 


fo(x — p u + a@)fol(E, v+ B) — fole — 2p, ut aœ) folk + p,v-+ B) 
= fp(t,v—utB—alf,(etit puta) 
(4.8) — fot p, — u +B- afale t E u+ a) 
+ folz = p, u — v + æ — B)fp(x+ E, v +B) 
= folx — 2p, u — v + æ — B)falx + E+ p, v +B), 
where (u-+a), (v+8), (u—v+a—B) 40 (mod 1). i 
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The addition-theorem (2.3) for the function f(x, u) may be written 
in the form 
f(x, u + SE, 0+ 8) = f(x, u — vt a B)f(x t g 0+ 8) 
— fl v — u +8- aflat E u+ a), 
where (u+a), (v+8), (ua—v-+a—B) #0 (mod 1). 
Then on applying (3.3) to the equation (4.9) and simplifying, we 
_ obtain the following addition-law 
falz + p, u + afal — po F B) — Sola, u + afa, o + B) 
, = f£ + p, u — vta — B)fp(e+ei+t p vte) 
(4.10) — folz, u — v + a — B)fp(x + E, v+ B) 
+ falë — pv — ut B — afola + E u + a) 
— fo, v — u +B -— a)fa(x + E+ puut a), 
where p=0 (mod 1) and (u+a), (w+8), (u—v+a—ß) #0 (mod 1). 
If we apply (3.4) to (4.10), then replace 1—x by x and —u—a by 
u-+a, and finally apply (3.6), we obtain another functional equation 
Jol — 2p,u + a)fo(§ — p, v +B) — folx— p, u + a)fol, v+ 8) 
= f(x — 2p, u +v + a+ B)fp(« — E — 2p, — v — B) 
(4.11) —fole— p, u +v + at p)fle— E p, — 0 B) 
+ fl&— p utot aet f(x —E— puta) 
— fob u +v + at Bb) — E- 2b, u +a); 
_ where (w-++a), (9 +8), (u+v+a+8)#0 (mod 1) and p=0 (mod 1). 


Thus we have derived four addition-theorems for the function 
Sp(x, u). These functional equations were used in connection with the 
solution of a certain diophantine equation. 


(4.9) 


PURDUE UNIVERSITY 


ARITHMETIC UPON AN ALGEBRAIC SURFACE! 


B. SEGEE 


The title of my lecture is, I am afraid, probably misleading and 
certainly too ambitious. For, on the one hand, the connection be- 
tween arithmetic and geometry suggested by it is not the modern de- 
velopment in divisors theory, but an application of algebraic geome- 
try for arithmetical purposes. On the other hand, I shall confine the 
subject of this lecture to cubic surfaces in ordinary space, considered 
in the rational domain, so that a proper title would be for instance 
The geometry of ternary cubic Diophantine equations.” I prefer, how- 
ever, the more ambitious and inaccurate one, as suggesting the possi- 
bility of similar investigations for other surfaces, possibly considered 
in more general arithmetical fields. 

The short time at my disposal does not allow me to dwell on such 
extensions. I mention only that I have already completed an exten- 
sive arithmetical research on quartic surfaces; and that the whole 
subject—arithmetic upon an algebraic surface—seems to me to be 
so wide in scope, that I can envisage the possibility of further im- 
portant developments. ` 

Let us consider an ordinary space, where coordinates (x, y, 2) are 
introduced and points at infinity are defined in the usual way. I call 
rational an algebraic surface, or curve, or point set of this space when 
it can be represented by one or more algebraic equations with ra- 
tional coefficients, 


(1) F(x, y, 2) = 0 


say. Moreover, I call rational any such equation, and also any poly- 
nomial such as F(x, y, 3). 

The problem of finding the rational solutions in x, y, z of equation 
(1) can then be stated as that of determining the rational points lying 


va 


Received by the editors June 14, 1944. 

1 A lecture given at the London Mathematical Society, on December 16, 1943. 

2 On this subject cf. B. Segre, 4 note on arithmetical properties of cubic surfaces, 
J. London Math. Soc. vol. 18 (1943) p. 24; On a parametric solution of the equation 
x-+-43-+az3=b, and on ternary forms representing every rational number, ibid. p. 31; 
On ternary nonhomogeneous cubic equations with more than one rational solution, ibid. 
p. 88; A parametric solution of the indeterminate cubic equation z?=f(x, y), ibid. p. 226; 
A complete parametric solution of certain homogeneous Diophantine equations, of degree n 
in n-+-1 variables, ibid. vol. 19 (1944) p. 46. Another paper of mine, Ox arithmetical 
properties of singular cubic surfaces, will appear shortly in the same journal. . 

The present lecture sums up rather sketchily my previous results, to which it adds 
a few more, as for example the geometric construction of p. 156. Full details, together 
with further results, will be found in a forthcoming extensive and systematic work. 
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on the rational surface F, represented by (1). Moreover, a parametric 
solution 


(2) x = OAN) A) Y = O2(A)/O4(A), z= 83(A)/O4(A) 


of (1), where the 6’s are relatively prime rational polynomials in i, 
gives a rational unicursal curve lying on F. Likewise, a two-parameter 
solution 


(3) x= CA, H)/O4(d, H), J= OQ, B)/64(A, u), z= A(X, u)/O4(0, u) 


of (1), where the 8’s are now relatively prime rational polynomials in À 
and yp, gives a rational representation of F upon a plane a, on which 
(A, #) are coordinates of a variable point. The degree of a parametric 
solution (2) or (3) is defined as the greatest of the degrees of the poly- 
nomials 8 in (2) or (3) respectively. 

When the equations (3) induce a (1, 1)-correspondence between F 
and a, all the rational solutions of (1) are given by (3) either for ra- 
tional values of the parameters A, y, or as limits, when the parameters 
tend to certain sets of rational values. Hence I shall then say that 
(3) is a complete two-parameter solution of (1). 

From now on, I suppose F to be a rational cubic surface, repre- 
sented by the equation (1). This can be written in the form 


(4) do -+ hilz, ys z) + d(x, Yı z) + $3(x, Y: z) = 0, 


where ġo is a rational number and qu, de, $s are homogeneous rational 
polynomials in x, y, 2, of degrees 1, 2, 3 respectively, the two first of 
which may possibly vanish identically. F is said to be singular, if 
there are some points P(x, y, 3) (not necessarily rational, and possi- 
bly at infinity) which satisfy the equations (1) and 


(5) OF /dx = OF /dy = OF /dz = 0. 


Such a point P is called a double point of F if some of the partial 
derivatives of the second order of F do not vanish at P; otherwise P 
is called a triple point of F. A point P(x, y, z) lying on F, that is, which 
satisfies (1), is called a simple point of F if it does not satisfy (5). 

I now investigate the Diophantine equation (1) or (4), on supposing 
that F is irreducible and that a particular rational solution (xo, yo, Zo) 
is known. I shall show that, apart from a single trivial exception, 
it is then possible to deduce an infinity of rational solutions. By choice of 
the rational coordinates (x, y, 2), the rational point P(%o, Yo, Zo) can 
be taken at the origin, so that, from (4), ġo=0. I distinguish three 
cases, according as P is a triple point, or a double point, or a simple 
point of F. 
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t 
If P is a triple point of F, the equation (4) is 


$s3(x, Y, z) =.0, 
and can therefore be written in the form 
. (X, Y, 1) = 0, 


on putting X =x/z, Y =y/z2. The problem of finding the rational points 
of F is now that of determining the rational points of a plane cubic 
curve, and lies outside the scope of the present lecture. Hence I 
suppose that F has no rational triple points, and then it is easily 
seen that F has no irrational triple point, so that its only singular 
points (if any) are double points. 

If the origin P is a double point of F, the equation (4) becomes 


(6) h(x, Yı z) + p(x, y, 2) = 0, 


where ġ: and ġ; are two relatively prime polynomials, neither of which 
vanishes identically. There is now a (i,{)-correspondence between 
the rational points Q of F and the rational lines PQ containing P. 
This gives the following complete two-parameter solution of (6), of 
degree three: 


Som Adal, by 1)/s(d, By 1), M.S EDA, By 1)/¢a(r, By 1), : 
Z= — p, My 1)/¢a(A, H, 1). 
If P is a simple point of F, then in (4) we have ġo =0 but ġı(x, y, 2) 
does not vanish identically, and the equation ¢:(x, y, z) =0 represents 


the plane r touching F at P. On taking this plane as xy-plane, the 
equation of F becomes of the form 


(7) Z -+ pa(%, P, z) + h(x, V 2) = 0, 


and I further. distinguish two cases, according as a(x, y, 0) vanishes 
identically or not. 

When ¢2(x, y, 0)0, there is a (1,1)-correspondence between the 
rational points Q of F lying on v and the rational lines PQ of r con- 
taining P. Such œ! points Q are said to be obtained by means of the 
tangent plane process applied to F and P, and are all given by the 
following one-parameter solution of (7): 


SS) AdQ, 1, 0)/¢a(A, 1, 0), y= pÀ, 1, 0)/ds(A, 1, 0), z= 0. 


When ¢2(x, y, 0)=0 the tangent plane process cannot be applied, 
and the equation (7) has the form 


a[l + Yala, y, 2)] + gle, y, 2) = 0, 


where y; is a rational linear form in x, y, z. Hence, on putting 
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X=a/z, Y=yfe, Z= [1+ 4s, 9,2] /2, 
this equation reduces to the form 


(8) Z = f(X, Y), 


i 
where f is a rational cubic polynomial in X, Y, which cannot be writ- 
ten as a polynomial in a single linear function of X and Y. 

I have recently solved parametrically the general equation (8), by 
first reducing it to a convenient canonical form, and then using a 
method which has been already employed by Professor Mordell in 
a particular case. Here I solve the equation in another particular 
case, which is perhaps the simplest one in which the method can be 
applied. I add that I have previously solved parametrically some 
cubic Diophantine equations included in (8), by considerations of 
algebraic geometry. Professor Mordell then devised his purely alge- 
braic method, giving an independent proof and also an extension of 
these results of mine. I give now also a new algebraic-geometric pro- 
cess for solving parametrically the equation of any rational cubic sur- 
face.of which a rational simple point is known. This process can be 
applied to (8) in particular, and has the advantage of making intui- 
tive the solvability of this equation. 

I solve first the following particular case of (8): 


(9) st ryt = att pet ag 


where p, g, r are rational and r0. For this purpose, I remark that, on 
denoting by 6, $, Y the three roots of the cubic equation x*+ px++-q=0 
and putting 


et rity = JT [e+ n+ rq + u6)], 
46,4 


z — rity = TT [e+ ne? — 72 + y8)], 


Ted 


(10) 


the equation (9) is satisfied if 
(11) x — 6 = (E+ 26%)? — r(n + 46)? 


holds, together with two other similar relations in @ and y. Writing, in 
(11), — p0? —q9 for #4 and comparing coefficients of 6°, 61, 6?, we obtain 


(12) x= Ẹ — 97, 
= gh? + 2run, 
0 = 2AE — pt — ry. 


The last two equations give 


i 
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E= (PM + ry?)/24, n= (1 — gh?)/2rp. 


Hence, on substituting these expressions for £, 7 in (12), and in the 
two relations obtained by subtracting and adding the equations (10) 
together, we deduce x, y, 2 as rational functions of A, u, with rational 
coefficients, satisfying (9). 

I consider next a rational cubic surface F, of which a rational simple 
point P is known, and give the following geometric construction leading 
always to an infinity of rational points of F. 

A rational line r passing through P meets F again in a rational 
pair of points, H, K say. This means that H, K are either rational or 
quadratic conjugate; and we can suppose, by choice of r, that H, K, 
and P are distinct. I fix then another rational line s in a general posi- 
tion, and consider the twisted cubic curve, I say, uniquely defined 
by the conditions of osculating at H, K the sections of F with the 
planes Hs, Ks respectively. It is easily seen that F is rational and irre- 
ducible and does not lie on F. Hence T and F meet at 3:3=9 points, 
of which three are absorbed by H and three are absorbed by K, so 
that the remaining intersections constitute a rational triplet, M, N, O 
say. These three points are noncollinear and lie in a plane which does 
not contain P. 

Denoting by m the (obviously rational) tangent plane of F at P, 


. I finally consider the quadrics touching + at P and containing 
' M, N, O. These quadrics constitute a homaloidal system. It can be 


proved by means of the Cremonian transformation defined by them 

that it is possible to choose (in an infinity of ways) two such quad- 

rics, so that their intersection is an irreducible rational quartic curve, 

A say, touching Fat M, N, and O. A does not lie on F, and so meets F 

at 3-4=12 points, of which four are absorbed by P and two are ab- 

sorbed by each of the points M, N, O. The remaining intersections are 
12-—4-—2-3=2 


’ 


in number, and form a rational pair, S, T say. Clearly the line ST is 
rational and does not lie on F; moreover ST does not contain P, 
since A has no trisecants. Hence ST meets F again at a point which ' 
is distinct from P and uniquely defined, and therefore rational. This 
rational point assumes an infinity of positions on F,.on varying the 
lines r,.s and the quartic A considered above. 

It is easily seen that the irreducible rational cubic surfaces F which 
are singular, but not of the types already investigated, are of the fol- 
lowing three kinds. l 

(i) F has four nonrational and noncoplanar double points. 


1945] ARITHMETIC UPON AN ALGEBRAIC SURFACE 157 


(ii) F has three nonrational and noncollinear double points. 

Gii) F has two nonrational double points. 
I state now the following results concerning the corresponding Dio- 
phantine equations. 


In case (i), it is possible to obtain a complete rational two-parameter 
solution of the 3rd degree. 

In case (ii), there may be no rational solutions. When any particular 
rational solution is known, it is possible to deduce a complete rational 
two-parameter solution of the 6th degree. No complete two-parameter 
solution of degree less than six exists, except when F satisfies certain 
arithmetical conditions, in which case F has a complete rational iwo- 
parameter solution of the 3rd degree. 

In case (iii), F can always be solved parametrically, but in general 
there are no complete two-parameter solutions. 


In case (i), there is an infinity of rational twisted cubic curves 
containing the four double points of F, say A, B, C, D. In general 
one of these cubics is irreducible and does not lie on F, and so it has 
3-3=9 intersections with F, of which 2-4=8 are absorbed by A, B, 
C, D. Hence the remaining intersection is rational. It is possible to 
construct in this way all the rational points of F. A complete two- 
parameter solution of the 3rd degree can be obtained, on transforming 
F into a rational plane by means of the homaloidal system formed by 
the œ cubic surfaces having four double points at A, B, C, D. Simi- 
lar geometric arguments can be applied in case (ii). 

These indications may suffice, and I add only the following’appli- 
cations concerning two particular cubic Diophantine equations of 
types (i) and (ii) respectively. 

First put 

z = = (ky? — 2haz + 6) — R(x? + ko? — 2y#)?, 
= (ku? — 2kdy + w) — R(X + kr? — 2yw)?, 


where & denotes any nonzero rational number, and consider the cubic 
homogeneous Diophantine equation in x, y, 2, t: 


(13) ad/dx + bdb/dy + cd/dz + dab/at = 0, 
where a, b, c, d are any four rational numbers not all zero. A complete 
two-parameter solution of (13) is then 

OY av av A ov 


14 g: yizii = ——3— i —— ik — 
a9 i id ay du Oke be 


where the parameters are subject to the linear equation 
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(15) f kC + bu + av) + dw = 0. 


More precisely, ai] the rational solutions of (13) are given by (14) 
for rational values of \:u:v:w subject to (15), if k is not the square 
of a rational number. If k=p?, with p rational, the equation (13) has 
the additional solutions 


atpz=t+tpy=0 and «—pz=t— py = 0. 
Secondly.consider the rational cubic equation \ 
(16) a6? + b0? + c0 + d= O (a # 0), 


and suppose that it has three nonrational (and therefore distinct) 
roots 0, œ, Y. Hence (16) has a nonzero discriminant 


D = — 27a°d? — 4ac® + 18abcd — 4db? + b*c?. 
It is easily seen that the rational cubic equation 


(17) II (=+ 90 + 26%) = 

8h: Y 
is of type (ii). This equation has been solved parametrically by La- 
grange and Euler by taking 


(18) x + yO + 262 = (A+ uO + w03 TT (A+ 26 + 06%) 

OW 
and so on, where A, u, v are parameters of which only the ratios are 
significant. The rational two-parameter solution of (17) given by (18) 
is of the 3rd degree, and, in agreement with a previously quoted re- 
sult, is noncomplete. With the method indicated, however, it is possi- 
ble, from the particular solution 


x = 1, y= 0, z=0 


of (17), to deduce a complete rational two-parameter solution of the 6th 
degree. Moreover, it can be proved that the equation (17) has a com- 
plete rational two-parameter solution of degree less than six if and only 
if the discriminant D of (16) is the square of a rational number. When 
this condition is satisfied, (17) has in fact the complete rational two- 
parameter solution of the 3rd degree defined by the equation 


æ + yo + 26? = (A+ ud + re) + wh + wp?)?/ LO + w+: v6?) 


and by those obtained from it on permuting 0, ¢, sail 
I consider now the cubic surfaces which are nonsingular. It is well 


4 For a new approach to these surfaces, cf. B. Segre, The non-singular cubic sur- 
faces, Oxford, 1942. 
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known that any such surface F contains 27 lines, each of which may 
of course be rational or not. I first remark that F may contain no ra- 
tional points, as it is shown by the examples 


x? -+ 2y3 + 423 =9 and 23+ 2y3 + 723 = 14, 


which can be easily generalized. 

The determination of necessary and sufficient conditions for the 
existence of rational points on F is an important and difficult: ques- 
tion. I have not succeeded in solving this problem, but the considera- 
of certain arithmetical properties for the lines of F leads to some 
sufficient conditions. 

It must be noticed that F cannot contain one rational point without 
consequently having an infinity of rational points. For, since F is non- 
singular, a rational parametric solution can always be deduced from 
a single rational solution, as said before (p. 156). The number of pa- 
rameters involved’is not essential, and can be made arbitrarily large 
by a repeated application of the tangent plane process. In particular, 
it follows easily that: 

A nonsingular cubic surface F can be rationally represented upon a 
plane a if and only if F contains a rational point. 

Such a representation does not give in general a (1, 1)-correspond- 
ence between F and a. In fact, for the existence of a representation 
having this property, further conditions are required from F. I have 
studied these conditions, as well as those for the existence on F of 
nontrivial rational curves, that is, of rational curves which are,not the 
complete intersection of F with another rational surface. The results 
are unexpectedly simple, but I have no time now to dwell on them. I 
confine myself to pointing out the remarkable fact that these arith- 
metical conditions affect the 27 lines of F only. 

The 27 lines of the cubic surface 


(19) ax? + by? + cz = 1 (abc £ 0) 


can be obtained easily, and the general theory leads now to particu- 
larly simple results. On altering, in (19), x, y, z by arbitrary nonzero 
rational factors, and permuting arbitrarily x, y, z, we obtain an in- 
finity of equations of the same type as (19), any two of which will 
be called equivalent. 

I first consider the equations 


(20) ax? + acy? + cz = 1 (ac = 0), 
(21) a(a3 + y) + 2 = 1 (a = 0), 
(22) EE = 1, 
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which obviously are successive particularizations of (19). I can then 
state the result: È 

A cubic surface (19) contains some nontrivial rational curves, if and 
only if (19) is equivalent to an equation of the form (20). This condition 
is also necessary, but not sufficient, for (19) to have a complete rational 
two-parameter solution. An equation (19) has a rational two-parameter 
solution of degree three or four, possibly noncomplete, if and only if (19) 
is equivalent to an equation of the form (22) or (21) respectively. 

Such parametric-solutions of (22) and (21) have already been ob- 
tained by Euler and Hermite respectively, and these are both com- 
plete. I add that there are equations (20) having no rational solutions, 
as for example, the one obtained from (20) for a=1/2, c=1/7. When 
a single rational solution of (20) is known, it ts possible to determine a 
complete rational two-parameter solution of (20), of degree six. 

I consider next the following particularizations of (19): 


(23) + y+ ke + k = 0, 
(24)° x3 -+ yè + ke? + 2 = 0, 
(25) xi + yi + 223+ 2 = 0, 


where & is a nonzero rational number which is not twice the cube of a 
rational number, and state the following theorem. 

The equation (19) has solutions with x, y, 2 rational polynomials in 
a parameter d, of degree four or less, if and only if (19) is equivalent to 
one of the equations (23), (24), (25). By a proper choice of X, the solu- 
tions are as follows. The equation (23) has only the solutions 


x =A, yz —h, z=-—1 
and 
æ= —(9/EM+3, y= (9/EM¢, 2 = (9/E)M— 1. 
The equation (24) has only the solution 
x = (6/Rk)M — 1, y= — (6/1, 2 = (6/R)d. 


The equation (25), in addition to the three solutions given for k=2 by 
the previous expressions, has only the further solutions 


w= 42-641 a= (2/27) (4—4 — 60+ 17A—2), 
y=42—2\—-1 and ~—- y= (4/27) (24— 8+ 602 +-4A— 13), 
2=—4N4+4\—1 z= (1/27)(—8d#4+-2003— 240?— 16A-+37). 


The particular result following from this theorem on supposing 


1945] ARITHMETIC UPON AN ALGEBRAIC SURFACE 161 


a=b=c in (19) has previously been obtained by Professor Mordell, 
in an entirely different way. 

In conclusion, I regret I have had to dwell more on my results 
than on’ my methods. The latter are purely algebraic-geometric in 
character and, as I said at the beginning, can be extended and em- 
ployed in other directions. 

It may be noticed that my work does for cubic surfaces what 
Poincaré did for plane cubic curves more than 40 years ago. In my 
work, however, the use of geometry is more essential and far-reach- 
ing, since there are several properties of cubic surfaces which are 
arithmetically significant, and have no counterpart for plane cubic 
curves. For instance, the general cubic surface F is homaloidal, that 
is, F can be related in the complex domain to a plane by a |(1,1) 
algebraic correspondence. A similar result does not hold for the gen- 
eral plane cubic curve, since this is not unicursal, but elliptic. Another 

_important property having no analogue for plane cubic curves is that, 
F contains 27 lines, and that every algebraic curve lying on F can 
be constructed as partial intersection of F with another algebraic sur- 
face, the residual intersection being a set of lines of F taken with 
proper multiplicities. 

It ought to be mentioned that a few interesting, but isolated and 
comparatively elementary, examples of application of geometric ideas 
in the study of cubic ternary Diophantine equations have been given 
by Libri, Euler, Hermite and, in recent times, by H. W. Richmond. 

I am glad to have the opportunity of acknowledging that I owe the 
first stimulus for my research to Professor Mordell, who, a little more 
than a year ago, pointed out to me the geometric results of the au- 
thors just named, as well as his own arithmetical results on sums of 
three cubes. 


THE UNIVERSITY, : 
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THE PSEUDO-ANGLE IN SPACE OF 2n DIMENSIONS 


JOHN DzCICCO 


1. Introduction. The theory of functions of a single complex varia- 
ble is essentially identical with the conformal geometry of the real 
(or complex) plane. However, this is not the case in the theory of 
functions of two or more complex variables. Any set of n 22 functions 


of n complex variables with nonvanishing jacobian induces a corre- `- 


spondence between the points of a real (or complex) 22-dimensional 


euclidean space Ren. The infinite group G of all such correspondences 7 


is obviously not the conformal group of Re», which is merely the in- 
versive group of (n+1)(2n+1) parameters.’ Poincaré in his funda- 
mental paper in Palermo Rendiconti (1907) has called G the group 
of regular transformations. However, in an abstract presented before 
the American Mathematical Society, 1908, Kasner found it more ap- 
propriate to term it the pseudo-conformal group G. This name is now 
standard. 

In his work of 1908, which he later published in full in 1940, Kasner 
investigated the possibility of characterizing the pseudo-conformal 
group G of four dimensions (the case n=2 complex variables) in 
a purely geometric way.? His principal result is as follows: A trans- 
formation of Ry is pseudo-conformal if and only tf it preserves the pseudo- 
angle between any curve and a three-dimensional hypersurface at their 
point of intersection. This theorem demonstrates how the pseudo-angle 
may be used to characterize G within the group of arbitrary point 
transformations of Ry. 

We shall show in this paper how Kasner’s pseudo-angle theorem 
can be carried over to 2m dimensions almost without any change. The 
pseudo-angle is important also because all other differential invari- 
ants of the first order under the pseudo-conformal group are really 
combinations of this pseudo-angle.? 


2. The minimal coordinates. Let (x1, x2, *** , Xas Yu Yoy *** , Ya) 


Presented to the Society, September 13, 1943, received by the editors July 6, 1944. 

1 The conformal group of a euclidean space Rm of any dimension m>2, odd or 
even, is the inversive group of (m+1)(m-+2)/2 parameters (Liouville’s theorem). 
Fialkow has studied the conformal geometry of any curve not only in a euclidean 
space Rn but also in any riemann space Vm. See his paper, Conformal geometry of curves, 
Trans. Amer. Math. Soc. vol. 51 (1942). 

2 Kasner, Conformality in connection with functions of two complex variables, Trans. 
Amer. Math. Soc. vol. 48 (1940) pp. 50-62. 

3 See Kasner and DeCicco, Pseudo-conformal geometry: Functions of two complex 
variables, Bull. Amer. Math. Soc. vol. 48 (1942) pp. 317-328. 
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= (Xa, Ya) denote the cartesian coordinates of a real or complex euclid- 
ean 2n-dimensional space R2,. We shall find it convenient to introduce 


the minimal coordinates (21, te, °° © , Unj Ui V2, °° * , Yn) = (Ua, Va) de- 
fined by 
(1) Ua = tak Ve Va = Xa — Yay 


for a==1,2,- ++, n. The inverse of this correspondence is 
(2) Xa = (Ua + Va)/2, Ya = (ta — Da)/2i. 


The following relations are noted between the partial derivatives i in 
' minimal coordinates and cartesian coordinates: 
} 


@) a ae 2) a ‘(24 :2)) 
= —(— —i—}], = — i f 

Ove 2 \Oxe Oa Ôa 2 Nka Ya 
The operators ð/ðua may be called the mean derivatives; and the oper- 


ators 0/dv, may be termed the phase derivatives.‘ 
In minimal coordinates, the square of the linear element ds is 














(4) ds? = 3 dalta. 


The angle 6 between any two curve elements through a common point 
is 

n 

DD ae aig Hr] 


asl 


(5) cos 9. = amama aa 


n n 1/2 
2 I( >> dugat) ( > ins as?) | 
aol Quel 
\ 


3. The pseudo-conformal group. This is given in minimal coordi- 
nates by 


(6) Ua = Ualti Ua,+** 5 Un), Va = Valor, 02, eee, On), 


for a=1,2, ++ -, n, where the jacobians |0U2/dr,| and |3 Va/ðvg| are 
each not zero. Our problem is to inaugurate the study of this group 
in detail.’ 

In what'follows, we shall omit from consideration the special mini- 
mal n-flats u.=const. and va=const. Our pseudo-conformal group 
may be defined as the direct part of the total mixed group preserving 
these 2 %7 special minimal n-flats. 


t Kasner, The second derivative of a polygenic function, Trans. Amer. Math. Soc. 
vol. 30 (1928). Also Kasner and DeCicco, The derivative circular congruence-representa- 
tion of a polygenic function, Amer. J. Math. vol. 61 (1939) pp. 995-1003. 
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4. The pseudo-conformal geometry of differential elements of first 
order. We shall be interested mainly in the geometry of the curve ele- 
ments at a fixed point of Ran. These form a (27 —1)-dimensional mani- 


fold Dan. 

Let (Qi Q2 e.ta dn; Yi Yo, AE, Wn) = (bas Wa) be any set of num- 
bers (not all zero) proportional to the differentials (du, duz, - © , dun; 
dvi, duz, + > + , dun) = (dug, dOa) respectively so that pa = pda, Ya = pdvg. 


Then any such set and only those sets proportional to it define, in 
homogeneous coordinates, any curve element e of Deen. 

The pseudo-conformal group’G induces the (2n?—1)-parameter 
group Gent- among the curve elements of Zn_1 defined as follows: 


(7) pb. = D lagbe, pVa= 2, bape, 

pol Bol 
for a=1, 2, +++, n, where the determinants | dap| and | baal are each 
not zero. 


5. The isoclines. An isocline Y2, of 27 dimensions where 0<7 <n is 
defined by the system of (2n — 2r} linear equations of the special forms 


(8) F raphe = 0, >” papa = 0, 
Bol Bl t 
for a=1. 2, - - - , n—r, where each af the matrices (Ags) and (uaa) is 


of rank (n—r). 

A consideration of these equations will show that there are o% 2r(»—") 
isoclines ‘Yo in Zen. Also r curve elements which do not lie in a 
lower dimensional isocline determine a unique 27-dimensional iso- 
cline. Of course, two distinct isoclines will intersect in an isocline 
whose greatest possible dimension is equal to the lowest of the two 
given isoclines or else they will have no common curve elements. 


THEOREM 1. Under the induced pseudo-conformal group Gent), any 
two 2r-dimensional isoclines are equivalent. Any tsocline Yz is a pseudo- 
conformal manifold Eor) contained in the larger pseudo-conformal 
manifold Een). 


The proof of Theorem 1 is as follows. By applying (7) to (8), any 2r- 
dimensional isocline becomes a 27-dimensional isocline under Gen2_1). 
Any isocline Yə may be carried into the canonical isocline ya (0) 

(9) rot = bre =e = Go = 0, Yor =r = °° =, = 0. 


By the preceding, we may note that (1, $2, © © © ri Yir Po, © © °, Wr) 
may be used as homogeneous coordinates of any curve element of the 
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canonical isocline y2,(0). By this remark and by determining the sub- 
group of Gent» preserving Y2,(0), it is seen that the proof of our Theo- 
rem 1 is complete. 


6. The pseudo-conformal geometry of two curve elements. In the 
first place, it is observed that the most general transformation of 
Ge,2-1) which will carry the curve element (1,0,---,0;1,0,---,90) 
into the curve element (p:2%, py) is of the form 


i 1 z 1 n 
(10) pBa = Pmb. pi + D5 aabo Va = EE tit D> bagte. 
p=2 p=2 


Any curve element which lies in the isocline of dimension two de- 
termined by (1, O0,---, 0; 1,0,---, 0) must be of the form 
($, 0, -+ ,0;Y®, 0, <- <, 0). The transform of this is 

; (2) D, @) (2) D, 

(11) Pa = mPa i , Pa = pa yi . 
These immediately guarantee that the transformed element (4, 
WY) is in the isocline determined by (®, YY). Moreover the ex- 


pression 
o, @) D, 0 


(12) ' (Ba [Va ) (We [Ba ), 

which is the same for &=1, 2, - -- , n, is invariant. By taking the 
logarithm of this invariant, and then multiplying the result by 1/27, 
it is found by (5) that the resulting invariant represents the angle be- 
tween the two given curve elements. j 


THEOREM 2. Two curves elements e, and ez which lie in the same two- 
dimensional isocline Y2 possess the unique invariant 


+ 1 Qa Wa 
(13) 8 = — log —--—-; 
2 yp pD 
which is the same for all a=1, 2,---, n. It actually is the angle be- 
tween the two curve elements ej and ez. f 


It may be proved that any pair of curve elements not in the same 
two-dimensiónal isocline may be carried into any other such pair. 
Thus two curve elements will possess a differential invariant of the 
first order if and only if they lie in the same two-dimensional isocline 
2. In that case, they have a unique invariant which is actually the 
angle between them. 


7. Kasner’s pseudo-angle. Any (2n —1)-dimensional hypersurface 
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element San- Of Eens- May be given by the equation 
(14) 2 (Rabe + Tala) = 0. 
steal 
The homogeneous coordinates of any hypersurface element of (2n —1) 
dimensions are (kı, ke, © © © , kni hh, be, + ++ 5 ln) = (kas la). 

Since we wish to omit from consideration those hypersurface ele- 
ments which contain the special minimal n-flat elements, neither all 
the k's nor all the /’s are zero. 

The transformation formulas between the (27 —1)-dimensional hy- 
persurface elements Sen—1) in Pen) are 


(15) ` aks = >> dapKay aly = Sars 
aml anal 
for 8=1, 2,- , m. 
Let e(@., Wa) be any curve element of Denn. The two-dimensional 
isocline determined by e is given parametrically by 


(16) Pa = Tha, Pa = SPas 


where r and s are the variable parameters. This isocline intersects the 
hypersurface element Ser- given by equation (14) in the curve ele- 
ment e*(®,, Va) given by 


h n ' 
(17) s > = ` a labas = = ‘a kapa. 
$8 a=l We aes 
By Theorem 2, the angle between the two curve elements e and e* is 
invariant. Therefore it is an invariant between e and Sen. 
We shall now show that the angle obtained above is the unique in- 
variant. Any curve element e may be carried into the canonical curve 


element e(1,0,--++,0;1,0,---.0). By (10), it is seen that the 
group preserving this canonical curve element e must satisfy the 
conditions én = by = p1, @a=be=0, for a=2, 3,---+, n. Hence (15) 
may be written in the form 
ok, = pK, oh = pili, 
. (18) n n 
oka = o 0aKa, olg = È bagLas 
amal a=] 


for 8=2,3,---,n 
By choosing a1,=o0kg/K, for 8=2, 3, - - - , n, the above transfor- 
mation carries the hypersurface element (ka, la) into the hypersurface 
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element (Ki, 0,---, 0; La 0,---, 0). This clearly proves that a 
curve element e and’ a TEE element Ssn—ı possess only one 
invariant. 


THEOREM! 3. A curve element elba, Ya) and a (2n —1)-dimensional 
hypersurface element San—1(Ra, le) possess only the single invariant 


1 n n 
(19) 6 = — log |- > lala 5> katte |. 

2i a=] aal 
This is Kasner’s pseudo-angle between e and Senı. It represents the 
actual angle 0 between e and the curve element e* in San. such that e and 
e* are on the same two-dimensional tsocline. 


In the next and final section, we shall show that the pseudo-angle 
characterizes the pseudo-conformal group.G. It is remarked that this 
is a direct generalization of the fact that the group of functions of a 
single complex variable is identical with the conformal group of the 
plane. 


8. Characterization of the pseudo-conformal group G by the 
pseudo-angle. We shall prove the following fundamental theorem 
which is essentially Kasner’s characterization in 2” dimensions. 


THEOREM 4. A transformation of 2n-dimensional euclidean space Ron 
ts pseudo-conformal if and only if it preserves the pseudo-angle defined 
(in cartesian coordinates) by 


Di Prada + Fyat ya) 
(20 pana See 

2 (E zad Ya Ea Eyal £a) 

az] 
between any curve Ci%q=%Xa(t), Ya=Yalt), and any (2n—1)-dimensional 
hypersurface Sen): F(X1, Xo, © * ©, £a; Yn Ya ° * * , Wn) =0 at their com- 
mon point of intersection. 


Any arbitrary transformation T with nonvanishing jacobian in- 


duces at any given point a general projectivity in Zen- which in 
minimal curve element coordinates may be written as 


(21) p% a (tagh + base), Va = Dy (bagte + Gasp). 
ß=1 p=1 


Also this projectivity in hypersurface element coordinates may be 
written as 
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(22) ohg = F (@apKat Gaphe), olg = Y (bagla + bagKa), 
asl aml 
where the determinants of the coefficients are not zero. 

Now let T preserve the pseudo-angle (20). In minimal coordinates, 
this may be written in the form (19). Then the fraction of (19) is 
equal to the same fraction with the small letters replaced by the capi- 
tal letters. Upon eliminating ®,, Ya, kg, ls by means of (21) and (22) 
in this resulting identity, we find 


È Lalbagha + casts) F YalbyiLy + bnK,) 
a pal y y =l 


OJ oe 
S* Ka(dashe + bat) Y bs(aysKy + ayl) 
a,p=l 7,651 
` Now this must be an identity for all (Qa, Ya, Ke, La). Placing the 
coefficients of ¢% and y3 equal to zero, we find 


[ 2 cae | È (uka aista) | =0, 


(24) 


| Stoke || È ety + oak.) | =o. 
az y=l 
These are identities in K and L. Now the second factors of each of 
these equations cannot identically vanish for then the determinant 
of (2t) or (22) is zero. Therefore the preceding equations will be 
identities if and only if the first factors are identically zero. There- 
fore azg = bap =O for all a, B=1, 2,---, 2. 

Since @jg=bjg=0, our transformation (21) or (22) is induced 
pseudo-conformal. Our Theorem 4 is therefore proved, for this result 
is valid at any fixed point. 


ILLINOIS INstiTuTE OF TECHNOLOGY 


' BI-ISOTHERMAL SYSTEMS 
EDWARD KASNER AND.JOHN DeCICCO 


1. Introduction. A pair of functions of two complex variables with 
nonvanishing jacobian induces a correspondence between the points 
of a real (or complex) four-dimensional euclidean space Ry. The in- 
finite group G of all such correspondences is not the conformal group 
of Rs, which is merely the inversive group of fifteen parameters. In 
1908, the senior author termed G the pseudo-conformal group. This is 
now standard terminology. (See papers by Cartan, Carathéodory, and 
S. Bergmann.) It will be recalled that Poincaré, in his fundamental 
Palermo memoir of 1907, tentatively called G the regular group. 

In 1908, Kasner showed that the pseudo-conformal group G is 
characterized by the preservation of the pseudo-angle between any 
curve and a hypersurface at their common point of intersection.’ This 
is a proper generalization of the well known result that the group of 
functions of a single complex variable is identical with the aia 
conformal group of the plane. 

In R, there is a class of surfaces which is transformed into itself 
under the infinite pseudo-conformal group G such that the induced 
correspondence between any corresponding pair of such surfaces is 
(direct) conformal. Any such surface is said to be a conformal surface. 
The term analytic surface is also in use. 

Upon projecting orthogonally (by means of absolutely perpen- 
dicular planes) a conformal surface upon a pair of selected coordinate 
planes, the three induced correspondences (surface on each of the two 
planes, and plane on plane) are each conformal. Thus any conformal 
surface may be defined by means of a conformality between the 
selected pair of coordinate planes. 

We shall say that a bi-isothermal system of œ? curves in R, is any 
system which is pseudo- conformally equivalent toa parallel pencil of 
œ? straight lines in Ry. Any such system consists of ©? isothermal 
families of œ! curves, each such family lying upon a conformal sur- 
face. 

We define a bi-isothermal system of œ! hypersurfaces in R4 as any 
system which is pseudo-conformally equivalent to a parallel pencil of 
1! hyperplanes in Ry. Any bi-isothermal system of hypersurfaces 
may be defined by placing a biharmonic function equal to an arbi- 


Presented to the Society, December 27, 1942; received by the editors July 6, 1944, 
1 Kasner, Conformality in connection with functions of two complex variables, Trans. 
Amer. Math. Soc. vol. 48 (1940) pp. 50-62. 
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trary.constant. In that case, the constant may be called the bi-iso- 
thermal parameter. Of course, it is seen that, in general, a bi-isothermal 
system of œ! hypersurfaces may be defined by placing a function of 
a biharmonic function equal to an arbitrary constant. 

We find the following theorems on bi-isothermals fundamental in 
the geometry of functions of two complex variables. 

1. The pseudo-angle between any bi-isothermal system of hypersur- 
faces and any bi-isothermal system of curves is a biharmonic function. 
This may be considered to be an extension of a theorem of Lie concern- 
ing isothermal systems in the plane. (See also a generalization to sur- 
faces to appear in Proc. Nat. Acad. Sci. U.S.A., February, 1945.) 

2. Any bi-isothermal system of hypersurfaces is intersected by a 
conformal surface in an isothermal system of curves. 3. If a surface 
is intersected by every bi-isothermal system of hypersurfaces in an 
isothermal system of curves, then the surface is conformal. 4. If a 
given system of œ! hypersurfaces is intersected by every conformal 
surface in an isothermal system of curves, then the given system of œ! 
hypersurfaces must be bi-isothermal.? 


2. Minimal coordinates. Let (xı, x3; Yı y2) define cartesian coordi- 
nates in the euclidean space Ry. We shall find it convenient to intro- 
duce the minimal coordinates defined by 


Uy = xı + iyi, v = tı — iy1, 
Uz = Xe + iya, Ve = Xy ~ iyo. 


(1) 


It is noted that the relations between the partial derivative opera- 
tors in minimal and cartesian coordinates are 


a 1/84 ô a 1/əð 8 
Ba ee, 
Ou 2 Oxy Oy1 Ov, 2 OX ðyı 


ð 1 ( ð ô ) ô., 1 ( ð ô ) 
— = —| — — i — ], — = —( — + i—]. 
Ou, 2 \Oxe Oye O02 2 \dx2 Oye 
The operators 0/0u, and 0/0 are called the mean derivatives and the 
operators 0/du and ð/ðv are termed the phase derivatives: 


(2) 


2 These,theorems may be considered to be extensions of various theorems given in 
the paper of Kasner, Biharmonic functions and certain generalizations, Amer. J. Math. 
vol. 58 (1936) pp. 377-390. ; 

3 Kasner, The second derivative of a polygenic function, Trans. Amer. Math. Soc. 
vol. 30 (1928) pp. 803-818. Also Kasner and DeCicco, The derivative circular congru- 
ence-representation of a polygenic function, Amer. J. Math. vol. 61 (1939) pp. 995-1003. 
Also a forthcoming paper in Scripta Mathematica, 1945. 
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Ia minimal odias, Hes square of the linear element ds is 
(3) . ds? = duydv, + dugdre. 


The cosine of the angle 6 between any two curve elements through a 
common point is 


a), (2) (2), @) ad), (2) (2), (1) 
du Uy dv, + du; dv; + dup doz + duz duz 


(4) cos 6 = —— m mM 
2[(du DdD + du®do)(duPdo® + du®dy®) JH? 


3. The infinite continuous pseudo-conformal group G. This is de- 
fined by 


(5) 0; = Tilt, uz), Vi = Vila, 0), 


U2 Ulus, tte), Vo = Falu, 02), 
where the jacobians 0(Ui, U2)/ð (u1, u2) and 0(Vi, V2) /A(01, Ya) are 
each not zero. 


We have already found all the possible differential invariants of the 
first order of this infinite continuous pseudo-conformal group G.4 


3 

4. Kasner’s pseudo-angle. A hypersurface S3: F(t, Uz; vu, v2) =0 
and a curve Ciu=u(i), uz=u:(f); n =n(), v2=0(t) possess the 
fundamental differential invariant of first order . 
| Fado + od 


(6) 0 . 
Fy,duy + Fudo 


i 


This represents the actual angle @ between the given curve C and the 
curve of intersection C’ between the hypersurface S; and the unique 
conformal surface determined by the curve C. 


5. Bi-isothermal systems of œ? curves. A system of œ? curves is 
bi-tsothermal if it is pseudo-conformally equivalent to a parallel pencil 
of straight lines in Ry. By means of (5), it is seen that any bi-isother- 
mal system of œ? curves may be given by equations of the.forms 
X(u1, #2) = const., a(o, V2) = const., 

v(i, #2) + w(a1, 12) = const. 


(7) 


It therefore follows that any such system of œ? curves may be de- 
fined by a system of three differential equations of the forms 


(8) duo/duy = alu, us), d02/dv, = B(01, v), 
a du,/duy = x(n, ve) /5 (1, Ue). 


1 Kasner and DeCicco, Pseudo-conformal geometry: Functions of two complex varta~ 
bles, Bull, Amer. Math, Soc. vol. 48 (1942) pp. 317-328. 
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Conversely, the œ? integral curves of any system of differential equa~’ 
tions reducible to the form (8) must be a bi-isothermal system. 

Since any conformal surface is given by equations of the form 
Iur, U2) =0, (v1, v2) =0, it follows by (7) that any bi-isothermal sys- 
tem of œ curves consists of œ? isothermal families of 1 curves, 
each such family lying on a conformal surface. 


6. Bi-isothermal systems of œ! hypersurfaces. Any system of «1 
hypersurfaces which is pseudo-confcrmally equivalent to a parallel 
pencil of «1! hyperplanes is said to be bi-isothermal. Clearly the 
system 


(9) Jun ua) + g(v1, 02) = const. 


is bi-isothermal. In this form, the canstant is said to be a bi-isother- 
mal parameter. : 

Conversely let F(t, U2; 1, v2) = const. define a bi-isothermal system 
of «1! hypersurfaces. There must exist a function ¢(F) which is a 
biharmonic function of (u1, u2; vı, v2). Therefore, in consequence of 
the fundamental Poincaré conditions, we find 


(10) Wess Faye a Ruw E Fung = Eum 
Enfo Fukos Pu Po, Fuk oy 


must be a function of F only. Thus A must satisfy the additional 
third-order differential equations 


(11) m n 


Therefore, we have proved the following result. 


THEOREM 1. The necessary and sufficient conditions that F(u, us; 
v, v2) =const. define a bi-isothermal system of œ1 hypersurfaces is that 
F satisfy the system of six partial diferential equations of third order, 
given by (10) and (11). 

Upon substituting (8) and (9) into (6), we darove the following 
proposition. 


THEOREM 2. The pseudo-angle between any bi-isothermal system of 
œl hypersurfaces and any bi-isothernal system of œ? curves is a bi- 
harmonic function of (t, u2; v, v2), that is, 0 is gwen by an equation 
of the form 8 =h(in, uz) +k, 2). 


In the next and final section, we shall give certain theorems which 
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may be considered to be generalizations of certain theorems of Kasner 
-which characterize biharmonic functions. 


k 

7. Bi-isothermal systems of œ? hypersurfaces and conformal sur- 
faces. A conformal surface S induces a conformal correspondence 
between the (x1, y1) and the (x2, ye) coordinate planes. Thus Sz is de- 
fined by the equations uz = uz(u), ¥2=ve(v1). By the induced conformal 
correspondences, it follows that an isothermal system on the (x, y1) 
coordinate plane corresponds to an isothermal system on the (xz, Y2) 
plane, and also to an isothermal system on the given conformal sur- 
face Sp. 


THEOREM 3. Any bi-isothermal system of ~1 hypersurfaces is inter- 
sected by a conformal surface in an isothermal system. 


This result is obtained by substituting the equations of a conformal 
surface into the equation (9), defining a bi-isothermal system of hy- 
persurfaces. 


THEOREM 4. If a surface is intersected by every bi-isothermal system 
of ~1 hypersurfaces in an isothermal system of curves, then the surface ts 
a conformal surface. 


Any surface S may be given by the equations ue=uz(ti; 1), 
w =o (1, 21). Upon substituting this into the equation (9) defining any 
bi-isothermal system, the resulting system of 1 curves must be iso- 
thermal. Hence ‘ 





lo [ates eee) sige ~“ 
Eri + 8 v,002/d01 + Fu.0U2/ O01 


This must be an identity for all values of the partial derivatives of f 
and g. 

The above equation involves partial derivatives of the third order 
in f and g. Upon setting the coefficients of fu,uu, and ganv, equal to 
zero, we discover that du2/d0; =0 and dve/du,=0. This proves that the 
surface Sz is conformal. Theorem 4 is completely proved. 


(12) 


ÂU 


` THEOREM 5. I f a given system of œ! hypersurfaces is intersected by 
every conformal surface in an isothermal family of curves, then the system 
of ~1 hypersurfaces is bt-tsothermal. 


Let the given system of ©! hypersurfaces be F(w1, u2; 21, v2) = const. 
Substituting the equations of any conformal surface u:,=u2(m), 
¥:=v2(71) into it, the resulting family must be isothermal. Hence we 
have 
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(13) 





ð? 1 [= + SS] 
Oo eee 
En + F ,.dto/ dv; 

This is a differential equation of the second order in the total de- 


rivatives of uz = uz(u1), Y2=02(v1) which must be identically zero. Upon 
setting the coefficients of d?u2/du? and d?z2/dv? equal to zero, we find 


Fuk ug — Fufu) + PuP usc, — Fu uyr,)d02o/dr = 0, 
PoP uv F FoP uan) + (EnF uso T FoF uro) du/dut = 0. 


These identities yield the equations (10). 
Substituting these into the equation (13), we find 


ð doz ð ‘ dug 
(15) —| Fn + Fn — |A = — | En + Fu Seja, 
5 Ou, d G0, 


02,001 


(14) 


OL dur 


Upon setting the various coefficients of duz/du, and dvz/dv of the 
above equation equal to zero, we obtain the equations (11). 

Thus the hypothesis of Theorem 5 has led us to the conditions (10) . 
_ and (11) for a bi-isothermal system of «1 hypersurfaces. This com- 
pletes our proof. 


COLUMBIA UNIVERSITY AND 
ILLINOIS INSTITUTE OF TECHNOLOGY 


PROJECTIVE DESCRIPTION OF SOME PLANE SEXTIC 
CURVES DERIVED FROM CONICS AS BASE CURVES 


SR. INGONDA MARIA VON MEZYNSKEI, S.SP.S. 


Introduction. Comparatively few of the plane sextic curves are 
known. None of the papers written about them gives a complete 
treatment or a classification of these curves. The sextics appear more 
or less isolated in the different treatises. Apparently the methods em- 
ployed produce only a very limited number of sextics. 

The projective method of deriving higher plane curves described 
by Dr. H. P. Pettit in his Projective description of some higher plane 
curses! allows a more systematical study of sextics and especially a 
direct construction point by point. 

Iris the purpose of this paper to give a projective description of 
some of the sextics that can be derived by this method, if conics are 
the base curves. The number of types of these curves which could be 
generated by this method is here limited to 354 by giving the triangle 
of reference special positions with respect to the base conics. 


Discussion of the general curve derived from conics as base curves. 
The method described by Dr. Pettit in his Projective description of 
some higher plane curves is as follows: 

Let there be given two curves, C, of order z and C of order m, two 
projective pencils Ai, Á; and one connecting pencil A» in the plane. 
Any line on A; cuts C; in points and the z lines joining these points 
to Az cut Cz in mn points, which determine mn lines on A; cutting 
the line on A: in points of the generated curve. 

For the present purpose let A1, A2, A; be the vertices of the triangle 

of reference and let the equation of the pencil on A; be 


(1) te — Az = 0, 
that of the pencil on Ae be 

(2) zı — uz = 0,- 
and that of the pencil on A; be 

(3) xı — va, = 0. 


Let the equations of the base conics be 


Presented to the Society, August 14, 1944; received by the editors July 11, 1944. 
1 Dr. H. P. Pettit, Projective description of some higher plane curves, Téhoku Math. 
J. vol. 28 (1927-1928) pp. 72-79. 
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(4) - mai + PEN +u: = 0, 
(5) De + 013 + m%s = 0, 
where : 
Uo = a, : : Do = f, 
ty = 2(gx_ + hx), E 1 = (g'a + fx), 
Uz = bis + cus + 2fxexs, t= a! a + b! x9 + 2h’ xix. 


If we eliminate x1, x2, x3 from (1), (2) and (4), (4) takes the form 
Jle, ^, 1) =0, and if we eliminate a1, x2, xs from (2), (3) and (5), (5) 
takes the form ¢(uy, u, v)=0. Then eliminating u from f(u, A, 1) =0 
and ¢(upr, g, vy) =0 and expressing \ and v again in terms of x1, X2, %3 
from (1) and (3) we obtain the equation of the generated curve 


22 2 
(6) (uovox1%3 — tee) — %1%3(U90141%s — um) (uy0ox1%3 — uw) = 0. 


Hence the general curve derived by this method, if conics are the base 
curves, is an octic curve. It follows from the equation (6) that the octic 
passes through the intersections of the quartic 


5 22 

Q: : UgdgX1X%3 — UT = 0 
with the cubic 

Ci: UXX — Uy. = 0 


and the cubic 


N 


Ca: UyV0X1%3 — U = 0. 


The quartic Q counted twice is generated by the same method, if A 
is the pole of x:=0 with respect to the first base conic (4) and Ag is 
the pole of x3=0 with respect to the second base conic (5). The base 
curves for the generation of the quartic are then | 


(a) A +u: = 0, 
(b) n + Tots = 0, 


The conic (a) passes through the intersections of 7,=0, uı=0 with 
the conic (4) and it is tangent to the lines u,=0 at the intersections 
of xı=0 with (4). The conic (b) passes through the intersections of 
x3=0, v,=0 with (5) and it is tangent to the lines v,.=0 at the inter- 
sections of x3=0 with the conic (5). 

By the same method the cubic C, is generated, if 


1945] SOME PLANE SEXTIC CURVES DERIVED FROM CONICS 177 


(a) tox, + u = 0, 
(b) ve + Vix = 0 
are the base curves. The line (a) passes through the intersection of 
xı=0 with w,=0. It cuts (4) in the points in which u=0 cuts (4) but 


not in the points where xı=0 cuts (4) at the same time. The conic (b) 
has contact with (5) at both the intersections of x3=0 with (5). It. 


passes through A3. 

The cubic Cz is generated, if 
(a) 1%, + u = 0, 
(b) vı + %3 = 0 


are the base curves. The conic (a) passes through A; and has contact 
with (4) at both the intersections of xı=0 with (4). The line (b) passes 
through the intersection of x;=0 with 7,=0. It cuts (5) where m=0 
cuts (5) but not at the point where x3=0 cuts (5). 

Thus the quartic and the cubics can be constructed easily and the 
intersections of these curves can be found geometrically. Algebraically 
the intersections of the quartic with the cubic C; are given by 


(7) swf [b(2gv2 — axını) — 2fho.] — 4h ve[(f — bejo + abc! x;]} = 0. 


Since a quartic and a cubic intersect in twelve points, four of the in- 

tersections are at A3. Two intersections are at A, two given by »=0 

are where x3=0 cuts the conic (5) and the other four given by the 

expression in the braces are outside of the triangle of reference. 
The intersections of Q with C; are given by 


(75 vixi [b(2g02 — aay) — 2fhve] — 4h vel (f — bejo + abe’ x;]} = 0. 


Hence two of them are at 4s, four at Ai, two where x,=0 cuts the 
conic (4) and four given by 


(8) [b(2ge2 — axm) — 2fhv2]” — 4h'v2[ (f° — beoe + abe'zi] = 0 


are outside of the triangle of reference. Comparing (7) with (7’), we 
see that the quartic cuts the cubics in the same points outside of the _ 
triangle of reference. 

The intersections at A; and As are quadruple points of the octic, 
for x=0 cuts (6) in x#x$=0. The line x1=0 cuts (6) in the double 
points given by u3=0, and x3=0 cuts the octic in the double points 
given by 3=0. These four double points are where x1=0 cuts the 
conic (4) and where x3=0 cuts the conic (5). The four intersections 


178 INGONDA VON MEZYNSKI {February 


outside of the triangle of reference are also double points of the octic, 
for any line satisfying (8) cuts the octic in points given by 


(katı + koxa) (Ky — 21%sK2K;) = 0, 


where K; is an expression of the third degree in x, sand Ko, Kz are 
of the second degree in x1, x3. kixi-+ksv3=0 gives a point of intersec- 
tion of a line given by (8) with the octic or with the quartic and the 
cubics. But this point is a double point of the octic as follows from 
the above equation. Thus we have the following theorem. .. 


THEOREM I. If the base curves are conics, the curve generated by thts 
method is generally an octic curve with two quadruple points and eight 
double points. 


This octic curve will degenerate into sextic curves, if (a) Ai is on 
the first base conic (4) or what is the same if A; is on the second base 
conic (5); (b) if As is on one of the base conics; (c) if the line 414; 
passes through two intersections of the base conics.? These degenera- 
tions of the octic produce only sextics with deficiencies zero and one. 
The singularities occurring are quadruple points and double points. 
If by this method sextics with a higher deficiency can be generated 
when conics are the base curves has not yet been determined. Like- 
wise it remains a question whether or not there exists the possibility 
of obtaining by this method sextics with triple points when conics are 
the base curves. ` 


Sextics with one quadruple point and three double points. Let A’ 
be on the first base conic (4). Then the equation (6) becomes: 


. 2 
ve [u0 + 1X1%3(t100%1%3 = uav) | = 0. 


Hence the lines 2 =0 break off from the octic and the generated curve 
is a sextic. Since the lines v2=0 split off from the octic, 4; becomes a 
double point and the intersections of x3=0 with (5) become ordinary 
points of the curve. The equation (8) reduces to 230. Therefore there 
are no double points outside of the triangle of reference. 


THEOREM II. The generated curve is a plane sextic with one quadruple 
poini and three double points, if A, ts on the first base conic. The equa- 
tion of this sextic is 


2 
(9) UD F U1X143(u Vox 1e3 — Uo) = 0. 
Just as in the construction of conics by means of projective pencils 


2 Ibid. pp. 77-78. 
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the line corresponding to the line joining one vertex to the other is a 
tangent to the conic at the other vertex, so also here. The tangents 
to the sextic at the quadruple point A, are the lines corresponding to 
A;A, and the tangents at the double point A; are the lines correspond- 
ing to Aå; in the projectivity set up. The equation of the tangents 
to the sextic at A, is 


2 2 2 
c'uyx3 — 2¢'uyuexs + a'u: = 0. 


Let the line A4, cut the second base conic in B; and Be. Then there 
can be distinguished seven kinds of quadruple points as follows: 

1. Quadruple point of the 1st kind: All four tangents are real and 
distinct. The lines 4B; and 42B: cut the first base conic in real and 
distinct points. 

2. Quadruple point of the 2nd hind: Two of the tangents coincide 
and the others are real and distinct. One of the lines A2B,; or A2Bo 
is tangent to the first base conic and the other one cuts it in real and 
distinct points. 

3. Quadruple point of the 3rd hind: Two pairs of tangents coincide. 
The two lines 42B: and AB are tangent to the first base conic. 

4. Quadruple point of the 4th kind: All four tangents coincide. The 
lines 42B, and A,B, coincide and are tangent to the first base conic. 

5. Quadruple point of the 5th kind: Two of the tangents coincide and 
the other two are imaginary. One of the lines 4B; or 42B: is tangent 
to the first base conic and the other one cuts it in imaginary points. 

6. Quadruple point of the 6th kind: Two of the tangents are real and 
distinct and the other two are imaginary. One of the lines £B, or 
A.B, cuts the first base conic in real and distinct points and the other 
one cuts it in imaginary points. 

7. Quadruple point of the Tth kind: All four tangents are imaginary. 
A2P, and A,B cut the first base conic in imaginary points. 

Let 1A; cut the first base conic in Bs and let 4B; cut the second 
base conic in B, and Bs. Then A3B,4 and A3Bs are the tangents to the 
sextic at A3. Their equation is 


Py 
4g vozi — 2cgoix1 + cv = 0. 


The tangents are real and distinct, coincident, or imaginary or A; is 
a node, cusp, or conjugate point according as 


P(w? — a'b) + 4g2(f!? — b'e) — Aeg(f’h! — b'g’) > 0, = 0, <0, 


or as A,B; cuts the second base conic in real and distinct, coincident, 
or imaginary points. 
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The equations of the tangents to the sextic at the double points 
P,, Pa, the intersections of x;=0 with the first base conic, show that 
P, and Pz are nodes, cusps, or conjugate-points according as 


J?— bd > 0, =0, <0, 


or as xı =0 cuts the second base conic in real and distinct, coincident, 

. or imaginary points. Pı and P: are consecutive, if xı=0 is tangent 
to the first base conic. It follows from the expansion and the equation 
of the tangents at this point that this consecutive double point-is a 
tacnode, node-cusp, or a tacnode isolated according as x1=0 cuts the 
second base conic in real and distinct, coincident, or in imaginary 
points. 

Likewise 4; is a tacnode, node-cusp, or a tacnode isolated, if A; 
is on the first base conic and x:=0 cuts the second base conic in real 
and distinct, coincident, or in imaginary points. 

All three double points coincide at 43, if As is on the first base conic 

-and xı=0 is tangent to this conic at Ás. As is then an oscnode, 
tacnode-cusp, or an oscnode isolated according as x,=0 cuts the sec- 
ond conic in real and distinct, coincident, or in imaginary points. 

P, and P; are imaginary, if xı=0 cuts the first base conic in imagi- 
nary points. 

The combinations of all these conditions for the different kinds of. 
multiple points result in the following different types of sextics: 

63 sextics with one quadruple point and three réal and distinct 
double points; 

57 sextics with one quadruple point, two consecutive double points 
and one réal and distinct double point; 

18 sextics with one quadruple point and three consecutive double 
points; 

21 sextics with one quadruple point, one real and two imaginary 
double points. 


Sextics with one quadruple point and four double points. Let A: be 
again on the first base conic (4) and in addition let x:—xs=0 on Az 
be a common tangent of the base conics. Then 


b= (f+ WSCH 2g), B= (f+ KYA +c + 22’), 


and two ordinary points coincide forming a double point P3;.2 Thus 
we have the following theorem. 


THEOREM III. The generated curve is a plane sextic with one quad- 


* Ibid. p. 78, 
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ruple point and four double points, if Ay is on the first base conic and As 
ts on a common tangent of the base conics. 


The only double point to be investigated here is Ps. The equation 
of the tangents at this point and the construction show that Ps is a 
node or a conjugate point according as A» is between the points of 
contact of the common tangent with the conics or outside of this 
segment. 

If we give the triangle of reference all possible positions it may 
take, there result the following different types of sextics: 

63 types with one quadruple point and four real and distinct double 
points; 

41 types with one quadruple point, two consecutive and two real 
and distinct double points; 

12 types with one quadruple point, three consecutive double points 
and one real and distinct double point; 

27 types with one quadruple point, two real and distinct double 
points and two imaginary double points. 

The sextic generated when A: is on one base conic is essentially the 
same as the sextic discussed in this section. 


Sextics with nine double points. Let 414; pass through two inter- 
sections of the base conics and let the polar of A: with respect to the 
first base conic and the polar of As; with reper to the second base 
conic pass through A». Then a’ =a,-c’ =c, g' =g, f'=h=0. The double 
line x2=0 breaks off from the octic, for it is a factor of the equation 
(6) if the above values are substituted in (6). The generated curve 
is therefore a sextic. It has double points at Ai and As, at the inter- 
sections P1, P2 of x,=0 with the first base conic (4) and at the intersec- 
tions P3, P4 of xs=0 with the second base conic (5). The equation (8) 


reduces to 
xa(b' x + 2h' x)? = 0 


Hence the curve-has three double points outside of the triangle of 
reference, one of which is consecutive with the double point A1. Two 
of them are on the line 6’x2.+2h’x;=0. This line cuts the sextic in the 
points given by 


zalba + 2fes)” = 0, 


that is, in two consecutive double points at A; and in one double point 
P; on the line bxe+2fx3=0. 


THEOREM IV. The generated curve is a plane sextic with two pairs of 
two consecutive and five real and distinct double points, if A14; passes 
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through two intersections of the base conics and if the polar lines of Ay 
with respect to the first base conic and of Az with respect to the second ` 
base conic pass through Ao. 


The equations of the tangents at Ai and A; and the expansion at 
these points show that A; and A; are tacnodes or tacnodes isolated, 
according as the line 414s passes through two real and distinct or 
imaginary intersections of the base conics. Since the polar lines of A1 
with respect to the first base conic and of As with respect to the second 
base conic’ pass through As, A143 may not pass through a point of 
contact of the base conics. For this would cause Az to be on the conics 
and consequently a degeneration of the sextic would follow. Hence A; 
and A; cannot be node-cusps. 

The tangents to the sextic at P, and P; are real and distinct, co- 
incident, or imaginary, that is, Pı and Pz are nodes, cusps, or conjugate 
points according as —b’c>0, =0, <0. But b’ and c may not be zero. 
Therefore P, and P; are nodes or conjugate points according as xı =0 
cuts the second base conic in real and distinct or in imaginary points. 

Similarly P and P4 are nodes or conjugate points according as 
—ab>0, =0, <0, or as x3=0 cuts the first base conic in real and dis- 
tinct or in imaginary points. 

` Pı and P; are consecutive and form a tacnode or a tacnode iso- 
lated, if x:=0 is tangent to the first and cuts the second base conic in 
real and distinct or in imaginary points. Likewise P; and P4 coincide 
forming a tacnode or a tacnode isolated, if x30 is tangent to the sec- 
ond and cuts the first base conic in real and distinct or in imaginary 
points. Pı and Pz, Pand P, are imaginary double points, if x:=0 cuts 
the first and «3;=0 cuts the second base conic in imaginary points. 

The double point Ps has the coordinates b'f, —2fh’, bh’. It follows 
from the equation of the tangents to the sextic at Ps that P; is a node 
or a conjugate point according as x;=0 passes through two real in- 
tersections of the base conics or through two imaginary ones. Ps co- 
incides with A,, if h’=0, that is, if the polar of A1 with respect to the 
second base conic passes through. Az. A; is then an oscnode or an 
oscnode isolated according as x, =0 passes through two real or through 
two imaginary intersections of the base conics. 

Taking into consideration all the possible combinations of the dif- 
ferent kinds of double points discussed, ee can be generated the 
following types of sextics: 

6 types with two pairs of two consecutive and five real and distinct 
double points; i 

6 types with three pairs of two consecutive and three real and dis- 
tinct double points; 


` 
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2 types with four pairs of two consecutive and one real and distinct 
double point; 

4 types with three consecutive, two consecutive and four real and 
distinct double points; 

2 types with three consecutive, two pairs of two consecutive and 
two real and distinct double points; 

3 types with two imaginary, two pairs of two consecutive and three 
real and distinct double points; 

2 types with two imaginary, three pairs of two consecutive double 
points and one real and distinct double point; 

3 types with two imaginary, three consecutive, two consecutive and 
two real and distinct double points; 

1 type with two imaginary, three consecutive and two pairs of two 
consecutive double points; 

2 types with four imaginary, two pairs of two consecutive double 
points and one real and distinct double point; 

1 type with four imaginary, three consecutive and two consecutive 
double points. 


Sextics with ten double points. Let the position of the triangle of 
reference with regard to the base conics be chosen as in the preceding 
section and let in addition Az be on a common tangent of the conics. 
The generated sextic will have one more double point Ps caused by 
the coincidence of two ordinary points. 


THEOREM V. The generated curve is a plane sextic having two puirs of 
two consecutive and six real and distinct double poinis, if A1As passes 
through two intersections of the base conics, if the polar lines of A, with 
respect to the first and of A, with respect to the second base conic pass 
through A», and tf Az is on a common tangent of the base conics. 


The double point Pe has the coordinates hk’, —(a-+e+2g), f, if 
x1—%3=0 is the common tangent. It follows from the equation of the 
tangents to the sextic at this point that Ps is a node or a conjugate 
point according as A2 is between the poinfs of contact of the common 
tangent with the conics or outside of this segment. 

The conditions for the different kinds of double points of the other 
singularities of the curve are the same as those discussed in the last 
section. Thus if we give the triangle of reference all possible positions 
with regard to the base conics, there result the following types of 
sextics: 

7 types with two pairs of two consecutive and six real and distinct 
double points; 
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2 types with three pairs of two consecutive and four real and dis- 
tinct double points; 

1 type with four pairs of two consecutive and two real and distinct 
double points; 

4 types with two imaginary, two pairs of two consecutive and four 
real and distinct double points; 

3 types with two imaginary, three pairs of two consecutive and two 
real and distinct double points; 


3 types with four imaginary, two pairs of two consecutive and two `, 


real and distinct double points. 

A far greater number of sextics having nine or ten double points 
can be derived by this method, if the polar lines of A1 with respect to 
the first and of A; with respect to the second base conic do not pass 
through A. But then it is very difficult to find the geometrical con- 
ditions for the different kinds of double points, which is important 
for the construction of these curves. 


Hoty Grost ACADEMY 


THE ARITHMETICAL INVARIANTS OF QUADRATIC FORMS 


GORDON PALL 


1. Introduction. Anyone who has tried to read the developments 
by H. J. S. Smith [9]! or H. Minkowski [6] of the systems of invari- 
ants (for a general positive integer n) associated with a genus of 
integral n-ary quadratic forms must be discouraged by their com- 
plexity. Further, from the standpoint of practical computation for a 
given form, these invariants are quite tedious to obtain, requiring asa 
first step the determination of a very special “characteristic form.” 

These complications are perhaps due essentially to the insistence on 
integral coefficients at all stages of the theory of integral forms. It is 
remarkable that, although Gauss began the systematic development 
of the theory of integral quadratic forms about the year 1800, it was 
not until over a hundred years later (in Hensel’s work on p-adic 
numbers) that it was realized that there might be a considerable ad- 
vantage in studying quadratic forms first in the field of rationals, and 
applying results thus obtained to the more difficult problems in the 
ring of integers. It turns out in fact that the complicated “simultane- 
ous characters” of Smith and Minkowski are closely related to certain 
easily computed invariants under rational, linear transformations, 
and this fact enormously simplifies their use. 

Our main purpose in this lecture will be to set forth a complete 
and easily computable system of invariants for a genus of integral 
n-ary quadratic forms. By our methods, anyone used to working with 
Legendre-Jacobi symbols should be able to obtain in less than fifteen 
minutes a complete system of invariants of a given integral form in 
(say) six variables, provided the coefficients are not unreasonably 
large. One has little more to do than “complete squares” by the ` 
method of elementary algebra, and then to read off the values of the 
invariants. 

In an article scheduled to appear in the Duke Mathematical Jour- 
nal, B. W. Jones shows how to reduce any integral quadratic form to 
a unique canonical form modulo 2” (r large), and so embodies acom- 
plete set of invariants in a form which is in some respects equivalent 
but not quite so handy as ours. 

Before describing these invariants, we shall recall some of the gen- 
eral properties of a genus of integral quadratic forms. 

An address delivered at the invitation of the Program Committee before the New 
York meeting of the Society on October 28, 1944; received by the editors November 


18, 1944. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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2. Properties of a genus. A quadratic form f =x'Ax => a; xx; is 
called integral if its coefficients ax and 2a,; (i, j=1, - > +, n) are in- 
tegers. We shall assume that the determinant, |f| or |A|, of f is 
not zero. : 

The linear transformation x = Ty replaces f by the form g of matrix 
T'AT. We shall single out the cases where the elements of the matrix 
T are (a) real, (b) rational, (c) rational but with denominators prime 
to a given integer k, (d) integral with | T| prime to k, (e) integral with 
|T| = +1, (£) integral with | T| =1. In each case we assume | T| <0. 
In cases (€) and (f) we shall call T respectively unit-modular and uni- 
modular. - 

If f is replaced by Sapy?, by a real transformation, the number of 
negative coefficients b, is invariant (under real transformations), will 
be denoted here by t, and called the index of f. We learn in algebra 
that n and « comprise a complete invariant system under real trans- 
formations. 

Gauss called f and g equivalent if T is unimodular. All forms equiva- 
lent to a given one constitute a class. Some recent writers have defined 
class by means of what we have named unit-modular transformations. 
There is no essential difference, and any statement about one kind 
of class can be immediately interpreted in terms of the other kind. 

A genus will consist of a finite number of classes, and can be defined 
in several ways. Since we shall have a later use for the result, we shall 
_ recall Gauss’s original definition of genus for binary quadratic forms, 
or rather a slight modification of his definition. Any integral b.q.f. can 
be written as f=d;(ax7+bxix2-++cx3) =difi, where dı is a positive in- 
teger, and a, b, c are coprime integers. The quantities dı, D =b?—4ac, 
and index t, are invariants of f under unit-modular transformations. 
These quantities satisfy the conditions (—1)'‘D <0; D=0 or 1 mod 4; 
t=0, 1, or 2. Besides these, the following quantities, called generic 
characters, are invariant: 


(f:| £) foreach odd prime # in D, 
(1) (—1|f:) ifo 2 4, orifw = 2 andp = 1, 
(— 2p[ fa) if w 2 5, orifw = 3, 


Here —D=2°e, where e is odd, and p stands for (~1e). (What we 
mean is that if fı is replaced in the character (f,| $) by any number n 
. represented by fı and prime to p, the value of the Legendre symbol - 
(n| p) is always the same; similarly if p=2, n being odd and repre- 
sented by fi.) The preceding invariants are not (unless D is a square) 
independent, but are easily shown to satisfy the single relation 
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(2) (2] Ade(— 1] fete = (— 11H | a), 
where e:=|e|. This complicated relation will be given a more elegant 
form in §7. . 


Gauss defined two binary forms f and g as in the same genus if they 
have the same values for their invariants d;, D, + and (1). This defini- 
tion has the merit that the invariants are easily computable, and so 
one can tell in a jiffy whether two given forms are, or are not, in the 
same genus. Then Gauss proved, for binaries, two simple properties 
which were later extended to three, and then to m, variables, by 
Smith, Minkowski, and Siegel: 


THEOREM 2.1. Call two n-ary forms f and g equivalent modulo k, if f 
can be transformed by an integral transformation of determinant prime 
to k into a form congruent (coefficient'for coefficient) modulo k to g. Then 
f and g are in the same genus if and only if they have the same index t, 
and are equivalent modulo k, for every positive integer k. 


THEOREM 2.2. Two n-ary forms f and g are in the same genus tf and 
only if, for every positive integer k, each can be transformed into the other 
by a rational transformation with denominators prime to k. 


Minkowski [6, p. 71] in effect defined a genus by means of the prop- 
erty in Theorem 2.1. He then used the obvious fact that the numbers 
of solutions of f=” mod k and g=n mod k must be the same for every 
n and k, to obtain a compléte (but complicated) system of invari- 
ants, which he showed would imply the equivalence mod k of f and g 
for every k. Eisenstein [2] (for ternaries of odd determinant) and Smith 
(for m-aries) had previously carried on in the Gauss tradition, and 
defined a genus by means of directly computable invariants. Smith 
no doubt obtained these invariants by studying the number of solu- 
tions of the congruences f= mod p”, for any prime p. He knew the 
truth of both Theorems 2.1 and 2.2, although he published complete 
proofs only for n=3. Siegel [8] was the first to prove Theorem 2.2 
for a general n. 

Both the properties in the above theorems imply that f and g have 
the same determinant d. If we assume they have the same determi- 
nant d, both statements can be improved. Thus, two forms of in- 
tegral matrix are in the same genus if they have the same determinant 
d, index t, x, and are equivalent modulo 84d; or again, if they have the 
same determinant d, and one can be transformed into the other by a 
rational transformation with denominators prime to 2d. 

Hel Braun [1] considered the complete system of generic invariants 
given by 7, tn a determinant d such that (—1)'d>0, qo=8d', and a 
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matrix-residue S mod go; and showed that such a system corresponds , 
to an actually existing form, if and only if there exists an integer x1 
prime to go such that |S | =4id mod q, and 


>> exp 2ria’Sx/qo = exp 2 (n — 2e)- (2qo)*/?- dt/2, 
zmod go $ A 4 

The latter condition was obtained by applying the reciprocity law for 
Gauss sums, and it is not surprising therefore that we can replace it 
by condition (7) of §5, which is closely related to the quadratic rec- 
iprocity law. 


3. The essentials of p-adic numbers and Hilbert norm-residue 
symbols obtained by an independent method. There are at least three 
interesting points in which our treatment differs from that of Hensel 
[4, chap. 12] and Hasse [3]. First, we shall define a symbol, which, 
_ although essentially equal to Hilbert’s norm-residue symbol, is de- 
fined more simply and symmetrically. Second we shall not use p-adic 
numbers as such, but shall replace them by rational congruences. 
Third, we can get all the results of Hasse (on rational quadratic 
forms) by strictly elementary methods (cf. §6). 

Let » be a given prime. Two nonzero rational numbers a and b will 
be said to be in the same p-adic class if, for each positive integer 7, - 
there exists a rational number x such that 


(1) ax? = b mod p". 


By (1) we mean that (ax?—6)/p* is a rational number whose denomi- 
nator is prime to p, that is, an integer modulo ẹ. It is easily shown 
that if p is odd there are exactly four p-adic classes, containing the 
respective numbers (called p-adic kernels) 


(2) 1, $, », $r, 


wherė v denotes any given quadratic non-residue mod p; and if p=2, 
there are exactly eight p-adic classes, with the p-adic kernels 


(3) 1,3, — İ, — 3, 2,6, — 2, — 6. 


To find the p-adic class of any nonzero rational number we need only 
write it in the form s*p*k, where s is a rational number, @=0 or 1, 
and & is an integer prime to p; and replace k by a number of the same 
quadratic character, lorvifp>2, ttor +3if p= z2. 

It is useful to introduce a E RE “prime” b, called the prime 
© or a; and for this to understand that the solvability of (1) for 
every r means the solvability of 
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(4) i ax? = b 


with x real. For the prime pa it is evident that there are two p-adic 
classes, one consisting of all positive, the other of all negative ra- 
tionals. 

Example. 2 and —17/2 are in the same p-adic class for p=2, 11; in 
different p-adic classes if p= œ, 3, 5, 7. 

If a and b are any nonzero rational numbers, we define the symbol 
(a, b)p to have the value +1 or —1 according as the congruence 


(5) ` ax? + by*= 1 mod p" 


has or has not, for each r, rational solutions x, and y». 

Two remarks should be made. First, our symbol (a, 5), has the 
same value as Hilbert’s symbol (#2) i in those cases in which Hilbert’s 
symbol is defined. Second, in strict analogy to the Hensel:p-adic back- 
ground, which we are here replacing by rational congruences, we 
might have supposed that it would be necessary to restrict the solu- 
tion numbers x, and y, in (5) to have the power of p in their denomi- 
nators bounded independently of r. It is of interest to note in passing 
that this restriction is unnecessary, not only in the case of (5), but 
in the more general case of representation of forms by forms. 

Tr follows at once from (5) that 


(6) (a, b)p = (a’, b') 


if a’ and b’ are in the p-adic classes of a and b respectively. Hence 
(a, b), can be evaluated by considering only a few cases, and we now 
give the final results: 


(7) (a, 6). = — 1 if and only if a and b are negative; 
(8) (pom, pm) = (— 1| p)e*’(m| p)e"(m' |p) if p> 2; 
(9) (2am, 20'm!)2 = (2| m) (2| m!)2(— 1) -D14 


| 


if p=2. 


` Here m and m’ denote integers prime to p; a and a’ are 0 or 1. 
Example. (2, —5/2), has the value —1 if p=5; (+1)(—1)(+1) 
= —1 if p=2; +1 for all other primes $. 
The following properties of the symbol (a, b)p, valid for all primes p, 
are easily verified by use of (7)—(9), or can be proved independently:' 


(10) (a, b)p = (b, 2)»; 
(11) (a, b)p = 1 if a, b, or a + b is in the p-adic class of 1; 
(12) (a, — a) = 1, (2, a)p = (a, — 1); 
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(13) (a, bıbz)p = (@, b1)p(@, b2)p, (102, b)p = (an, b)plan, b)p. 


For any odd prime p, (a, b)p is evidently +1 unless p actually ap- 
pears in æ or b. One easily sees that for given a and b, (a, 6), is — 1 for 
only a finite even number (possibly zero) of primes p (counting in pe). 
This fact is usually written in the simple form 


(14) II, b) = +1, 

p? 
and will be found to be equivalent to various cases of the quadratic 
reciprocity law. 


4. The invariants of a rational quadratic form under rational trans- 
formations. Minkowski [6, pp. 219-239] obtained a complete system 
of such invariants, in 1890, on the basis of his theory for integral 
forms. The system which we shall now describe is essentially that of 

Hasse (1923), the binary and ternary case having been due to Hensel. 
` Hasse gave many beautiful applications, and to appreciate the fol- 
lowing developments properly, one should read his work. An exposi- 
tion containing a number of novel features will be given in a 
forthcoming book by the author; proofs will be found there of all 
results stated here without proof. The following remarks should be 
sufficient for the applications made in §6 to integral forms. 

Besides applying rational linear transformations T to f, we are in- 
terested in the effect of multiplying f by a nonzero rational number. 
If ¿=| T|, evidently |f| is multiplied by #. Also, |Af| =A*|f|. This 
proves the following theorem. 


THEOREM 4.1. The squarefree integer part d of the determinant D, of 
an n-ary form f is invariant under nonsingular linear transformations 
with rational coefficients. If n is even, d is also invariant under multi- 
plication by rational constants. i 


To obtain further invariants under rational transformations, Hasse 
wrote f in the form J ag, and showed that the product of the 
n(n+1)/2 Hilbert symbols (ai, @;)p Sj; i j=1,:--, ) is an in- 
variant of f under rational transformations. The restricted form of f 
made his proof [3, pp. 209-216] unnecessarily complicated. In- 
stead, it is easy to prove, for any form f=) a:m:x; that if D, 
(4=1,---, n) denotes the leading principal minor determinant of 
order ¢ in the matrix (@.,;) of f, then if none of the D; vanishes, the 
quantity 


(1) EE = E E E 


à to] 
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is invariant under rational transformations. Indeed this remains 
true, when properly interpreted, even if some of the D; other than 
D, vanish, provided no two consecutive D; vanish; for then, if we 
interpret any product such as (D; —0),(0, —Dj.1), as though it 
were (Dj, —h),(h, —Djz1)p with any value k not zero, we obtain 
the correct value of ¢,(f). 


THEOREM 4.2. Two forms f and g are rationally equivalent af and only 
if they have the same values for their invariants 


(2) n, i, d, Cp for every p. 


These invariants are not independent of one another, and it is 
easily seen that they satisfy the relations 


(3) 0 Se s n, (- 1)'d > 0, Co = (~ 1) (0721, II Cp = + 1; 
(4) if n= 1, cp =(-—1, — d), for every $; 
(5) if n= 2, cp= 1 if p satisfies (— d| p) = 1. 


Conversely, Hasse obtains many applications of the existence theo- 
rem that if z, ı, and d are integers, d squarefree, and (cp) is a complex 
of signs satisfying (3)—(5), then there exists a form f with these as- 
signed values for its invariants. 

Besides (3,) it should be noted that if f is integral and p is an odd 
prime not dividing | f | , then cpf) = +1. 

The following formulae are easily proved, and show how easily the 
invariants cp can be handled in applications. If \ is any nonzero ra- 
tional number, then 


A, (— 1) +013 calf) if n is odd, 
© a=] eo 
(A, (— 1)” 2?Da)pCp(f) if n is even. 
If f=filer, +--+, xr) Hfalärt © t s £a), where the variables do not 
overlap, and dı = Al ‚d= [fal , then 
(7) 6,(f) = Cpl filen( fo) -(— 1, — 1)p(d1, de). 
In particular, if f=a,xi+@(x2, ©- - ,%n),andd= | Fl ; 
(8) calf) = (a, d) yCp(). 


5. The invariants of a genus of integral quadratic forms. 


LEMMA 5.1. Let p be any finite prime. Every integral n-ary quadratic 
Jorm f can be expressed (by means of a rational transformation which is 
integral modulo p and has determinant 1) in the form 


(1) Pipi + pepr + ee + pb, 1 <2 < +++ Len 
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where each ġ, denotes a form with integral coeficients modulo p, the varia- 
bles in different p: do not overlap, EA! is prime to p (¢4=1,---, sh. 
-and the e; are integers. Also, e120, excebt that e= —1 if p=2 and f has 
_ any odd cross-product coefficient. If n, denotes the number of variables 
in or, dmi=n, and > en; is the exponent to which p appears in | f | ; 


We give the proof (cf. [7, p. 38; 6, pp. 22 seq. ]), since it is part of 
the technique of computing the generic invariants. It amounts to 
little more than judiciously completing squares. We can writef= p11, 
where the matrix (a;;) of fı is integral, but that of f,/p is not. If p>2 
and any ai; is prime to p, we can suppose it to be au; if every ai is 
divisible by p, then some 2a;; is prime to p, and we can suppose this 
true of 2a12; we replace x2 by x1-+2, and secure a1, to be prime to p. 
If p=2, and any a,, is odd, we take it to be au; but if every a.: is 
even we can suppose @y odd, and that a0. 

Thus the matrix of fı is of the form 


P | where A = [ay] or ja a |A] prime to 9, 
the latter case occurring only if p=2. Then the EE TE 
I — AB l 
lo I 


and this transformation is integral modulo p. 
In the first case, where A = (an), this process is tantamount to com- 
pleting squares by the identity of elementary algebra: 


. s. A 0 
] replaces fı by the form of matrix p C— Bn a) 


> Gij@sej = an (2 + È an ay ‘aseei) + dir > (@110j_ ~ 14031) j%R, 


J k2 


banak into a square the terms involving xı. In the second case, it 
is not difficult to show that one arrives at the same form (of matrix 
C—B’A~'B) by merely completing squares twice, once for the vari- 
able xı, then for the variable x2; the denominators 2 which appear in 
the partial linear transformations disappear in their product. For ex- 
ample, we have 


f = Qa + 2a + 2a + 2er + Qarts + Qoosrs 
= (m + 22/2 + 29/2)’ + 6/2, 
where 


@ = 3x2 + 2xoxs + 3x0 = 3(x2 + 23/37 + (8/3) ta, 
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and can assert that f is transformed into 247 + 2yryet+293 + (4/ 3)y2 by 
a linear transformation which is integral modulo 2 and has determi- 
nant 1. 

By repeated applications of the preceding process, we evidently ar- 
rive at a form (1), where each ¢; is either a sum of binary quadratic 
forms 


2(ax? + bxy + cy”), b odd, the determinant 4ac — b? odd, 
or contains at least one term ax?, a odd. In these respective cases we 


shall term ¢; of type B.or A. We can now read off from f the complete 
system of its generic invariants: 


THEOREM 5.2. Let p>2. In the form (1), the quantities 
(2) sonio eats omn (LEL) (j= 1,+++,5) 


constitute a complete system of invariants of f, under integral transforma- 
tions of determinant prime to p. 


That is, two forms f and g with the same values for their invariants 
(2) are equivalent modulo p’, 7 arbitrarily large. 


THEOREM 5.3. If p=2, the following quantities are invariant, in the 
form 2b. t+ - ++ +2%¢,, under integral transformations of odd determi- 
nant: ; 

(3) S, €, °* ©, Ca, Nis °° © , Na, the type A or B of each Q; . 
(4) the residue mod 8 of Aix if x is followed by a rise of 8; 
(5) the residue mod 4 of Arz if dy is followed by a rise of 4; 


(6) the quantity (—) (— Ey clp) 


for every block 
y == Pk + 2bk+1 + Z?or+2 Se MES + 2 3bue pa 
pr-1/2 + be + 2dr bees + 2 Mbps, 


where Pr, Pri, © * © » Ġr+i-1 are all of type A and 121, and in the second 
case $r- ts of type B; and the block cannot be enlarged into another 
block of the same type. Here Au, denotes the product of the odd determi- 
nants EA e. EA ; a “rise of 8? means that either k =s, or oy is of 
type A and 8 | 2ee+1-er ps, or dy is of type B (so that 1/2 ts integral) 
and 4 | 2er+i—erd 11; a “rise of 4” means that p: is of type B or that dx is 


or 
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of type A and 4 | 2er tord pya. In (6), A and v are defined by jy] =2°A, 
where A is odd; and clearly v=) m (i odd, 1 $iSI—1) mod 2. Two 
forms with the same invariants listed hére are equivalent mod 2°, r arbi- 
trarily large. 


THEOREM 5.4. Two integral n-ary forms with the same index and de- 
terminant are in the same genus if and only if they have the same values 
for the invariants listed in the preceding two theorems for the prime 2 
and for each odd prime in their determinant. 


THEOREM 5.5. Let n, i, d be given integers, O Si Sn, (—1)'d>0. For 
each prime p in d, assign a form-residue pipit --- +p%d., where 
diem: is the exponent of pin d, and assign values to the invariants listed 
in Theorems 5:2 and 5.3, subject to the restriction that EA | ¢2| tae EA 
„has the same quadratic character as d/pe1"1t' * ` tesne, Then there exists 
an integral form with the invariants so assigned, if and only if 


(7) II f= +1. 


- This should be compared with Hel Braun’s result mentioned in §2. 

Asan example of the computation of the invariants of a genus, con- 
sider the form f=5xg+4x?+4a3+-4a3 + 2xoxy —4oxe+4xovst+4oaurs 
= 5(x%o + 21/5 — 2x2/5 + 2x3/5)2+ (19 -+1623-+1623 + 4eie+ 16x1x5 
+ 8xo%3)/5=5y5+6/5, where ¢=19(x1+2%2/19+8x3/19)?+ 60/19, 
where Y = 4x3 + 2x gxo-+ Sag = 5 (x2+%3/5)2+ (19/5). The determinant 
is therefore 5(1/5)-(19)(60/19)2(5) (19/5) =144. Hence the only 
primes that need be considered are 2 and 3, and since the fractional 
coefficients above happen to be integral modulo 2 and 3, we can read off 
without further work the forms 573+ (19/5)y? + (60/19)y3-+ (12/5) 93, 
or what is essentially equivalent, 


525 + Tz + 4(5z2 + 723) mod 2’, 
and 


229 + 22; + 3(229 + 223) mod 3’. 


The invariants (2) relating to the prime 3 are therefore s=2, e,=0, 
eo=1, m=m=2, (4|3)=1, (4[3) =1. The invariants (3)-(6) relating 
to the prime 2 are s=2, e:=0, e2=2, nı=n:=2, both ġı and ġz of 
type A, the residue mod 8 of |¢1] |¢2] is 1, the residue mod 4 of |¢:| < 
is 3, co(b1) =(—5, —7)2=-+1, c2(ġ:) = +1. The form f is thus seen to 
be in the same genus as x4 -+343 +423-+12x3. It may be remarked that 
f occurred, along with many more complicated forms, in an investiga- 
tion of all systems of generalized quaternions permitting unrestricted 


1945] THE ARITHMETICAL INVARIANTS OF QUADRATIC FORMS © 195 


factorization, and that there are exactly 39 such systems in which the 
norm-form (a quaternary quadratic form) is positive definite and in 
a genus of one class. 


6. Some remarks on the methods of proof. Certain quantitative 
results concerning genera of quadratic forms, such as the weight for- 
mulae of Smith, Minkowski, and Siegel, have never been proved by 
strictly elementary methods. It may however be conjectured that any 
qualitative properties can be so proved. For example, the author has 
proved all the results of this article by elementary means, without 
using (for example) Dirichlet’s theorem on the existence of primes in 
an arithmetical progression. This theorem seems to have evaded all 
efforts to find an elementary proof. Many writers have used Dirich- 
let’s theorem in work on quadratic forms, when they might instead 
have used the following theorem of Gauss, on the existence of a genus 
of binary quadratic forms: 


THEOREM 6.1. If d, D, t, and the characters of §2 (1) are assigned, 
subject to the necessary conditions (—1)‘D<0, D=0 or 1 mod 4, 
0S. <2, and §2 (2), then there exists an integral binary quadratic form 
f with the assigned values for its invariants. 1 


Now if a is any number represented by fı, it will be found by use 
of (7)—(9) of §3 that . 
(a, D)e = (— 1), (a, Dja = (2| fye(— 1] Aor”, 


1 
@) (a, D)» = (fı| 2) if p > 2 and p divides D to an odd power. 


The existence condition §2 (2) therefore takes the simpler form (cf. 


§5 (7) 
(2) II (e, Dp = 1. 


An analysis of Gauss’s existence theorem will be found to yield the 
following theorem. 


THEOREM 6.2. Let d be a nonzero rational number, and let jp be as- 
signed equal to +-1 or —1 for every prime p, including the prime œ. 
However, let jp be —1 for only a finite even number of primes p, and let 
jp be +1 whenever d is in the p-adic class of 1. Then there exists a non- 
zero rational number h such that 


(3) (k, d)p = jp for every p. 


In many problems, it will be found that either the construction of 
a binary quadratic form of a suitably determined genus, or-the choice 
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. 
of a number represented by such a form, or a direct use of Theorem 
6.2, will serve the same end as the choice of a prime by means of 
Dirichlet’s theorem. 

We shall illustrate this by giving a proof, noteworthy for its sim- 
plicity, of Legendre’s theorem that every positive integer not of the 
form 4*(8n +7) is a sum of three squares. 

Let a denote a positive squarefree integer not of the form 8n-+-7. 
It will suffice to prove that a is represented by a positive, properly 
primitive form of determinant 1, since every such form is equivalent 
to x? ++ (cf. [5, p. 121]). 

I. Case a=3 mod 8. We obtain by Gauss’s theorem a positive, 
primitive form Y = Cix? +- Rxy+Byy? of discriminant R?-—4B,C, = —a, 
with characters such that 


(4) wla = 2|) if ple 
This is consistent with the condition of possibility §2 (2), since 


TI !#) = 1 (-2|a) = 1, 


the number of prime factors in a of the form 8k+5 or 7 being even. 
We can take Cı prime to 2a, and then by a translation x—x-+-hy 
secure R=a mod 2a, and hence (comparing discriminants) B,=0 
mod a. Set C=2C, B =2B.. In view of (4) we can solve 


(5) — C = Ë (mod a) 

for an integer ¢. We set s=0, and write b =(C-+8)/a, c =(B+s®/a, 
r= (st— R)/a. Then ax?+by?+cz? + 2ryz+2sex-+2txy has determinant 
1 and solves our problem. ; 

II. Case a=1 or 2 mod 4. We can choose a positive primitive form 
y= Cx?+2Rxey+By? of discriminant —4a=4R?—4BC, with char- 
acters such that i 
@|p)=(—1|p)ifplep>2; (—1|¥) =1ife=1mod 4, 
(2|\~) =1ife=2mod8 (—2|~) = —1if¢ =6mod 8. 
This is consistent with §2 (2), since the number of prime factors 4k +3 


in a is correctly adjusted. As before, we can secure R=0, B=0 mod a, 
C being prime to 2a. We have (5), and so on, exactly as in case I. 


(6) 
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ON THE COMPOSITION OF ALGEBRAIC FORMS 
OF HIGHER DEGREE 


C. C. MacDUFFEE 


1. Introduction. No discussion of composition can properly be in- 
troduced except by mentioning the complex numbers. From the 
relation l . : 

xı + ix: = (yı + iya) (z1 + izə), 
zı = Yı — Yoke, Xa = YZ + Yok, 


we have, upon taking norms, 


ait r= (yi + ya) (21 + z2). 


Thus the quadratic form ¥?+-4? is composed with itself. 

Similarly by using quaternions we achieve the composition of a 
sum of four squares with itself,t and by using Cayley’s algebra of 
order 8, we obtain the composition of a sum of eight squares with 
itself. No further progress in this direction is possible.? 

In general let us assume that 


(1) “= SS Cage Vid; (2, ji k=1,2,---, n) 
ii 


where the ¢:;, are numbers of a commutative ring R with unit ele- 
ment, and the y’s and 2’s are indeterminates. If there exist three 
homogeneous forms f, g, h of degree k with coefficients in R such that 


(2) æ) = g(y)- (e) 


is an identity by virtue of the bilinear transformation (1), we say 
that g and # are composable, that f is composite, and that the transfor- 
mation (1) is admissible. i 

The theory of composition appears in the mathematical literature 
under two rather distinct special cases, first where # is a field, and 
second where is the ring of rational integers. The field case is the 
simpler and progress has been carried much further, but this is not 
the case in which we are here primarily interested. 


An address presented at the invitation of the Program Committee at the meeting 
of the Society in Wellesley, August 13, 1944; received by the editors December 18, 
1944. 

1 It seems certain that a knowledge of the fact that a sum of four squares is com- 
posable with itself, which had been proved by Euler in 1748, was one of the main 
clues which led Hamilton to the discovery of quaternions. 

2 See L. E. Dickson, Ann. of Math. (2) vol. 20 (1919) pp. 155-171. 
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The case where & is the ring of rational integers is intimately con- 
nected with some of the basic concepts of number theory, particularly 
with the class number in an algebraic field, and in spite of the large 
number of special results which have been obtained, composition 
theory here still appears to be in a primitive condition. 

Fortunately it is not necessary to attempt a summary of the litera- 
ture, for it is exhaustively given in Dickson’s History of the theory of 
numbers.’ 

The aim of the present paper is very modest. While the problem of 
camposition may ‘be stated for an abstract ring, it seems as if only 
in the case of a principal ideal ring are there.enough properties at 
hand to make the problem amenable to our methods. The compre- 
hensive Dedekind-Weber composition, involving ideal classes in 
algebraic fields of degree n, is approached with the calculus of matrices 
with the result that certain aspects of the theory are thrown into 
higher relief. Finally the theory of ideals in more general algebras is 
shown to yield compositions, sometimes of a somewhat unorthodox 
type. But the existence of these compositions is sufficient to show 
that the complete determination of all compositions over a ring is 
likely to prove to be a complicated problem. 


2. The Dedekind-Weber theorem. Let Ẹ be an ordinary algebraic 
field of order n over the rational field R, and let [%] be its maximal 
integral ring, with [9t]-basis 


El; €2, © °° 5 Ene 7 
We shall call 
i(y) = yé + Y2€g + TA + Yn€ny 


where the y’s are indeterminates, the general number of [%]. By means 
` of the multiplication table 


éE; = > Cigh€k 
k 
of [5], it is possible to write l 
(3) t(x) = i(y)-t(2) 
where 


Xk = > Ci jk Yi2;- 
147 


3L. E. Dickson, History of the theory of numbers, vol. 3, Washington, 1923, 
chaps. 3 and 14. 
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The norm n(x) of t(x) is an algebraic form of degree n in n indeter- 
minates with coefficients in [R], and from (3) it follows that 


- n(x) = n(y)-n(z). 


Thus the norm form 2(y) is composable with itself, and is the most 
obvious example of composition which we have. 

This process is readily extensible to linear algebras which have the 
norm property, whether they are associative or not, and leads to the 
composition of forms in n indeterminates with themselves. If the alge- 
bra is associative but not commutative, these forms are of degree 
less than x. 

But not all composition is of a form with itself, and the most 
general result in this direction is due to Dedekind and Weber.‘ 

Let a and b be two ideals of [Ẹ] with respective [9]-bases 


4 
a Ql, Qa," ** » Any - Bis Ba,-** s Bn 


and let the product ideal c=ab have the basis Yı, Y2, © * © , Yn. Then 
rational integers c;;, exist such that 


Bi = Do Cire 
Define . ? 
(a) = yia + yore + > ++ + Yran, £(B) = 3181 + 2282 + > -° + nbn 
l where the y's and 2’s are indeterminates. Then ' 
° . t(a)-t(b) = tc) 
where 


He) = arya + toyz bee H Gans Th = Dy Cape rp. 


ij 


Let nt(a) denote the norm of the number é(a) in [%]. It can be shown - 
that 


nila) = n(a)-8(y) 


ieke n(a) is the norm of the ideal a and g(y) is an n-ary n-ic form 
with coefficients in [R]. Similarly 


ntb) = n(b)-h(z), ntle) = n(c) ks 
Since nt(c) =nt(a)-nt(b), it follows that 
f(z) = g(y)-h@), te = DL Giyin 


t H, Weber, Lehrbuch der Algebra, 2d ed., Braunschweig, 1908, p. 335. 
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We are thus led to the composition of the forms g(y) and k(z), which 
are in general different. 

It is shown, further, that if a and a’ are ideals of the same class, 
the corresponding forms g(y) and g’(y) are equivalent, and that a 
change of basis of a leads to an equivalent g(y). But if a and a’ belong 
to different classes, g(y) and g’(y) are not equivalent. Thus as many 
non-equivalent forms are obtained in this way as there are classes of 
ideals in [¥]. 


3. The general problem. In the type of composition which is aç- 
complished through ideal multiplication in an algebraic field, the 
admissible bilinear transformations (1) satisfy two conditions’ which 
are sometimes but not always demanded in composition theory— 
first that the x1, x2, © + +, Xa shall be linearly independent when the 
y’s and 2's are independent indeterminates, and second that there 
Shall exist elements aj», in the principal ideal ring R such that 


(4) Yj = L lijkÉk. 
k 


We might say that the composition is non-trivial if these conditions 
are satisfied. We shall show that one simple hypothesis will insure 
both of these conditions. - 

Let us stream-line the notation by introducing the vectors 


Xi yı ay 
~ Xo Ye Z2 j 
+= ’ y ag , Bm ’ 
Xn Yn Bn 


and the matrices 


Ry) = y1Ri + yoRe+ ++ + yaRn, 
S(z) = 2S1 + 2252 + +++ + 2nSn 


where : 
Ri = (Cir), Si = (Crise) 

In this notation the bilinear transformation (1) can be written 

(5) a = R(y)-2 = ST(z)-y. 


The hypothesis which we shall introduce is that the matrices Si, So, 
- ++, Sn are relatively prime on the right. 


5 Weber, loc. cit. 
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From this hypothesis it follows? that n matrices A; with elements 
in R exist such that . 


ASi + AS2+---+4,5, = J, Ai = (Geir). 


That is, 
> Qignlsje = Örs 
ij 
where ô» is Kronecker’s delta. Now a relation X bs} =0 would imply 
D DkCijkyY:Zi =0 
Lik 
and, since the y’s and 2’s are independent indeterminates, 
Dd brci = 0 (i j = 1,2,-+-, n). 
k 


Then 
L QirbkCrik = Z brrr = b, = 0 
iisk k 


‘for every 7, so that %1, X2, © * * , Xn are linearly independent. 

We may. now verify that equations (4) with the @:; as defined 
above actually constitute a solution of (1). For upon substituting we 
have 

Py CoprQijix, = J One = LE. 
ER) l 
Thus our hypothesis is sufficient that (1) be non-trivial. 
That it is necessary is quite evident, for if (4) exists, 


Tk = pD Citk 2, Qs31%1, 
d i,j z 
and if the x’s are linearly independent, 


a Ciiklijt = Okt, , 
ii 
which in matric form is 
AyS1 + AS: + ad + Ansa = I. 


An equivalent condition is that the matrices Ri, Rz, + -, Ra be 
relatively prime on the left. 

An implication of this condition is that we may assume f, g and k 
to be primitive. For if 


f(a) = af (a), gly) =bg (y), hle) = che) 


€ Bull. Amer. Math. Soc. vol. 39 (1933) p. 573. 
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where a, b and c are the contents‘and f’, g’ and h’ primitive, then by 


(1) ) 
S'a) = p(y 2) 
where p has coefficients in R. Since 
a: p(y, 2) = be-g'(y)-h'(2), 

it follows that a| be. By (4) 

g'(y)- k (2) = g(x) 
has coefficients in R so that 

be-q(x) = a-f'(x), 
whence bc|a. Then bc=ua where v is a unit of R, and 

u- f'(x) = g'(y)- kW (2). 


A linear homogeneous transformation on the variables of a form 7 
may be written 


(6) a= Ag, | 4| #0, 
where 4 is a matrix with elements in R. If [A| is a unit of R, then 
x = Ay l 


is again a transformation of the same type. If by virtue of (6) 
f (x) = f'(a’), A unimodular, 


then the form f’(x) is called equivalent to f(x). Clearly the totality of 
numbers of which f and f’ represent is the same. 
If Mi, Mz, >- , Ma are ĦnXn matrices with elements in R, then 


| 4M, + M: + ates -+ nMn | 


is a homogeneous form of degree n in the  indeterminates 
X1, Xa °° *, £n. A form which can be written as the determinant of 
such a matrix will be called amenable. 

Let us consider the effect of a transformation of the variables on 
the bilinear transformation (1). If y=Ay’, then from (5) 


x = ST(z)-Ay’, 
so that 


(7) S’(z) = AT-S(z). 
Similarly if we take z= Bz’, we have 


(8) Ri(y) = R(y)-B. 
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The following theorem was obtained by Gauss? for quadratic forms 
‘and generalized by Dedekind. 


If f(x) =g(y)-h(z) by virtue of (1), every irreducible factor of h(z) 
(or of g(y)) of degree greater than 0 is a factor of | S™(2)| (or of | R(y)| ). í 
If h(z) (or g(y)) is irreducible of degree n, then it is amenable. 


From (5) we have 
ST(z)-y = g 

Upon multiplying through by adj S7 (z), we have 

| ST(2)| -y = adj ST(2)- a. 
‘Since g(y) is homogeneous of degree k, 

| St(z) |*-e(y) = P(e, 2) 
where P(z, x) is a homogeneous polynomial in x and z with coefficients 
in R. Upon multiplying by A(z) and making use of (2), we have 

| STE) |*-s() = PG, s) HG). 

If R is a ring in which factorization into primes is unique, the same 
is true in the polynomial ring R[x, z}. Then 


ke) | | ST) |*, 


and the distinct irreducible factors of A(z) occur among the distinct 
irreducible factors of Di (z)]. If in particular h(z) is ; irreducible of 
degree e 


hle) = c | Sé(2)|, cER. 
Thus A(z) is amenable. Similarly we find that, if g(y) is irreducible of 
degree n, 

e0) = e | RO), cER. 


Washes basic theorem in the theory of composition is the Theorem , 
of Dickson.® 


Let f(x) = g(y)-h(z) by virtue of (1). If | ST(z)| is not identically zero, 
g(y) is equivalent to c-f(x) in the quotient field of R. If | R(y)| is not 
identically zero, h(z) is equivalent to c-f(x) in the quotient field of R. 
If furthermore h(z) represents a unit u of R and ts irreducible of degree 
n in n variables, g(y) is equivalent to u-f(x) in R. Similarly if g(y) 


7 See, for instance, the exposition of A. Speiser, Festschrift Heinrich Weber, 
Teubner, Leipzig, 1912, pp. 375-395, 
2 L. E. Dickson, C. R. Acad. Sci. Paris vol. 172 (1921) pp. 636-640. 
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represents a unit u of R and is irreducible of degree n in n variables, 
h(z) ts equivalent to u-f(x) in R. 


Let kı, ke, +++, kn be n numbers of ÑR such that ISTE) #0. In’ 
the relations 


a = ST(z)-y, f(x) = g(y)-h(2) 
set z—k. Then _ 
y= ST(k)-2, f(x) = g(y) h(k). 


The first equation represents a transformation of the type y=Ay’ 
where y’ =x, so that the second equation becomes 


f(y") = hlk) gly) = c-g(y). 


If (z) represents a unit of R, let kı, he, - ++, ka be so chosen that 
h(k) =u. Then f(x) =u-g(y). If h(z) is irreducible of degree n, we have 
seen that h(z)=c- | S™(z)|,s0 that | S™(z)| is a unit of R and the 
transformation y=S~"(k) -x is unimodular. 


4, The theory of ideals. The writer has approached the theory of 
ideals in linear associative algebras over a principal ideal ring through 
the matric calculus.® This leads to a theory of composition which ex- 
tends the known theory. 

First, when applied in algebraic fields it enriches the Dedekind- 
Weber theory by bringing to light the matrices whose determinants 
were the essential items in the older theory. The algebraic form is 
defined in terms of the basis of the ideal class rather than in terms of 
the single ideal, which comes more directly to the essential point of 
composition of classes. 

Second, in the general case where the class group does not exist, 
some quite unorthodox examples of composition are obtained. 

We assume that § is the quotient field of the principal ideal ring R, 
and that X is a finite algebra over § with the §-basis a, €z, © * ©, €n, 
and the constants of multiplication c: which belong to R. These n? 
numbers can be arranged into sets of n matrices by defining 


Qi = (Crei), Ri = (Cier), Si = (Gris) 


where r denotes the row and s the column in which an element lies. 
The numbers 


a = Gye, F arz +++ F anen 


9 Monatshefte für Mathematik und Physik vol. 48 (1939) pp. 293-313. Amer. J. 
Math. vol. 64 (1942) pp. 646-652. 
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of 2 whose coördinates a, lie in R constitute an integral domain of A 
which we shali denote by [9]. Corresponding to each number a there 
are three matrices 
Qla) = Qı + 4:02 + ++ + 4,0n, 
R(a) = Ri + aR, + +++ + anRn, 
S(a) = aS: + aS. + +++ + ansa 
all of whose elements belong to R. 
We shall assume that N is a Frobenius algebra, that.is, that there 


is in Y at least one number @ such that Q(a) is nonsingular. In this 
case each of the correspondences 


a2 Re) «&=S(a) 


is an isomorphism, the so-called first and second regular representa- 
‘ tions of [XA]. 

An additive group M of numbers of [N] which is closed under 
multiplication by the numbers of R is called an R-module. An 
R-module which is closed under multiplication on the left by the 
numbers of [9] is a left ideal. A right ideal is similarly defined. 

Every left or right ideal a of [N] has an 9-basis a1, œz, - ++, Qn 
where : 


Qi = Ayer + ties + +++ E GinEny ER. 


We define the matrix A =(a,,), and say that A corresponds to the 
ideal q by a Poincaré correspondence. If A is nonsingular, it is unique 
up to a left factor U which is a unimodular matrix with elements in R. 
The matrix S(e) corresponds to the principal left ideal (a], and 
R™(a) corresponds to the principal right ideal [a). 

Let a bea left ideal with [X]-basis a1, a2, © © - , œn, and let A be the 
greatest common right divisor of the matrices 


Sla), Sla), aE i S(ax), 


which is unique up to a unimodular left factor U. Then A corresponds 
to a by the Poincaré correspondence, and the rows of A determine an 
§-basis of a. 

A necessary and sufficient condition in order that a matrix A with 
elements in K shall correspond to a left ideal is that there shall exist ` 
n matrices D; with elements in ® such that 


T T l 
AR, =D,A (¢=1,2,+--,%). 


_ Two ideals a and b are said to be equivalent, or to belong to the 
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same class, provided two numbers 7 and 72 .0f [XN] exist such that 
ary = bro. 


At least in the case where § is the rational field, R the ring of rational 
integers, and X is semi-simple, the number of classes of left (or right) 
ideals is finite.?° 


Let a and b be two left ideals with R-bases a1, ae, © **, @, and 
Bi, Bo +++, Ba, and let aæ4 so that matrices H; exist such that 


S(a;) = HA. If and only if b is equivalent to a, there exists a matrix B 
corresponding to b such that 


i S(B:) = A;B (i = 1, 2, SE mop n). 
Then also . ; 
T T T T 
AR; = D, A, BR, = D; B. 
If Y is a Frobenius algebra, every ideal class has a basis of order ” 


in the following sense. There exist n matrices Bi, Bo, + --, Ba such 
that every matrix 


by By + bBo + Aye + bnBn, b, E R, 


corresponds to an ideal of the class, and conversely every ideal of the 
class corresponds (not uniquely) to a matrix of this linear system. 

It is not usually true if aA and b&B that aXbÆAB. But if 
[9] is of class number h, the Poincaré correspondence can be amplified 
so that to every ideal a there correspond h matrices A}, A?,---,A*, 
one for each class, with the following property. If b is in class %, and 
if aXb=c, and if cC by the Poincaré correspondence, then 


AB =C. 
Thus every ideal a has, besides its principal norm 
n(a) = |[Al| 


where the double bars indicate the absolute value of the determinant, 


h other norms Pe 
n(a) = laill. 


If b is in class b and aXb=c, then 
n’(a)-n(b) = n(c). 
5. The algebraic field. Let us now restrict § to be the rational 


10 M. Deuring, Algebren, Ergebnisse der Mathematik und ihrer Grenzgebiete, 
vol, 4, no. 1, Springer, Berlin, 1935, p. 90. 
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field, R to be the'ring of rational integers, and [X] to be the maximal 
integral domain of a (commutative) algebraic field of order z over §. 
We can connect our results with the Dedekind-Weber theorem. 

It is now true that every ideal is two-sided and the norm of the 
product of. two ideals is equal to the product of their norms. Con- 
sequently all the norms of an ideal & are equal, 

nla) = n'(a) = na) = +++ = na). 

Select two ideal classes, the ath and the bth, whose product class 

is the cth class. Select bases 
Ai, Aa, haha ı An; Bi, Bo, ae Bay Ci, Co, ae Cn 
for these three classes, and define the n-ary n-ic forms 


gly) = | yı + yA +: Ea Ynån l, 
A(z) = | 21B1 + 22B: +++ + 2,B,| 


where the y’s and z’s are indeterminates. The matrix A; corresponds 
to an ideal a; by the Poincaré correspondence, and a; corresponds to 
A; under the extended correspondence. It can, moreover, be shown 
that i 


gO) =| Art yada + + + andl. 


Since each product 4B; corresponds to an ideal in the cth class, there 
exist rational integers ¢iy, such that 
b 
7 A,B; = È CiikC k 
k 
Thus 


= f(x) 





O) We) = | yada, = 


‘3 


Dd 2Ce 
i 


Tr = 2 CijkY:Žj. 
š, j 





where 


Thus we have the composition of n-ary n-ic forms in a manner which 
is directly related to the cómposition of ideal classes. 

This may be clearer to the reader if an example is given. In the 
quadratic field §((—31)/?), the maximal integral domain has the 


basis 
j g=1, e= (1+ (— 31))/2. 


The class number is 3, and each of the ideals! (1), (2, 2-7(1 + (— 31) /2) 


u L. W. Reid, The elements of the theory of algebraic numbers, Macmillan, 1910, 
p. 444. 


1945] . ALGEBRAIC FORMS OF HIGHER DEGREE 209 


‘ 


(4, (1+(—31)/*)/2) is in a different class, which we shall denote as 
the first, second and third classes, respectively. The matrices 


r ha . Ea 
1 loir ? [81 


form a basis for the first or principal class, while 


—1 1 20 
a[i aE 
i —4 0 01 


form a basis for the second class, and 


[{—11 40 
b= i B= | | 
—2 0 01 


for the third class. Let 
fla) =| Si + taS] = t+ tite + Ban 
gO) = | nda + y2do| = 491 — J12 + 292, 
h(z) = | 2:By + zB] = Qn — 2122 + dee. 


These represent the three positive reduced forms of discriminant 
—31,12 Now : / 


3 —1 0 3 0 1 
a= f: a= , 
0 —4 —21 


and 
8 8 
| vidi + y242| = g(9). 
We have 
(141 + y24a)(21B1 + 22B) = 2551 + 2282 
where 


i = iti — 4918 — 2Y, 
te = — Yazı t+ Yz ° 


6. A noncommutative ring. A simple instance-of an integral domain 
of a noncommutative algebra of class number greater than 1 was 
given by E. J. Finan. The complete matric algebra of order 4 over 
the rational field has a non-maximal integral domain with basis 


2 L. E. Dickson, Introduction to the theory of numbers, University of Chicago Press, 
1929, p. 140. 
18 Duke Math. J. vol. 1 (1935) pp. 484-490. 
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los} bab bob Gol 


The class number of this domain is 3, and the three left ideal classes 
may be represented by the matrices 


ab 0 0 3a 6 0 0 abo0 0 

3dc 0 0 3d c 0 0 dc 0 0 
= E B= j C= 

00 c¢d 0 0c d 0 0 3cd 

0 0 38a 00 ba 0 0 3ba 


where A represents the principal class. 

Denote by a; the ideal whose basis is A with a=1, b=c=d=0; by 
@ the ideal whose basis is A with a=0, b=1, c=d=0, and so on. 
These basic ideals are singular, and in fact a1=¢1, Q2 = C2, As = bz, Q4 = by. 
A nonsingular ideal can belong to but one class. 


Ay Az A; Ag Bı Bı B; B, Cı C: Cs Ca 


Ail a Q Q 30,|}3C; Q Q 3G) G G& G G 
Ar|3C, 3€2 Cs 3| 3 CO Oa 3 |3 30 30 30, 
As) Bı 3B, Bs Bj Bı Bı Ba B| Bı 3B: 3B; Bı 
Ax| Bı, 3B. 3Bs 3B, | 3B, 3B. 3B; 3B,| Bı 3B: 3B; Bı 


Bı Bı 3B. 3B; 3B, | 3B; 3B. 3B; 3B,| Bı 3B: 3B; Bı 
B,| Bı 3B, B B| Bi Bı Bs; B| Bi 3B. 3B; B, 
B:| Bı 3B, Bs; B| Br Ba B Bs| Bi 3B: 3B; Bı. 
Bı | Bı 3B. 3B; 3B, | 3B: 3B. 3B; 3B,| Bi 3B: 3B; By 


G) Cr Q Cy 3€,)3C, Co Q 34G) G Q Q G 
C| 3C, 3 Cs 3a]|3 à Co Cy 3 |30 3C 3C; 3G, 
Cs | 3C 3C Cs 3| 3G Co Cs 3C |30 3C 3C3 36 
Co} O Ce Q 34| 3 Q G 3|) A à QG G 


From the accompanying multiplication table it may be noted that 
multiplication is associative“ but that the class group fails to exist. 

The examples of composition furnished by this ring are in a sense 
trivial, but they serve to show that the qualifying conditions attached 
to our earlier theorems are essential, and that the problem of de- 
termining all forms which admit composition in a ring is a compli- 
cated one. 

By composing the third ideal class with the first, we obtain 


4 This follows from the definition of the product of two modules. Monatshefte für 
Mathematik und Physik, loc. cit. p. 304. 


1945] $ . ALGEBRAIC FORMS OF HIGHER DEGREE 211 


3(yit yet yat ydy + 392+ 3ye t y) (z123 — 33224)? = 3( x183 — tata)”. 


That each side would be a perfect square was predictable, since the 
algebra is of rank 2. This composition is essentially 


gits — Laxa = (yr F yo + ya + ya) (y1 + 3y2 + 3ys + Y4) (2123 — 32224). 


Let us see if this composition is in accord with the Theorem of 
Gauss. Here | S™(z)| vanishes identically and 


| R(y) | = 3(y1 + 3y2 + 3y + y)? (y1 + ya + ya + y4)? 


so that g(y) divides | R(y)|, while h(z) divides |S™(z)| trivially. 
The example is also of interest in connection with the Theorem of 
Dickson. Clearly g(y) is not equivalent to f(x), and since | ST(z)| 
vanishes identically, it is not expected to be. Since | R(y)| does not 
represent +1, A(z) is not equivalent to f(x) in the ring of rational 
integers, but is equivalent to f(x) in the field of rational numbers. 


es 


UNIVERSITY OF WISCONSIN 


BOOK REVIEWS 


Fourier series. By G. H. Hardy and W. W. Rogosinski. (Cambridge 
Tracts in Mathematics and Mathematical Physics, no. 38.) New 
York, Macmillan; Cambridge University Press, 1944. 8+100 pp. 
$1.75. 


The object of the authors, as stated in their u was to write a 
book on Fourier series “in a modern spirit, concise enough to be in- 
cluded in the (Cambridge) series” of tracts, yet complete enough to 
serve as an introduction to Zygmund’s Trigonomeirical series. How 
well their object has been achieved is readily seen on examining the 
wealth of material covered in some ninety pages. At the outset they 
define what is expected of the reader and what aspects of the subject 
they propose to omit. The reader is expected to have a knowledge 
of Lebesgue integral theory as treated in Chapters X-XII of Titch- 
marsh’s Theory of functions; and while it is recognized “unofficially” 
that the reader will undoubtedly have some knowledge of the theory 
of trigonometrical series, officially the tract is self-contained. 

Certain topics are frankly omitted: for example, the inequalities of 
Young and Hausdorff, M. Riesz’s theorem on conjugate series, the- 
orems on Cesaro summability of general order, and uniqueness theo- 
rems for summable series. Nor is Denjoy’ s theory of general trigo- 
nometrical series considered. 

Chapter I, entitled Generalities leys the groundwork for all sub- 
sequent developments. At the outset trigonometrical series and 
trigonometrical Fourier series are defined, and at the same time their 
relation to harmonic and analytic functions is brought out. The 
emphasis on this relationship is reinforced at various points through- 
out the tract by the application of Fourier series theorems to analytic 
function theory. The essential results of Lebesgue integral theory and 
the theory of the spaces L? which are Benes for the sequel are stated 
succinctly. 

Chapter II is directed toward the classical L? theory of Fourier 
series. First the situation for general normal orthogonal systems is 
considered. Here the Riesz-Fischer theorem, the Parseval theorem, 
and’the relation between closure and completeness find their natural 
setting. From this point on, attention is focussed on trigonometrical 
series. The completeness of the trigonometrical system (T): 1/2, cos x, 
sin x, cos 2x, sin 2x, - -- in L(0, 2r) is demonstrated; and the com- 
pleteness of (x") for n=N, N+1,--- in L(a, b) and the Weierstrass 
approximation theorems appear as corollaries. 
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The theorems of Chapter ITI fall into two main categories. The first 
category is concerned with general properties of Fourier series: the 
theorems which relate the Fourier constants of a given function of 
L(—7, r) and the Fourier constants of functions associated with it 
in certain simple ways; the Riemann-Lebesgue Theorem; the theorem 
on the term-by-term integration of a Fourier series; the Gibbs 
phenomenon. The second category of theorems consists of two classes, 
the first dealing with properties of the Fourier constants which appear 
as consequences of special hypotheses on the function; the second 
dealing with trigonometrical series whose coefficients are positive and 
decreasing to zero. Properties of Fourier constants are given for func- 
tions f which satisfy one of the following conditions: f is non-negative 
in (0, 2r), is odd and non-negative in (0, r) (the results in these two 
cases yield Carathéodory’s inequalities for the coefficients of a func- 
tion analytic and with non-negative real part in the interior of 
the unit circle and the theorem of Dieudonné and Rogosinski on 
schlicht functions), is monotone in (0, 27), is convex in (0, 27), satis- 
fies a uniform Hélder condition in (0, 27), is of bounded variation, 
and so on. In the case of functions of bounded variation the example 
of Hille and Tamarkin is given of a function which is continuous and 
of bounded variation and yet has Fourier coefficients which are not 
o[|n|—] where n is the index. 

- Chapter IV is concerned with the convergence of a Fourier series 
and its associated conjugate series. Various known sufficient condi- 
tions for the pointwise convergence of a Fourier series are given, such 
as Dini’s test, Jordan’s test, Lebesgue’s test. Related problems for the 
conjugate series are considered. An example is given for a function 
whose Fourier series diverges at a point of continuity. 

The summability of a Fourier series is treated in Chapter V, which 
is introduced by a brief discussion of linear regular methods of sum- 
mation. General methods of summation of Fourier series are dis- 
cussed and the (C, 1) and A methods are eS as special cases 
of the general theory. 

Chapter VI deals with applications of-the esiis of Chapter V. 
Here the theorem is proved that there are Fourier series which 
diverge almost everywhere. Other topics treated are Fourier series 
with positive coefficients, gap theorems, the Gibbs set, the existence 
of the conjugate function. 

The final chapter is devoted to the theory of general trigonometrical 
series. The classical uniqueness theorem for trigonometrical series 
associated with the names of Riemann, Cantor, and du Bois-Reymond 
is established, and the remainder of this chapter is devoted to proving 
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that if a trigonometrical series converges except in an enumerable 
set to a finite and integrable function, then it is the Fourier series of 
this function. ý i 

M. H. Hers 


The advanced theory of statistics. Vol. 1. By Maurice G. Kendall. Phila- 
delphia, Lippincott, 1944. 12+457 pp. $16.00. 


Modern statistics is built around sampling theory. It is not well 
presented by books in the tradition of a quarter-century ago which 
exalted an extreme and sterile empiricism and ignored or deprecated 
probability and mathematics in general, even when such books are 
revised to mention modern developments. Neither is it adequately 
presented in the books, now becoming available to research workers 
in an increasing number of fields, which give sound practical advice 
and formulae, but without the derivations. For the serious student of 
statistics nothing is wholly satisfactory short of a treatment starting 
from first principles and proceeding by fully stated definitions and 
derivations to the methods needed for the entire array of situations 
with which statistics deals. To get on as far as possible with this 
program has been the object of only a few of the many books on 
statistics. Of these, Mr. Kendall’s is the largest, and covers in fullest 
detail the subjects treated. 

In spite of the title, this book is not “advanced” in the sense of 
requiring of the reader a prior knowledge of statistics. It does call for 
more of a mathematical background than is possessed by most stu- 
dents of statistics. Anyone who has mastered advanced calculus 
should get along fairly well with it, though there are occasional uses 
of such relatively advanced mathematics as complex integration and 
evaluation of integrals by residues, the Euler-Maclaurin sum formula, 
Stirling’s formula (which is used without proof or explicit statement), 
the integral form of the remainder in Taylor’s theorem, and definite 
quadratic forms. For a reader who is not troubled by these purely 
mathematical matters the style is unusually clear and explicit. There 
are many illustrations drawn from actual observations. Each chapter 
ends with a collection of problems; these are of a superior quality, 
suitable for testing mathematical skill and mastery of the material, 
not merely numerical data to be substituted in formulae. The work 
therefore possesses qualifications as an excellent textbook for suitably 
prepared students in the hands of a suitable teacher. The teacher, 
however, should not only be prepared to help the students over the 
mathematical hurdles noted and others, but should also be enough 
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of a specialist in statistics to apportion due émphasis to the various 
topics treated in relation to the wider theory and to applications. The 
book will also need supplementation from other sources, at least until 
the second volume appears, in order to cover some of the most essen- 
tial parts of statistics. 

Chapter 1, Frequency-distributions, provides a good introduction, 
and Chapter 2, Measures of location and dispersion, is rather exhaus- 
tive, though these two chapters seem to be influenced too much by 
tradition in contrast with the modern tendency to distinguish early 
and sharply between “sample” and “population,” that is, between 
observations and probability distribution. Chapter 3, Moments and 
cumulants, includes a good account of Sheppard’s corrections. Chap-, 
ter 4, Characteristic functions, presents a careful and adequate treat- 
ment following in part that of Paul Lévy and including some of the 
limit theorems. Chapters 5 and 6 describe the binomial, negative 
binomial, Poisson, hypergeometric, normal, Pearson and Gram- 
Charlier distributions. Chapter 7 is entitled Probability and likelihood 
and makes some attempt to deal with fundamentals, though the 
main attack on them is postponed to the second volume. The chapter 
ends with a curiously misplaced proof by Cramér, under Lindeberg’s 
condition, of approach to normality; this would seem logically to 
belong three chapters earlier. Chapter 8, Random sampling, deals 
chiefly with practical problems involved in making a sample random. 
Chapter 9 develops a considerable number of formulae for standard 
errors, exact and approximate. Chapter 10, Exact sampling distribu- 
tions, illustrates various methods of obtaining such distributions, in- 
cluding the use of geometrical methods, of characteristic functions, 
and of mathematical induction. Chapter 11, Approximations to 
sampling distributions, contains a most intelligible and comprehen- 
sive account of Fisher’s cumulants and the theory connected with 
them. There is an extensive table of cumulants of cumulants. Chapter 
12 deals with the x? distribution, with applications and approxima- 
tions. Chapter 13 is on Association and contingency, Chapter 14 on 
Product moment correlation, Chapter 15 on Partial and multiple corre- 
lation, and Chapter 16 on Rank correlation. These chapters are com- 
prehensive treatments and include nearly all published results of im- 
portance in their fields. 

It is stated in the preface that the second volume will deal with the 
theory of estimation, regression, analysis of variance, tests of signifi- 
cance, multivariate analysis, theories of statistical inference, and time 
series. If these subjects are treated as comprehensively as those in the 


216 BOOK REVIEWS [March 


first volume, a substantial treatise covering the main body of the 
theory will be available. i 

The treatment is occasionally lacking in exactitude and rigor, 
though it compares favorably in this respect with many books on 
mathematics and mathematical physics, and is enormously above the 
general level of books on statistics. The volume is printed in England, 
with a rather luxuriously pleasing use of display formulae and wide 
margins on large pages. However there is no table of contents in this 
first volume, and typographical errors seem unusually numerous. A 
particularly troublesome one is the omission of the subscript from 
v in the second integral in line 7 of p. 112; this should be remedied by 
each owner of a copy, since the meaning of the Helly:Shohat-Fréchet 
theorem is involved. The continued fraction for the normal prob- 
ability integral is derived on p. 129 by Laplace’s method instead of 
by the more satisfactory argument of Jacobi, and one of the useful 
series for this integral is not included at all. The advice on p. 336 
not to use the standard error of the correlation coefficient unless # 
exceeds 500 is excessively conservative when p is small. ` 

The author follows the practice of defining the variance of a sample 
as the simple mean of the squares of the deviations from the mean. 
This saves trouble for the author and the reader, in their capacities 
as such, but makes no end of trouble for them or anyone else who 
undertakes to substitute observations in the formula thus simply laid 
down. Use of a denominator less by unity than the sample number has 
distinct advantages. 

Previous relevant writings are occasionally ignored—as often hap- 
pens in a science built up from contributions scattered through 
multitudinous journals devoted largely to applications. The state- 
ment on p. 250 that no previous systematic account had been given of 
methods for deriving sampling distributions neglects a paper by B. H. 
Camp in the Annals of Mathematical Statistics for 1937. 

With these qualifications, which can easily be taken care of by a 
competent teacher, or in later editions by the author and publishers, 
the book is an outstanding landmark and promises to be of the utmost 
value in advancing knowledge of the theory of statistics. 

Haroip HOTELLING 


A handbook of perspective drawing. By James C. Morehead and James 
C. Morehead, Jr. Pittsburgh, J. C. Morehead, 1941. 3+166 pp. 
$4.50.. 


£ A < 
Perspective being a central projection, the Handbook denotes by 
picture plane, station point, and station-poini distance the plane of 
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projection, the center of projection, and the distance between these, 
respectively. The perspective of a point P may be obtained by solving 
the two problems of geometry of position: (1) find the line / deter- 
mined by P and the station point S; (2) find the point P’ in which Z 
pierces the picture plane r. The aggregate of the projections P’ of 
the points P of an object constitutes the perspective of this object. 
An important point of a line is its vanishing point where a parallel 
to it through S pierces r, and an important line of a plane is its 
vanishing line where a plane through S parallel to it cuts r. In the 
Handbook this line is called a horizon. All lines of a two-parameter 
family of parallel lines have the same vanishing point V. 

Ler us now think of an architectural object like a house which 
contains lines (edges) belonging to one or another of three mutually 
perpendicular two-parameter families of parallel straight lines, those 
of ona family being vertical. For a station point S of general position 
and a picture plane r of general orientation, there will, in general, be 
three finite vanishing points in r. Such a picture is called a three-point 
perspective. If m is vertical there will be only two finite vanishing 
points and these will be on the vanishing line (horizon) of the hori- 
zontal planes. The picture is then called a two-point perspective. 
Finally, if r is still vertical and contains a line of one of the other 
families, there will be only one finite vanishing point, and the result- 
ing picture is called a one-point perspective. 

Early in the book the notion of measure line is introduced. It is a 
line which lies in or is parallel to the picture plane and thus shows 
distances in their true size or magnified or diminished by a constant 
factor. The first method given for drawing perspectives is that called 
direct projection. This consists essentially in solving problems (1) and 
(2) stated above by the Mongean method of descriptive geometry 
with the vertical plane of that method taken as the picture plane. The 
mixed method is the next one described. Here the perspectives of the 
vertical edges are obtained as in the direct method. However, the 
perspectives of the corners on these edges are fourid with the aid of a 
measure line. 

Chapter II concerns itself with what is called the 45°-line method. 
The essential feature of this method is to find the vanishing points of 
the diagonals of the faces of a cube which are parallel to the floor and 
walls of a rectangular building. 

In Chapter III the book describes various constructions and 
mechanical devices for drawing lines to distant vanishing points. In 
Chapter IV use is made in two-point perspective of the 45°-line 
method in floor planes. This method reduces to the use of a single 
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vanishing point the lay-out procedure for finding the perspectives of 
the horizontal dimensions of a rectangular building. Chapter V is 
devoted to three-point perspective. The picture plane m is here 
assumed to be not vertical. The orientation of this plane with respect 
to the rectangular building to be represented is determined by two 
(parametric) angles A and B. 

Chapter VI concerns itself with the perspectives of curves such as 
circles, conics and helices. Application is made to such objects as 
loggias with circular arches, viaducts with parabolic arches, groined 
vaults, cylindrical bays with conical roofs and niches with domed 
ceilings, water wheels and helical stairways. 

In Chapter VII some of the methods already described are applied 
to the determination of the perspectives of the shadows and reflec- 
tions of the objects represented. 

The reviewer has seldom seen 2 book on drawing in which the 
figures are executed more carefully and beautifully than they are in 
this book. For this reason as well as for the precise descriptions of 
the method involved, a copy of this book should be in the possession 
of everyone who is interested in perspective drawing. 

WILLIAM H. RoEVER 


NOTES 


The issue of Science for December 15, 1944, contains the address 
delivered by Professor M. H. Stone of Harvard University on August 
13, 1944, at the dinner held in connection with the Summer Meeting 
of the Society in Wellesley, Massachusetts. The published article 
bears the title American mathematics in the present war. 


Professor Emeritus W. D. Cairns of Oberlin College, for twenty- 
seven years secretary-treasurer and for the past two years president 
of the Mathematical Association of America, was elected honorary 
president for life on November 26, 1944, at the Chicago meeting. 


Professor Marston Morse of the Institute for Advanced Study has 
received a citation from the War Department for outstanding per- 
formance as a civilian in government work in furtherance of the 
nation’s war effort. 


The School of Mathematics of the Institute for Advanced Study 
will allocate a small number of stipends to gifted young mathema- 
ticians and mathematical physicists to enable them to study and to 
do research work at Princeton during the academic year 1945-1946. 
Candidates must have given evidence of ability in research compa- 
rable at least with that expected for the degree of Doctor of Philoso- 
phy. Blanks for application may be obtained from the School of 
Mathematics, Institute for Advanced Study, Princeton, N. J., ‘and 
should be returned at the earliest possible date. 


Associate Professor L. E. Babcock of Newberry College, Newberry» 
South Carolina, has been appointed to an assistant professorship at 
the University of Richmond. 


Dr..C. L. Clark of the University of Virginia has been appointed 
to an assistant professorship at Oregon State College. 


Assistant Professor W. M. Davis of Cornell College, Mount 
Vernon, Iowa, has been promoted to a professorship. 


Assistant Professor H. A. Doeringsfeld of the University of Minne- 
sota has been promoted to an associate professorship. 


Associate Professor Mary Goins of Western College, Oxford, Ohio, 
has been appointed to an associate professorship at DePauw Uni- 
versity. 
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Associate Professor F. W. John of New York University has been 
promoted to a professorship. 


Adjunct Professor W. S. Krogdahl of the Uiivesity of South Caro- 
line has been promoted to an associate professorship. 


Assistant Professor F. E. Miller of the University of Minnesota has 
been promoted to an associate professorship. 


Miss Helen K. Milleson of Carleton College, Northfield, Minne- 
sota, has been appointed statistician in the Bureau of Census, Wash- 
ington, D. C. 


Dr. C. D. Olds of Purdue University has been appointed to an 
assistant professorship at San Jose State College, San Jose, California. 


Mr. H. E. Wahlert of New York. University has been promoted to 
an assistant professorship. 


The following appointments to instructorships are announced: Coe 
College, Cedar Rapids, Iowa: Miss Aletha C. Gaddis; University of 
Kentucky: Mr. F. W. Donaldson; University of Nebraska: Dr. J. F. 
Heyda; North Dakota Agricultural College: Mr. Neil Lockwood; 
University of Oregon: Mrs. Olga A. Freeman, Miss Marie Ridings; 
Southeastern Louisiana College, Hammond, Louisiana: Dr. Margaret 
R. ‘Davis. 


Professor H. A. DoBell of New York State College for Teachers 
died December 8, 1944, at the age af forty-eight years. ne had been a 
member of the Society since 1928. 


Professor W. P. Ott of the University of Alabama died December 
25, 1944, at the age of sixty-eight years. He had been a member of 
the Society since 1924. 


Professor Emeritus G. T. Sellew of Knox College died December 
27, 1944, at the age of seventy-eight years. He had been a member of 
the Society since 1899. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


Thé following papers have been submitted to the Secretary and 
‘the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


51. E. W. Barankin: Bounds for the characteristic roots of a matrix. 


With the application of Schwarz’s inequality (a principal tool in the more recent 
investigations of bounds for matrix roots) to the linear equations Ax, = Ysin 
where ) is a root of the arbitrary matrix A =]||an||, and {x,} is an eigen-vector of A 
belonging to A, it is proved that Jal Smax (R,T;), where R= Dal Grs| , T,= = tsr| i 
Generalizations of this theorem, to give stronger upper bounds, are indicated; arid 
the independent result, that |A] Smax R,, |A| Smax T, is established. The first 
theorem was recently proved for matrices of order 2 by A. B. Farnell (Bull. Amer. 
Math. Soc. vol. 50 (1944) pp. 789-794). (Received December 23, 1944.) 


52. Garrett Birkhoff: Lattice-ordered Lie groups. 


A Lie Lgroup is defined as a lattice-ordered group which is a Lie group; a Lie 
il-group, as a Lie /-group whose lattice operations are continuous in the topdlogy; a 
Lie /-algebra, as a lattice-ordered Lie algebra whose set of positive elements is in- 
variant under all inner automorphisms. Conditions that the Lie algebra of a Lie 
group be a Lie Z-algebra are found. A Lie algebra of dimension r can be made into a 
Lie l-algebra if and only if it has a chain of invariant subalgebras of length r; hence 
only if it is solvable. A simply ordered topological l-group is one-dimensional. The 
only Lie ¢l-groups are the powers R” of the additive group of real numbers; hence 
they are all commutative. (Received January 3, 1945.) 


53. A. L. Foster: Boolean-like rings, a generalization of Boolean 
rings. The logical algebra of general commutative rings. 


This paper is mainly concerned with the study of a generalization (first touched’ 
on in: A. L, Foster, The idempotent elements of a commutative ring form a Boolean 
algebra +--+. Ring duality and transformation theory, to appear in Duke Math. J., 
March 1945) of the concept Boolean ring, a generalization in which many of the 
formal properties, both ring and “logical,” of the latter are preserved, and one which 
arises ‘naturally from the basic duality theory of rings previously introduced. The 
class of Boolean-like rings is discussed within the framework of a certain logical 
algebra of (general) rings. (Received January 8, 1945.) 


54. G. N. Garrison: Note on invariant complexes of a quasigroup. 
In an earlier paper (Quasi-groups, Ann. of Math. vol. 41 (1940) pp. 474-487) the 
writer discussed (§4.4) relations between two invariant complexes, H and K, of a 
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finite quasigroup S. The purpose of the present note is to discuss the intersection 
HNK under much less restrictive hypotheses than were imposed earlier. If HAK =D, 
D not vacuous, D is shown te be invariant. Also the order of D divides the order of H 
” (and K) and non-overlapping sets D, Da, Db,--+- exist such that H=D+Da 
+Db+ » » + . When K is invariant, so is Ke for any a (previous result); therefore if 
HA K =0, choose a < S so that HA. Ka =D <0, D invariant. In either case it is shown 
that, whenever HbA Kc=D #0, D is invariant and any other intersection Hp/\Kq 
is either vacuous or takes the form Dr for some r. (Received January 25, 1945.) 


55. R. E. Johnson: Systems of finite linear equations. 


In this paper the author studies the system of linear equations (1) } Pi:Grexr=Yer 
s=1, 2,++- for Qm and y. in a commutative field P. It is shown that the matrix 
A = (Gra) has associated with it a “quasi-inverse” A*. A necessary and sufficient condi- 
tion that (1) have a solution is that the idempotent matrix A*A be a right unit of 
the matrix Y= (Yr); Yis =Ys Yra=0, r>1. If (1) has a solution, the general solution 
is obtained in terms of A and A*. (Received January 23, 1945.) í 


56. J. N. B. Livingood: A partition function with the prime modulus 
p>3. 


In this paper the author, generalizing £ problem recently solved by J. Lehner, 
obtains a convergent series for a(n), the number of partitions of n into summands 
which are congruent to +a modulo p, p being a prime number greater than 3. The 
method is that of Hardy and Ramanujan in its recent refinement. Let pa(n) be the 
coefficient of a generating function F(x) which is regular within the unit circle. AIl- 
depends upon the asymptotic behavior of F.(x) near roofs of unity. In order to deter- 
mine this a modular transformation is applied to Fa(x). The infinite product F(x) 
goes over into another one whose asymptotic behavior is evident. The coefficients 
faln} are then computed by means of the Cauchy integral, subject to the Farey dis- 
section. Since the modular forms in question are of dimension zero, the method, due 
to Rademacher, necessitates the introduction of the so-called Kloosterman sums, in 
order to lower the estimate of the sums of certain roots of unity. An interesting by- 
product of the investigation is the determination of the asymptotic ratios of the pa(n) 
for different a and for » tending to infinity. (Received January 5, 1945.) 


57. M. F. Smiley: A remark on metric boolean rings. 


Just as a metric lattice is modular (V. Glivenko, Géométrie des systémes de choses 
normées, Amer. J. Math. vol. 58 (1936) pp. 799-828), so is a ring with unity element 
on which is defined a real valued function u(a) satisfying (1) u(a)>0 for every a0 
and (2) (a+b) +2u(ab) =p(a)+p(b) a metric boolean ring. An example shows that 
the assumption of a unity element is essential. (Received January 16, 1945.) 


58. Ernst Snapper: Parital differentiation and elementary divisors. 


Let P=K[m, +--+, xn] be a polynomial ring, where K is a field of charac- 
teristic p (=O or 0). The operator ring D=K[8/dm,-++, @/dx,] and the 
“algebra of linear exponentials M” are defined. Elements of D are operators 
A= i igi. oan, BT" Hna e - + dx'n, operating on the elements of M. A set of 
linear partial differential equations with constant coefficients is a set S of operators 
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and its solutions are elements »© M, where ¢(u) =0 for all CS. An “auxiliary” ideal 
aCP corresponds to S. The general point £ of an (n —#)-dimensional associated prime 
p of a primary component q of a determines a “general”. (z —7z)-dimensional exponen- 
tial solution exp (£)C M of S. The differential exponent of p is ô if a polynomial f with 
i variables and with coefficients in the field of rational functions of p, where f exp(£) 
is a solution of S, has at most degree §—1. The relationships are studied between ô, 
the ordinary exponent p of q, the Hentzelt exponent v of q, and the multiplicity ø of 
the root which corresponds to p of the (7—2)-dimensional elementary divisor of a. 
When p is isolated and either p=0 or 5<p, p=v=a=8, When p0, and 6=), pS», 
pv, p&o. (Received January 17, 1945.) 


‘59, W. J. Sternberg: On a special set of algebraic nonlinear equa- 
tions. 


Some physical problems lead to algebraic nonlinear equations, such as the follow- 
ing set > seit /(xs/se+jys) =1/(ax/st+jbx), where k=1, 2,3, j=(—1)'%, 5753, S2 Sp 
s3s;. An analogous set of two or four or more equations could also be treated. The 
unknowns are xs, Yi, while az, bz, sare given. The above complex equations are equiva- 
lent to six real equations. The transformation w =9:;/x; using the abbreviation 
1/(1+s;2)) =fa(us) [i, k=1, 2, 3], leads to Dia fe(us)/xe= An, Do¢_sMafe(ms) /e = Be 
where Ax, By can be computed from ag, br, sz. Since the above equations are linear 
with respect to 1/x;, eliminate these unknowns and obtain for the t three nonlinear 
equations, whose left sides are determinants. These determinants are rational alter- 
nating functions of the us. Simplify the said equations and introduce the elementary 
symmetric functions w, we, ws of the us. The point is that finally three linear equations 
are obtained for w;, wz, wz. They are uniquely determined and the equation with the 
roots Ui, U2, U3 can be found. The problem is therefore reduced to one equation of 
third degree. (Received January 20, 1945.) 


60. H. S. Wall: Polynomials with real coefficients whose zeros have 
negative real parts. 


Let P(z) =2*+a,2""!4-a92" 2+ +--+ +a, be a polynomial with real coefficients, 
and let Q(z) be the polynomial obtained from P(z) by dropping out the first, third, 
fifth, +++ terms of P(z). Then, the zeros of P(z) all have negative real parts if and 
only if the successive quotients obtained in applying to P(z) and Q(z) the euclidean 
algorithm for finding the greatest common divisor of two polynomials have the form 
Ga+1, Cog, C32, * * + , CnZ, where ci, C2, ° + + , Ca are positive. On the basis of this result, 
a new proof is obtained of a theorem of A. Hurwitz (Werke, vol. II, p. 533 ff.). (Re- 
ceived January 24, 1945.) 


ANALYSIS 


61. Felix Bernstein: The integral equations of the theta function. 


In 1920 the author showed that the integral equation 9+9 —2t9+89+1—1=0 
(840 = {39(7)8(E—7)d#) for the variable k =e has the theta zero function ) igh" as 
the only solution analytical and regular in the unit circle at the origin. In subsequent 
papers it has been brought out that this equation defines relationships of the theta 
zero function to the theory of heat and a number of new theorems. The transcendent 
theorems of addition have been derived. It has been shown that the Volterra theory 
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of integral equations of this type can be essentially generalized to include functions 
as solutions whose domain of existence is limited. No relation could be established 
between the above equation and the central analytical property of the functions, 
namely the product representation of Jacobi. A new integral equation has been dis~ 
covered of-a different type which exhibits the product representation of one of the 
four fundamental theta functions by aid of the “Faltung” of two others. These new 
integral equations are related to Riemann’s zeta function. (Received January 23, 
1945.) - 


62. H. L. Garabedian: Stieltjes integral transformations. Prelimi- 
nary report. ` 


This paper involves a study of the integral transformation v(x) = Se uly)do(y/x), 
which, with appropriate restrictions on the mass function $(x), defines a regular 
method of summation (H, ¢(x)). Various formulations of inclusion relationships be- 
tween H-methods of summation together wich numerous examples are given. These 
formulations involve a Stieltjes integral equation,of the type ¢a(z) = =f. o Ge(u/v)dds(v), 
sequences of the type Jo o Hd(u) (2 =0, 1, 2, - - + ), and moment functions of the type 
Jp utde(u), Re) =0. (Received January 2, 1945.) 


63. Dunham Jackson: The boundedness of certain sets of ortho- 
normal polynomials an one, two, and three variables. 


‘ A recent paper (Duke Math. J. vol. 11 (1944) pp. 351-365) has discussed the 
boundedness of orthonormal polynomials for which the domain of integration is 
(among other possibilities) an arc of a plane curve of the second degree. The corre- 
sponding problem is studied now for a curve of the form y=x" in which m is an 
arbitrary positive integer or has one or another of a few illustrative fractional values. 
When the exponent is a fraction there is an intimate connection with the theory of 
orthogonal polynomials in a single variable with auxiliary conditions (Trans. Amer. 
Math. Soc. vol. 48 (1940) pp. 72-81), calling for new developments of the latter 
theory. The length of the analysis which appears to be required in the case of even a 
very simple fractional exponent suggests that the problem as formulated for algebraic 
curves of any degree of generality is far from elementary. The methods used in con- 
nection with plane curves are found to be effective also for skew curves of corre- 
sponding simplicity in space of three dimensions. (Received December 11, 1944.) 


64. E. R. Lorch: The Cauchy-Schwarz inequality and self-adjoint 
spaces. 


The inequality of Cauchy-Schwarz is expanded to the following form. Let sy 
denote a skew-symmetric complex matrix and let ¢(%) denote a real function of the 
complex vector x=(x1,--++,;"%n). Suppose that max,| riz t $ sux: | /o(y) 
=) x:£:/6(x). Then s;;=0 and $(x) =k()_x::) 2 where k is a positive constant. This 
result is pivotal in the proof of the fact that if for a linear vector space $ the equality 

=%* holds, where $* is the space adjoint to B, then $ is either a unitary space or a 
Hilbert space. The equation @=%* is defined to have. the following significance: 
There exists an algebraic and topological isomorphism T between $ and %*, Tf=f*, 
JEB, fEB* such that Q, f*) =[l/l| -||* |]. Here Cf, f*) denotes the value of the func- 
tional f* on the vector f. (Received January 2, 1945.) 
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65. Harry Pollard: A theory of the Laplace integral. Preliminary 
report. 


It is easily verified that under simple conditions on f(x) the formula 
f(x)=fk SL —at/k)F "Lp. e(fdt is an identity, where Ly(f)=(— A)EREF [Rett] 
-f(k/t) is the Post-Widder operator. If k—=%, f(x) = fy e*'g(t)dt, where 
g(t) =limz.. Lx,4(f). Obtaining conditions for which this passage to the limit is valid 
is tantamount to establishing a representation theory for the Laplace integral. The 
final results coincide with Widder's theory, but new light is shed on the central role 
played by the operator Ly,:(f). (Received January 20, 1945.) 


66. P. R. Rider: A new use for tables of the incomplete beta function. 


The solution of the problem of minimizing a definite integral having an integrand 
of the form (1-++’2)"/y’! has been given. This paper points out how tables of the 
incomplete beta function can be used to advantage in carrying out the solution in a 
numerical case. (Received January 22, 1945.) 


APPLIED MATHEMATICS 


67. C. A. Truesdell: The membrane theory of shells of revolution. 


The differential equations of the bending theory, and hence of the membrane 
theory of shells of revolution, are derived as consequences of the equations of three- 
dimensional elasticity and Certain additional assumptions. Less restrictive than cus- 
tomary boundary conditions at the apex of closed domes are proposed. By means of 
stress functions satisfying a simple ordinary differential equation, solutions of the 
stress equations are surveyed, and it is shown that the new boundary conditions can 
be satisfied for a large class of surfaces for which the old could not. Displacement 
functions are introduced which reduce the integration of the displacement equations 
to the integration of a fairly simple ordinary differential equation. Numerous exact 
solutions of the differential equations are given explicitly, with the aid of the stress 
and displacement functions, and some numerical examples are given. (Received 
January 10, 1945.) 


GEOMETRY 


68. S. B. Jackson: The fone erta theorem for surfaces of constant 
curvature. 


In an earlier paper by the writer (S. B. Jackson, The four-vertex theorem for spherical 
curves, Amer. J. Math. vol. 62 (1940) pp. 795-812) it was shown that on any simple 
closed spherical curve of class C’’’, nota circle, there are at least four geodesic vertices, 
that is, extrema of the geodesic curvature. The aim of the present paper is to extend 
this result to any surface of constant curvature. Specifically, it is shown that every 
simple closed curve of class C’’, not a geodesic circle, in a simply connected region 
of a surface of constant curvature has at least four geodesic vertices. The technique 
of the paper is to map the given region of the surface onto the plane in such a way 
that the geodesic vertices of the given curve go into the vertices of the corresponding - 
plane curve. The theorem then follows from the known facts about the vertices of 
plane curves, It is shown by example that the restriction that the curve be in a simply 
connected region of the surface is essential. Finally, it is proved that the theorem 
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cannot be extended to any surfaces of variable curvature. (Received January 30, 
1945.) 


69. Edward Kasner and John DeCicco: Some properties of mini- 
mal surfaces. 


It is known that for any minimal surface and also for a sphere, any parallel 
system of plane sections is an isothermal family on the surface. The authors prove 
that this property is characteristic for the minimal surfaces and the spherical sur- 
faces. Moreover the following fundamental theorem is obtained. If a surface possesses 
more than four distinct isothermal systems of parallel plane sections, all of which 
are parallel to a given rectilinear direction L, then every parallel system of plane 
sections is isothermal, and the surface is either minimal or spherical. Some further 
results are the following. Any surface which has more than two simply-infinite families 
of plane geodesics of nonzero curvature is either a sphere or a plane. If a surface has a 
single isothermal system of parallel plane suections such that the mean curvature is 
the same at all points of any one of these sections, then it is a surface of revolution. 
(See for related theorems paper in Proc. Nat. Acad. Sci, U.S.A. vol. 31 (1945) (Re- 
ceived January 24, 1945.) ' 


STATISTICS AND PROBABILITY 


70. E. J. Gumbel: Expected values of a statistical variate. 


Let x bea continuous unlimited variate; let F(x) be the probability of a value equal 
to, or less than, x. What values may be expected in a sample of size n? The n ex- 
pected values Zm (#=1,2,+++ , n) and the n most probable values %,, are, respec- 
tively, the means and the modes of the distributions of the mth values. As the calcu- 
lation of these means is in general extremely tiresome, and the calculation of the » 
modes laborious, it is proposed to use as approximations the values m which corre- 
spond to the probabilities Fm obtained from linear interpolation between A and Fn. 
Here, Fı and Fa are the probabilities of the most probable largest and of the most 
probable smallest value in a sample of size x. The probabilities Fm are subject to the 
inequalities (—1)/n<Fn<m/n. The distribution of the values x, converges, with 
increasing sample size, toward the theoretical distribution. For a symmetrical dis- 
tribution the mean of the values %, coincides with the mean of the population. 
(Received January 22, 1945.) 


TOPOLOGY ' 
71. R. H. Sorgenfrey: A condition that a continuum be irreducible 
between two points. 


It is proved that in order that a (compact) continuum M be irreducible between 
two of its points, it is necessary and sufficient that of every three continua whose sum 
is M, either two fail to intersect or the sum of two contains the third. (Received 
December 4, 1944.) 


72. P. A. White: On new types of regular convergence. 


New types of convergence are introduced making use of other local properties in 
the same way that local connectedness was used in the definition of r-regular con- 


, 


a 
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vergence by G. T. Whyburn (On sequences and limiting sets, Fund. Math. vol. 25 
(1935)). In particular the sequence of compact sets (Mp)—M is said to converge 
r-coregularly (r-completely avoidably regular—r-c.a. regular) if for every e>0 there 
exists a 6>0 (7 >6>0) and N such that for any i> N, point pC M;, and r-dimensional 
Vietoris cycle xCM,—M,-S[p, (Mn (Fle, 7])), x*°~0 on Ma—MaSlp, 8) 
(Mn: (S[b, e]—S[p, 8])), where S and F represent the spherical neighborhood of a 
point and its boundary, respectively. If the convergence is ¿regular (¢Sr-~1) and 
r-coreguiar, M contains no 7-cut points. If the convergence is ¿regular (4S7) and 
r-c.a, regular, M is completely 7-avoidable at each point. If each M, is an r-dimen- 
sional closed Cantorian manifold and the convergence is ¢-regular (¢ Sr), 7-c.a. regular 
(i Sr—2), and (r—1)-coregular, and dim M <n, then M is a generalized closed mani- 
fold in the sense of R. L. Wilder. If the convergence is 0-c.a. regular, it is also 0-regular 
and 0-coregular, and if each M; is a 2-dimensional compact manifold, then so is M. 
However M may not be homeomorphic with any of the Ms. (Received December 12, 
1944.) ; 
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SPANS IN LEBESGUE AND UNIFORM SPACES OF 
TRANSLATIONS OF STEP FUNCTIONS 


RALPH PALMER AGNEW 


1. Introduction. For each p21, let Lp be the Lebesgue space whose 
elements are real or complex valued measurable functions f(x), de- 
fined over — © <x < ©, for which the integral 


(1.1) S 1s@ pas 


is finite. The distance ||}2—fıl| between two elements fı and fz of the 
space is defined by 


aD le-a- { filme — f(a) rae} 


For each #21, L, is a linear metric complete separable space. 

‘Let E be a set in Ly. The linear manifold M(E) determined by E 
is the set of all linear combinations (finite) of elements of E. The 
span S,(E) of E in L, is the closure in L, of M(E); an element ¢ of 
L, belongs to S,(£) if and only if to each e€>0 corresponds an element 
fe ol M(E) such that lo —F4| <e. 

Let fEL,. For each real h, the translation f(x +h) of f(x) is alsn.in 
L,. Let T; denote the set of translations of f. Wiener [2, pr~ Se 
showed that if fGLe, then S2(T;) is the whole space Ls if and’ * af 


the real zeros of the Fourier transform of f form a set of measure 0. 5 
He [2, pp. 9-19] showed also`(and this was much more difficult) that-' 


if fC, then Si(T;) is the whole space L if and only if the Fourier 
transform of f has no real zeros. He [2, p. 93] raised the question 
whether similar propositions hold for other values of p and expressed 
a “suspicion” that they do, at least when 1SpS2. 

In view of the similar suspicions held by Wiener and others, a re- 
sult recently announced by Segal [1] is surprising. Segal has shown 
that if 1 <p <2, then there is an element f of Ls such that (i) the zeros 
of the Fourier transform of f form a set of measure 0 and (ii) the span 
S(T) of the translations of f does not include the whole space Ly. 
~This c development will doubtless create interest in the search for 
criteria for S,(T;)=L,y. With the hope that both the result and the 


Presented to the Society, November. 24, 1944; received by the editors September 
25, 1944, 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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special direct proof may throw light on the problem, the author pre- 
sents the following result which he obtained ten years ago and has 
not previously announced. 


THEOREM 1.3. If p>1 and F is a simple step function, then 
S,(Tr) =L,. 


2. Simple step functions. A simple step function is a function F(x) 
which has a nonzero constant'value over a finite interval aSx<a+2b 
and is zero elsewhere. The positive constant 20 is the width of the step 
function. With each simple step function F of width 2b, we may as- 
sociate the normal step function G defined by 


1,-bS5%4<8, 
0, elsewhere. 


(2.1) G(x) = { 


Clearly, M(Tr)= M(T¢) and S,(Tr)=S,(Te). 
The Fourier transform g(u) of the function G(x) in (2.1) is 


sin bu 
3 





(2.2) glu) = (Omn f Glajesde = (2/m) 1/2 u #0, 


u 


and g(0) = (2/r)" b. This transform is bounded, continuous, and in Ly 


for each p>1. Since g(u) has real zeros, the second theorem of Wiener 
cited above implies that Si(T¢) is not the whole space Lı. Since the 
set of zeros has measure 0, Wiener’s first theorem implies that 
S2(F¢)=L2. Hence, when p=2, the conclusion of Theorem 1.3 fol- 
lows from Wiener’s theory. 


3. Two lemmas. We shall use the two following lemmas. 


LEMMA 3.1. Let p21 and let f be an element of Ly. If S,(T;) contains 
g, then S,(T;) contains S,(T,). 


This is a consequence of the fact that linear combinations of trans- 
lations of linear combinations of translations of f are linear combina- 
tions of translations of f. 


LEMMA 3.2. Let p21 and let F be an element of Ly. If Sp(Tr) con- 
tains, for each h>0, a simple step function of width h, then S,(Tr)=Ly. 


Let ¢ be an element of Lp. Let €>0. A fundamental theorem on ap- 
_proximation gives a step function g(x), a linear combination of simple 
step functions, such that ||¢—g|| <e. Since g is a linear combination 
of elements of S (Tp), g itself is an element of S,(Tr). This establishes 
Lemma 3.2. 
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4. Proof of Theorem 1.3. Using Lemma 3.2, we see that Theorem 
1.3 is a consequence of the following lemma. 


Lemma 4.1. Let p>1. If F is a simple step function, then S,(Tr) 
coniains, for each h>0, a simple step function of width h. 


Let ¢, a, and kı be the constants such that F(x) =c when a Sx <a+h 
and F(x) =0 otherwise. Let 4>0, and let g(x) be the simple step func- 
tion for which g(x) =1 when 0 Sx <k and g(x) =0 otherwise. Let e>0. 
We shall prove Lemma 4.1 by giving an explicit formula for a linear 
combination g.(x) of translations of F(x) such that ||g—gd| <e. 

Let m be the least integer for which mh >h and let H=mhy. Let 


(4.2) G(x) = T F(a — jh — a). 
Then . i 
(4.3) G(x) = 1, 0Osx<H, 


and G(x)=0 otherwise. Let 2 be the least positive integer such that 
(nE +-h)¥?(2n+1)-!<e. Let 


g(x) = (1 — t “ote — kB) 


-(-BEDae- ss) 


An understanding of the manner in which g.(x) approximates g(x) is 
enhanced by drawing graphs of the terms of the sum in (4.4) and of 
the function g.(x). The function g.(x) is so constructed that 


(4.5) | g(a) — gda) | = (2n + 5, OSx<nH +h, 


and | g(x) —ge (x)| =0 elsewhere. Hence 





(4.4) 





= ni+h T 
f | g(x) — ge(x) [rde = f (2n + 1)-?dx 


(4.6) 

= (nH + h) (2n + 1) 
and 
(4.7) le — gdl = (nE + WPQn + 1) < e. 


This completes the proof of Lemma 4.1 and hence also that of Theo- 
rem 1.3, 
- Itis apparent that the above method for approximating g(x) in Lp, 


232 R. P. AGNEW [April 


p>, fails when p=1; when p=1 and e is’small, one is unable to 
choose a positive integer 7 such that the last inequality in (4.7) holds. 
As a matter of fact, no method can serve. For if g(x) could be ap- 
proximated in L; by linear combinations of translations of G(x), then 
we could prove that S$:(T¢) = L1; and this would contradict the second 
Wiener theorem cited in §1. 

When k, H, and e are fixed, e being small, the number n of terms 
in (4.4) required to define the function g,(x) is a function of p which 
increases as p decreases. This indicates that the approximation in Lp 
of g(x) by linear combinations of translations of G(x) becomes more 
difficult as p decreases toward 1. This is in accord with the fact that 
the approximation is impossible when p=1. 


5. An indicator. Let p21 and let f be an element of Lp. The num- 
ber I‘ (f) defined by 


(5.1) If) = Lub. gab. {lz — Fl], 
9 F 


where the g.l.b. is taken for all F in M(T;) and the l.u.b. is then 
taken for all g in L, for which ||g||=1, is an indicator of the extent 
to which linear combinations of translations of f(x) span L,. If 
S(T) =Lp, then I)(f)=0, and the converse holds. In any case, 
OSI)(f)S1. It would be interesting to have information about 
I‘)(f), The author has very little. It seems to be true that if f is 
a simple step function, then J(f)=1. 


6. A-corollary of Theorem 1.3. When one is seeking to determine 
whether 5,(7;)=L,, the following theorem may be helpful. 


THEOREM 6.1. Let p>1, and let f be an element of Lp. In order that 
S(T) =Lp, it is necessary and sufficient that S,(T;) contain at least 
one simple step function. 


Necessity is trival. Sufficiency is a consequence of Theorem 1.3 and 
Lemma 3.1. 


7. Uniform approximation. The theorems of this section deal with 
uniform approximation, over the infinite interval — œ% <x < œ, of 
functions g(x) by linear combinations of translations of a given simple 
step function. 


THEOREM 7.1. If F(x) is a simple step function, then to each simple 
step function g(x) and positive number e corresponds a linear combina- 
tion g.(x) of translations of F(x) such that 


(7.2) hiomalla Saa 
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Let e>0. In case g(x)=1 over OSx%<h and g(x)=0 otherwise, 
(4.5) shows that the function g:(x) defined explicitly in (4.4) has the 
required property provided n is chosen so great that n—1<e. In case 
g(x)=c over aSx<a-+h, the function cg.(e—a) has the required 
property. This proves Theorem 7.1. 


THEOREM 7.3. Let F(x) be a simple step function. Then to each con- 
tinuous function f(x), for which f(x)—0 as x—œ and as x—— œ, ang 
positive number e corresponds-a linear combination f.(x) of translations 
of F(x) such that 


(7.4) | f(x) — fla) | <e, =o < arco, 
To prove this theorem, let €>0 and choose M such that 
7,5) | f(z) | < €/2, |x| = M. 


Because f(x) is uniformly continuous over — M Sx <M, we can con- 
struct a step function ¢(«), vanishing outside the interval — M Sx 
<M, such that 


(7.6) IKa- <A  —-ocx<o, 


Since ¢(x) is a linear combination of simple step functions, it follows 
from Theorem 7.1 that there is a linear combination f,(x) of transla- 
tions of F(x) such that 


(7.7) | Cx) — f.(x)| < €/2, =o <z o, 


The required representation (7.2) follows. 

There are, of course, bounded functions which cannot be uniformly 
approximated by step functions, that is, by finite linear combinations 
of simple step functions. For example, sin x and sin x (the latter func- 
tion being defined to be 0 when x=0) cannot be. However, the con- 
clusion of Theorem 7.3 holds for all functions f(x) so approximable. 
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CORNELL UNIVERSITY 


ON THE BLOCH-LANDAU CONSTANT FOR 
SCHLICHT FUNCTIONS 


RUTH E. GOODMAN 


- The definition of the Bloch-Landeu constant % is based upon the 
following theorem due to Bloch:! 


THEOREM 1, There is an absolute positive constant P with the following 
property: Let f(x) be regular for | «| <1, | Fo] =1. Then the map of 
|æ] <1 under f(x) contains in a single sheet an open circle of radius P. 


In addition to the original Bloch constant %, the least upper bound 
of the P satisfying the above theorem, Landav? has defined two other 
constants, £ and X, in connection with this theorem. g is the least 
upper bound of the P of Theorem 1 if the requirement that there 





Fic. 1 


be a circle of radius P contained in a single sheet is replaced by the 
requirement that there be a circle of radius P each point of which 
is an interior point of some sheet cf the map. Y is the least upper 
bound of the P of Theorem 1 if it is required that the function f(x) 
be schlicht for | «| <1. It is immediately apparent that BLA. 


i 





Received by the editors August 14, 1944. 

1 Bloch, Les théorèmes de M. Valiron sur igs fonctions entières, et la théorie de luni- 
jormisation, C. R. Acad. Sci. Paris vol. 178 (1924) pp. 2051-2052. 

2E. Landau, Über die Blocksche Konstante und zwei verwandte Weltkonstanten, 
Math. Zeit. vol, 30 (1929) pp. 608-634. This paper includes a proof of Theorem 1. 


234 


THE BLOCH-LANDAU CONSTANT FOR SCHLICHT FUNCTIONS 235 


The exact value of none of these three constants is known, although 
upper and lower bounds have been established for all three constants. 
Landau? proved that £<; that 6 <2 was proved by Ahlfors.? 

The best upper bound given so far for the constant % is due to 
Robinson :* Y <0.658. This result was obtained by mapping |æ] <1 
on to a circle with six radial slits, three each of two different lengths, 
symmetrically placed. (See Fig. 1.) The lengths of the slits are deter- 
mined so as to make the ten circles shown in the region all maximal. 

Robinson’s procedure is capable of extension to an infinite sequence 
of mappings, which can be successfully exploited. The mth region of 
this sequence (see Fig. 2) is that portion of the slit plane enclosed 
by the circle | y| =R,. The radial slits of the nth region fall along the 
lines through the origin and the 3-2"~'st roots of unity. The R, are 
determined so that the maximal circles in every region shall be of 
radius unity. 


ILE 
RS 


A similar sequence of regions may be defined for every integer 
s23, by beginning with s slits falling along the s lines through the 
origin and the sth roots of unity, and ending on the circle |y] =1. 
Call the regions of this sequence Ci,s, C2, Cs, ° °°» 

(Note that the region C2,3, although it contains two sets of three 
slits each, is not exactly the region D of Fig. 1. The region Cz, 
contains only four maximal circles, since it is bounded by the circle 
|y| =Re=2.9557, which passes through the ends of the third set of 


3 L. V. Ahlfors, An extension of Schwarz's lemma, Trans. Amer. Math. Soc. vol. 43 
(1938) pp. 359-364. 

1 R. M. Robinson, The Bloch constant A for a schlicht function, Bull. Amer. Math. 
Soc. vol. 41 (1935) pp. 535-540. 
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i > 
slits. The circle | y| =2.9561 which bounds D is tangent to the six 
outer maximal circles in D.) 
Let y =fa,2(%), fn, (0) =0, be the function which maps |x| <1 on to 
Cae (S23; n=1, 2,3,---). 
It is clear that the upper bound Ba, for Y furnished by mapping 
|x| <1 on to C,, is 


A S Bays = 1/| fa0(0) |. 


THEOREM 2. Let f(x) and g(x) be regular for |x| <1, f(0) =¢(0) =0. 
Let f(x) map |x| <1 on to F and g(x) map |x| <1 on to G, where FCG. 
Then |f'(0)|<|g’@|. - 


This result is readily proved by noticing that the function g—"(f(«)) 
satisfies the conditions of Schwarz’s lemma." 

Since Ci,.CC2,CC3,.C ---,itis clear, by Theorem 2, that the se- 
quence {Bris Ba,» Bs, © © © } is monotonically decreasing to a posi- 
tive limit B», 


THEOREM 3. If s>3, then Bo > Bo, 


Proor. Let Pı, be the entire plane with the s slits of the region 
Sı Cis which end on the unit circle. Let y=g(x), g(0)=0, map 
|æ| <1 on to Pi, Now Pi. Cn,s for fixed s and every n. By Theo- 
rem 2 it follows that 


, Bow Z 1/| g0) |. 
Since the function 
: k(x) = «/(1 — x)? 


transforms |x| <1 into the entire plane slit along the negative real 
axis from — © to —1/4, therefore 


g(x) = (— 4k(x*)) 9, 


whence 
| g'(0) | = 4%», 


Thus 
1/| g0) | = 1/44: > 0.707 (s = 4). 
By Theorem 2, B.,3<Be,s, and the value B2, <0.658 is found by com- 
putation. (For the method of computation, see reference 4.) Combina- 
tion of the above inequalities gives Theorem 3. 
Since the case s=3 is the only one hereafter of interest, we shall 
from now on drop the subscript “3” from the notations f, 3(x), Ca,s, 
Bn s. Thus the mapping regions C, are now exactly those of Fig. 2. 


THEOREM 4. TSB. <0.65647. 
5 See L. R. Ford, Automorphic functions, p. 166. 
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Proor. The function of the sequence {f,(x)} which maps |x| <1 
on to C; is 


JLE) = RKU pik(K?(pk(K?(pak(— K(p1(#)))))))), 


where 
k(x) = x/(1 — %)?, K(x) = the inverse of k(x). 


The constants p; appearing in f,(x) are determined, in terms of the 
radii R;, so as to adjust properly the lengths of the slits in C4: 


ps = — 4k(— (R3/Ra)”), 


fs = 4M (5 HR RY), 
p2 = 4M (=x (~ k((Ri/, R)*)), 


a= E/E +p), E=4N (=(= M(/R)*))), 


w 
where 


` 


M(b) = (4b? + b)12 — 2b, N(b) = (4b? + b)? + 2b, 
and where 
Ro=1, Rı=2, Re = 2.9557, R, = 1 + csc (r/3:271) for n 2 3. 


Since 


1/12 1/6 


1/B4 = | f (0) | = Rips ps (pops), 


we find 
` Us Ba < Bs < 0.65647. 


It is possible to show that the upper bound of Be given in Theo- 
rem 4 is accurate to four significant figures, by considering the func- 
tions gn(x), gn(0) =0, which map |æ] <1 on to the regions Pa, defined 
as follows: Let P, be the entire plane with all those slits of the region 
Ca = 4 C; which end on the circles |y| =Re (k=0,1,2,-++,n—1; 
Ry=1). Let D, = 1/| gn (0)| . Then by Theorem 2 the sequence {Da} 
increases monotonically to a limit De S Bo. 

By observing’ that the sequences {fa(x)} and {g,(x)} are both 
normal families on the unit circle, we can conclude that they con- 
verge regularly on | x| <i to a common limit function ¢(«). Indeed, 
(x) maps | «| <1 on to Ca, the common kernel of the sequences of 
regions {Ca} and {P,}. Thus 


8 See Carathéodory, Conformal representation, chap. 5, 


r 
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De. = 1/| #0) | = B 


It is interesting, however, to note that we can prove this last state- 
ment directly, without resort to the more powerful theorems on the 
behaviour of normal families: 


THEOREM 5. Do = Ba. 


Proor. If Q, is the region into which C, is transformed by the 


function 
tn(x) = 4¥#R,(— k(— (%/Rn)*))*# (u = 3-274), 


then Q,. Pa. For Qa is easily seen to be the whole plane with y slits 
along the same lines as the u slits of Pa. Let yo be the end point of 
one of the slits in Qa. The end point of the slit in P, along this same 
line is some point R,e2"*/# (0<h<n; OSm<yp). Now 


2mrijg 


[yo] = | wn(Rae 


whence indeed Qa D P,. 
Now the function w,(x) = Un(fn(x)) anioni |æ] <1 into Q,. Fur- 


thermore, 
| we (0) | = | w (0) | - [22 © |. 


Now | ate! (0)| =4s, Thus, by applying Sncorent 2 to the relation 
Qn Pad Cr, we have 


)| = aR RR + Bi)” > Ru 


LaO ROl Sl OSO] G@=3-2). 
But 4/31 as n— œ, whence Theorem 5 is true. 
THEOREM 6. 0.65646 < Ba <0.65647. 


Proor. The function of the sequence {ga(x)} which maps |x| <1 
on to P; is 


G(x) = (qsk(K?(gok(— K(— qik(x'))))))"%, 
where 
qs=4Ry qa = 4M(Ri/q), q: = AN(1/qs)/(4N (A/a) + a2), 
where M(b), N(b), Ri, R: are as before. Since 
1/Ds =| g (0) | = g3 (aa) 
we have the result stated in the theorem: 


0.65646 < Ds < Do = By. 
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Robinson has proved’ that if f(x), f’(0)=1, f(0) =0, maps |x| <1 
on to R, where the largest open circle in R has exactly the radius %, 
then R has the following property: If the analytic arc D is part of the 
boundary of R, then there are points of R on each side of D in the 
neighborhood of any point of D. It is interesting to note that our best 
upper bound B,, for Y is furnished by a region with this property. 

Although the numerical improvement over Robinson’s result is not 
very marked, the mapping of the unit circle | x| <1 on the open slit 
plane Ce has some features of interest. Each ray through the origin 
which does not fall on a slit (that is, a ray whose angle with the posi- 
tive real axis is different from 2rm/3-2") determines a “prime end.” 
Such a ray is mapped on to a curve which has a well defined end point 
on the unit circle. Through the introduction of prime ends the map- 
ping of the interior of domains can be extended to the boundary 
points.” The points on the boundary of the unit circle are mapped 
either into the slits in Ce or into prime ends. The set S of all points 
on the unit circle which go over into prime ends is a.nowhere dense 
perfect Cantor set, while the points which are mapped on the slits 
form denumerably many intervals which lie everywhere dense. 

Now the set S is of measure 0. Indeed, let y=(x) map | | <ion 
Ca. Then ġ(x)— © when x approaches a point of S. Thus the function 


B(x) = x/o(x) 


is regular and bounded in | x| <1, since on | x| <1, | (x)| S1/a, 
where a is the shortest distance from the origin to a point on a slit. 
Now by a theorem of Fatou, a regular and bounded function ap- 
proaches a limit almost everywhere on the unit circle. We can there- 
fore extend ®(x) to the boundary (as we have already done indirectly 
for @(x) by the introduction of prime ends). The extended ®(x) is 0 
on S. By a theorem of F. and M. Riesz,! we know that a bounded 
analytic function, which is not identically 0, can attain the value 0 
on the unit circle in at most a set of measure 0. Thus mS=0. 
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CONCERNING THE DEFINITION OF 
HARMONIC FUNCTIONS 


E. F. BECKENBACH 


1. Introduction. A real function u(x, y), defined in a domain (non- 
null connected open set) D, is said to be harmonic in D provided 
u(x, y) and its partial derivatives of the first and second orders are 
continuous and the Laplace equation, 


(1) Au = 0°u/dx? + d°%u/dy? = 0, 


is satisfied throughout D. A function is said to be harmonic at a point 
provided it is harmonic in a domain containing the point. 

It has been shown [1]! that if u(x, y) is continuous in D and if the 
second order partial derivatives ĝ?u/ðx? and ð?u/ðy? exist and satisfy 
the Laplace equation (1) throughout D, then u(x, y) is harmonic in D. 

We shall show that if u(x, y) and its partial derivatives 0u/dx and 
du/dy are continuous in D, if du/dx and du/dy are differentiable, or 
even have finite Dini derivates, with respect to y and y at all points 
of D except at most at the points of a denumerable set of points 
in D, and if the Laplace equation (1) is satisfied at almost all points of 
D at which ĝ?u/ðx? and 0°u/@y? exist, then u(x, y) is harmonic in D. 

Our result is comparable with the’Looman-Menchoff theorem [3, 
pp. 9-16; 5, pp. 198-201 ] concerning the Cauchy-Riemann first order 
partial differential. equations and analytic functions of a complex 
variable. Ridder [4] has stated that harmonic functions can be given 
a Looman-Menchoff characterization; but a generalization of the 
Looman-Menchoff theorem on which his proof is based is invalid, for 
there are functions having isolated singularities which satisfy the hy- 
potheses of the generalization without satisfying the conclusion. For 
a generalization of the Looman-Menchoff theorem, see Maker [2]. 


‘2. Notation and lemmas. By C(Q) we shall denote a square, by 
‘C(R) a rectangle, having sides parallel to the coordinate axes. The 
set consisting of the points of C(Q), or of C(R), plus its interior, will 
be denoted by Q, or R, respectively. 

Let F be a non-null set closed with respect to the domain D, and 
C(Q) any square with Q lying in D, with sides of positive length and 
parallel to the coordinate axes, and with center at a point of F. Then 
the points common to F and Q will be called a portion of F. 


Presented to the Society, November 25, 1944; received by the editors October 2, 
1944. 
1 Numbers in brackets refer to the references cited at the end of the paper. 


240 


THE DEFINITION OF HARMONIC FUNCTIONS 241 


We shall use as lemmas the following known results. 


Lemma 1. If u(x, y) is continuous at (xo, yo) and harmonic in a 
deleted neighborhood of (xo, yo), then u(x, y) ts harmonic at (£o, Yo). 


Proor. This follows from the fact that the function can be expanded 
in a two-way power series in a deleted neighborhood of (£o, yo). 


LEMMA 2. If u(x, y) is harmonic in the finite domain D, then for 
each rectangle C(R) such that R lies in D we have 


(2) f M ee 0, 


where d/dv denotes differentiation in the direction of the outward normal. 


Proor. The result follows directly from Green’s theorem, 


odes gu 
f AN -ff (G+ =) oaie. 
cR) d ox? 


Lemma 3. If u(x, y) and its partial derivatives of the first order are 
continuous in D and if for every square C(Q) having sides parallel to 
the coordinate axes and such that Q lies in D we have 


3 f sole = 0, 
( cg ad 


then u(x, y) is harmonic in D. 


Proor. The mean-value function, 


u(x, y) = afi S u(a + £, y + n)dédn, 


has continuous partial derivatives of the second order in the part D™ 
of D in which u" (x,y) is defined. We have 


Buey) 1 e ent] 
Lt D Se, iai. ae a, n 


dat A? ox dx 
and 
Bua, y) SE +4y+r) _ðuls+k, y- 2] ik, 
ay? 4r? Jr oy ay 


whence 
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a aua Za 
u(x, = — ds, 
2 47? Jc, d 

where C(Q,) is the square with sides of length 2r and parallel to the 
coordinate axes, and with center at (x, y). 

From (3) and (4) it follows that w(x, y) is harmonic in D®, Hence 
u(x, y), the uniform limit of «© (x, y) on any closed and bounded sub- 
set of D as r—0, is harmonic in D. i 


LEMMA 4 (BAIRE’s THEOREM). Let F be a non-null plane set lying 
in a domain D and closed with respect to D, and let { Fa}, n=1, 2, 
be a sequence of sets lying in D and closed with respect to D Ga thai 
{ Fa} covers F; that is, each point of F is a point of at least one Fa. Then 
. there is a member Fy of {F,} which contains a portion of F. 


Proor. If the result were not valid, there would be a descending 
sequence {Pa}, P;DP2D -+-, of portions of F such that P, and n 
have no point in common, n =1, 2, . Then [[2., Pa and 52, F 
would have no point in common. But thisi is impossible since []2_, P. 
contains a point of F and J g.ı F, covers F. ' 


LEMMA 5. Let C(Q) be a square having sides parallel to the coordinate 
axes, let F be a closed non-null set in Q, let C(R) be the smallest rectangle 
‘(which may be degenerate) having sides parallel to the coordinate axes 
and satisfying the condition that F is coniained in R, and let the vertices. 
of C(R) have coordinates 


(41, yi) (£2, yı), (£2, Vo), (x1, Y2), xı s ay yı sS Vo. 


If the real function w(x, y) ts defined on the set Q, if the first order 
partial derivatives of w(x, y) exist, or even if the Dini derivates are finite, 
at every point of Q except at most at the points of a denumerable set of 
points in Q, and if for the finite constant N we have 


| w(zo + k, y) — wto y) | < N| z], 
| wlzo Yo + k) — w(x, y) | S N| el, 
for all (xo, yo) in F and all (xo+h, Yo) (xo, Yot k) in Q, then 


J [ w(x, yo) — w(x, yı) ldx — Sf. SE daas = SN meas aa 


f ” [ølen 9) — wien lay — f f andy 


Yi 
PROOF. A proof of Lemma 5 may be found in Saks b, pp. 198-199] 
or Menchoff [3, pp. 10-12]. 





< 5N meas (Q — F). 
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We note, relative to Lemma 5, that since w(x, y) is differentiable, 
or has finite Dini derivates, with respect to x and y at all points of Q 
except at most at the points of a denumerable set of points in Q, it 
follows [5, pp. 236, 272] that @w/dx and dw/dy exist almost every- 
where in Q and are integrable. 


3. Theorem. We shall establish the following result. 


THEOREM. If the real function u(x, y) and its first order partial de- 
rivatives with respect to x and y are continuous in the finite domain D, 
and if du/dx and du/dy are differentiable, or even have finite Dini 
derivatives, with respect to x and y at all points of D except at most at 
the points of a denumerable set of points in D, and if the Laplace equa- 
tion, i 

Au = 8?u/ðx? + 8?u/3y? = 0, 


is satisfied at almost all points at which 02u/dx? and 02u/dy? exist in D, 
then u(x, y) is harmonic in D. 


Proor. Suppose that there is a point of D at which u(x, y) is not 
harmonic; we shall obtain a contradiction. _ 
` Denote the set of points of D at which u(x, y) is not harmonic 
by F. Since by definition the set of points at which u(x, y) is harmonic 
is open, it follows that F is closed with respect to D. Further, by 
Lemma 1, F has no isolated points. Hence F is perfect, with respect 
to D. 

For each positive integer n, let Fa be the set of points (x, y) of F 
for which 











EER ED] s alah 

ax ax |7 i 

MEER MEA] njal, 
Ox Ox 

Se TD) OME la 
ay ay l7 

eM ID OM) al al 
ay ay | i 





for all & satisfying || $1/n. Since ðu/ðx and ðu/ðy are continuous 
in D, it follows that the sets F, are closed with respect to D; and 
since 0u/0x and ðu/ðy are differentiable, or have finite Dini derivates, 
with respect to x and y at all points of D except at most at the points 
of a denumerable set of points in D, it follows that the sets {Fa}, 
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n=1, 2, <- , cover all of F except the points of a set H which is at 
most denumerable. ` 

Then we have ; 

(5) F=} Fa +H. 

nel 
It follows from (5) and Lemma 4 that thee is a portion, P of F either 
consisting of a single isolated point of H, or contained in an Fy of 
{ F,}. But since F is perfect with respect to D, the former alternative 
is impossible, so that the latter alternative holds. 

The above portion P of F is contained in Fy, and is the common 
part of F and a set Qo in D, where C(Qp) is a square in D with center 
at a.point of F and with sides parallel to the coordinate axes. 

Let C(Q) be any square lying in Qs and having its sides parallel to 
the coordinate axes, and let F-Q be the common part of F and Q. 
Let the sides of C(Q) be divided into n equal parts, with n so large 
that the length of each part is less than or equal to 1/N. Lines 
through the points of division parallel! to the coordinate axes divide Q 
into n? squares. Let Qp,n, p=1, 2, - - - yl; L&n?, denote those of the n? 
squares having points in common with F. Š 

For each Qpin let C(Rp,n) be the smallest rectangle (which may be 
degenerate) having sides parallel to the coordinate axes and such that 
Ryn contains F- Qp,n. Let the vertices of C(Rp,.) have coordinates 


(21,2, Yip) (Xa,p.0 Yupm)i (Ezp Yapin) (Trpin Y2,0.0)s 
š Trpin S Xop Yupan S Yope 
By Lemma 2 and the uniform continuity of u(x, y) in Q, we have 
du , 
(6) f -= ail Ce y | — ds. 
f cg W pol’ C(Rpn) dy 


Since 


du Taxon [OU(X, Yeon) Ou (2, Yip) 
(ag ee 
C(Ry,n) OY oy ay 


73 p,n 
+f" [ses y) du( x1, p,n “lay 
Vpn ox Ox i 


by Lemma 5 we have Z 


u u 
e ee 
CRpn) OY F+Qp,, \O0? 0y? 


< 10N meas (Qpn — F+Qo,n)- 








(7) 
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From (6) and (7) we obtain 


ðu Pu 
f “a- ff (=+ Sa) ias 
co) dy F-Q aa T 2 
l 
< 10N meas ( Dan r-o). 
pol 


Since the lengths of the sides of the squares C(Q,,,) 00 as n> œ, 
it follows that 


+ 


(9). š tim meas ( 2° Ona — F-Q) = 0. 
pal 





(8) 


no 3 


By hypothesis and the note at the end of §2, (1) is satished almost 
everywhere in D. Consequently from (8) and (9) we obtain 


du 
f —ds =Q. 
c av 


Hence by Lemma 3, u(x, y) is harmonic in Qo- But the center of Qo 
is a point of F, so that u(x, y) is not harmonic in Qo. Thus the'sup- 
position that there is a point of D at which u(x, y) is not harmonic 
has led to a contradiction. 
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THE CONVERGENCE AND VALUES OF PERIODIC 
CONTINUED FRACTIONS 


RALPH E. LANE 


1. Introduction. Much of the recent progress in the study of con- 
tinued fractions is due to the consideration of the continued fraction 
as a product of linear fractional transformations, as opposed to the 
older approach in which attention is focused on the numerators and 
denominators, A, and B,, of the approximants. 

The use of the transformation point of view, besides simplifying the 
proofs of theorems, often sheds additional light on the significance of 
the results. This advantage is particularly noticeable in the case of 
the periodic continued fraction, as the following theorem and its 
proof will show. The essential portions of the theorem were given by 
Stolz [1].1 An improved but lengthy proof was later given by Pring- 
sheim [2]. This was followed by Perron’s shorter proof [3], in which 
ideas related to the transformation point of view were virtually sup- 
pressed. The proof given here makes full use of linear fractional trans- 
formations and is even shorter than Perron’s proof. 


THEOREM. Consider the k-term periodic continued fraction 


(1 1) ay ae ay ay, 
bth tee tha tat! 

for which aia2---a,%0. Let F, denote the vith approximant, so that 
F,=A,/B,. Let S denote the linear fractional transformation 

a a a z i 
(1.2) J= kae 

bitb: tee toti , 
and let xı and x, be the fixed points of S. The continued fraction converges 
af and only if xı and x, are finite numbers satisfying one of the following 
two conditions: 


(1.3) vy = Xe 
_ or kd 
(1.4) F, £a, r =0,1,2,: -> ,k— 1, and | Fri — 21| < | Fri — x. 


If the continued fraction converges, tts value is xı. Furthermore, Fass %1 
for somer, OSrSk—1, and for n=1, 2, 3,---, of and only if F, =x. 
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2. Two lemmas. The theorem will be proved by means of two 
lemmas on linear fractional transformations. 
Let T denote the nonsingular linear fractional transformation 


az — b 
(2.1) : z= , be — ad = 0. 





Let xı and xz be the fixed points of T. A necessary and sufficient con- 
dition that both xı and xz be finite is that c0. 

Suppose that c0, and let f=T(œ). Obviously f is not a fixed 
point of T; hence f is finite and distinct from xı and x2. Without loss 
in generality we can require that |f—x| <|f—«2|. Furthermore, if x 
is a fixed point of 7, then 


` az—b ax—b bc—ad z—rzx 


2- 4= = 





cz — d ce—~d eo—d w—-d. 


But if x is a fixed point of T, it is also a fixed point of T-1, so that 


dx — b bc — ad 
-a= el )- a=- , 














cx— a cx— a 
or 
bc — ad 
a — c% = . 
cx —d 
Hence 
` z— g% ; 
(2.2) z — x = (a — cx) . 
cz — d 


- This equation will be used in the proof of each of the two lemmas. 
LEMMA 2.1. If xı = x2, where x is finite, then T” can be written 
E | n i 


z= z b2-m f- 











Proor. From (2.2) we have 


1 1 a-d 1 Ga 
= : = +e). 
g— x} € — c% 2—-% @— cH N\Z— t 

















But if T has only one fixed point, xı, then #1=(a+d)/2c, so that 
2cxı=a +d, or cxı—d =a —cxı. Hence 


1 1 c 


gl 41 Z— 4, @— CX 
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But f=T(«) =a/c. Hence T can be written 
1 st 1 
+ 


=z gs-m f-m 





Upon repeated application of this formula, Lemma 2.1 follows at 
once. 


LEMMA 2.2. If x: and xe are finite and distinct, then T” can be written - 
z — t (5 
z — ae f—%/ 2-— x 


Proor. From (2.2) we obtain by division the equation 











z — 4 on ct 2 — %i. 


Z — £o & — C% Z — fs 








But f=T(œ)=a/c. Hence T can be written 


z= zi f—m 2 tH 


i Z — 4. ft: 2— x 





Upon repeated application of this formula, Lemma 2.2 follows at 
once. 


3. Proof of the theorem. We observe that the right-hand member 
of (1.2) can be regarded as a terminating continued fraction for which 
ak1 F2 and bgy = 1, so that S can be written 


Ax + 2An_1 
By + 2By1 


t 


(3.1) z = 


This observation immediately enables us to obtain the following con- 
clusions: 
(i) S is nonsingular; for the value of its determinant is A.By4 
— A rB =(—1) taa: - - - az, which is nonvanishing by hypothesis. 
(it) Fy.1=S(); consequently if xı and xe are finite, it follows that 
F,1, the transform of the point at infinity, is finite and nota fixed 


point of S. 
(iii) Panno (Fr), where (as in ` the remainder of this proof) 
n=1,2,---,and 7 is limited to the k values 0, 1, 2, ,k-1. 


(iv) Fain (iii) it follows that Faz} =% if and only if are con- 
sequently no approximant of (1.1) actually takes on the value x un- 
less one of the first approximants daes so. 

The rest of the theorem will be proved by considering separately 
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four cases which are classified by the nature of the fixed points of S. 

Case I. The point at infinity a fixed point of S. From (3.1) we see 
that this case occurs only if B,1=0. But if By1=0, then 410, 
since S is nonsingular. Hence Fy1= œ. Hence Faxyz1= © for all 
n, so that (1.1) diverges. We remark in passing, however, that 
if Bz-1=0, 4,0, and | Az] >| B|, then the reciprocal of (1.1) con- 
verges to the value zero. 

Case II. x1=%2, where x1 is finite. In this case, Lemma 2.1 applies, 
so that observation (iii) above enables us to write 


1 1 n 
' Errera Fra Frat 


. Since Fy. and x are finite, the right-hand member of this equation’ 
can be made arbitrarily large in absolute value by taking n sufficiently 
large. But if the reciprocal of | Far4r— 2] is arbitrarily large, then 
| Farr — 2i] itself is arbitrarily small. Hence limano Farre=%1. It has 
already been remarked that Faz4,=%1 if and only if F, =7x1. 

Case III. x and x distinct finite numbers, | Fxa—x| <| Fra—2|. 
In this case, Lemma 2.2 applies, so that observation (iii) enables us 
to write : 


Paris %1 = ay F, — Xi „E — vı 





3.2 E 
( ) Farir — X2 


= PS 


Fy1— z2) BF, — x2 FP, — x2 


where | K| <1 by hypothesis, so that | K*| can be made arbitrarily 
small by taking n sufficiently large. Hence if F,=£%2, the entire right- 
hand member of (3.2) can be made arbitrarily small in absolute value. 
If it is made less than unity, then | Farye—x1| = en| Faete—22|, or 
| Farge (1 — exe) /(1 — &)| = enl #1 x2 /(1— £), where 0<e,<1, and 
lim, .0€n =0. It follows that liM, Farz} = x1. Hence if F, x for each 
of the & values of 7, then liM,- Fnk} =% for all r, so that (1.1) con- 
verges to the value xı. 

Suppose, however, that F, =x, for one or more of the k values of r; 
then Faz+r =% for those values of r, since x2 is a fixed point of S. Con- 
sequently, x2 is a limit point of the sequence of approximants of (1.1). 
But Fz is not a fixed point of S, as has been pointed out in observa- 
tion (ii). Consequently F1% whence linin..Fnxyx1=%1, so that 
xı is a limit point of the sequence of approximants of (1.1). Since 
%154%_ by hypothesis, the sequence of approximants has two distinct 
limit points. Hence (1.1) diverges by oscillation. 

Case IV. x1 and x, distinct and finite, | Fx a—x| =| Fra—x:|. In 
this case (3.2) holds, where K =e, K1. Since 6 is not an integral 
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multiple of 2r, it follows that the quantities K” have at least two dis- 
tinct values and' do not approach a limit, finite or infinite. 

But if the approximants Fas} approach a limit as ” increases 
without limit, then the left-hand member of (3.2) must approach a 
limit, finite or infinite, as ” increases, when r= &—1; and since the K” 
‘do not approach a limit, this is possible only if Fy.1=«1 or Fy1=22, 
which is impossible since F~ is not a fixed point of S. Hence the se- 
quence of approximants of (1.1) has at least two distinct limit points. 
The fraction (1.1) therefore diverges by oscillation. 

This completes the proof of the theorem. 
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EXTENSION OF A THEOREM OF BOCHNER ON EXPRESS- 
ING FUNCTIONALS AS RIEMANN INTEGRALS 


BROCKWAY McMILLAN AND PACO LAGERSTROM 


Introduction. S. Bochner! has shown that an additive homogeneous 
functional defined over a sufficiently large class C of functions can be 
realized as a Riemann integral with respect to a finitely additive 
measure V in the space X over which the functions are defined: His 
proof makes use of the fact that the constant function belongs to C, 
as aresult, V(X) is finite. It is the purpose of this note to show that 
a similar theorem holds even when V(X) turns out to be infinite. A 
modification of Bochner’s proof would suffice for this stronger theo- 
rem. We have chosen rather to treat it as a problem of extending the 
domain of definition of the given functional. 

Throughout we have used the symbol — to be read as “implies.” 
The equality = is used to denote an equality which holds by defini- 
tion. 


Notations. We consider a space X of points x, and real-valued point 
functions f, g, +--+ over X. Given f, g, and real numbers a, b, we shall 
write - 


[fl af + bg fe JAL SNe PS, 
respectively, for those functions whose values for each x are given by 


| f(x) |, afla) + Bg(x), — f(w)g(a), int [f(x), gla), . 
sup [f(x), g(x)], sup D(a), 0], sup [— f(a), 0]. 


We shall write a for the constant function f(x) =a, and write f2¢ 
if for each x, f(x) g(x). The function which coincides with f on a set 
A and is equal to 0 in X—A will be denoted by fa. In particular we 
write 14 for the characteristic function of the set A. The symbol @ 
will denote the empty set. 

It is clear that f=f+—f-, and that 


(fat = (fa, (fa) = (Pa. 


1. R-measure. 
1.1. By an R-measure in X we shall mean a set function V(Z) de- 
fined for sets Æ of a family A with the following properties: 


Received by the editors January 10, 1943, and, in revised form, September 5, 1944. 
1S. Bochner, Additive set functions on groups, Ann. of Math. vol. 40 (1939) pp. 
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If E, Ern E:CÀ, then 
(1) HUECA, 
(3) 0S V(E)S œ, 
(4) V(E)=0, and BCE—BEA, 
(5) AOE. = Ø> V (EVE) = Y(E:) + V (E2). 
Also 
(6) -there exists an ECA with 0< V(E)< œ. 
1.2, Remark. (1), (2) imply EOF: EA, Er — EEA, Ø EA, XGA. 


2. The Riemann integral. Let A be the class of all partitions 6 of X 
into finitely many pairwise disjoint sets of A. Given any f20, 
bounded on EEA with V(EZ)<~, we define ` 


Sulf, E, 8) = yy VDA E)(sup {fa(x)| £ E€ D}), 


TSK, 88) = DL VON Heat [r] € Dp), 
T T {Su(f, E, 6) | 8 EA}, 
` Si(f, E) = sup {Sı (f, E, ù| è E A}, 
sa Salf) = sup {Su(f, E)| E E A, V(E) < œ}, 


Si(f) = sup {Sı (f, E) | EEA, V(E) < œ}. 
We define the function classes 
‘ R= {f| Su (ft, E) = Sift, E) < , 


2.4 
Sulf-, E) = Si(f-, E) < œ}, 
= {f| Sf, S< © and (V(E) < © +f E Ra)}. 
Finally, 
2.5 Ge R> f =S = S. i 


It is easily shown that the supremum and infimum in 2.2 are in 
fact monotone limits over the directed set of partitions ô&A, A being 
ordered by refinement. From this fact and from the definition it then 
follows that (when E, En E€ A and V(E), V(E;)< œ) 


2.6 f20and E, C E> 0 S Sulf, E1) S Salf, Eo), 
2.7 fZ 0S, E) = Safe) SQ, E) = SiGe), 


2.8 fERe> (fe ER and [ te = S f+, E) — Sif, 2), 
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2.9 eG age 0> f = sup { filzesv@<-t, 


2.91 JERƏf fF ER, 


2.92 fermnofrrofe 


3. Modules. 

3.1. A class C of real-valued functions over X, together with a real- 
valued linear functional Z defined over C, is called a module if it 
satisfies conditions 3.1 (1)-(11) below. (f, g denote elements of C; 
a, a real number.) 

, (1) Each f in C is bounded. 

(2) f+gEC. 

(3) af EC. 

(4) NOEC. 

(5) fALEC. 

(6) [LAI < œ. 

(7) Lf+g)=LG)+L(g). - 

(8) Llaf) =aL(f).. 

(9) f20-L(f) 20. 

(10) There exists an fEC with L(f) >0. 

(11) Infeso L(fAa) £0. 

The main theorem of this paper is: 


3.2. If C is a module, there exists an R-measure V(E) in X such that 
(1) CGR, (2) fEC-L(f) =ff, (3) given e>0 and gER, with g=0, 
there exists an FEC such that OSf Sg and L(f)Sfg<L(f)+e. 


Before constructing the R-measure we prove some elementary 
properties of a module C. 


hgE€CmfvgfAgec. For example, 
IVESE= EHD ANe: 
3.4 fEC,a>0-fAcE’d, for fAac=a-(1/afAt. 
3.5 fig EC, fe g—> L) = Lle), for LO) — Lig) = L — 8) 20. 
3.6 fila EC—>fa =f- EC, for0 < f(x) Sb- fa = fA dla. 


3.3 


4. Completion of a module. In 4.1-4.5 below, f, h denote elements 
of a module C, while g may be any function. 

4.1. Lu(g)=inf {L(h)|% a (if there exists an k, such that h=g). 

4.2. Li(g)=sup {LP lfSg (if there exists an f such that f Sg). 


`~ 
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4.3. C¥={g|Lu(g) =Li(e)}. 

4.4. L*(g)=Lu(g) =Li(g) (for gEC*). 

4.5. CCC* and L*(f)=L(f) . 

4.6. C* is a module. We show (except for some obvious cases) that 
C* has properties (1)-(11) of 3.1. 

(3) and (8): Suppose g€@C* and, say, a<0. Then 


{J| S ag} = far| hz gh | 
Hence 
Li(ag) = sup {L(ah) | k zg} = aint {L(A | h= g} = aL*(g). 


Similarly Lu(ag) = aL*(g). 


(2) and (7): Suppose gi, ge€C*. Then 


fhtfelfs a} C Ulf S grt ga}. 


‘Hence Ly(g:)+-Li(ge) SLi(gitge) and, dually, Lu(gi-t+ge) SLu(g:) 
+Lu(ge). (2) and (7) then follow from the fact that oe 
SLiu(gitg). 

(4) and (5) follow from the inequality 


h= fZ (ANAD). 


(11) follows from the fact that every gEC* is covered by an hEC, 
and that 3.5 does not depend on (11). 

4.7. C* is complete, in the sense that the process of extension de- 
scribed in 4.1-4.3 does not yield any new functions when applied 
to C*. 

Proof. It follows from 4.2 and 4.4 that 


sup [LZE Cf S g} = sup [LO] EC, SS e), 


and similarly for the approximations from above. 

4.8. Let C be any module. Given fEC and a number a>0, let 1, 
be the characteristic function of the set {x| F(x) za}. For each fEC 
there exists an everywhere dense set S of real numbers a>0 such that 
a€S—1,€C*, where C* is the completion of C. Since C* is a module 
and is its own completion we have as a corollary the same theorem 
with the weaker assumption fEC*. 

Proor. We shall prove the stronger result that there is at most a 

_countable set {a;} of numbers a,>0 such that 1a; is not in C*. Given 
e>0, consider any a Ze and numbers b, c>0 with c Se. For any dz0 
let f =f A4 EC. Letd(d) =L(f¢). We have 
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(1) eife — fore} & la B bal for — fos, 
as may be seen by analyzing the three cases 

fd zats aSf(x)<at+b, f(x) <a. 
Using 4.6 and (7), (8) of 3.1, we have from (1) that 


(2) gla) — gla — c)] = Lalla) = Li(1.) = biela- b) — o(a)]. 


The outside inequalities imply that ¢(a) is a convex function for 
aze. Taking limits in (2) as b, c—0, we have further that 


D-$(a) 2 Lalla) 2 Lilla) 2 D*¢(a). 


Since ¢(a) is convex in the interval in question, D-¢6#D*t@ at most 
at a countable number of points fa! }, af =e. Hence when aZe is 
notin {a/}, D-ġ=D+tġ and 14€C* by 4.3. By taking successively 
e=1/n, n=1, 2, : : - , we get at most a countable sum of countable 
sets—that is, at most a countable set {a;}—in the interval a@>0 such 
that 14; is not in C*. 

4.9. Let A*={A|14EC*}. Then 

f EŒ — (f) = lim L*(fa), 

where the limit is the limit taken on the directed system A* ordered 
by D. 

Proor. It is sufficient to prove 4.9 for f20. By 4.8 there exists a 
sequence a, | 0 such that the characteristic functions 1, of the sets 


{x f(x) Zan} are all in C*. Put ga=f—(fAan). Then g.€C*, ga Sf, 
and gn-1,=gn. Hence 


L* (en) S L*(f-1,) S O). 


But inf L*(f—g,)=0 by 3.1, (11), 4.9 for f20 now follows, since if 
f20 


IQ) = lim L*(fa) = sup ("G| 4 E A*} 
2 sup L*(f-1,) 2 sup E*(g.,) = L*(f). 


5. Extension of L* to “unbounded” functions. 

5.1. C** = {f| A CA*f.EC*}. 

5.2(a). L**(f)=lim, L*(fa) (for fEC**, f20). Here the limit is 
taken as in 4.9. . 

5.2. L**(f) =L** (ft) —L** (f>) =limaL* (4) —limaL*(f7)=limsL* (fa) 
(for fEC** and L**(f+), L**(f-) < ©). Thus |r] < œ, except pos- 
sibly if f>0. 
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5.3. C* CC** and fEC*L*(f) =L*(f) (3.6, 4.9). 

5.4. f20L**(f) 20. 

5.5. f, geC**—af +bgEC* and (if L**(f), L** (g) < œ) L**(af+bg) 
=aL**(f)+bL**(g), since (af+bg)-1a=a-fla+b-gla, and L** is de- 
fined as a limit on the directed set A*. 

5.6. fSgL**(f) SL**(g) (5.4, 5.5). 

5.7. OSfSgand g€C** and L**(g) = gai C** and L**(f) =0. For 

faCC* by 4.7. Hence by 5.4, 5.6 ‘ 


fEC*, and L*(f) =0 


5.8. fı ta Or alas For l ECGs) 1a (fa) (Lata) Ect by 
3.6. 

5.9. fEc*, f2051*(f) =sup {L¥*(f4)|14€C} (5.6, 4.9, 5.3). 

5.10. 1x=1EC** (5.1). 

Actually 5.8 is a special case of the following theorem, which how- 
ever will not be needed for this paper: 

5.11. f, ECF- gE. 

Proor. Assume 0Sh, ¿EC* and 14EC*. It follows from 4.8 that 
we may subdivide X into a finite number of sets E, such that 
1z,:14€C* and that the oscillation of k and ¢ on each set is less 
than e. Denoting by af’, b/', a}, bf the maximum and minimum 
of k andi on E, we have 


> a -b, ‘1g, la s h-i-la s Da” Oi! Lada. 


Hence by the completeness of C*:#-¢-14€C*. The theorem now fol- 
lows since putting fa=h and g,=7 we have that f-g-14=fa gE C* 
for every 14€C*. - 


6. The R-measure defined by L**. 

6.1(a). A={E|12€C**}. 

6.1(b). V(E)=L**(1z) (for EEA). 

6.1(c). A’={E|ECA and V(E)< œ}. 

From these definitions it follows: 

6.2. V is an R-measure as defined in §1. 

Proor. The properties (1)—(5) are obvious from §5. As for (6), we 
have from 3.1 (10) an fEC with L(f) >0. We can assume 0 Sf(x) £1. 
If L*(fi4) =0 for all 14€C*, then Z(f)=0 by 4.9, 4.5. Hence for one 
la, L*(fa) >0. But ig2fa. Hence L*(14) = V(A) >0. 


7. Comparison of L**(f) and ff(x)d V. 
7.1. fEC*, f=fe20, EEA’—fERz and ff=L*(/). 
Proor. (a) If V(E) =0, then Su(fz) =S:(fz) =0=ff, since for some 


r 
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a0, OSaftSiz and OSaf-Siz, we have L*(af)=0 by 5.3, 5.7. 
Hence L*(f) =0= ff. : 

(b) If 0< V(E) < œ, given e>0, by 3.1 (1) and 4.8, there exists a 
partition 6 of X into sets Ao, - - + , Án EA such that 


sup {f(z) — fy) (2 y EA} < eVEM, i=0,---,2 


Let E;=EA;. Then 1g,=1:;CC** and hence f;=f1,GC** by 5.8. 
Letting b;=sup { f(x)|xEE;}, we have 


Bp = L** (fe) = 2 E 
and — j 


Sulf, E, 8) = DS V(E)b;: = J L** (lib. 
Hence | L*(f) — Su(f, Z, 8)|<e and L*(f) = S.(f, E). Similarly 
L*(f) =S(f, E). . 

7.2. If f20, if {ER4 for A EA*, and if f is bounded on any EGA, 
then 

(a) fE Rez for every EGA’, 

(b) sup { ffz| EEA’ } =sup {Jfa 4 EA*}. 

Proor. Since f is bounded on E and L**(1z) < œ, Su(f, E) — Sulf, A) 
<e/2 for some 14,€C*, 14,S1g. Dually S,(f, E)— Sif, As) <e/2 
(14,€C*, 14, Siz). The inequalities still hold if we replace A; and Az 
by A =A,UAz. Since S,(f, A) =Si(f, A) we have Salf, E)— Sif, E) <e 
for any e. Hence fC Rx and ffz— Sfa<e from which (b) follows. * 

7.3. fEC*3fER and ff=L*(f). 

Proor. Assume f20. By 7.1, fa ERa, that is, fE Ras for any A CA* 
and ffa=L*(f4). Since f is bounded, fERz (ECA’) by 7.2(a). From 
7.2(b) and 4.9 it follows that sup {ffz|EGA’} is equal to L*(f), 
hence finite, and equal to ff by 2.9. For any fEC*, 7.3 then follows 
by 2.91, 2.92. 

7.4, fER, and ACA*—fEC*, 

Proor. fER1 means that f can be approximated from above and 
below by functions >\a,14, where A,G@A*. Hence fEC* by 4.7. 

7.5. fER-fEC*™ and L**(f) = ff. 

Proor. Assume f20, then fC Rf, R, for every ACA*. By 7.4, 

„Ja EC* and hence fEC**. 

Furthermore. ff = sup {ffa] A E A*} = sup {Z*(f,)|4 EA’} 
=L**(f) (2.9, 7.2, es For any fER, 7.5 follows from its truth for 

ff. 


The proof of our main theorem, 3.2, is now complete: That y is 
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an R-measure was shown in §6, (1) and (2) follow from 7.3, (3) from 
7.5 and the definition of L**. 


8. Some special cases. 

A. 8.1. Assume that f(x) =1 €C and L(1) =1. (This makes 3.1 (5), 
(10) and (11) redundant, (11) follows from the fact that L(f Aa) 
SL(a-1) =a.) In this case V(X)=1 and 3.2 reduces to Bochner’s 
theorem. 

B. 8.2. DEFINITION. By an L-extension’of V we shall mean a count- 
ably additive, complete measure U defined for sets of a countably 
additive, complemented family B such that BDA and for EEA, 
U(E) = V(E). 

8.3. Replace 3.1 (11) by 3.1 (12): {fa gEC, OSfa Lg, lim, f(x) =0 
for all x}—>lim, L(fa) =0. Then (a) Theorem 3.2 still holds and in ad- 
dition (b) V possesses an L-extension U such that (c) 3.2 (3) holds 
when “gC R” is replaced by “g is measurable and integrable (U).” 

ProoF. (a) 3.1 (12) implies 3.1 (11). For fEC put fa =inf (f, 1/n). 
Then infa>o L(f Aa) Slim L(f*) =0. 

(b) It is known? that any V with properties 1.1 (1)—(5) possesses 
an L-extension if and only if V has the additional property: [E EA, 
Enz Eny, V(E) <2, NrEnr = Ø } —lim, V (Ea) =0. That V has this 
property follows from 

8.4. {fa EC**, fa2fari, for each x inf f,(x)=0, L*(fi)< œ} 
lim L**(f,) =0. 

Proor. Suppose that for all n, L**(f,)2e>0. Since L**(f,) < © 
‘there exists an A CA* such that L**(fi—fis) Se/2. Since (1—14)fa 
S(1—14)f: we also have L**(f,—f,s) Se/2, and L**( faa) 2e/2 for 
all n. Hence we can find a gn€C such that 0Sg,<fna and L(ga) 2e/3. 
But evidently for each x, lim g,(x) =0. Since there exists a gEC such 
that g=fi-la>ga, this contradicts 3.1 (12). 

(c) To show that the analogue of 3.2 (3) holds for g measurable 
and integrable (U), we point out that (a) is sufficient to show that 3.2 
(3) holds when g is the characteristic function of a set B measurable 
(U) with U(B)< œ and (b) if U is an L-extension of V then, given 
e>0, V contains an ECA such that V(Z) > U(E) —e. The result then 
follows from 3.2 (3). f 

(a) is a consequence of the ordinary Lebesgue theory while (b) re- 


sults from the manner in which U is defined as an extension of V.? 
PRINCETON UNIVERSITY 


2 This theorem is proved by Kolmogoroff (A. Kolmogoroff, Grundbegriffe der 
Wahrscheinlichkeitsrechnung, Berlin, 1933) for the case V(X) =1. When X is the sum 
of countably many sets of finite measure, the proof given by Jessen (B. Jessen, 
Abstrakt maal- og integraltheorie, 1, Matematisk Tidsskrift (BY (1934) p. 78) applies. 
The proof in the general case follows by a modification of that of Jessen. 
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A CLASS OF INTEGRAL EQUATIONS WHICH 
GENERALIZE ABEL’S EQUATION 


EDMUND PINNEY 


Introduction. A general class of integral equations is solved in $4. 
Specific examples are given in §3 which are shown in §5 to specialize 
to an equation from which Abel’s may readily be derived. In this 
sense the results of this paper generalize Abel’s integral equation 
solution. Another interesting special case is given in §6. 


1. A general theorem. Our development depends on this theorem: 


THEOREM. (i) Let the function g(x) possess a continuous derivative 
for «>0, and let [*g(t)idt converge. Let p(x) 1 Q(x) be functions for which 


©) ff g(a? + s? + 2) || p(s) || o( | dsdi exists, 


and for which the condition 


r}2 
(2) ; f (r cos 8)q(r sin 6)d6 = 1 
holds. Then 
O adsa -— “fart OA 
x ddo 


is a solution of the integral equation 


(4) g(a) = J CEET 


(ii) If (x) is a solution of (4) having a continuous derivative for x>0, 
such that [°b(é)idt converges and such that 


(5) f f | olla + s? + B3 | | p(s) | | q(t) | dsdt exists, 
0 0 
then i 
o(x) = f(x). 
Proor.-From (3), . j 
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r= [Ket + npn 
0 


1d © 
= L S pia fee + 2+ salds. 
x dx 0 0 
By (1) and Fubini's theorem this may be written 


I = = — ~ =f g( (4? + rir f (r cos 8)q(r sin 6)d6. 
From (2) and the conditions on g(x), 


1 d f°” 
= -<f g((x? + r9)? )rdr 


= = fee 0) = eE N 
= g(x). 
Therefore f(x) is a solution of (4). 
If (x) is a solution of (4) as specified in (ii), then exactly as we 
showed that I=g(x) we may show that f(x) =¢(x), completing the 
proof.. . 


2. The functions p(x) and g(x). The application of this theorem 
requires the determination of pairs of functions p(x), g(x) satisfying 
(2). We shall now consider the set of such pairs for which p(x), q(x) 
are both continuous and for which 


(6) ie e~h | p(t) | dt and i e] (4) 5 dt converge, z > 0. 
0 
By (2), for z>0, 
x{2 i = 
ihe er f phr cos 8)q(r sin 6)dOrdr = f en rdr. 
0. 0 d 


By Fubini’s theorem and (6) we niay transform from polar to rec- 
tangular coordinates, obtaining 


O a P&E) = 1/28, > 0, 
where E 
(8) Pe) = J epi, O) = if EO 


1 Whittaker and Watson, Modern analysis, Cambridge University Press, §4.44. 
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By Lerch’s theorem on null functions,? if p(x) and q(x) satisfy (7) 
and (8), they also satisfy (2). 

We note that (7) is symmetrical in P and Q, so we conclude that 
p and q may be interchanged throughout the ’theorem of §1. 


3. Special values of p(x) and g(x). We now concern ourselves with 
finding pairs of functions p(é), a(t) satisfying (7), (8) and which may 
be used in the theorem of §1. In this regard we note an extended 
Laguerre function definition, 


T(=») e 
Typ~+u+ 1) pl 


This reduces to the Laguerre polynomials when » is a non-negative 
integer n. It is related to the Whittaker function? Mm,» by the relation 


Twtr+i1) _ 
(10) Lz) = T A aig E AITE 


and to the Bessel function J, by 


(0) Lie) = - SP re tet De 


—n/2 


ay tim (SYE = oaa 


0 


uniformly in vz for vz bounded.4 
From (10) and §16.4 of Whittaker and Watson, for |2|>>1, 


erry 


ro +4) É 


—t—v—1 z 


is sin mr 
L(g) ~ — ~ Te +v + 1)z e + 
T 


where the upper or lower sign is taken according as I(z) $0 
In view of this we may expand the Laguerre functions and in- 
tegrate term by term, getting, for R(z) > R(k), 


i es IUL -ji ZH + v) ag l 
k a — k), R 1, 
mA 7” (kdt = Sen (= A’, Rw) < 
° _2tt Pa “=l T (u E y) —p+e =p 
f L- (kf )dt = ord») z (z — k) , Rw) > 0. 


Therefore, from (7), (8), we may take 


2 Acta Math. vol. 27 (1903) pp. 339-352. 

3 Whittaker and Watson, Modern analysis, Cambridge University Press, chap. 16. 

4G. Szegö, Orthogonal polynomials, Amer. Math. Soc. Colloquium Publications, 
vol, 23, New York, 1939, Theorem 8.1.3. 
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pd) = Ce L ( ke), 
2 
(13) qù = ha sin eS v) fray: 
G sin my 


where 0<R(p) <1, and C, k are arbitrary except that C0. 
(13) may be specialized in various ways. In particular from (11) 
and the fact that 
sin mv š 
14 L = ——— eL sg), 
(14) (2) PET i i(— 2) 


we may have 


P = Cla), 


(15), 
qH = (e/C)#¥I,_1(at), 
for 0<R(u) <1. 
Letting »—0 in (13) we have, when 0<R(u) <1, 
i) = pm, 


g(t) = (2/2) sin mu Pe, 


2 


Abel’s integral equation may be derived from that corresponding to 
this p and g. 

When v=z2, an integer not less than 0, the Laguerre function in 
p(t).in (13) becomes a Laguerre polynomial. By (9) we may write for 
(13), for 0<R(u) <1, 


p(t) = CEL, (ee), 
(17) 2 Te+1) > pet 

a) = — 7 Tere at) FQ; u; Rt). 
Therefore for 0<R(u) <1, 

a) = CFT," GP), ` 
pn g) = — E EAEN 1 "F(n; m; Rt). 


C Tw) — n+ 1) 


A special case of interest is that in which y=1/2 in (15). Then we 
have 


t) = C cos at, 
(19) 2 COS a 


g(t) = (2/mC) ch at. 
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4, A counter example. (1) is a severe restriction when p(é), g(t) have 
the general values given in (13), (15). Although the condition might 
be weakened somewhat it appears unlikely that it could be weakened 
very much. The following example, very kindly pointed out to me by 
Professor Harry Bateman, illustrates a case in which our theorem 
does not hold, despite the fact that g(x)—0 exponentially as x0. 

Sonine® showed that for a>c>0, 0<2<p+4+1>3/2, 


in J pr1(e(x? + £2) 1/2) (4? + lat ta 
_ 2)?- 
T() 


l iK, (09). 


Therefore when 0 <n <1 and 


b(2) = Joles), 


and 


(c/2)?- 
T(p) 
for the theorem to hold it is necessary that 


eg pa Ls 
rs { A) Jo 





g(z) = 


2°-"Ky_1(az), 





men “at + #2) nlt-1/2K (a(x? + #2) 112) 


Tso e-rath £ 


This, however, is impossible since p appears only in the factor 
(c/2)?-1/T(p). Therefore the theorem fails. However it is easy to see 
that the integral in (1) does not exist. 


5. Abel’s equation. In this section we shall establish the relation 
between the integral equation corresponding to (16) and Abel’s i in- 
: tegral equation. The former and its solution are 


g(a) = f(a? + Dea, 
0 
20 
(20) 2. idp’ 
o(x) = — — sin ay — <f g( (x? + 7) 1/2) paddy, 
T x dzJo 
provided 0 <R(u) <1, J Sy | g((a?-+42-+5%)"2) | t-2452e—Idsdt exists, and 
{°g(fidt converges. 


` 5 Math. Ann. vol. 16 (1880) pp. 50, 51, 
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Write 
B(x) = 2 %o(a-¥/?), 
G(x) = 2a7#g(a71/2), 
In (20) let 
s=1/(?+?), 
so 
P = ea — s), 2idt = — s~*ds, 
Then ' 
2? 1 zi 
2g(x) = f (S712) sgae (= — s) ds 
0 x 
implies that 
i Lapa’ 1 
elx) = — — sin tu — — f g(s) s] g2 (= = s) aids, 
T x dxJo x? 
That is, i 
Gla) = f 8e = as 
0 
implies that 


1, df fe ds 
g(x) = — sin ry va fare f G(s)(x — s)! S ; 
T dx 0 s 


This is valid only if G(0)=0, which we shall assume to be the Gage. 
at present. Replace s by sx. Then 


1. d 1 ds 
(x) = — sin rty o— f G(sx)(1 — s=! — 
T dx 0 ; s 


1 1 
= — sin ry x” f G'(sx)(1 — s) ds, 
T 0 

or 


E ee PE f “G'(s)(a — sds. 
T 0 


Suppose now that G(0) 0. Assume G(0) finite. Write #(x) as the 
solution, assumed to exist, of : 


G(x) = f eo — s)7#ds. 
0 ; 


Now Gi(x) = G(x) — G(O) satisfies our previous conditions and there- 
fore has a solution ®i(x) of the equation 
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Gale) = f a) — 97s 
R ` 
which is given by 
1 z 
(x) = — sin mu f G'(s)(x — s) ds. 
œo à T 0 
Suppose we write ®,(x) = (x) —o (x). Then 
G(0) -f o(s)(æ — s)-#ds. 
0 
This is readily seen to have the solution 


o(x) = 2 sin muG(0) xt. 
Now : 
P(x) = &(x) + elx), 
so the equation 
G(x) = oc — s)™ds, 0< Ry) <1, 


has the solution 
1 z 
(x) = — sin my feos +f G'(s)(* — pash ; 
T ` 0 


The existence of this solution is obvious. This result is Abel’s equa- 
tion. It can be transformed into its most general form by a linear 
transformation on x. 


6. An interesting special case. We note that the equation corre- 
sponding to (19) may readily be transformed to 


cos a — x)1/2) 


ge 


(21) ce) f ow = 
which implies a solution 


h (a(u — x)!!? 
(22) te) = - 2 E fy eE 


—. x)i/2 
provided PES |cos as|ch at dsdt exists. 
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‘A RELATION BETWEEN JACOBI AND 
LAGUERRE POLYNOMIALS 


EARL D. RAINVILLE 


1. Introduction. We shall obtain an apparently new expression for 
the Jacobi polynomial P(x) as a series of products of Laguerre 
polynomials of orders a and $ and of different arguments. 


2. A relation between the Legendre and Laguerre polynomials. 
Because of the popularity of the Legendre and the simple Laguerre 
polynomials, we shall prove that special case of the relation between 
Jacobi and Laguerre polynomials. The method of proof carries 
through with no alteration in the general case and need not be re- 
peated. 

The generating function 


ao Aid 
(1) o ETU) = X Lal) = 
ned . 
for the Laguerre polynomials may be found in the standard books. 


For the Legendre polynomials a special case of a well known result! 
of Bateman is 


(D) To((24(x — YDI + 1))¥2) = È P,(2) 





(n i 
From (1) with y=(1—x)/2 it follows, since Jo(ty) =Io(y), that 
e M—a\r 
e'To((2H(% — 1))/*) = DY cA ( T 
nað 2 n! 


Using (1) with y=(1+)/2 and with ¢ replaced by (—#), we may 
conclude that 








=. 1+ A WE k 
I(E +) = È (- E AE. 
n=l 2 n! 
Then, with the aid of the Cauchy product of two series, it may be 
seen that | 


a 


Received by the editors September 19, 1944, 
1H. Bateman, A generalization of the Legendre polynomial, Proc. London Math. 
Soc. (2) vol. 3 (1905) pp. 111-123. See his formula (8), 
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To((2t(% — 1))*/*)To((2t(x + 1))4/?) 
=U), (= = J 


n0 kl 2 ni 





where Ca,» is the binomial coefficient. { 
Therefore, in view of (2), we have the desired result, 


G) AEE A z(= a Ae ). 


ka 








3. A similar formula for the Jacobi polynomial. From Bateman? 
again we may obtain the following Beuctonne function for the Jacobi’ 
polynomial: 


[aeea — oele + DALE — DYDI + 1))*) 
A plab) in 
= Pa $e 
Ze Pa @) Tantatirn+rpTh 
. For the Laguerre polynomial of order æ it is known that 


n 


t(yp)—al2 12) = Sra Tin bwtt), 
et (yT 4(2(y2)"?) 2 In 0) Tint a+ 1) 


These two results may be used just as we used (1) and (2) and 
they lead_us to 


Èo yt ee ee 
(R+ 6+ )P™—k+a+ 1) 


1+2 (>) 
-L Lak ; 
PAm 


p“ 1B) 


(2) = 
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2 Bateman, loc. cit. 


NOTES ON LEGENDRE POLYNOMIALS 
EARL D. RAINVILLE 


1. Introduction. We shall obtain three results. The first is a gen- 
erating function for the Legendre polynomials that lies between the 
classical 

(1 — 24W + WD = SY P(x) 
n=l 
and a special case of a well known result of Bateman.! The second 
is an expression for P,(cos a) as a series in P;(cos 8) with œ and 8 
unrelated. Special cases of the latter are known. The third result is a 
relation in integral form between the Hermite and Legendre poly- 
nomials. 


2. A generating function for P,(x). From Laplace’s first integral, 
1 T 
Pala) =— f "Let (2 — 1 cos g]edg, 
To 


we find by direct expansion and the use of Wallis’ formula the known? 
result 


[n/2] (1 — x?) tgr? 
(1) P,(x) = an! 2 (— D anya — OB!’ 


where [ | is the greatest integer symbol. 
Examination of (1) in the light of the identity 


” w% % © [n/2] 
2) (Sans) ( Saye) = DE abenn, 
n=0 n=0 


n=0 k=0 
and of the power series for the Bessel function Jo(y), 


ne 


Joy) = x 1 ie D2” 


Received by the editors September 19, 1944. 

1H. Bateman, A generalization of the Legendre polynomial, Proc. London Math. 
Soc. (2) vol. 3 (1905) pp. 111-123. I am much indebted to Professor Bateman for 
pointing out that the generating function in (3) may be found in the work of Cat- 
alan, F. H. Jackson, and others. This relation seems to have been less widely used 
than it deserves. The short, possibly new, derivation in §2 may contribute to an 
understanding of the material in §§3 and 4. 

2 E. W. Barnes, On generalized Legendre functions, Quarterly Journal of Pure and 
Applied Mathematics vol. 39 (1908) pp. 97-204. See p. 120. 
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reveals at once that 


c+) yn 
(3) eJ — x2)1/2) = YS P,(x = 
n=O ni 
or 
© { 
(4) e's87(¢ sin 6) = 2, Palcos 6) nie 
n=0 ni 


3. The polynomials ¢,(z). In the study of the contribution to elec- 
tron scattering of a freely rotating group within molecules comprising 
a jet of gas, Dr. Jerome Karle encountered’ the polynomials 


1 r 
on(z) = -f (1 + z cos 8)”dB. 
, T 0 
With the aid of Laplace’s first integral, we may write 


1 
(5) on(z) = (1 — 29) P, (Gan): 


It happens that the ¢,(z) have a very simple generating function. For 
the modified Bessel function To(y) it is known that 


1 r 
L(y) = — femme, 
a) 


Hence 
1 r 
e'T (tz) = -f ef(itzcos P) dB, 
To 
or 
oO Ad 
(6) e'To(tz) = È on(z) —- 
nal n! 


This generating function may also be obtained from equations (1), 
(3), and (5) above. 


4. A formula for P,(cos œ). We have shown elsewhere‘ that if 


eG (at) = D gal) — 


g» 
, 
nap n ! 
then 


2 Up to the present time computational difficulties independent of the ¢,(z) have 
prevented application of the results. 

4 Certain generating functions and associated polynomials, now in the hands of the 
editors of the Amer. Math. Monthly. - 
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galaxy) = 2 Ca¥ — y) gala). 
ca 
Therefore, we may write 
(7) -  ga(ay) = È Cay — y) okla). 


From (5) it follows that ¢,(¢ tan a) =sec* AP tee a). Mew: let us 
pup x= tan f and y=tan a B in (7). It becomes 





sec” aP,(cos a) = > ea Z (tan B — tan a)*-* sec* BP,(cos 8). 
kao tan” B 


The above may be simplified by elementary means to the form 


(8) Palcos a) = € = =) > ‘Crk [-—— z oy” P,(cos 8). 


sin k=0 





5. Special cases of the above formula. It is interesting to note ceg- 
tain special cases of (8), either because they yield well known results 
or because of their intrinsic neatness. l 

Using B= 2a, we get 


(2 cos a)"P,(cos a) = È CaP a(oos 2a). 
Using pe we get 
, sin” BP,(sin 8) = È (— 1)*Ca,} cos* BP:(cos 8). 
Finally, using B= —a, 


P,(cos a) = >> (— 1)*Cy,x(2 cos a)"-*P;(cos a), 
ken i 
or 


P,(2) = 2 (= Cne (24) Pila), 


which in symbolic notation is P„(x)* {2x—P(x) }*. 


6. A formula for the Hermite polynomial. Either the generating 
function (6) or the integral definition of the ¢,(z) may be used to 


obtain - 
[n/2] “th 


t) = ml De a BED Mn — ye 
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The formula above naturally reminds one of the Hermite polyno- 

mial, 


[n/2] (2x) "2% 
H, (x) = n! — 1)*§ —_______: 
(=a 2 ap 
Indeed, we may write : 
[n/2] k 


Peena A, a 


take the Laplace transform of both sides, and get 

w% [n/2] gol 
f e-*4,(24B/2)dt = n! D> (— 1)* ———— = sty, (51/?/2). 
Therefore, 


H,(x) = (2x)*+? f e tg, (2itt!?) dt, 
0 


or, with 4¢=a, 


H,(”) = 2%x"t® f 27", (itt!) da. 


0 


But, from (5) it follows that 


1 
iali = ni EEEE 
$nliat!?) = (1 + a)? Pa (z F za) 
Hence, it is possible to write 


ay 


9 1 
Hn = nynt az*(4 a12 pP, ( —___——. }d 
(2) = pranta fee + apne, (o) 


or, 


1 
Hala) = 2r gater? f e718 p-r PB) dB. 


9 
This result can also be put in the form ` 
2 z 2 od 
H,,(«) = 2ntlez f et PHR Pa (=) dt, 
resembling that of Curzon® but apparently simpler. 


THE UNIVERSITY oF MICHIGAN 


€ H. E. J. Curzon, On a connexion between the functions of Hermite and the functions 
of Legendre, Proc. London Math. Soc. (2) vol. 12 (1913) pp. 236-259. 


A CORRECTION TO MY BOOK ON TOPOLOGICAL GROUPS 
ANDRE WEIL! 2 


On p. 28 of my monograph on topological groups,? implicit use is 
made of the following proposition: “If G is a topological group, and g 
a closed invariant subgroup of G, then the factor-group G/g cannot 
have a dimension greater than that of G.” This is a very plausible 
but hitherto unproved result; the assertions on the dimension of a 
projective limit (IGTA, p. 28) must therefore partake of its conjec- 
tural nature. However, the results on the dimension of compact 
groups and of locally compact abelian groups (IGTA, chap. 5, §25, 
and chap. 6, §29) can be justified by dealing with a special case of 
that proposition; to do so is the purpose of the present note. Since 
no satisfactory theory of dimension exists except for “separable 
metrizable” spaces,’ it will be enough to consider the case of groups 
which are metrizable and separable. A compact group which satisfies 
these conditions will be called enumerably compact in this note; such 
a group has at most enumerably many irreducible linear representa- 
tions; it follows from this, and from the results of IGTA, §25, that 
it is the projective limit of a sequence of compact Lie groups. The re- 
sult to be proved is now as follows. i 


THEOREM. Let G be an enumerably compact group. Let go be a closed 
invariant subgroup of G such that G/go is a Lie group. Let U, be a 
neighborhood of the unit-element in G/go, homeomorphic to the interior 
of a sphere; and let X be the set of all elements of G, ihe image of which 
in G/g is in Uy. Then X is homeomorphic to the (topological) direct 
product Uy X go. 


Let ¢ be the canonical mapping of G on the factor-group Go=G/go, 
i.e., the mapping in which, to every element of G, corresponds its 
co-set with respect to go. As is well known, our theorem will be proved 
if we show that we can find in G a system of representatives U for Uo, 
i.e, a homeomorphic image U=¢4(U.) of Us in G such that the 
inverse y~} of W coincides on U with @¢. In order to do that, we write G 


Received by the editors August 7, 1944. 

1 Guggenheim Fellow. 

2 L'intégration dans les groupes topologiques et ses applications, Actualités Sci- 
entifiques et Industrielles, Hermann, Paris, 1940; this book will be quoted as 
IGTA. I am much indebted to H. Samelson for having first pointed out to me the 
conjectural nature of the result in question, and also for the following correction to 
the same book: on p. 26, lines 8 and 15, the word “invariant” should be omitted. 

3 Cf. W. Hurewicz and H. Wallman, Dimension theory, Princeton, 1941 (see the 
Appendix). 
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as projective limit of a sequence of Lie groups Ga =G/g,, where the gn, 
for n=0, 1, 2, - - - , area sequence of closed invariant subgroups of G, 
beginning with the given subgroup go, such that gaDgayı for every 
n, and with no common element other than the unit-element of G. 
If we put Yn=£n41/gn, We can consider Yn as a subgroup of G,=G/gn; 
it is a closed invariant subgroup of G,, and we have (by IGTA, §3) 
Ga =Gais/Ynu3 let bn be the canonical mapping of Gay on the factor- 
group Ga=Gayi/Yat1. We now define by induction, for every n, a 
homeomorphic image U, of Up in Gn as follows. Assuming that U, 
has been defined, we may consider its inverse image by ọn, in Gays, 
as a fibre-space with the base-space U, and with fibres which are 
homeomorphic to Yaz1; as Un is homeomorphic to Up, that is, to the 
interior of a sphere of a certain dimension, it follows from this, by 
Feldbau’s theorem,‘ that this inverse image is homeomorphic to the 
topological product of U, and of yn41, and that we can find in it a con- 
tinuous system of representatives, which we call Un4i, for the base Un. 
Then Un is a homeomorphic image Unj1=n(U,) of Un in Gapi, and 
the inverse Yr! of the homeomorphic mapping Ya of U, on Upp is no 
other than ¢,. That being so, let x) be any point in Up, and put 


Xn41=Wal%n) for n=0, 1,2, +--+ ; as we have xn=n(Xn41) for every n, 
the sequence (xo, %1, X2, - - - ) defines a point x in the projective limit 
G of the sequence Go, Gi, Goa - + ; if now we write x=yY(x), Y is a 


mapping of Ue in G, with the properties which were required for the 
proof of our theorem. 


COROLLARY. Jf a factor-group of an enumerably compact group G is a 
Lie group of dimension n, then G itself has at least the dimension n. 


The above proof suggests that the conjectural proposition men- 
tioned at the beginning of this note is related to the following prob- 
lem. Let G be a topological group, g a closed subgroup of G, and 
H=G/g the homogeneous space determined by G and g (IGTA,‘§2), 
that is, the space of cosets of g in G; can G be considered as a fibre- 
space, with base H and with fibres homeomorphic to g, according to 
any one of the known definitions of fibre-spaces?® One may expect the 
answer to be in the affirmative, provided a point in H has a system 
of neighborhoods which are all homotopic to zero (that is, contract- 
ible to a point) in H. 

UNIVERSITY OF EREWHON, 

Erewson, Ur. 


4 J. Feldbau, Sur la classification des espaces fibrés, C. R. Acad. Sci. Paris vol. 208 
(1939) p. 1621. 

5 Cf.; for example, R. H. Fox, On fibre-spaces, Bull. Aner: Math. Soc. vol. 49 (1943) 
p. 555. 
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ON THE DEGREE OF APPROXIMATION OF FUNCTIONS 
BY FEJER MEANS 


x , A. ZYGMUND 


1. Continuous functions. It has been proved by S. Bernstein that 
if f(x) is periodic and of the class Lip a, 0<a@<1, then the (C, 1) 
means o,(x) =o,(«; f) of the Fourier series of f satisfy the condition 


(1.1) Cala) — f(x) = O(n-*), 

uniformly in x. The result is false for a@=1. The place of (1.1) is then 
taken by 

(1.2) oala) — f(x) = O(log n/n), 


and, as simple examples show, the factor log n on the right cannot be 
removed (see, for example, A. Zygmund, Trigonometrical series, p. 62). 
It will be shown here that for power series the inequality (1.1) holds 
even for ~=1. More generally, we have the following theorem. 


, 


THEOREM 1. Suppose that f(x) is periodic, continuous, and that the 
© Fourier series of f is of power series type, 


fæ ~ > Cre”? 
Then = 
(1.3) | ona(#) — f(x) | S Aw(2x/n), 
- where w(6) is the modulus of continuity of f and A is an absolute constant. 
The proof is based on the following lemma. | 


LEMMA. Suppose that 
+o f 
(1.4) gla) ~ Do ye” 


satisfies | g(e+h) —g(x)| <mļil. Then 
(1.5) | Saala) — (a) | S BM/n, 


where g(x) is the function conjugate to g(x) and Fa(x) are the (C, 1) 
means of the series conjugate to (1.4). ` 


For the proof of the lemma we note that 
Received by the editors August 3, 1944. 
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APPROXIMATION OF FUNCTIONS BY FEJER MEANS 
tr l 1 1 
a(x) = — -f [g(x +t) — g(x — i) ] — cot — tt 
Tyo 


‘ 1 ar y 
aala) = — — Í keriso] 
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1 1 sin nt 
Palenie 
2 2 


n(2 sin (1/2)? 
1 ft i 
2) = tals) = — S etd- ee - 9] — 


— dt 
n(2 sin (t/2))? 

1 rin 1 r 
JOEL ete. 


say. Since | sin nt| Su sin tSn(2 sin (t/2)) for OSiSz, 
1 p7 2Mt Mt idt Mr 
Iz= f asf c = —. 
wvJq  2sin (t/2) mo  (2/r)t/2 n 
In order to estimate Q,, we introduce the function 
1 z sin nu 
Aa) = — f° a, 
mn J: (2 sin (4/2))? 


and integrate by oe the second mean value theorem, 


1 
ESES Suar“ 


T 

2n7#? 
The function g is absolutely continuous and |g’ (x) | <M almost 
everywhere. Thus 


LAE =] K +2 — g(s- Da | 





xjn 


wf +4) + g'(x Dlane 


PE ara Pies T | Anti) | dt 
a a n oak 2 

M Med 2M 
<—+—{ —=—-—. 

TH n? z/n P 


This completes the proof of the lemma, with B =r +2/r 


Suppose now that the Fourier series of f is of power series type so 
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that f = — if. If |f(«+hy—f(x) | <M|nl , then 
(1.6) | onald) — A | = | aila) — f(x) | S BM/n. 


To complete the proof of Theorem 1, we introduce the function 


ee 1 h 3 
fila) = = f fle dt = [Fla + À — P(e #)\/2h 
ke _ fsinvh 
~È ot ( k ) 


yaQ y 





where F(x) is a primitive of f. Hence df,/dx exists, is continuous, and 
does not exceed w(2h)/2hSw(h)/h in absolute value. Moreover, the 
F ourier series of fa is also of power series type. Now, 
| onla f) = A | 
< | oralti f) — onale: fi) | + | onali fr) — fax) | +| fala) — a) | 
= an + Bn + Yn 


say, and i 
n= [zS Wet 9 -nala s 0G, 
Par A (by (1.6), 
h n 


oy = | onil; f — fi) | S max | f — fal S olh). 


If we set k=2r/n and collect the results, we obtain (1.3) with 
A =24B/2r <4, 


2. Additional remarks. The foregoing proof of the lemma has cer- 
tain disadvantages. First of all, it uses the result that a Lipschitz 
function is an indefinite integral, a fact which lies deeper than the 
assumptions of the lemma. Moreover, the argument does not work 
with the L? metric. These difficulties are avoided by the following 
somewhat longer variant of the proof of the lemma. For the sake of 
brevity we do not compute the absolute constants C that occur in the 
proof, 

Let P, and Q, have the same meaning as before, and let ve, t) 
=f(«x-+t)—f(e—2). Hence 
sin nt 


tin 
Ta ain oa 1 
n(2 sin (¢/2))? di | S Í | y(x, #) | tdi, 


Let R,() =1/rn(2 sin (t/2))?<1/nt*. Then, for n 21, 


Izis f” l "Wad 
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Qn = f ylz, Rali) sin nidi 
ain 


x(n—-l)[n 
TA f P(x, t + r/n)Ra(t + r/n) sin ntdt, 
0 


a(n—-Lin , 
20. = f Ya DIRO — REF] sin mide 


in 


x(n~l)/n 
+ f ly(x, 2) — plaz, t + r/n) ]Ralt + r/n) sin nidt 
xjn 


tjn 


= y(x, t + 2/n)R,(t + r/n) sin ntdt 


0 


+ i 4 y(x, )R,() sin nidi = In + In + Ky -+ Lans 


r (n—1)/n 
say. 
By the'mean-value theorem 
| Rn(t) — Rolt + r/n) | S Cre, 


so that 
x—rjn z 
| In| S£ Cn f | v(x, i) | èdi £ Cn f | w(x, i | reat, 
xin xin 


Since Ra(t+r/n) S1/nt?, and 


W(x, D) — Wa, t + r/n) = W(x + i — 2/20, 1/2) 


— p(x — t — x/2n, T/2n), 
we find 
0 


| Ja] s cm f | yla + t- a/2n, /2n) | idt 
rjn 
+ cw f | pla — t — r/2n, r/2n) | tdt. 
ain 


Moreover, since R,(¢-++-7/n) <Cn for 0SiSa/n, 


rin 
|K,| S cn f | Y(x, t+ r/n) | dé. 
Finally, j 


TA scri f 


x(n~1)/n 


r 


ajn 
| v(x, 4) | di = Cn f | yla + rnt) | dt. 
g 
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By assumption, |¥(x, u)| $M@|u|, uniformly in x. From this we 
immediately deduce that each of the terms | Pa|, [Jn], | Jal, | Kal, 
[Z| is less than or equal to CM/n, and (1.5) is proved. 

Suppose now that instead of the inequality | g(x-+h) — g(x)| SM h| 
we have A 


[3 


2r 1/p 
(2.1) Mplelz + h) — g(2)] = if | g(a + k) — gla) jaa 


< Mh 


for some p21. Then Minkowski’s inequality for integrals shows that 
M,[Po], Moln], Maln], Mp[Kn], Mp[La] are all less than or equal 
to CM/n. For example, 


r 


ain In 
M,[P.] S f M,|¥(«, ) lidt < f 2Mdt = 2Mxr/n, 
ti) 0 


M,|I,] S Cx f " M,[¥(«, © idi 
xjn 


<S 2CMn? f idt = CM /n, 
zjn x 


and similarly in other cases.. Thus, under the hypothesis (2.1), 
M,{Gn-1(%) — (x)] S BM/n ' 


where B is an absolute constant. By an argument similar to that by 
which Theorem 1 was deduced from the lemma, we obtain the follow- 
ing theorem. 


THEORĘM 2. Suppose that the Fourier series of f(x) is of the power ° 
series type. Then 


M,[on-1(x) — f(x) ] £ Awy(2x/n) Q & 1) 
where w,(3) =supjss Mp Feti —F(«) ]. 


Theorems 1 and 2 hold for (C, œ) means, whatever a>0. The ana- 
logues for Abel means are immediate consequences of the Cauchy- 
Riemann equations. 


Mt. HOLYOKE COLLEGE 
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NOTE ON INTERPOLATION FOR A FUNCTION OF 
SEVERAL VARIABLES 


HERBERT E. SALZER 


The simpleśt interpolation formula for a function of w variables 


- X,Y, +++, Zis the mùltiple Gregory-Newton formula, which approxi- 
mates the function by a polynomial in p, q, - ” - , r of total degree z, 
namely, 


f(% + bh, y + qha ++ 2 H rhe) 


(1) i C) oe (a EHE I Ds 


where x, y, - + - , 2 denote the independent variables, žm denotes the 
tabular intervals, 


(£) denotes S22 EED, wien (?) =, 


i i! 


and Aita (æ<, y, +-+, 2) denotes the mixed partial advancing 
difference of f(x, y,---, 2), of order z with respect to'x, j with re- 
spect to y, and so on. The summation is for all’ sets of values of 
ij,- <, k such thatitj+ ---+2 goes from 0 to n. Using the no- 
tation fe,:,...,. to denote f(x+shı, y+thz, -- +, 2-+uh.), it is appar- 
ent that the multiple Gregory-Newton formula involves all values 
fest,- - -u Such that s+i+ - - - +u=0, 1, 2, - - -, n. Thus for the case 
of 2 dimensions the arguments are the (n+1)(n+2)/2 points form- 
ing a right triangle, vertex at (x, y), and for 3 dimensions the 
arguments are the (n+1)(n +2) (n+3) /6 points forming a solid tetra- 
hedron, vertex at (x, y, 2). 
The purpose of the present note is to show that when (1) is ex- 
. pressed in the simpler form 


n 


(2) fle+ pha y + ghnt rhe) = Do Crtecuufeaternu 
then we have 


stth + fund 
n-p-q--t-+-?7 r 
0 Gane CIE AMD (0) 
= SS A S t u 
Thus (1) can be employed without the labor of finding all the mixed 
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partial differences, which represents a very convenient simplification 
in the use of the multiple Gregory-Newton formula. 
To provet (3) consider the function 
(a) 
’ 
uy 


a 068 
n — S — hott My Sy hy 


where si, 4, © - © , #1 are any set of non-negative integers whose sum 
is not greater than n. This function is a polynomial in x, y,---,2 
of total degree n and (2) holds exactly. Applying (2) forx=y= --- 

=3=0, h=hk= ---,=h,=1, it is apparent that with the exception 
of fat,- --u1™ 1, all the other quantities f,.:,...,. vanish, because if 
some s, #,---, or u is less than a respective Sı, t, +--+, Or Uy or if 
every s, Ł, -- - , u is greater than or equal to a respective s1, h, © © ©, u 


with at least one greater than, then j,,:, senu will have a factor 
a . 
5) a and b integers, 


><a, which is 0. This establishes (3). , 


MATHEMATICAL TABLES PROJECT, 
NATIONAL BUREAU OF STANDARDS 


1 This line of proof was suggested by Professor W. E. Milne. Another longer proot 
is by induction, making use of the properties of (7) and Newton's backward-difference 
interpolation formula. 


QUADRICS ASSOCIATED WITH A CURVE ON A SURFACE 
V. G. GROVE 


1. Introduction., Many of the important contributions to projective 
differential geometry of non-ruled surfaces are concerned with sys- 
tems of quadrics associated with a point and a curve on the surface. 
Many of these quadrics belong to a certain family, a characterization 
of which is the main purpose of this paper. 

Let the homogeneous projective coordinates (x1, x?, x3, x*) of a gen- 
eral point x on a non-ruled surface S be given as functions of the 
asymptotic parameters wu, v, and let these functions be so normalized 
that they satisfy the Fubini canonical system of differential equations, 


Yuu = buku + Bx» + px, 
Loo = YXu + Ot, + gr, 8 = log (8y), 


wherein the coefficients satisfy certain integrability conditions [7]. 
The abbreviations 


$ = ð log (By?)/du, y = ð log (6*y)/d0 


will be found useful. 
Let Cy, a curve on S through x, be considered as imbedded in a ’ 
one-parameter family of curves defined by the differential equation 


dv — Adu = 0. 


Since the homogeneous coordinates of any point X may be written 
in the form 
X = gix F tty + waxy + Latur, 


the coordinates of X referred to the tetrahedron x, Xu, £v, Xu» may be 
taken as (x1, xe, %3, x4). 

It is remarkable that many of the equations of quadrics associated ` 
with S and G, at x are of the form 


(1) xxs + Ta, = 0 
wherein 

(2) T = — zi + Rete + ksx + hats, 
and 
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(3) ko = hLB/A + moyr?, k; = 138/2 + MYA, 


l, me, ls, ms being constants and ky a parameter. In particular the 
quadrics of Darboux, of Moutard, of Davis [3], all of the quadrics 
derived by Wu [9], the conjugal quadrics [5], the asymptotic osculat- 
ing quadrics, and the quadrics Hsiung [6] has associated with Cy 
at x all belong to the system (1). We shall denote this family by 
Q(la, ma, ls, ms). 


2. A characterization of the family. Let a line / be determined by 
the points po with coordinates given by the expressions p=x,—bx, 
o=%,—ax. The Ry-associate of J, as defined by Bell [1], joins the 
points whose coordinates are 


(4) p= pt Ba/rmy oy = ot yr. . 
Bell [1] has called the one-parameter family of curves defined by 
do — udu = 0, p= — B/(y) 


the Ry-derived curves, and has characterized them in terms of the 
Rassociate of 1. The R,-associate of / joins the points 


(5) Pu =p— yee, op =o — B2/r 
From. (4) and (5) we easily prove the following theorems. 


The R-associate of l coincides with the R,-associate of lif and only if 
Cy is a curve of Darboux. 


The R,-associate of l, l, and the R,-associate of l intersect the asymp- 
totic tangents in points which with x are harmonic if and only if Cy is a 
curve of Segre. 

Now define points R, S, Ry, Sa by the cross ratio equations 
6) (x, Pr Pps R) = k, (x, R, p, R) = K, 

(x, o, Ca S) = L, (x, S, c, Sy) = L, 


k, l, K, L being constants. One finds readily that the coordinates of 
Ry Sy are given by the expressions 


(7) Ry =p + kext, Sy =g + kax 
wherein kz, ks are given by (3) and 

h = kK, m= K(k — 1), 
(8) - 


l = Lil = 1), m3 = IL. 


We shall call the line joining Ry, Sa the Sy(Je, Ma, Js, m3)-associate of L. ; 
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The reciprocal J’ of the line / joins x to the point with coordinates 
Xuy—AXy— bxy. It is easy to show that the most general quadric having 
second order contact with S at x and with respect to which the polar line 
of l is the Sylla, ma, ls, ms)-associate of | is the quadric Q(l, me, ls, ms). 


3. The general transformation of Cech. The coordinates of any 
point R on the tangent to C, at x may be written in the form 


R= gu + da, + iz. 


The polar plane of R with respect to Q(le, me, ls, ms) has coordinates 
(u1, Ua, uz, ua) defined by the formulas 


uy = 0, twe=M, Ug =r, 


9 
(9) ua = — M+ (la + la) + (ma + my. 


If the local coordinates of R be written as (x1, x2, x3, 0), equations (9) 
assume the form 


2 2 
uy, = 0, Ug = X2X3, U3 = X2%3, 


Uy = — xixa% + (la + 1s) Bata + (m + ms) ia 


of the most general transformation of Cech [2]. 

Bell [1] has given a geometric characterization of this general 
transformation. Lane [7] has characterized this transformation for 
the special case +13 = m2+m3. 

The quadric Q_(l2, me, ls, ms) induces the transformation 


(10) 


2 2 
w = 0, Ug = XoX3, U3 = %2%3, 


ua = — mazza + (la — 1s)B a2 + (ma — mayis. 


(11) 


The particular quadrics referred to above induce several interesting 
special transformations (10) and (11). 


4. The quadrics Qulla, M2 lz, ma), Q-(lz, Ma, la, ms). We may char- 
acterize some of the quadrics in the family (1) in the following man- 
ner. The Sy(/e, mz, la, ms)-associate of the reciprocal of the projective 
normal joins the points defined by Ry =&xu + kox, Si =X + kax, ko, ka 
being defined by (3). The tangent to the locus of R, as x moves 
along Cy and the point S, determine a plane 7. The plane v intersects 
the projective normal in a point P. As x moves along C, the plane 
x3=0 envelops a developable surface generated by a line which in- 
tersects the projective normal in a point Q. The plane determined 
by Ry Sa and the harmonic conjugate of x with respect to P and Q 
has the equation T=0, T being defined by (2) and wherein 


t 


` 
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k -44 Ff + dtu +1)6 
4 2 x3 2 2 263 3, 


ay + [a -» ra | es h(a. T SP] 


+ may [x — (m: + m) yX + a e+ (= — sa) a] 
y’ Y 


buv — [ (21 + 1s)me + m3(1 + l) F 11er} . 


The quadric having second order contact with S at x and passing 
through the lines x.=0, T=0; x3=0, T=0 has the equation (1), 
k, being given by (12). We shall denote this quadric by Qu(le, mo, 
ls, Ms). 

In an analogous manner we may define a quadric Q,(le, m2, ls, ms) 
with the equation (1) with k4 given by the formula 


1 
a ag Y [- ma + (my + mama + ma) 


+ [a a m= x a 4: ms(0, = Ta] 
Y 


138 ? Bo 
+=|- 2 ateta (É 0.) | 


(13) 


— buv — [(2m + m)l + (1 + ms) +1ler} ; 


5. Applications. It is easily verified that the special quadrics 
Qu(—1, 0, 1, 0), Qo(0, 1, 0, —1) are the asymptotic osculating quadrics 
of the curve C, at x. These quadrics may therefore be considered as 
generalizations of the asymptotic osculating quadrics. The quadric 
Qu(0, 0, 0, 0) for a curve Cy tangent to the asymptotic u=const. (or 
Q.(0, 0, 0, 0) for a curve Cy tangent to v=const.) is the quadric of Lie. 

Let us call the quadrics Q,(0, 1, 0, —1), Q,(—1, 0, 1, 0) the anti- 
asymptotic osculating quadrics. They are given by (1) with the respec- 
tive values of k4: 


ne Lyng Yee (t= 0)a] 
2 
B (B» 
m. i + in) TR ban) , 
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4 1 u v 
a a a 
2 (X 8 B 
sa ea 
Y 


It is easy to verify the following theorems. 


The anti-asymptotic osculating quadrics (assumed distinct) intersect 
in the asymptotic tangents and in a conic whose plane passes through the 
projective normal if and only if Cy ts a pangeodesic. These quadrics 
coincide if and only if B+yM =0, and 6+Av=0; that is, the curve Cy 
must be tangent to a curve of Darboux, and that tangent must be the second 
canonical tangent of SS at x. 


The conjugal quadrics Q.(0, k, k, 0), Q.(0, k, k, 0) have equations 
given by (1) with the respective values of k4: 


1 ; Yo Yu 
hy = — < ky] 2V — ky? + —d2+(— — 6.) 
2 Y Y 


ot Bo :|- ws 2 E 
Efa (E k o) - tu 0 ey 
1 B By : 
ki = —4— k>] 2N —~—r~-—[({—-24,]}™ 
: =~ S28 + a ra ( 0)» 
- v| esa (2 +6.) 0] = tue = (1 + Hor 


These quadrics coincide if and only if 


2R(B + YNN = R(L — k) + kBud 


2 By 
a + BN lata t+a- x0, | 


- mato 2+ a-a] 


— kyu — R(1 — By’, 


The curves represented by (14) are hypergeodesics if and only if d= =0, 
that is, S is a coincidence surface. In that case the hypergeodesics 
represented by (13) are given by 
u 1 Y 
= met a - tu a- m, 
B 2 y 
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The cusp-axis of these hypergeodesics is the projective normal. From 
(14) we see that the quadrics Q,(0, 1, 1,,0), Q.(0, 1, 1, 0) of Davis 
coincide if and only if Cy is a pan-geodesic. And the curves Cy defined by 
(14) are pan-geodesics if and only if the quadrics are quadrics of Davis. 

As the point x moves along C, the asymptotic tangents generate 
ruled surfaces Ru, R». Hsiung [6] has shown the existence of a pair 
of quadrics associated with R, and R,. He cuts these surfaces by a 
plane through the points P,=x,+Ax, P,=x,+Bx. The locus of the 
conic having ordinary contact at P, and second order contact at P, - 
with these sections is a quadric Q(—1, 0, 0, —1) whose equation is 
(1) with ks, given by the formula 


PPB ce i 8? 
hy = <5 [Vv — Xu — OA — o + Wr) ] ta 


+ 2AM(B + Y~) + By — Gash 
This quadric of Hsiung coincides with Qu(—1, 0, 0, —1) if and only if ; 
P, is the point whose coordinates are given by the expression 


(15) Pu = £u — Baf. 


Interchanging the roles of the asymptotic curves and ruled surfaces, 
a second point P, with coordinates 


(16) P, = ay — yht 


is characterized. 

The Ry-associate of the reciprocal of the projective normal, that recipro- 
cal, the line P,P, defined by (15) and (16), and the tangent to the Ry- 
derived curve through x are concurrent, and are moreover harmonic. The 
Ry-associate of the line P,P, is the projective normal. 

Itis known [7] that the asymptotic osculating quadric Q,(0, 1,0, —1) 
reduces to the quadric of Wilczynski if G is tangent to the asymptotic 
curve v=const., and has an inflexion at x, and to the quadric of Fubini 
if Cy is tangent to v= const., and has the tangent plane to S at x as 
stationary osculating plane. These quadrics are respectively the spe- 
cial quadrics h=1, k=1/3 of the pencil 


(17) zata + af — ay — (1/2) [Bu + (1 — A)By]xa} = 0. 


’ Lane [8] has characterized the invariant parameter h of the pencil 
(17) in terms of a cross ratio whose elements involve the quadric of 
Lie (4=0) and the quadric of Wilczynski (4=1). The definition (8) 
of m enables us to describe the invariant parameter # without re- 
course to any special quadric of (17). 
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The quadric Q,(0, mz, 0, ms) for a curve C tangent to »=const. 
and having an inflexion at x (A=0, \’+8=0) has the equation (17) 
with h=—ms. The definitions (8) imply that /=1, k=0, mg=L, : 
m:=K. From (6) we find that R=p,, S=o,. Then the points Ry, Sy 
determining the 5,(0, me, 0, ms3)-associate of J are found from the 
cross ratio equations 


(x, Pus Py Ry) =K, - (x, Gr; O, Sy) =L=—Ah. 
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MICHIGAN STATE COLLEGE 


ON APPROXIMATE ISOMETRIES 
D. H. HYEES AND S. M. ULAM 


In a previous paper, a problem of mathematical “stability” for the 
case of the linear functional equation was studied.! It was shown that 
if a transformation f(x) of a vector space E, into a Banach space Ey 
satisfies the inequality | Fæ+y) —f(x) —f(y)|| <e for some e>0 and 
all x and y in E, then there exists an additive ee (x) 
of E; into E» such that ||f() —4(x)|| <e. 

In the present paper we consider a stability problem for isometries, 
By an e-isometry of one metric space E into another E’ is meant a 
transformation T(x) which changes distances by at most e, where e is 
some positive number; that is, | p(x, y) —p(T (x), T(y))| <e for all x 
and y in E. Given an e€-isometry T(x), our object is to establish the 
existence of a true isometry U(z) which approximates T(x); more pre- 
cisely, to establish the existence of a constant k >0 depending only on 
the metric spaces E and E’ such that p(T(x), U(x)) <ke for all x 
in Æ. In this paper this result will be proved for the case in which 
E=E’, where E is n-dimensional Euclidean space or Hilbert space 
(not necessarily separable). The case in which E is the space C of 
continuous functions will be treated in another paper. 

The above problem of ¢-isometries is related to the problem of con- 
structing space models for sets in which distances between points are 
given only with a certain degres of exactness (measurements are pos- 
sible only with a certain degree of precision). The question of the 
uniqueness of the idealized model corresponding to the given meas- 
urements and the extrapolation from the measurements to the model 
could be looked upon as a problem in determining a strict isometry 
from an approximate isometry. 

In the case of certain simple metric spaces, for example the surface 
of the Euclidean sphere, this question can be answered in the affirma- 
tive, but it may be more difficult for other bounded manifolds. A 
simple but interesting example showing a case where the answer is 
negative has been worked out by R. Swain. 


THEOREM 1. Let E be a complete abstract Euclidean vector space.* 


Presented to the Society, September 5, 1941; received by the editors October 10, 
1944, 

1D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. 
Sci. U. S. A. vol. 27 (1941) pp. 222-224. 

2 A complete Euclidean vector space is a Banach space whose norm is generated 
by an inner product, (x, y). It includes real Hilbert space and n-dimensional Euclidean 
spaces as special cases. 
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Let T(x) be an e-isometry of E into itself such that T(0) =0. The limit 
U(x) =lim,..(T(2%%)/2") exists for every x in E and U(x) is an iso- 
metric transformation, 


Proor. Put r=||x||. Then ||| 7(~)||-7| <e and ||] 7) -—7(2x)|| —r| 
<e. Put also yo = T(2x)/2, so that Ir—| yol | <e/2. Consider the inter- 
section of the two spheres: S:=[y; |lyl|<r+el, S:=[y; |ly—2yo| 
<r-+e]. Now T(x) belongs to this intersection, and for any point y 
of SiS: we have 


Ally — oll? = 2|] yl]? + 2l| voll? — 4(y, yo); 
ly — 2ydl]? = llall? + 4ll vol]? — 4(y, y) < +6)? 
and lly||?<(r-+e)2. It follows that l 
Ally — zdl? < e + 9+ [lol]? — 2llydl? < 2 + 9 — 2l| ydll? 
< 2(r + 6)? — 2(r — €/2)? = Ger + 36/2. 


Hence, || T(x) — T(2x)/2|| <2(el|x]|) "if |x|] Z e and | T) — T(2x) /2 || 
<2e in the contrary case. 
Therefore, for all x in E the inequality 


(1) || P(«/2) — T(x)/2l| < 2k] al)! + 2e 


is satisfied, where k = 2e/*, Now let us make the inductive assumption 
nl 

(2) ||T(2-*x) — 2-*T (x) ||< zend aly( oy zit) (1 —2-)-4e. 
tx 


The inequality (2) is true for n =1. Assuming it true for any particu- 
lar value of 2 we shall prove it for n+ 1. 
Dividing the inequality (2) by 2 we have 


|| T(2-"2)/2 — =T (a) 

< zerora] alle ( > i) + (1/2 — 21). 4e. 

i=l 
Replacing x by 2—"x in the inequality (1) we get 
|Z (2-14) — T(2-"x)/2 |< 2-(w41) 12 B(|| ||) 3/2 + 2e. 
On adding the last two inequalities we obtain 
|| T(t) — 2-*T(2)|| 
< aa E 3 ri) + (1 — 2-71). 4e, 


This proves the induction. Therefore inequality (2) is true for all x 
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in Ẹ and for n=1, 2, 3,---. If we put a =k} i02", Wwe have 
\|T(2-*2) — 2-*7(a)|] < allal + 4e. 
Hence, if m and p ae any positive integers, 
|| 2-7 (27x) — 2-m-eT(2™+7q)|| : ' 
i = 2-"||T(2™*?x/2p) — 2T (2™+Px)|l < 2-m/2a(|| alj) + 25e, 


for all x in E. ; 
Therefore since Æ is a complete space, the limit U(x) 
= limps (T(2”x)/2”) exists for all x in E. 
To prove that U(x) is an isometry, let x and y be any two points 
_ of E. Divide the inequality 


[ITE -= Tell- rle- yll]< e 


by 2” and take the limit as n+. The result is ||U(x)—U(y)|| 
=||x—¥||. This completes the proof of Theorem 1. 


THEOREM 2. Let T satisfy the hypotheses of Theorem 1 and let 
u and x be any points of E such that {|x|} =1 and (x, u)=0. Then 
| (T(x), U(u))| S3e, where U(x) is defined as in the statement of 
Theorem 1. 


Proor. For an arbitrary integer n put z=2"u. Let y denote an 
arbitrary point of the sphere S, of radius 2” and center at z. Then 
|ly—zl| =[lz|| and it follows that (y, w)=2-"-1(y, y). Since T is an 
e-isometry, || T(y) —T(2)|| =n(y, 2)+||7(@)|| where |n(y, 2)| <2e. 
The last, equality may be written ros 
2(T(y), T@)) = (L(y), TO) — All TO — r. 


Dividing by 2"+! and remembering that z=2", we obtain the 
equality 


1 
(3) (TO), 2-*T(2")) = 


Qatl 


T (2) 
Qn 








KTO), TO) — l-1 | 








Now let x be any point of the hyperplane (x, u) =0. 
Then y=x-+ru, where 7=2"—(2?2—||x||2)"2, is a point of the 
sphere S,. For, 
ly- al? = (, 9) — 20, 2) + 2) 
= (x, £) +7? — 2(z, 2) — 2(u, 2)-r + (z, z) 
= r = amr + alt + lial? = Ul 


$. 
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Moreover, ||y—x|| =r0 as n> ©. By Theorem 1, t=liMa -a2 "T (2) 
exists and is a unit vector. Finally, for an arbitrary positive ô and n 
sufficiently large, one can easily establish the following inequalities 
by means of equality (3) and the above remarks: 









































ronas |01- 222) + non E22) 
+ (oe ~ 79, 222) 
<lro je- 72 4 E + a PO 
+7 — Tol Fe A =] PLET EEN 


It follows that 
| (7), U@))| = | (T), D | S 36. 
THEOREM 3. Let T(x) satisfy again the hypotheses of Theorem 1, and 


let it take E into the whole of E. Then the transformation U(x) also 
takes E into the whole of E. 


Proor. For each point z of E, let T—!(2) denote any point whose 
T-image is z. Then T-!(z) is an e-isometry of E. By Theorem 1, the 
limit U*(z) =liMa o (T—1(2"2) /2”) exists, and U* is an isometry of E. 
Now clearly 








lla". — T(2*U*(2))|| = | r(x Z2 — T(2"U*(2)) 


T-1(2"z) 
Qn 


<27 — U*(z) 














On dividing by 2” and letting n— œ, we see, for each point z of E, 
that z= UU*(z). Therefore U(E) =E. 


THEOREM 4. Let E be a complete absiract Euclidean vector space. If 
T(x) is an e-isometry which takes E into the whole of E such that 
T(0)=0, then the transformation U(x) =limn.. (T(2"%)/2") is an 
isometry of E into the whole of itself, and the inequality ||T(x) — U(«)|| 
<10e és satisfied for all x in E. 


Proor. For a given point x0 let M denote the linear manifold 
orthogonal to x. By Theorem 3, U is an isometric transformation 


+ 


a 


# 
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which takes Æ into the whole of E. Hence U(M) is the linear mani- 
fold orthogonal to U(x). Let w be the projection of T(x) on U(M). 
If w=0 put ¿=0. Otherwise put t=w/||æll. In either case (cf. Theo- 
rem 2), the inequality | (T(x), t)| S3e is satisfied. Puty=(1 Alal U(x). 
Then v is a unit vector orthogonal to f and is coplanar with T(x) and £. 
Hence, by the pythagorean theorem we have the identity: 


(4) |Z) — U| = (Ta), ? + [lel] — (Ta), oF 


Let s,=2*« and if the projection w, of T(z,) on U(M) is not zero, 
ih tn =Wn/|| wall. Otherwise we shall put #,=0. In either case 

ny?) =0, and |(T (Zn), tn)| S3e. If || T(En)|| <36, it is obvious that 
real (T(z), v)| S36. If |Tel 23, we have 0S||TC,)|| 
=| TE), »)| =T] ATE TE), ta) S36. 


Hence the inequality: 
(5) llea] — | (T), 2) || < 4e 


is satisfied, since ||z,l| <||7(z,)|| +e. 

Two cases arise. If (T(x), v) 20, we put n=0 in the inequality (5) 
and use the identity (4) to obtain the inequality | T(x) U (x)|| <5e. 
If (T(x), v) <0, then for some integer m Z0 we must have (T (Zm), v) <0 
and (TOn), v) 20, since (U(x), v) is positive and U(x) =lima.. 
(T (Zn) 2”). Hence, by inequality (2), 


{| 7(22m) — T(2m)l| Z (T(22m), 1) — (Tm), 1) > Illen] — 8e. 
But we know that ||T (28m) —T(2m)|| <||znl| +6. Therefore, i 
lalf < |jenl| < (9/2)e, and ||T(x) — U(x)|| < llall + eS 10e. 


In order to prove the above theorem we had to assume that T(x) 
takes E into itself. We now show that the theorem is not always 
true for e-isometric transformations of one Euclidean space into part 
of another. Consider the transformation T(x) of the real axis into a 
subset of the plane defined as follows: the coordinates x, y of T(x) 
are (x, 0) for «<1, and (x, c-log x) for x >1. It is easy to verify that T 
will be an ¢-isometry if we choose c in such a way that e>c? 
-MaXz>1((log x)?/(2x —2)). l ; 

On the other hand, T(x) obviously cannot approximate an isometry 
in the sense of our theorem. 


THE UNIVERSITY OF SOUTHERN CALIFORNIA AND 
THE UNIVERSITY OF WISCONSIN 


` DET 


PARALLELISM IN THE TENSOR ANALYSIS OF 
PARTIAL DIFFERENTIAL EQUATIONS 


D. D. KOSAMBI 


In the extensions of classical differential geometry associated with 
ordinary differential equations the connection coefficients may be 
chosen arbitrarily, subject to certain laws of transformation under 
change of coordinates. But the calculations of differential invariants 
become decidedly simpler if the choice is made in a particular way, so 
as to reduce the number of. “invariants of the connection” to a mini- 
mum, leaving only the intrinsic invariants of the system. For partial 
differential equations, no such intrinsic choice had hitherto been 
found, though something of the sort is badly needed inasmuch as the 
mass of calculations is far more complicated than for any system of 
ordinary differential equations. 

Given the system of partial differential equations 





gatiyi : : : 
A) a, age + Ha.. agilt, £, Pop Darn- aa) = 0; 
) i aa. i Tured 
T NAREST Paggi 
i j, k,- =1,2,+++, 0a, B, Yt = 1,2,- 


the complete set of tensor operators and tensor differential invariants 
associated with the “path-space” of this system may be built up as 
follows. We assume that (a) the equations (1) have a manifold of 
solutions; (b) they are tensorial under nonsingular point-transforma- 
tions in both the x and the u coordinates; (c) the equations both of 
the x-variation and the u-variation of (1) are tensor-invariant and 
(d) there exists a tensorial differentiation operator 


EE Sere See E A E 
(one summation for every index of the tensor T. `), where 

ð i ð 
aa tO ag "ow 


For the tensor invariance of this operator, it is necessary and suffi- 
cient that the connection coefficients y$; T% obey the transformation 
laws: ` i 


ða = fies — Begs 











ð j i 
due Pa 
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Some fundamental tensor-invariants appear when we put the equa- 
tions (1) and their equations of variation into an invariantive form 
by aid of the D operator, keeping in mind that p$ is itself a funda- 
mental invariant. For the differential operators, we note that 
0/03, -.-a, is always a tensorial operator, and alternate this with Da, 
contracting for the index a. This gives, on discarding any additive 
tensorial terms, a new operator in which the leading differentiation 
is of one order lower than in the previous case. The process may be 
repeated till we reach an operator which has only one (covariant) 
Latin index, all Greek indices having dropped out. This gives the 
complete set of differential operators associated with the equations 
(1); further alternations then give linear combinations of the same 
operators with coefficients which are the complete set of differential 
invariants of the space. The process amounts essentially to calculat- 
ing the Poisson brackets for a system of linear partial differential 
equations of the first order, or the alternants of a Lie group, further 
theoretical justification being unnecessary in view of Hilbert’s funda- 
mental theorem on invariants. 

In actual practice, the process has been carried out for g=1 and 
q=2, but is difficult even in spite of the simplified notation; generally 
mistakes occur which cannot be rectified. Therefore, some special 
choice of connection coefficients would be desirable. This is given by 
the following theorem. 


THEOREM 1. The “best” intrinsic choice of connection (in the sense of 
reducing the amount of calculation) should be such that 


i i í y åt d i 
(4) Kapı = OaYsi — Yar + YBIYav — Yar¥pv = 0. 


The tensor K%,, is therefore treated as an invariant of the connec- 
tion here, merely for the sake of simplicity. But the vanishing of this 
invariant has more important consequences than just the reduction 
of bulk for our fundamental differential invariants. For this reason, 
I omit the actual calculations that prove Theorem 1 directly (particu- 
larly for the cases g22) and take the further consequences as justi- 
fication of the “best” choice. 

The most important concept in classical differential geometry is 
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the parallelism of Levi-Civita, defined originally for Riemannian 
spaces and immediately extended to paths with m=1. In that case, a 
vector AŻ of the path-space is said to admit parallel displacement 
along a curve if DA\‘=0 along the curve. In our general case the 
“path” has to be regarded as a surface. Suppose we start with n given 
components at an initial point and attempt, as in Riemannian geome- 
try, to move the vector parallelly along a chosen path-base, here a 
“hypersurface,” at least for m<n. We shall then have to solve 


Athau) 


7 + JaN = 0; fai = Yaj along the base. 
y2 





(5) 
The conditions of integrability of (5) are, as usual, 


E ES 
(6) N E - ae + feifar ~ feat} =0. 

For proper unrestricted parallel displacement to be possible, the 
brackets must vanish for the given base. For a path-gometry, the 
least requirement is that displacement should be possible for any path 
as a base, seeing that the:paths are necessary to define the operators 
O«, and hence Da, in (2). But, for a path, the braces in (6) are the 


tensor K%,, This gives us the following theorem. 


THEOREM 2. To admit unrestricted parallel displacement of a vector 
along a path-base, it is necessary and sufficient that Kig,=0 thereon. 


This might have been regarded as an almost obvious restriction and 
the question then raised as to its importance, seeing that no such 
condition is needed for the T$, coefficients of connection, that is, that 
parallelism along a path-base seems unnecessary for Greek-index vec- 
tors. This can be argued out at length by consideration of the differ- 
ence between the dependent coordinates x and the parameters u that 
are our independent variables. But it seems more productive to prove: 


THEOREM 3. It is possible to make the connection coefficients yty=0 
along any chosen path-base if and only if Ktg=0 throughout. S 


This is the extension of the so-called theorem of Fermi to the path- 
spaces associated with partial differential equations. Its usefulness in 
shortening proofs and formal manipulations of differential geometry 
need not be explained. The actual proof is as follows. If it is possible 
to make y$ =0 along any path, it then follows that 0,74,=0 also, as 
the operator is differentiation along the path and the connection co- 
efficients vanish for some restricted but continuous region by hy- 
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pothesis. Therefore, Ki,,=0 for the chosen set of coordinates and 
the path in question. Now the vanishing of the tensor Kig does not 
depend upon the choice of coordinates. Furthermore, the path-space 
consists of the manifold swept out by the totality of paths, whence ` 
K‘g=0 throughout the space. For the converse, if Kig,=0, we can 
start with an ennuple of vectors Ny at a given point, and displace it 
along the path by parallel displacement. We know that by choosing 
det.|M,»| 0 initially the ennuple will remain a set of n independent 
vectors for some sufficiently restricted region. It only remains to set 
Ay = Ox'/0% along the base of displacement, and this obviously admits 
infinitely many solutions for the transformations =x, as the integra- 
bility condition is satisfied by hypothesis and we have imposed a set 
of initial conditions which depend upon the parameters u only. It 
follows at once from the transformation laws (3) that 7{,=0 on the 
base and this has been done by x-transformations alone. 

It may be remarked in conclusion that K%,,=0 identically when- 
ever there is a single independent variable, m=1. This covers Rie- 
mannian geometry, its extensions to symmetric affine connections, 
_ and the case of path-spaces for ordinary differential equations of any 
order. 


REFERENCES. For the basic ideas and notation for ordinary path- 
spaces, D. D. Kosambi, Math. Zeit. vol. 37 (1933) pp. 608-618; 
Quart. J. Math., Oxford Ser. vol. 6 (1935) pp. 1-12; for partial differ- 
ential equations J. Indian Math. Soc. vol. 3 (1939) pp. 249-253. It 
may be remarked that the work of H. Hashimoto in calculating the 
invariants (J. Fac. Sci. Hokkaido Imp. Univ. vol. 8 (1940) pp. 163- 
172) is actually in error. The final results will be published in a forth- 
coming paper by V. Seetharaman, Proceedings of the Indian Acad- 
emy of Sciences. 
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NONCOMMUTATIVE VALUATIONS 
O. F. G. SCHILLING 


The topic of this paper is the extension of the basic facts of valua- 
tion theory to noncommutative systems.! The purpose of this gen- 
eralization is twofold. First, the theory of valuations with commuta- 
tive groups of values is placed in the framework of the theory of 
l-groups,? and secondly the general theory leads to the construction 
of a new class of infinite division algebras. These division algebras are 
of highly transcendental structure over their respective centers; more- 
over they may be considered, in special cases, as crossed transcen- 
dental extensions of other division algebras. ` 

It is necessary to recall some facts on /-groups. A group T is called 
a simply ordered J-group if the following axioms are satisfied: 

(I) There is defined a binary inclusion relation which is “homogene- 
ous” in the’sense that a28 implies pta+o28+ 6+ for all p, ¢, 

(II) T is a lattice with respect to the ordering relation, and’ 

(IIT) given a, £, either a= or B2a.? 

Furthermore a28 means aUS=a. The totality of all positive ele- - 
ments of T is a semi-group and shall be denoted by T+. The absolute 
value |æ| of æ is defined as aV—a. Hence |a| is equal to a or —a@ 
according as e lies in T+ or the complement '—I‘*™ Since T is simply 
ordered an/-ideal or isolated subgroup A which is defined by Birkhoff® 
to contain with each 6 all £ with ll <] ò] may alternately be defined 
as follows. An isolated subgroup contains with each 6>0 all €ET* 


satisfying £< ô. 


DEFINITION. A one-valued function V on a division ring D upon an 
l-group T is called a valuation if the following postulates hold: 


Presented to the Society, August 14, 1944; received by the editors May 29, 1944. 

1 For results on valuation theory see, for example, W. Krull, Allgemeine Bewer- 
tungstheorie, J. Reine Angew. Math, vol. 167 (1932) pp. 160-196; O. F. G. Schilling, 
Arithmetic in fields of formal power series in several variables, Ann. of Math. vol. 38 
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(i) Each a€T hes the form Va for at least one element a€D. 
Gi) V(O) >a for all aI. 

(iii) V(ab) = Via) +V (8). 

(iv) V(a+b) = min [V(a), V(b) ]. 


Remark 1. If T is noncommutative then D is certainly not a field. 
This follows, by contradiction, from (i) and (iii). 

REMARK 2. All elements u of D with V(w)=0 form a normal sub- 
group U* of D for which D*/US2T. This holds since V is a homo- 
morphism of D* upon T. 

As in the ordinary valuation theory it is now shown, using (iii) and 
(iv), that the totality © of all aED with Va=0 is a ring, the valua- 
tion ring of V. 


LEMMA 1. For a, b in O, the following statements are equivalent: 
(i) a=b with c in D. 

(ii) a=be, with cs in D. i 
(iii) V(a) = V(b). 


Proor. Application of V to (i) or (ii) yields (iii). Conversely (iii) 
implies the existence of elements yı and yz in I+ such that 
V(a)=y+V(b) and V(a)=V(b)+72. Then there exist elements dı 
and dz with V(di) =y, and V(d:) =y2. Hence a= udb = bdzuz where 
urd; and daus lie in O, u1 and uzin U. 


LEMMA 2. Each ideal U of © is two-sided. 


Proor. Suppose that% is a left ideal, that is, ONCW. Let VA be 
the set of all V(a) with aE. This set is an upper class of I+ as fol- 
lows by Lemma 1. Now let d=) a;b; be an arbitrary element of 
the set XO; a, EN, b,ED. Then a,b;=b} a; bf CO by Lemma 1. Con- 
sequently dC. Thus Y is a right ideal. 

Now let $ be the ideal of elements bE with Vb>0. Moreover, 
/ is a division ring D for the elements of D—0 = D* can be repre- 
sented by elements in the multiplicative group U. As usual Ẹ is 
termed the prime ideal of V. 


LEMMA 3. The seis D and § are invariants for the group of inner 
automorphisms of D. 


Proor. Let dED* and aE. Then V(d-!ad) = — V(d)+V(a) 
+V(d) 20 by the invariance of T+. Hence d tad ED. Next one finds 
V(d—'ad) >0 for a€$. The possibility V(d—1ad) =0 is excluded for 
—Vid)+Via@)+V(d) =0 would imply V(e)+V(d)=V@d), V(e)=0, 
in contradiction to the assumption on a. 
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LEMMA 4, Let a, bDED*, then at least one of the pairs {ab-, ba} i 
fatb, ba-1} lies in D. 


Proor. Suppose that ab-'€. Then also b'a EO by Lemma 1. 
Now assume ab-'€. Then, by the definition of O, 0> V (ab). Con- 
sequently — V (a)+ V(b)>0 and thus a~tb and ba™ lie in O by 
Lemma 1. Moreover, b'a@£O for otherwise — V (b)+ V (a) 20 or 
V(a)— V(b) 20 contrary to the assumption on the elements a and b. 

Remark. If dED then either dC or d=a~} where ¢C®. For the 
latter observe that 0> V (d) implies — V(d),> V(d -9 + V@) = V(1) =0. 


Lemma 5. If Ois an invariant subring of D such that for any aED, 
either a or a` is in D, then D is a valuation ring for some valuation of D. 


Proor. The invariance of the ring © implies the invariance of its 
group of units U. For if u&U, then d-!ud and d-u—!d = (d-ud)-! 
both lie in O for every d€D, that is, dtud € U. Now let P be the 
complement O— U. The set $ is invariant under the group of inner 
transformations of D. To define the valuation V for which © is the 
valuation ring set V(a)=aU for a€D* and V(u) =0 for uw U. The 
factor group D*/U may then be considered as an additive group I. 
The group turns out to be a simply ordered l-group, if a= V(a)>8 

' = V(b) in case ab~! and 6~'a lie in .° As in the commutative theory 
it now follows that © is the valuation ring for V.” 

The preceding properties of the valuation V lead to another de- 
scription of a valuation. By the homomorphism a—a mod $=H(a) 
=a€ D exactly the valuation ring O is mapped upon D. It is custom- 
ary to agree that H(d)= © if dO. This can happen only if H(d-) 
=0, for d€D means d=a~! with V(a)>0, that is, aC, and thus 
A(a) =0. Finally H(d—ad) + © if and only if H(a) ¥ © for inner auto- 
morphisms preserve non-negativeness. 


THEOREM 1. Let H be a homomorphism, of a division ring D upon a 
division ring D and a symbol œ so that (i) H(a+b)=H(e)+H(d) 
and H(ab) =H(a)H(b) for any pair a, bE D with Hla) £ ©, H(b) =£ œ, 
(ii) H(a) = © if and only if H(a~) =0, and (iii) H(d—ad) ¥ œ for all 
d€D* if and only if H(a)# ©. Then H arises from a valuation V of D. 


Proor. Denote by A-1(S) the inverse image of a subset SCD. 
Then H-(D)=© is a ring with H-(D—0) =U for its subgroup of 
units. Certainly © and U are invariant under the group of inner 


8 Observe, for example, that V(e) 20 if and only if a EO, dad ED for d E D* im- 
plies that T is homogeneous. 

17 Observe that for any a, b in D* either a—b or b-a lies in O. Say the former holds, 
then a(a715)a— = ba“ also lies in D. 
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transformations. For the first assertion observe that acO means 
H(a)* ©. Thus H(d-'ad)# © for each d€ D* by assumption (iii), 
consequently d tad ED. In the second case observe H(u)<0 for 
uE U. If d—ud& U then H(d-ud) =0, consequently H(d—u-'d) = œ, 
by assumption (ii). Consequently H(u—!) = œ, by (iii), that is, u£ O 
contrary to the assumption on u. Now let d@€D*, then either 
H(d)#© or H(d)=œ. By construction of O we have dEO if 
H(d)# © and, by (ii), d4=aCOD if H(d) = ©. Thus each element 
of D* is a quotient of elements in ©. Finally let a, 5€@ D*, then at 
least one of the pairs {ab-!, b—ta}, {a-b, ba} lies in O. Without 
_ loss of generality we may assume H(ab~!)+¥ œ. Then H(b-ab—1b) 
= H(b-!a) < © by assumption (iii). Therefore O is a valuation ring 
by Lemma 5. 

Let A be an isolated subgroup of T. Then a proper restatement of 
the commutative proof may be used to show the following lemma. 


LEMMA 6. The prime ideals y of the valuation ring © are in 1-1 corre- 
spondence with the isolated subgroups A of T. 


COROLLARY. The invariant isolated subgroups of T are in 1-1 corre- 
spondence with the prime ideals of O which are invariant under all inner 
automorphisms of D. 


LEMMA 7, Each invariant prime ideal p of © determines a quotient 
ring Dy in which the extended ideal pO, is a prime ideal whose residue 
class ring Dp/pO, is a division ring. 


Proor. Let ©, be the set {ab-; acD, bED-p}. Then ©, may 
alternately be defined as the set of quotients bta, say ©’. Observe 
ba =a7'(ab-1)a = a(a-'ba)—! for aD with aba EO—p for p is an 
invariant prime ideal. Thus O’C >» and conversely. Next ©, is an 
invariant subring of D, for d—'(ab-)\d=(d—1ad)(d-1bd)-! where . 
dadED, d-bdECOH—p with dC D* since © and p are invariarit. 
It remains to show that O is a ring. Let abrt, aby" be two elements 
of Op. Without loss of generality it may be assumed that V(b») S V(b), 
then abr'-+-aebe! = (a1-+aebs'b,)by! where by 1b:CD. Consequently 
the sum lies in Oy. For the product observe abi !-ab7 t = aby ba, 
with b*#CO—p by the invariance of O.and p. Next ai(bb:)— a2 

= by maf ED, with bs CD — p, a CO, by the invariantive properties. 
~ Consider next the extended set pO, = {X 2 p ;a;b7 with p,Ep, a;b7! 
EO} . Then pabr =x;b; with x;=p,ajb7 pj" = (pabr 1) (p71b by Bi 
with the first factor in © and the second in O—p. Thus pO = Opp. The 
general element >.p,a,b7! may be written as #12 (pripa b7!= piss, 
sEDp for it may be assumed without loss of generality that 
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Vib) SV(p),j7=2, ---, N. As an immediate consequence it follows 
that pO, is an invariant set for d~!(p151)d = (dpd) (d-1s1d) EC pO since 
p and ©, were recognized to be invariant sets. Let pis1, pose E pDp 
Without loss of generality it may be assumed that V(#1) S V (t2). 
Then Distt pasa = p1(s1 + PT pose) where Ph Ep, therefore Sit pr tpos: 
EDs, and Pisi tps Epp. Finally PO: DO Ep O and D OpZ Opp, 
that is, py, is a two-sided ideal. To show that pOy is a prime ideal it 
suffices to prove that a:b71, aebz'CO,—pD, implies a,b7)-a2bz) 
EH,—pHy. Observe ai, a2CO—p, that is, a2.G€O—p. Therefore 
abr! -aby t= a;02(be-az4bia2)-! where be, aebaz'CO—p for p is an 
invariant prime ideal of D. Consequently abr! a2b7'COp—pO». Let 
D»/pOp=Do, and suppose co&Dë. Then there exist a, b so that 
(ab~!)9 =¢p with a Œp. Hence (abt) bat EpO,, thus (ba7!)oE Do and 
co(ba-) = (1)o. 

Now it is possible to carry over the results of the commutative 
case. 


Lemma 8. Each invariant prime ideal p of © with the associated iso- 
lated subgroup A of T determines a valuation Va in Da =Dy/pD,y whose 
valuation ring is O/p and whose value group is A. More specifically, 
Va(ao) = V(a) where a mod pOp=aoE Da. 


LEMMA 9. The quotient ring Oy is a valuation ring of D whose value 
group is T/A letting Vyja(a) = V (a) mod A, and whose associated residue 
algebra is Da. 


The preceding lemmas may be combined so as to give the following 
theorem. 


THEOREM 2. Relative to each isolated invariant subgroup A of T the 
valuation V can be split into (i) a valuation Vra of D and (ii) a valuation 
Va of the residue algebra Da for Vrya with its value group equal to A. 


REMARK. The prime ideals §, of Da in O/p arise exactly as the 
homomorphic images of the prime ideals p © with p,Dp. Since every 
invariant subgroup of A is not an invariant subgroup of T it will in 
general not be true that an invariant prime f, is the homomorphic 
image of an invariant prime ideal p, of D. 


THEOREM 3. Suppose D has a valuation V with value group Tı and 
residue class algebra Dı. Then each valuation Vz in Dı with value group 
T, whose valuation ring has an invariant image in D determines a valua- 
tion V on D with value group T so that T contains an order isomorphic 
image of To with T/T:=T;. Moreover the residue class ring of D with 
respect to V is equal to the residue class ring of Dı with respect to Va. 
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The proof of the theorem involves a direct restatement of the proof 
for the parallel theorem involving a commutative field. 

The preceding discussion of a division algebra with a valuation. V 
may be utilized to establish the existence of a wide variety of algebras 
with prescribed value groups and algebras of residue classes. Suppose 
that D is a division algebra which is to be the algebra of residue classes 
for a valuation V with value group T. Noting that in a given algebra 
D the elements d€D* induce by a (mod $)—d—ad (mod P), aE, 
automorphisms on the algebra of residues D, one is led to the follow- 
ing construction. Assume that each y ET* induces an automorphism 
da” in D and let to y be associated a symbol #(y). Let D be iso- 
morphic to D. Consider then a group extension of D* by the group I 
with the defining relations 


aat = i(y) aiy), 0) =1, ty)? = (~y), 
t(a)t(B) = f(a, B)t(a + 8), 


where the f(a, 8) satisfy the customary relations for factor sets. Now 
define D to be the set of all formal power series A =) a,t(a,) where 
a,€D_and {a,} is a well ordered montonically increasing sequence 
in T with a finite first element. If B=)_b,t(8,) is another element of 
D then A+B is to be the series obtained by adding the coefficients 
at identical marks. The product AB is to be defined by formal multi- 
plication observing that at(a)bi(@)=ab*f(a, 8)t(a+8). Thus the 
system D becomes a ring without divisors of zero. Next define 
V(A) = a = V(ilœ)) where A = Patla) = [doat(a,)é(ar) to) 
= [J aflan —ar)t(a,— ox) lil), o —a1 20. Then V(a) =0 for a€ D*. 
The function V satisfies the postulates for a valuation. Observe that 
A=at(a)+Ao, B=bt(6)+By) with V(Ao)>a, V(Bo)>8, respec- 
tively, imply AB =abf(a, 8)t(a+8)+Co where V(Co) >a+6. Hence 
V(AB) =a-+f. Finally V(A+B)2min [V(A), V(B)]. For the proof 
one may assume without loss of generality that B2a. Then A+B 
= [a+Aot(a)-!+bf(8, —e)i(B—a)+Bot(x)-1]t(a) which proves the 
triangle inequality. It remains to show that each element A © D* has 
an inverse. Observe that each sequence {$ 2o C7, nœ, V(C) >0} 
has a limit }°%.)C? in the set D. Thus (A+C)-!=)>3.0(—1)?C? lies in 
D. Write A =a(1+C)t(a), aE D*, then A-*=i(—a) >7.9(—1)#Cra. 
It is shown directly that the valuation ring D= {Z atla), a, =0} 


8 See, for example, H. Zassenhaus, Lehrbuch der Gruppentheorie, Leipzig, 1937; 
A.A. Albert, Structure of algebras, Amer. Math. Soc. Colloquium Publications, vol. 24, 
1939. Factor sets were first used in the valuation theory by Kaplansky, loc. cit. 
pp. 315-317, 
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contains the prime ideal $= {Mat(a,), a,>0} so that D/BXDLD. 
Moreover © and § are invariant subsets of D. 


DEFINITION 2. A division algebra D is termed relatively complete with 
respect to a valuation V if each of its subfields K containing the center Z 
ts relatively complete with respect to the induced valuation Vr. 


LEMMA 10. A relatively complete division algebra of finite rank n? over 
its center Z has a commutative value group with respect to the given valu- 
ation. 


Proor. Observe first that the valuation V induces a non-trivial 
valuation Vz on Z. For let d"+4+2d"-1+ -- + -+2,=0, 2;€Z, be the 
irreducible equation satisfied by an element d ED with V(d) >0. Then 
V(2m) = V(d) +V (driandre «++ +81). Thus V (tn) = Velen) 
>0 in case Vz(z;) 20, j=1,---, m—1, by the triangle inequality 
for valuations. In case some Vz(z;) <0 nothing is to be proved. Since 
Z is, by hypothesis, relatively complete with respect to Vz the 
usual theory of prolongation for valuations may be applied.® Set 
V*(a) =n7!Vz(Na) where N denotes the reduced norm of D/Z. Then 
V*(a) = V(a@) for otherwise the subfields Z(a), Z would be relatively 
complete with respect to two inequivalent valuations. Hence Z would 
be algebraically complete contrary to the hypothesis that D is a divi- 
sion algebra.’ Next let a, CD, then V(ab) = V*(ab) = V*(ba) = V(ba), 

-that is, the value group T of V is abelian. 


DEFINITION 3. A relatively complete division algebra D is termed alge- 
braic if the algebra D(a, b) generated by any two elements a, bED over Z 
has finite rank over its center Z(a, b). 


THEOREM 4, The value group of an algebraic relatively complete divi- 
ston algebra D is abelian, 


Proor. Let a, 8 be two elements of F. Suppose that a, b are any 
two elements of D with V(a) =a, V(b) =. By hypothesis the algebra 
D(a, b) has finite rank over the relatively complete field Z(a, b). 
Hence, by Lemma 10, V(ab) = V(ba), that is, a+ 8 =8 +a. 

Remark. The preceding theorem indicates that a division algebra 
with a noncommutative value group must contain elements which are 
transcendental over its center. Z 

ILLUSTRATIVE EXAMPLE. Let I’ be the lexicographically ordered 
group of motions in the plane, that is, the group of all couples of real 

? See, for example, O, F. G. Schilling, loc. cit. pp. 568-570 and Schilling, Normal 


extensions of relatively complete fields, Amer. J. Math. vol. 65 (1943) pp. 309-334. 
10 See Albert, loc. cit. 
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numbers (a, £) subject to the following law of combination: if (y, ô) 
is a second pair then (a, 8)+(y, 8) =(a+y, e18+ 8). The set I* of 
positive elements consists of all couples for which either a>0 or 
a=0 and §>0. Observe the following facts: (i) — (a, 8) =(—a, —Be-*), 
(ii) the set {(0, 6)} is an invariant isolated subgroup A, (iii) T/A 
={a}, and (iv) T has no proper center. Let F be a field and ta 
transcendental element over F. Consider the set D of all formal power 
series > (a,8)Ga,6t" where da,s@F and the elements (a, 8) form well 
ordered monotonically increasing sequences. Set ¢@%=1 and 
£@ Apr) =H, E= (a, B)+(y, ô). Then D is a division algebra with T 
as a value group. The valuation ring © consists of all series J aq,gt(@) 
where all (a, 8) 2(0, 0); the prime ideal P contains all series with 
(a, 8)>(0, 0). Both © and $ are invariant subsets for the group 
of inner automorphisms of D*, and O/$&F. Corresponding to A 
there is an invariant prime ideal p in © whose associated valua- 
tion ring maps homomorphically on the field of all formal series 

= {papi} = {Sagi}. Select now in D the subfield 
Fa = {2 apt A} = {J agtf}. Next set t0 =, then £6 =17?, The 
rule of combination in T implies {zg =% with p=e8. Since each ele- 
ment of D may now be expressed as Decals: Áa E Fa, fæ} in- 
creasing, it can be seen that D is a crossed extension of Fa by the set 
fr t4}. The associated factor set is equal to unity for g= =t" 
=t. This interpretation of the algebra D as a transcendental 
crossed extension of the algebra Fa by means of an extension of the 
value group of Fa can be generalized in several directions. As in the 
construction of an algebra for a given algebra of residue classes D 
and a value group T one may introduce factor sets. Moreover state- 
ments can be made for an algebra D whose value group I’ possesses 
a chain of normal isolated subgroups A; whose factor groups T/T jm 
are isomorphic to abelian ordered groups. To obtain explicit results 
it is useful to assume that (i) the successive algebras of residue 
classes Dj; have isomorphic images ¢,(Dj41) in D; (ii) the isomor- 
phism ¢; commutes with the group of inner automorphisms of D,, 
and (iii) D; is maximally complete with respect to the valuation hav- 
ing T/T 1 for its value group." 


Tre University or CHICAGO 


n Observe in this connection the results of Kaplansky, loc. cit. 


` A NOTE ON THE REPLICAS OF NILPOTENT MATRICES 
HSIO-FU TUAN 
In a recent paper,! Chevalley proved the following theorem: 


(A) If Z is a nilpotent matrix over a field K of characteristic 0, the 
only replicas Z' of Z are the matrices Z’ =iZ, tC K.* 


For the proof of (A), he made use of a particular case of a theorem 
due to Ado and gave a proof for the results which ‘he needed. In the 
present note, we shall give a direct simple proof of (A) and we shall in 
fact deduce it as an immediate consequence of the stronger theorem: 


(B) If Z and Z' are two nilpotent matrices over a field K of character- 
istic 0, and if q(x) and r(x) are two polynomials with coefficients in K 
and without constant terms such that Z'’=q(Z) and Zo 2=r(Zo,2), then 
Z'=iZ, tEK. 


We shall later establish corresponding results for fields K of prime 
characteristics, to be stated as theorems (C) and (D). 

That (A) is implied by (B) follows immediately from the fact that 
if Z’ is a replica of Z, then Z;,,=,,:(Z;,.), where ,,,(%) are poly- 
nomials in K without. constant terms. 

For the proof of (B), let n be the degree of Z and Z’ and let m be 
the least nonnegative integer such that Z"+!=0. Clearly OSmSn—1. 
The case Z=0 is trivial; we can therefore assume 1SmSn—1. Let 
also’! be the least nonnegative integer such that (Zp,2)'+1=0. Clearly 
Zo. is nilpotent and 1S/<n*—1. We shall see that mS]S2m. 

The matrix Z can be transformed by an (n, n) matrix T with co- 
efficients in the algebraic closure K of K into the following form: 


0 
a, 0 
(1) Zerwrpe |. , 
St 
Zn-1 0 
where Z1, ` + >, 2,1 are zeros and ones and not all zeros. Then for 


Received by the editors July 17, 1944. 

1 Claude Chevalley, On a kind of new relationship between matrices, Amer. J. Math. 
vol. 65 (1943) pp. 521-531. 

2 Theorem 6, p. 530, loc. cit. 

3 Lemma 4, p. 529, loc. cit. 
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any integer 7, 1 Si <m, we have 
0 
i ! 
0 
25,1 
(1); Ze ST = 
21,7 
Bes 0. X 0 
i 
' Zii = Batt Bpjs j=1, ni. 
Hence if we write 
(2) a(x) = qpa + -e + gmas”, q EK, t=1,-+-,m, 
we have 
(3) Zi = TOZ'T = T-g@)T = (TZT) = qZ). 
‘Denoting the (n, n) identity matrix by E, we have then! 
(4); Zio2=2102,;=2,Q0 E+ E@Z, 
0 Z1 
aE 0 hig Zı 
= ey cs A 
“0 EA 
Zn 0 Zi 
Zi 
aE Zi 
; A 
Sri Zı 


hence for ańy positive integer 7,5 


ve 


4We define A @B=(a:;) @B=(a,;B). Observe that (4 @B)(C@D)=AB@CD. 
The heavy cross and heavy plus used in Chevalley’s paper are here replaced by ® 


, and @. 
5 In the following, * denotes the terms in which we are not interested. 


- 
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(Zion) = ZQ EF E@D) 
1—1 Paar 
tem? 


=Z 9 E+ LC. @LZi+ EON 


7=1 


(4); i 


(C;,; being the binomial coefficients), and therefore m Sl &2m. We 
may write 


(5) rla) = rnat ee rn, r EK, ishl., 
and then 
Zi). =Zi ®Zi =Z @E+E@LZ 
l = TOZ'T & TOET + TOET @ TOZ'T 
(6) = (T 8 TZ @E+E@Z)\(T 8T) 
= (T ® T) ZiT Q T) = (T 8 T) (Zo) (T Q T) 
= r((T Q T)-Zoo(T @ T)) = r((Z1)o,2). 


Consequently the same relations originally assumed for Z and Z’ now 
hold for Zı and Z/. For simplicity in notations, we shall now just 
consider Z and Z’ for Zı and Z/ in the related formulas (1);, (3), 
(4);, (6). 

Now, on the one hand, 

Zi: =Z OZ =Z' QE+EQZ =Z) @E+E® QZ) 
=EQ@q@)+(qZ+:--+4nZ2") E 
=EQ@q@+ZOqunE+:::+ +2" qn 

qZ) 
(7) gaz g(Z) 
q2zE q2) 


q(Z) 
Qn E q(Z) 
while, on the other hand, - 


308 | HLF. TUAN [April 


Zoo = (Zo) = Zo, + r2(Zo,2)? +--+ + rZ)! 
= rZ OZ) + rZ @2)?+---+7r1Z OZE 
=nZ@ E+ £@Z)+7{2?@ E+ 22 @Z+ E®@ 2’) 
i—i 
pee +n(zi@z+ Ezez + Eez) 


tol 
= EQ (nZ+ rZ + +++ + rz) 
+Z 8 (nE+ 2rZ +- +Z) 
es HZ re 
= E@r@)+Z@r'Z) +2? 8 (1/2)r"Z) 
+ +Z (1/1) 
r2) 
zw (Z) rZ) 
_ z#'(Z) r2) 


(8) 


* 


Z) 
Zn’ (Z) z(Z) 
where r’(x), r” (x), - + + , r(x) are the successive derivatives of r(x). 


In (7) and (8), comparing the terms (which are (”, n) matrices) on 
the main diagonal and on the first parallel just below, we obtain 


. (9) q(Z) = r(Z), 
(10) mee slcesged 
(9) gives . 
QZ + ee +H gm” =E rZ H re, l2 m, 
and hence 
(11) l: = fp jeter ym 
(10) gives 


ek = (nb Weber Lez), f= 1,--., 0-14, 
by (11), 

2,(2gok + eee + mgnZ™ 1 +---) =0, t=1,-+-,n—1, 
as not all z; (for i=1, - - - , #—1) are zero, hence 


2E + +++ + mgnZ™ + +++ = 0, 
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and consequently 


(12) _ 2ga = +> = Mia = 0. 

Now K is of characteristic 0; we can therefore conclude 
(13) ig te ee = a O. 

It then follows that : 

(14) © Z=qgZ= 


with qi=tCK, as is to be proved. 

Let us now suppose that K is of prime characteristic, say p. If 
p>m, which is certainly the case if p zn, then we can still infer (13) 
fróm (12) and hence still have (14) as before. For the cases p Sm, 
from (12) we can only infer that 


(15) qa: = 9, 2sism, pli, 
and hence we can only conclude that Z’ is necessarily of the form 
(16) Z! = Qh + goZ? + dapZ?? + + ++ F dmiph™?, 


where m’ = [m/p], the largest integer not greater than m/p. In fact, 
the conclusions (13) and (14) are then no longer true in general. 
We shall first prove that Z’=Z* with a=* (a being any non- 
negative integer) is a replica of Z. This follows from the facts: 
Zra = Ze = Z) @--- @ (Z9) OZ) @--- © (Z9) 
Se a ee as 
(—'Z*) @-++ @ (—'Z*) @Z*@-+- OZ. 
= —(Z*)@++- @E@E®@:::@E-::- 
—-E@::-@(Z2)@E®:::@E 
+E@:+::@E@LZ*®:--@Et+::: 
+E®:--@E@QE®:::- QZ" 
=(-Z®@---@E@E®::-@E--: 
—E®::-@Z@E®::-@E 
+E@::-@EQZ®Q::-@E+::: 
+E®::-@EQE®Q::- QZ) 
= Z,,3)%, : 
because (—1)*= +1=—1 (mod p) for p=2 and (~1)*=—1 for 
p#¥2. ‘ 


(17) 
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We shall now prove that conversely if Z’=q(Z)=>_%,q,Z' with 
q:€K is a replica of Z, then we have 


(18) Z = qZ) = D uZ, if) = pt, ilm) Sm < ifm + 1). 
j=l 


+ 
We shall show more strongly that only then Z1,1=s(Z:,:), where s(x) 
is a polynomial with coefficients in K and without the constant term. 
We can assume that Z is of the form (1); because as before, 


Zdi = (TOT). = (CT 8 TZT @ T), 
hence Zia=r(Zra) implies also 
a Zijia = (T 8 TSZT @ T) 
= s((*T-! @ TDZ aT Q T)) = s((Zy)1,). 
Then, for any positive integer 7, 1 Sim, we have 
ZY = (— 2) = (- 1, 
RR, 


(20); = 


Big = (— Diggs ++ Ziji j=1,-,”n—i, 
and further 


Cud = (Z eZ = Z @E+LEOZ)i=(-ZOE+E@Z) 


i~1 


=(— 1} Z 8 E+ DS (— 1);,,,2* OZ +E QZ 
jml 
Z —2E $ Zi 
Z Z’ à 
(21); = a . = . ) 
Z — Zn E Zi 
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hence it follows as before that the least nonnegative integer k such 
that (Z1,1)*+!=0 satisfies mSk<2m. We can therefore write 


s(x) = six + -e + spat (s, © K) 


(22) = (six ee Sma”) + (Smyt Pasw spar*) 
= s(x) + s(x). 
We have 
Zi1=2'@Z=(-Z)OZ=—-Z BEF EZ’ 
= — 9(Z E+E VA 


= EQ Z) + Ý Z @ (— gE), 


j=1 . 


while, on the other hand, 
k k 
Zia = sZ = F s(—-Z ®@ E+E QZ) 
fea] i=l 
k min (+, m) 
= Ss B Cy<—-Z)i @Zr 
teal geomax(0,1—m) 
m min(k,m+7) 
(24) = SY ZI@(— D:( Z Cie) 


j i=marx(1,?) 


p= 


m m min(k,m+7) 
=E® J sZ: +} Zig- 1( > sciz) 


fool jel inj 


™ $ 
=E8 Z2) + È Zg sZ, 

j=l 
where s,(x) are polynomials with coefficients in K for j=1,---,m 
(observe max (0, i—m) Smin (i, k—-m) Smin (i, m)). Writing the 
matrix Zi „ as given by (23) and (24) in the form of two compound 
(n, n) matrices whose elements are again (7, n) matrices and compar- 
ing the terms on their main diagonals and on their m first parallels 
above the main diagonals, we can then conclude that first 


(25) gZ) = 2) gZ = Di s: = sZ), 

teal fl 
(26) qi = Si, : t= 1,---,m; 
and that also 


Zia — qE) TR 2,,45;(Z), J = 1, “75 mM, h= 1, eee Kn — j, 
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as Z''40 for j7=1, - - - , m, so for each j we have at least one k, say 
h(j) (=one of 1,---, #—j), such that 2;,4,)0, then z,,p=4+1, 
and hence 


min(k, m+7) ar 
— qE = s,@) = (— 1)? a 5C,,;2°77 
wj 
min(k, m+7) 
(Bt (SOF seizes 
; i=j+l 
min(k,m+j) 
(27) O=(14+(—1))s,E+(—1) DO si, 
des941 
(28) (1+ (— DAs, = 0, SC; = 0, j= 1, sym; 


i=j+ ljene , min (k, m + 7)8 
(observe min (k, m+j) 2m), in particular 
(29) s,Ci,7 = 0, i=2.--- mj=1l -i1 


Now it is easily seen that if ¿=p with pa’, then p} Cii," hence 
it follows immediately that if i’1, namely, 1p? for j=1,---, mo 
with pro gm <p”! then qgi=s:=0 for 7=2,---+, m, as was to be 
proved. 

Summarizing our results for fields K of characteristic p40, we have 
the following theorems: 


(C) If Z and Z' are two nilpotent matrices over a field K of character- 
istic px£0, and if q(x), r(x) and s(x) are three polynomials with coeffi- 
cients in K and without constant terms such that Z'=q(Z), Zh2=1(Zo.2) 
and Z},=5(Z1,1), then we have i 


mo 
(30) Z' = qZ) = DAZ, i) = py, GEK. 
7=0 
(D) If Z is a nilpotent matrix over a field K of characteristic p0, the 
only replicas Z’ of Z are the matrices (30). 


PRINCETON UNIVERSITY 


8 If k=m, then for j=m, there is no i, 7-+1SiSmin (k, m+)). 

7 Consider pi=pi---1andi---(é—pi+1)=(p'+p1(/—-1)) « - - (14+ p7@/—-1)). 
As p*||u (namely p|u and pty) for w=pi,-+-, 1 implies £*[|[(w+p7(¢’—1)) be- 
cause v Sj, 80 pi Cisr’ ; 


A NEW APPLICATION OF THE SCHUR DERIVATE 
GORDON OVERHOLTZER 


Fermat's theorem in elementary number theory states that if p is 
a rational prime, a an integer, 


a? = a (mod $). 


Hence 

arnt) = a™ (mod p*t!) 
or 
(0, 1) | (am — am) /prt! 


is a rational, hence a p-adic, integer. 
By introducing as the derivate, Aan, of a sequence {an} with re- 
spect to the number p the expression 


(0, 2) Aln = (any — On) / 7", 


I. Schur! in 1933 generalized Fermat's theorem. The Fermat theorem 
states that the first Schur derivate of the sequence {a1} with g=”, 
(0, 1), is integral. Schur proved the generalization that, if a is prime 
to p, not only the first derivate, but the higher Schur derivates up 
to the (p—1)st are integral (in the p-adic or rational sense). Zorn? in 
1936 extended this result by proving that all Schur derivates of {as} 
with q=p* are p-adically bounded, hence convergent, and discussing 
the p-adic function, limn» Aa’, where =p". 

It is a fact? of elementary number theory that the sum of the Ath 
(k a positive or negative integer or zero) powers of the rational in- 
tegers less than and prime to p” (p a rational prime, n a positive in- 
teger) is divisible by p” if p—1 does not divide k or by p*~1 if p~—1 
divides k. The quotient of the division of such a sum by p”, 


q 
(0, 3) S[n, 2*] = $yi*/p”, 
iml 

Presented to the Society, November 25, 1944; received by the editors July 6, 1944. 

1 Preuss. Akad, Wiss. Sitzungsber. (1933) p. 145. 

2 Ann, of Math. vol. 38 (1937) pp. 451—464. 

3 For a recent proof see H. Gupta, Proceedings of the Indian Academy of Sciences, 
Section A, vol. 13 (1944) pp. 85-86. His theorem is stated for even #, but the evenness 
of k is not used. Note that all concepts used are defined for negative k and the 
same proof holds. Classic results in number theory are Wolstenholme’s theorem and 
Leudesdorf’s generalization which yield divisibility by p?” for k= —1, p>3. 
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(where g=" and the prime on the summation sign indicates sum- 
mation over 7, (i, p)=1) is then a p-adic integer or has at most a 
denominator of p. F 

The present paper studies the p-adic properties of the sequence 
{ SIn, x*] }. It is proved that the sequence is p-adically convergent. 
A p-adic function, lima... S[n, x*], may be defined for rational in- 
tegers, and an elementary expression for this function for positive k 
given in terms of Bernoullian numbers. All the Schur derivates of this 
sequence, A™S[n, x*], are p-adically bounded, hence p-adically con- 
vergent. The limit of A™S[, x*] is given in terms of the p-adic func- 
tion, limas S[n, x]. 

The quotients 


q 
(0, 4) Oln, xt] = $ip, 
tal 
whereg =p", are p-adically bounded for k odd. Moreover {Q[u, x*]} is 
p-adically convergent for k odd. The function limn- Qn, x*| (k odd) 
is given in terms of limas S|, x*~*]. 
If we write 


(0, 5) Tim e(2)] = Ded, Sin, e(a)] = TIn, eer, 


where q =", it is evident that the results concerning { Sn, ac] } extend 
to {s [n, g(x)]} if g(x) is a polynomial. It is proved also that these 
results extend to S[x, f(x)] where f(x) is the power series 


fia) = age! 


qme 


and the valuation of a; approaches zero asj approaches œ. Moreover 


lim S[x, ©] = >> a; lim S[n, x]. 
nea gee I-90 
The results for {S [n, x*]} are deduced as consequences of general 
formulas for A™S[n, g(x)], Schur derivates of the sequence of sums 
of the values of g(x) for x less than and prime to p” divided by p”. 
The sums are over a special set of values, a reduced residue set 
modulo p”; sums over other sets of values of x might be studied. For 
example, the function might be summed over integers congruent to ¢ 
modulo # and less than p”. The formulas of this paper could be used 
in this special case by setting g(x) =0 in the other residue classes. In 
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fact, the methods of this paper treat the values belonging to a par- 
ticular residue class modulo p together as a part of the whole sum. 


1. Power series representations of the Schur derivates. It will be 
convenient first to consider the sum of the values of a function, g(x), 
for the integers less than and prime to p*, p a rational prime. The 
results of this section will be applied to the special case g(x) =x* and 
theorems concerning the p-adic convergence of {S [n,-2*] } and the 
Schur derivates of this sequence will be proved. 

Assume that g(x) is a function defined for p-adic integers and g(x) 
can be represented by power series‘ 


g(2) = È g(a) (x — 0)}/j, o= 1,205, POI, 


p-adically convergent if ¢(«—a) <1, @ the valuation function. Note 
that the power series about different a are independent. A conse- 
quence of this analyticity condition is that g(x) can be developed 
about any point in the circle of convergence, and the series will con- 
verge for any point in the original circle to the same limit. Since each 
of the power series can be differentiated term by term, g(x) is a 
function satisfying the analyteiy conditions imposed on g(x) in this 
paragraph. 

Assume also that S[n, g™ (x) ] is p-adically bounded uniformly, that 
is, if (p) =ô, 


(1, 1) o{S[n, g(x) ]} s 6%, a= 1,2,3, 


where N is independent of k. 
The power series of g(x) will be used to express S[n+1, g(x)] and 
consequently AS|n, g(x) ] as an infinite series in S[n, g(x) ]. Now 


pol ` 


Tiat 1, e(s)] = Died =>" ¥ gj + 09%), 


j=l y=0 


where r =p"! and q= p”, 


T[n +1, g] = > Ff 067) + (pre! G) + Op”) SOE: eh 


j=l y=e0 


Summing out on v and writing b(k) = Xiv =T[1, x*], we obtain 


‘For a discussion of the power series of g(x) and proof of the properties cited, 
see Schibe, Betirdge zur Funktionentheorie in nichtarchimedisch bewerteten Keérpern, 
Inaugural Dissertation, Halle, 1930, pp. 17-19. However, we use only such of his 
theorems as are capable of an easy proof. 
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T[n +1, g(x)] = È [ae HAOD + Dg 2] 
= p Lie + orata 


+ b(2)p2 So'g"(j)/2! +. 


= pT[n, g(x)] + o(1)p°7 fn, g'(x)] 
+ (DPT [n, (A) 21+ ++ 








b 
(1,2) Ti+ 4, 669] ~ pTi 69] = È or TIm g(a]. 
Divide (1, 2) by p”+t! and obtain 

A 
(1,3) Slw-+ 1, e(2)] — Sn (a) == A Oe" sin, gota]. 


Substitution of (1, 3) into the definition of AS : g(x)] gives 


1226 
asta, sol == E sie 





S[n, g(x) l/prh, 
po] 


1 2 Bb n{p—1) 
(1, 4) ` AS[n, g(*)] = — > Kanne 


Sin, g% 
pe [n, g©(x)]. 


Write 
(1, 5) L'(p) = p-*b(p)/pl. 


Since g(x) is a function satisfying all the conditions imposed on 
g(x), (1, 4) becomes 


(1,6) Sim (2) ] = E Lp |n, g(a]. 


Note that the coefficients L’ (p) depend only on the summation index. 
An estimate of the valuation of L’(p) will be required for the in- 
vestigation of the higher derivates. From (1, 5) 


pll] = ¢[7-b(p)/o!]= pel le [1/1]. 


If p=) $ oup, OSui<p, the power of p in p! is (p—)-3_9us)/(p —1) 
and is, therefore, at most p/(p—1). Hence 


(1, 7) AlL] < 8-25-01) = ten, 
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In general, an expression for A+45[7, g(x) | as an infinite series in 
S[n, g°(x)] may be obtained from a series for A7S[n, g(x)] by sub- 
stitution into the definition of At+4S[n, g(x) ], algebraic manipulation, 
and rearrangement of a double series. A recursion formula for the 
coefficients of the series for A*4S[n, g(x)] in terms of the coefficients 
of AtS[n, g(x) ], AS[n, g(x) ] results. Justification of the rearrangement 
of the double series requires an estimate of the valuation of the co- 
efficients of A"S[n, g(x)] and AS|n, g(x) ]. This estimate of the valua- 
tion of the coefficients is established by induction, using the recursion 
formula for the coefficients. To prove the possibility of representation 
of ArS[n, g(x)] as an infinite series in S[n, g‘@(x)] in the manner de- 
scribed, the results concerning the recursion formula and the valua- 
tion of the coefficients will be stated before it is evident how they are 
obtained. 


(1, 8) THEOREM. If g(x) is a function defined for p-adic integers, and 
g(x) may be expanded into power series about a=1, 2,---, p—1, 
p-adically convergent if ¢(x—a)<1, and S[n, g®(x)] is uniformly 
p-adically bounded, then there exist coefficients L (a) independent of 
nand g(x) such that 





(1, 9) A™S[n, g(x)] = SS L(a) prom [n, g(x) |, 
Liq) = 2, 
y: 


(1, 10) LOW (y) = E*m pon, (a) E(B) + (pr — pYL™(y) 5 
(1, 11) [L(a] < ren, 


The proof is by induction on m. For m=1, (1, 9) and (1, 11) be- 
come (1, 4) and (1, 7). The first formula of (1, 10) is (1, 5). 

Assume (1, 9) and (1, 11) hold for m £r. The truth of (1, 9) and 
(1, 11) for m=1, r implies (1, 9) for m=r-+1 and the recursion for- 
mula of (1, 10) for m=r. The recursion formula of (1, 10) for m=r 
implies (1, 11) for m=r+1. Substitution of (1, 9) for m =r into the 
definition of A+4S[n, g(x)] gives 


5 The composite superscript “*m” after a “$” shall indicate the summation con- 
dition «+8= y, 821, azm. The notations “)|*r” and “max*?” are to be interpreted 
correspondingly. : 
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Ar+S[n, g(2)] = {ArS[n + 1, g(x)] — ArS[n, g(a) l} 7p 


{ È ropes + 1, (| 


ll 


=F Le(a)prerrsfn, g] 


il 


SLO (a) {pD aSa + 1, g@(x)] 


— pD rS |n, g(x) ] + pD eS En, g(x) ] 
— pre-S[n, g(a)]}/pr 


E LO(a) {pert e-nas[n, g(x) | 


a= 


+ (pon — prla=r))S |n, g(x) Jp} 


= È LO) permen LG) pro-Sf, go4(2)] 
oor ß=1 


+ GDE — prco-eyS fn, gola). 


The coefficient of S[n, g°?(x)] in At+4S[n, g(x)], after a formal re- 
arrangement of terms, which will be justified later, is 


SLO (ee) pry -L (8) pr-d p (pyar) — prL (y) / prt} 
= Dot prett- HarL (ALB) 4 (PEDD — par) )(y) 
= pr [Dep LO (a) LB) + (P — PLO). 

Writing 

(1,12) LOG) = Dope LO (aL (6) + Get = pL), * 
which is (1, 10) for m =r, we obtain 


(1,13) AHS[n, g] = E LOM) pre“ IS n, ¢(2)], 


yoort1 
since from (1, 10) for m =r, LED (i) =0,7=1,2,---,7. 
The validity of the rearrangement remains to be established. It 
suffices to show that the iterated series 


F LO (a) pte 1/(8) "FDS [n, g(a) (2)] 
B=1 


amr 
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may be summed as 


ae 


D [EEL (a) pte L'(8) p28 |n, gta) ]}. 


y=r+l 
It is suffcientë to show that the valuation of the general term 
prati-r-D+e-r7 (a) L/(B)S[n, g’<t(x)] becomes arbitrarily small 
for a+ sufficiently large. Using (1, 1) and our induction assumption 
(1, 11) for m=1, 1, 


o { prite- O(a) L (BYS [n, got (x2) ]} 
SS §nlath—r—l)ta-r g~2r—al (p~1) §—-2-A] (p1) BN 


< CA) ini (p-D -n(rtl)—r—2r— 2 
< 6 


if atB>(e+nrt+n+3r+2—N)/[n—1/(p—1)]. Hence the rear- 
rangement is valid and (1, 10) for m=r, (1, 12), and (1, 9) for 
m=r-+1, (1, 13) have been established. 
Finally it must be established that (1, 11) is hereditary. By (1, 10) 
for m=r, 


g[L(y)] 
S max {o[Do*p-PL(a)L'(6)], ol — PLO) J} 
< max {max*? (§e-19-2-al (p-Dg-2-B/(@—-D, §-1G-2r—-7! (2D } 
= max {Maxa (JEDY), §-2r-1-a D } 


=æ ĝ—2(r+1)—y/(p—1) 
which is (1, 11) for m=r+1. The induction is complete. 


2. The Schur derivates of x*. In this section the results of the 
. previous section are applied to the special case of g(x) =x" (k a ra- 
tional integer; positive, negative, or zero). Note that g(x)=%x* is a 
function satisfying the conditions imposed on g(x) in the preceding 
section. The function is defined for p-adic integers. The function x* 
may be developed in power series by the binomial theorem. Finally 


(2, 1) biS fr, x*]} < 6-4, 


since »_/4,7*, where q=p*, i divisible by p” if p—1 does not divide k 
or by p*-' if p—1 divides k. 
The formula (1, 9) and the estimate of the valuation (1, 11) make it 


€ This rearrangement is an application of a more general theorem of Schdbe, 
loc. cit. p. 16. 
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possible to establish bounds for each Schur derivate A”S[n, x*]. 


o(A"S[n, zt) = of S L(a) prems [n, (ol 


a=m 


< max p [Lm (a) pre-™S[n, (z4) ]} 
azm 
< max ĝ§~2"—allp—l)+nla— m) 1 


azm 


= max ĝ2%[»—1](p—1)]—m(a+2)—1, 
agm 


Since the exponent of ô in the valuation of the terms of AS[n, x*] 
is a nondecreasing function of a, the first term (a=m) has the maxi- 
mum valuation. Hence ` ` 


(2,2) - o(A"S|n, x*]) < onno, 
Since the exponent of ô in (2, 2) is independent of n, it follows that 


(2, 3) THEORÉM. All the Schur derivates A”S [n, x*] are p-adically 
bounded. 


If the mth derivate is bounded, the (m—1)st derivate is p-adically 
convergent. An immediate consequence of (2, 3) is * 


(2, 4) THEOREM. All the Schur derivates A”S [n, x*] are p-adically, 
convergent. 


In particular, since the first derivate AS[n, x*] is bounded, 
(2, 5) THEOREM. S[n, x*] is p-adically convergent. 


The formula (1, 9) may also be used to obtain expressions for the 
p-adic limits of the Schur derivates. From the argument used in 
establishing (2, 3), it may be observed that all terms of A”S[n, x*] ° 
= mL (ape S[n, (x*)( ] after the first have power of p at 
least 
(m + 1)[n — 1/(6 — 1)] -mn + 2) - 1 

=n — 2m — (m+ 1)/(p — 1) -— 1. 


Hence 
(2,6) AmS[n, x+] = L (m)S[n, (2*) OM] + prem Crt /@—-D-1R,,, 


á 
where R, is a p-adic integer. As n approaches œ, the second term of 
the right member of (2, 6) approaches zero. Hence 
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lim A*S[n, x*] = lim L™(n)S[n, (24) ™] 
(2,7) = k(k — 1) - - - (k — m + 1)L™(m) lim S[n, s=]. 


From the Bernoulli numbers, an elementary expression for 
lima. S[n, x*] for positive k may be derived. Summation over 
numbers relatively prime to p may be accomplished by summing over 
all integers and subtracting the sum over multiples of p. Then, setting 
q=p" and s =p}, 


T\n, x] = y= = Da = Sen = Fe z PE” 


For positive even k, introducing the Bernoulli numbers, B;, 
T[n, x*] = (#/(k + 1) — (p")*/2 Æ <+- + (— 1) FP Brp” 
— PODAR + 1) — (979/2 +: 
+ (— 1)¥ 4B; p™!] 
= (— 1) kI? B; op? Aes p*(- 1) #2 By ppp? + Sn 
where Sa has power of p at least 2(n—1) minus the maximum expo- 
nent of p in the denominators of the coefficients of (p")?, - - - , (p*)#+}, 
say 2n —cx, where cx is independent of n. Then 
S[n, xt] = (— 1)¥?-1Byya(1 — p*)(mod p*-4). 
Hence, for & even, 


(2, 8) lim S[n, s+] = (— 1)*?1Byp(1 — p*). 


For positive odd k, 


_ Tin, æt] = (8 /(k + 1) — (pr) 4/2-+ ++ 
+ (~ YO PPRB G1 2(p)?/2 
— p=) (k + 1) — (pe) 4/2 + - 
+ (= 1) PRB Gy 2(p"-)?/2], 


T [n, x*] has power of p at least 2(n—1) minus the maximum exponent 
of p in the denominators of the coefficients of (p)*t1, - + - , (p")?, say 
2n — CE, Cx independent of x. Hence 


(2, 9) : Tn, z*] = 0 (mod pia), 
Then 
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S[n, «*] = 0 (mod p*-#) 

and, fork odd, 

(2, 10) lim S[n, x+] = 0. 


ROO 


3. The quotients Q. The congruence (2, 9) shows that, for positive © 
odd k, 


(3, 1) Ofn, a*| = T[n, a |/p?* 
is p-adically bounded, with 
$(Q[n, x*]) < o-* 


The possibility of a theory concerning the p-adic properties of 
{Q[n, x*]} for odd & is suggested. We mention the following result. 


` (3, 2) THEOREM. Q[n, x*] =kS[n, x*-!]/2 (mod p”), k odd and p an 
odd prime. ; 


We prove this for positive k as follows: Since k is odd, 
q qd 
rik an > (p" — ik 
i=l i=l 


-X SC Jor a 


= P {(- Drt pR D 
+ RÈ — (i/e + O 


4 4 
— Di + pR imod 9°), 


tal i=l 


where g=”, since if k is odd, k —2 is not divisible by b—1, p an odd 
prime, and Si-O? is divisible by p”. Hence 


2T[n, x*] = pkT [n, s4] (mod $°"). 


Division by 2p?" yields (3, 2). 
Theorem (3, 2) yields immediately that, k odd, 


(3, 3) Qn, xt] = kS[n, xt 1]/2 + prt, 


I a p-adic integer. Hence {Q[n, x']} is p-adically convergent, since 
each term of the right member of (3, 3) is convergent. 
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(3, 4) THEOREM. For k odd, p an odd prime, Q[n, x*] is p-adically 


convergent, and 


lim Oln, x«*] = k lim S[n, «*]/2. 


nae 


By (2, 8), for positive odd k, 


(3,5) lim Q[m, 2#] = k(— 1) YP 1Ba y(t — p**)/2, 


4. Extension to functions defined by power series. The results of 
Theorems (2, 3), (2, 4), and (2, 5) extend immediately to A”.S[n, g(x)], 
if g(x) is a polynomial. The object of this section is to extend these 
results to the case where g(x) is a power series 


(4, 1) fe) = Doves 


where e is any integer. A necessary and sufficient condition that f(x) 
be defined for p-adic integers is that #(a;) 0 as i>. If the coeffi- 
cients a; satisfy this condition, f(x) is a function satisfying all the 
conditions imposed on g(x) in §1. Now 


Sn, f(#)] = LIO =% > a,ii/p 


ial jee 
= > a; Lie = 3 a;S[n, xi], 
ive jee 


where g=p*. We wish to show that the limit can be taken term by 
term, that is, 


(4,2) lim Sfr, f(x)] = lim È a,S[n, zi] = Ð a; lim S[n, æ]. 
ne N79 y= jue now 
To establish (4, 2), it is sufficient to show that 

(4, 3) lima... a;5[n, xi] exists, 

(4, 4) do2.a;S[n, xi] converges uniformly in n, that is, for each 
e>0, there exists an N such that $(a;S[n, x]) <e for j2N, N inde- 
pendent of n. 

The condition (4, 3) is satisfied by virtue of Theorem (2, 5) and 
the condition (4, 4) is satisfied from the condition on the coefficients a; 
and the fact that $(S[m, x‘])<6-1: Hence we have 


(4, 5) THEOREM. {s [n, f(x)]} ts p-adically convergent and 
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(4, 6) lim S[n, f(2)] > 2 a; lim S[n, zi]. 
noa jee noo 

5. Sums of kth powers. This section will consider the sum of the 
kth powers of the positive rational integers congruent to one modulo p 
and less than p*. Write 

$ q 
(5, 1) Ti[n, x*] = 2 a, 
iral, zap (mod p) 

where g=". In this case k may be chosen a p-adic integer. 

Since thé residue class one is a subgroup of the cyclic group of a 
. reduced residue set modulo p”, it is cyclic and there exists a primitive 
root, 7, generating the residue class modulo p”. Then 


Tila, xt] =r + r? + - + 4 k(mod p”) 
= rk. — rem) /(1 — r*)(mod $"). 


If k =p"), (A, p) =1, then the power of p in 1—7*?"" is wn and the 
power of p in 1—7* is u-+1. Hence 


(5, 2) Ti[n, x*] = 0 (mod p>), 
If we write f 
(5, 3) Siln, a] = Ti[n, ak |/pr-, ; 


Si[n, x*] is a p-adic integer. 
For other residue classes define, (4, p) =1, 


(5, 4) T,,[n,2*]=. Dd #, 
t<1,15i9(mod p) 
where qg =p”. Then 


pn~l—} pnl- 


k 
Tmel E too D (1422) 
yol ' yan} o 
m-i- g 5 
=i È (+ v$)” (mod ż)= Tila, <°], 


yal 
(5, 5) T;, (2, «|= 0 (mod r, 


since v and v/i run through the same residue classes modulo p”. Note 
that Ta [n, x*] is exactly divisible by p*-, that is, not divisible by p”. 
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ON THE CAPACITY OF A CONDENSER 
G. SZEGO 


1. Introduction. (a) Any student of electric phenomena is familiar 
with the Leyden jar. In its simplest form it consists of two circular 
cylinders, with a common axis, charged with electricity. If there is a 
difference in the potentials of the cylinders, then electric energy, 
which can be recovered at any time in the form of electric discharge, 
is stored up in the jar. 

Let us denote the radii of the cylinders by a and b, a <b. Disregard- 
ing the effect of the ends, the potential u of the electric field between 
the cylinders depends only on the distance r from the axis, and soit 
must have the form 


(1) u=Alogr+ B, 


where A and B are constants. On the cylinders, which are equipo- 
tential surfaces, we have 


(2) ta=Aloga+B, u,=Alogd4+B. 
‘The density e, of the charge on the cylinder r =a is 
Ou eA 
a aa ya 
Ar \ Or] rma 4ra 


where ¢ denotes the dielectric constant of the field. The density o, of 
the charge on the other cylinder will be . 


(4) (=) eA 
cae Oy Saree ee 


Hence the charge on the cylinders, per unit length, will be 27a, 
= —eA/2 and 27bo0,=€A/2, respectively. On the other hand the po- 
tential difference is 


(5) Ub — Ua = A log ies 
The ratio 
6) charge (per unit length) «4/2 € 


potential difference A log (b/ a) 2 log (b/a) 


An address delivered before the Pasadena meeting of the Society on November 25, 
1944, by invitation of the Program Committee; received by the editors January 6, 
1945. 
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is called the capacity (per unit length) of the jar. It measures the 
charge which is necessary in order to produce the potential differ- 
ence 1. 

(b) Another very elementary problem of electrostatics, related to 
the Leyden jar, is that of a spherical condenser. We consider two con- 
centric, thin metallic spheres with radii a and b, respectively, a <b. 
The potential u cf the field between these spheres depends only on 
the distance r from the center; hence it must have the form 


(7) u = A/r + B, 


where A and B are constants. On the spheres, which are equipotential 
surfaces, we have 


(8) ty = A/a + B, uy = A/b + B. 


The densities of the charges are in this case 


e (du eA e [ðu eA 

T ere a ee 
år \ðr/ra 4ra? år \ Or] nab 4b? 

so that the total charges on the single spheres are + e4. The potential 


difference is 


(10) Ua — Uy = A(agm! — 67), 





The ratio 


(11) charge eA e ' 
potential difference T A(a™ — b7!) o amb 

is called the capacity of the spherical condenser. In the limiting case 

when 6— œ, we find for the capacity the expression ea. Hence assum- 

ing e=1, we find that the capacity of a sphere “with respect to an 

infinitely large sphere” is equal to the radius of the sphere. In general, 

the capacity has the dimension of a length. 


2. Capacity of a condenser. (a) We consider two closed surfaces 
Sy and si such that sı is contained in the interior of so. We say that so 
and sı form a “condenser” and we refer to the closed set of points 
exterior to sı and interior to $o as the “field.” There is a point-function 
u(p), harmonic in the field, such that u(p) =0 on sp and u(p) =1 on sı. 
This function is uniquely determined. We call it the potential function 
of the condenser. It is the potential of certain electric charges, properly 
distributed on the surfaces so and sı. 

The density of this charge is (assuming that the dielectric constant 
is 1) 


` 
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(1) ee, 


where 2 is the normal directed into the interior of the field, that is, 
n is the interior normal on sp and the exterior one on sı. Hence the 
total charges will be 


? uud ðu 1 ðu 
(2) z> f [as and ->f fas, 
år On Ar On 


respectively, the positive directions of the normals being determined 
as above. 

Since # is a harmonic function, these integrals are equal, except 
their sign. We form generally 


© aas 


where the integration is extended over an arbitrary closed surface ly- 
ing in the interior of so and containing sı; the normal is the interior 
one. This integral is independent of the surface of the integration. It 
is a positive quantity, called the capacity of the condenser. The charges 
(2) on sp and sı are — Cand +C, respectively. The potential difference 
is in this case 1 so that this definition is a generalization of that given 
in 1(b). , 

(b) According to the theory of harmonic functions the potential 
function u(p) and the capacity C of the condenser can also be obtained 
in the following way. We consider an arbitrary function ¥(p) with 
continuous derivatives, defined in the field such that Y=0 on 59 and 
W=1 on sı. We form Dirichlet’s integral 


(4) `- w= fff ean, 


where the integration is extended over the field. Then the minimum 
of W() for the set of all functions mentioned is attained when 
W(p)=u(p), and the minimum of W(W) is equal to C. (See Kellogg 
[8, p. 279].) 

An alternate form of the integral W() is 


(5) w= fff wea + ff voas, 


_ where 
1 Numbers in brackets refer to the Bibliography at the end of this paper. 


va 
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(6) p=- es- i 


and the second integral in (5) is extended over so+sı. The normal is’ 
directed into the interior of the field. The quantities (6) are the vol- 
ume and surface density of a distribution of charges to which the 
potential y corresponds. Here we assume that has continuous second 
derivatives. (See Kellogg [8, p. 278].) The expression W(p)/2 can be 
interpreted as the potential energy of this distribution. 

In the next sections we consider two important limiting cases of 
condensers. 


3. Green’s function of the exterior of a surface. (a) Let s be a closed 
surface. Green’s function G(p) of the exterior of s (with respect to the 
point of infinity) is characterized by the following properties: 

1. G(p) is a harmonic function at every finite point in the exterior 
of s. 

2. If r denotes the distance of p from a fixed point, lim,» rG(p) 
exists. 

3. G(p)=1 if p is on s. 

The function G is uniquely determined. 

We recognize that this function is the limit of the potential function 
up(p) of a condenser made up by sı=s and by a sphere sp with radius 
pas p—>œ. The field is in this case the exterior of s. The capacity C 
of this condenser can be represented as in §2 (3), that is, 


(QQ) l cma f fas, 


where the integration is extended over an arbitrary surface contain- 
ing s, 

In what follows, we refer to the function G(p) and the constant C 
as the potential function and the capacity of the surface s (of the solid 
bounded by s, of the conductor bounded by s), respectively. The func- 
tion G(p) is the potential of certain electric charges on s which are in 
electrostatic equilibrium because s is, in view of property 3, an equi- 
potential surface. (Kellogg [8, p. 176].) The distribution of these 
charges is called the natural distribution. This is in general an inhomo- 
geneous distribution. (In the case of a sphere it is homogeneous.) 

The potential function just defined should not be confused with the 
potential of homogeneous charges on s. Also we make a clear distinc- 
tion between the potential function and capacity of a condenser and 
of a surface (solid, conductor). 


G 
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(b) Introducing polar coordinates r, 0, ¢ for the variable point p, 


we have for large r 


Yal, Yi, Y,.(6, 
(2) op = Oy OO g.g u 





pessa 


where Y,(@, $) is a surface harmonic of order n. In view of the defini- 
tion (1), we see that Yp(6, $) must be equal to C. Hence the capacity 
of a surface is the first coefficient in the expansion of the potential 
function G(p) for larger. 

An alternate definition of the potential function and capacity, simi- 
lar to that in 2 (b), is possible. 

Another characterization of the capacity and the natural distribu- 
tion is the following (Riemann-Weber [28, p. 772]). We consider all 
positive charges on s with the total charge 1, defined by thedensity 

© function p(p), pons: 


8B) * a) = 0, f f u(p)dS = 1. 


\ 


Then the integral 


oo SIE sas 


-where pı and p: run independently on s (rx is the distance of pı 
from pa, dS; and dS; are the area elements at pı and ps, respectively), 
will be a minimum if y(p) is the density of the natural distribution. 
The minimum of this integral is 1/C. 

For certain reasons which will become clear later, we call the ca- 
pacity C also the outer radius of the surface s (of the solid bounded 
by s). In the case of a sphere it coincides with the ordinary radius. 


4. Green’s function of the interior of a surface. (a) Let s be a closed 
surface, q an arbitrary fixed point in the interior of s. Green’s function 
G(p; q) of the interior of s with respect to g is characterized by the 
following properties: 

1. G(p; q) is a harmonic function in the interior of s except at q. 

2. If r denotes the distance of p from q, we have G(p; g)=1/r 
~H(p; q), where H(p; q) is a harmonic function of $ throughout the 
interior of s. 

3. G=0 if pisons. 

The function G is uniquely determined by s and q. 
We show that Green's function is closely related to the potential 
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function of a properly defined condenser. We denote the value of H 
at the point p=q by Hy; since H=1/r on s, we see that Hy>0 and 
Hj" is a mean-value of the distances r of the points of s from gq. 

Let e be a positive number, eH, <1. On the sphere 


(1) r=e— H 
we have 
(2) G = 1/(e — Hoe?) — Ho + Ole) = 1/e + OC), 


where the term O(e) divided by e remains bounded as e-0. Let u.(p) 
be the potential function of the condenser formed by the sphere (1) 
and the surface s. Then the harmonic function 


(3) u.(p)/e — G(p; q) 


is 0 on s and equal to 1/e—G=O(e) on the sphere (1). Hence by the 
maximum-minimum principle for harmonic functions we have 


(4) uecp)/e — GC; 9) = OC) 
in the whole condenser. Consequently 
ORE lim (ue()/6) = GC; 9) 


at every point p in the interior of s different from a. 

(b) We call the positive constant He} the inner radius of s with 
respect to the point g. As pointed out before, the inner radius is a 
certain mean-value of the distances of the points of s from q. In the 
case of a sphere it coincides with the ordinary radius. 

If we subject the surface s to an inversion (r’=1/r) with respect 
to g, it will be transformed into a surface s’. It can be shown (cf. 
Kellogg [8, p. 232]) that the exterior radius of s’ is the reciprocal of 
the inner radius of s with respect to g. 


5. Generalization. The concept of the capacity or outer radius of a 
surface (of a solid bounded by a surface) can be generalized. Let us 
consider a finite number of mutually exclusive solids each bounded 
by a closed surface. The domain exterior to the set of these solids is 
connected. We can.find again a function G(p) harmonic in this domain 
for which lim,... 7Z(p) exists and for which the boundary values are 1 
on all the boundary surfaces. We call G(p) the potential function of 
this set of solids (or of the set of surfaces). The capacity or outer 
radius of this set is defined as in §3 (1) by taking as a surface of in- 
tegration any closed surface enclosing the whole set in question. The 
alternate definiticns can also be generalized. 


1945] ON THE CAPACITY OF THE CONDENSER 331 


By a limiting process this definition can be further generalized and 
extended to an arbitrary closed set. The capacity or outer radius is 
an important monotonic set-function. Concerning its relation to cer- 
tain problems of the Tchebychev type, cf. Pélya-Szegé [24]. 

Similar generalizations are possible for the inner radius. 


6. Generalized condenser. Let us consider the mutually exclusive 
closed surfaces 5), 52, © © - , Sa, and Jet the closed surface $o contain all 
these surfaces. The domain having the surfaces so, 51, © * , Sn as its 
boundary is called again the field. 

We define a harmonic function u;(p) in the field assuming the 
boundary values 


a) () h aS 
san Oon Sp RXi; i,k =0,1,-++,m. 


We introduce the integrals 


(2) Ca = a ðt as as, 


where the integration is extended over the surface s and the normal 
is directed into the interior of the field. Obviously Cix is positive if 
i= and is negative if ik. We call the coefficients Cix the capacity 


coefficients. 
By Green's identity we conclude 
(3) | Cee ie cs E E S20 cen 
Also 
(4) uo(p) + up) +--+ + talp) = 1, 


since the function on the left-hand side of (4) has the boundary value 
1 on all surfaces s;. 
By Green’s identity we find further 


=f f grad t, grad ud V 
Oth ro 1 
Aff ates = E f f S raar 
4r 


The volume integrals are extended over the field, the surface integrals 
over the complete boundary. Since u,=0 on all the surfaces except 
on Sr, and Au;=0, we find i 
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1 
(6) 4r f J f grad u; grad u,dV = Cy. 
T 


This new representation implies the symmetry relation 


(7) Cur = Crs 
Another remarkable corollary of (6) is the following identity involv- 
ing the arbitrary real numbers ao, a1, © © © , Qa: 


(8) > 2 Cia, = — =f f f ( 3 a; grad wm) a¥. 


Thus the quadratic form on the left-hand side of (8) is non-negative. 
It is easy to show that the form arising if ¢ and k run from 1 to v is 


positive. 
If we write 
(9) u(p) = aotto(p) + armi(p) + - - - + anttn(D), 


the function (p) will be harmonic in the field and u=a, on sz; that is, 
a, is the constant value of the potential v on the conductor s+. The 
“charge” of u on sx is 


(10) B=- Jz =s = aloe + Cir + > o + anCan 


Obviously 
(11) Bo + Bit +++ + Ba = 0. 


If the charges 6; are prescribed such that they satisfy the relation ` 
(11), the system (10) of linear equations can be solved for the œ+. 
Doing this, we can disregard the equation corresponding to k=0 be- 


cause it is a consequence of the others. They can be written as follows: 
(ær — a)Cir + (a2 — o0)Con + - -© + (æn — ct0)Cak = Bay 
(12) , 
k=1,2,--,% 


The determinant of this system is diferent from zero and so 
(13) ` a; — ao = Dabi + DiBa + --- + DinBn i=1,2, A, 


where the constants Dj, are uniquely determined. They are called the 
potential coefficients. Physical considerations show that they are all 
_ positive. The mathematical background of this fact is elucidated by 
a theorem of Stieltjes [30, p. 82]. 
The simplest non-trivial example of a generalized condenser is the 
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case n=2 when sı and sz are two mutually exclusive spheres and sọ 
is a sphere with infinitely large radius. (Cf. §16.) 


7. Cylindrical (two-dimensional) problems. (a) As a generalization 
of the Leyden jar we consider two infinite cylinders with parallel gen- 
erators, one containing the other. We intersect these cylinders per- 
pendicularly to the generators and denote by lo the exterior and by h 
the interior contour of the cross section. Let u denote the harmonic 
function in the field between the two cylinders which assumes the 
constant value 0 on the exterior and the constant value 1 on the in- 
terior cylinder. This function is constant along any line in the field 
parallel to the generators. It is a two-dimensional harmonic function. 

The density of the charge on the cylinders is 


Qo” aa, 


where e is the dielectric constant and n denotes the normal directed 
into the field. The total charge on the cylinders, per unit length, will 
be . ‘ 

€ Ou 


2 ' — — | — dL, ~ 
es 4n J ðn 


where the integration is extended along lọ and h, respectively, and 
the normal is defined as before. 

(b) We assume e=1 and from now on we consider the problem in 
the plane. Let lo and lı be two closed curves, /, in the interior of lo; 
we say that l and h form a “two-dimensional condenser.” The closed 
set between the curves is called the field. The potential function u(p) 
of this condenser is a two-dimensional harmonic function in the field, 
satisfying the relations u(p)=0 on J) and u(p)=1 on h. The “two- 
dimensional capacity” c of this condenser is defined by 


1 ðu 
(3) c = — | —dlL, 
2rJ ðn 


where the integration is extended over an arbitrary closed curve lying 
in the interior of J) and containing 4; the normal is the interior one. 
Since v is a harmonic function, this integral is independent of the line 
of integration. The capacity c is always positive. The charges (2) are 
+c/2. If c is the “two-dimensional capacity” of the two-dimensional 
condenser defined above, the capacity (per unit length) of the cylin- 
drical condenser in space will be c/2. In case of the Leyden jar, dis- 
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cussed in §1, we have (e=1) 
(4) u = (log b — log r)/(log b — log a), c= 1/log (b/a). 


As in space, an alternate definition is possible by means of Dirich- 
let’s integral. 

(c) Let Z be a closed curve in the plane. Green's function G(p) of 
the exterior of } (with respect to the point, of infinity) is characterized 
by the following properties: 

1. G(p) is a harmonic function at every finite point in the exterior 
of J. 

2. If r denotes the distance of from a fixed point, we have for 
large r 


1 1 + bsi 
G(s) = log — ~ log — + @1 COS d 1sin d 


T 
© az cos 26 + be sin 2ġ 
+ eS SI eee + t3 
r 
where ř is a certain positive constant and a, bı, a2, be, +++ are real 
constants. 


3. G(p) =0 if p is on J. 
The function G(p) is uniquely determined. 

We refer to the constant 7 as the outer radius or transfinite diameter 
of J (of the domain bounded by 2).? 

Let us consider the two-dimensional condenser made up by h= 
and by a circle le of radius p. Denoting its potential by (p) and ca- 
pacity by cĉ, we can show by an argument similar to that in §4 that 


(#tp(b) — 1) log (e/r) — G) = O(1/p), 


6 
P n (up(p) — 1) log p = G(4), 


provided # is in the exterior of 7. Moreover 
(7) c, log (p/7) — 1 =O(1/p), lim c log p = 1. 
poo 


The definition of the outer radius can be extended to an arbitrary 
closed set. It is a monotonic set-function. Concerning its relation to 
certain problems of the Tchebychev type, cf. Pélya-Szegs [24]. 

In order to avoid confusion, we point out that the term outer radius 
of a plane set cambe taken in the “two-dimensional” or “three-dimen- 


2 In Pélya-Szegé [24] this constant was designated also as the capacity constant. . 
In the present exposition we prefer not to use this term. 


` 
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sional” sense. For instance, the outer radius of a circular disk of radius 
_ 1 is equal to 1 in the first sense and to 2/7 in the second sense. 

(d) Let J be again a closed curve in the plane, g an arbitrary fixed 
point in the interior of 7. Green’s function G(p; q) of the interior of } 
with respect to g is characterized by the following properties: 

1. G(p;q) is a harmonic function in the interior of } except for p=q. 

2. If r denotes the distance of p from q, we have 


(8) ` Gb; g) = log (1/r) — H(p; q), 


where H(p; q) is a harmonic function of p throughout the interior of }. 
3. G=0 if p is on 1. 
The function G is uniquely determined by / and q. 

This concept is again closely related to the potential of a properly 
defined condenser. We denote the value of H at the point p =q by Hy 
and write Ho=log (1/r,). Then the positive constant rg is called the 
inner radius of l with respect to q. Since H=log (1/r) on } we see that 
Ay =log (1/r,) must be a mean-value of the values log (1/7), hence rg 
must be a mean-value of the distances 7 of the points of / from q. 


8. Conformal mapping. The concepts of outer and inner radii in the 
plane are closely related to the conformal mapping. 

(a) Let Z be a closed curve in the plane. The exterior of lcan be 
mapped conformally onto the exterior of a circle such that the point 
at infinity and the line element (that is, the magnitude and direction 
of the line-element) at infinity are preserved. The radius of this circle 
is uniquely determined by L. It is identical with the outer radius ? of I. 

If we introduce complex numbers z in the plane of / and complex 
numbers w in the plane of the circle, the mapping can be represented 
in the form w=f(z) where f(z) is regular in the finite z-plane outside 
of Z and has a simple pole at z= œ. It maps the exterior of / onto the 
domain | w| >#. For large |z| we have 


(1) w= f(z) = z + co + cart + ce? +---, 
where the coefficients Co, ¢-1,- +--+ are uniquely determined complex 
numbers. 


Green’s function G(p) can be represented in terms of the map func- 
tion f(z). If the point p corresponds to the complex number z, we have 


(2) G(p) = log (#/| f(2) |). 


(b) Let } again be a closed curve, and q a fixed point in the interior 
of J. The interior of 1 can be mapped conformally onto the interior of 
a circle with center at g such that the point g and the line-element at g 
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are preserved. Tke radius of this circle is uniquely determined by l 
and q. It is identical with the inner radius r, of | with respect to q. 

If we introduce complex numbers z in the plane of / and complex 
numbers w in the plane of the circle, and if g is the point z=w=0, this 
mapping can be represented in the form w=g(z), where g(z) is regular 
in the interior of J, g(0)=0, g’(0)=1. It maps the interior of 4 onto 
the circle | w} <te For sufficiently small |z| we have 


(3) w = g(Z) = z + c2? + ce? t 
where the coefficients ca, Cs, © +- are uniquely determined complex 
numbers. 


. Green’s function G(p; q) can be represented in terms of this map 
function g(z). If p is the point z, we have 


(4) G(p; 9) = log (r¢/| g(z) |). 


. 9. Symmetrization in space. (a) The capacity or outer radius 
C= C(S) of a solid S is an interesting function which can be compared 
with other important set-functions, like the volume V(S), the area 
A(S) or the diameter D(S). In case S is convex, the integral M(S) of 
the mean curvature can also be considered. It is obvious that C(S) is 
“monotonic” and that in case of a sphere C(S) is equal to the radius 
of this sphere. 
In the theory of convex sets various inequalities are established be- 
‘tween the quantities mentioned [2, p. 84]. These results are centered 
around the classical isoperimetric inequality: 


(1) A? — 36nV? = 0, 


i 


with equality only for the sphere. This inequality holds also for non- 
convex solids. Thus: Of ail solids with given area, the sphere has the 
maximum volume. 

, Another important inequality, holding for convex solids, is the fol- 
lowing: 


(2) M? — 4rA 2 0, 


with equality only for the sphere. Thus: Of all convex solids with given. 


area, the sphere has the minimum integral of the mean curvature. 
Another way of expressing these inequalities is the following. Let 
= [3 V/(4r) ]"* be the radius of the sphere with a volume equal to 
that of the given solid S. Let Ra = [4/(4r) ]¥? and Ru = M/(4r) have 
the analogous meaning taking the area and the integral of the mean 
curvature instead of the volume. Then 
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(3) Ru 2 Ra 2 Ry. 


In the first inequality S must be convex, in the second S may be 
arbitrary. ` 

(b) In the study of the isoperimetric inequality (1) and in related 
problems the idea of symmetrization is fundamental. 

Let us consider a plane e, a straight line e, and a point E. The sym- 
metrization of the solid S with respect to the plane e is defined as a 
geometric transformation changing the solid S into a solid S’ sym- 
metric with respect to e and characterized by the following properties. 
Any straight line perpendicular to e and intersecting one of the solids 
S and S’ intersects also the other and both intersections have the 
same length. The intersection with S may consist of several segments 
whose total length has to be taken; the intersection with S’ is either 
a segment or a point. 

Symmetrization with respect to the line e changes S into a solid of 
revolution S’’ with axis e, defined by the following property. Any 
plane perpendicilar to e and intersecting one of the solids S and S” 
intersects also the other and both intersections have the same area; 
the intersection with S’” is either a circular disk or a point. 

Symmetrization with respect to the point Æ changes the solid S 
into a sphere S’”’ with center at E; S and S’”’ have the same volume. 

The first kind of symmetrization, repeated for a suitably chosen se- 
quence of planes, generates the other two kinds of symmetrization. 

All three kinds of symmetrization preserve the volume and diminish 
(or leave unchanged) the area of the solid. This is a fundamental result; 
see, for instance, Bonnesen-Fenchel [2, pp. 69-72]. That part of the 
result which is concerned with the symmetrization with respect to a 
point is the classical isoperimetric property of the sphere expressed 
by the inequality (1). i ' 

(c) Let us consider a condenser made up by the closed surfaces so 
and sı. We symmetrize the condenser by symmetrizing the two solids 
bounded by so and sı simultaneously, with respect to the same plane 
or line or point. 

All three kinds of symmetrization diminish (or leave unchanged) the 
capacity of the condenser. That part of this statement which is con- 

‘cerned with the symmetrization with respect to a point was discov- 
ered by Poincaré [20, pp. 17-22]. A different proof was suggested by 
Faber [4] and the first complete proof was given by Szegé [32]. The 
two other parts are due to Pélya-Szegé [25]. Poincaré’s theorem can 
be expressed in the form 


OE C2 Ry. 
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From the previous general result, by proper limiting processes, we. 
conclude [25]: 


All three kinds of symmetrization decrease (or leave unchanged) the 
outer radius (capacity) of a surface; they increase (or leave unchanged) 
the inner radius of a surface with respect to an interior point. 


As a corollary we note: 


The inner radius of a surface with respect to an interior point is never 
greater than the outer radius. 


Another interesting corollary is the following [25]: 


The outer radius of a cylindrical solid is never less than the outer radius 
of a right circular cylinder of the same height whose base has the same area 
as that of the given solid. 


An analogous extremal property holds for the right circular cone. 

A limiting case of the above statement arises when the height of 
the cylinder becomes 0. Since the outer radius of a circular disk of 
radius a is 2a/m (§12 (11)), we have: 


The outer radius of a disk (in the three-dimensional sense) is never 
less than 2/3 times the radius of a circle which has the same area as the 
given disk. 


10. Symmetrization in the plane. The analogous considerations in 
the plane are rather obvious. 

In the plane we have two kinds of symmetrization, one with re- 
spect to a straight line e and another with respect to a point E. 

Let Z be a closed curve in the plane and A the area enclosed by J, 
L the length of J, # the outer radius of } (in the two-dimensional 
sense), 7, the inner radius of 7 with respect to a point g in the interior 
of 7, C the outer radius (capacity) of the disk bounded by Z (in the 
three-dimensional sense). Then we have: 


l 
Both kinds of symmetrization increase (or leave unchanged) r,’ pre- 
serve A and diminish (or leave unchanged) L, 7, and C. 


Let us consider first the symmetrization with respect to a line. The 
part of the above statement concerning A is trivial, and that concern- 
ing L is classical (Bonnesen-Fenchel [2, p. 72]). The other parts are 
due to Pélya-Szegé [25]. 

3 In this case the plane of symmetrization must go through the point g (similarly 


for the symmetrization with respect to a line or a point). 
+ See footnote 3. 
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As to the symmetrization with respect to a point, the statement 
about A is trivial and that concerning L is equivalent to the iso- 
perimetric property of the circle. The statements about r, and 7 are 
equivalent to the area theorems of Bieberbach (see Pélya-Szegé [23, 
vol. 2, p. 21, problem 125, p. 22, problem 126]). Concerning exten- 
sions of these statements to multiply connected domains, see Pólya 
[22] and Szegé [31]: The part concerning C is due to Pélya-Szegé 
[25]. (Cf. the last theorem in §9.) 

We note the following inequalities between the quantities men- 
tioned: 


A 1/2 ra A 1/2 L 
(1) ns(=) sic, (=) srs=. 
T 2 T 2r 
They all follow from the above statement except the last one which is 
of a different nature (see, for instance, Pólya-Szegö [23, vol. 2, p. 21, 
problem 124]). As a special corollary we mention: 


(2) E A 


11. Parallel surfaces. (a) By the diameter D of a surface we mean 
the greatest distance between any two of its points. 


Considering all closed surfaces s with given diameter, the capacity C 
of s is a maximum if and only if s is a sphere. 


Concerning this extremum property of the sphere, cf. Maxwell [11, 
p. 117] and Szegé [33]. It can be expressed in the form of an in- 
equality: 
et) D2 2. 

The analogous inequality for the inner radius follows from nee since 
this radius is never greater than C (cf. §9). 

It suffices to prove (1) for convex surfaces. The proof given by 
Szegé is based on the use of parallel surfaces. If we denote by s+ the 
surface parallel to s in the distance %4 and by C(h) the capacity of Sr, 
the derivative C’(z) can be computed. From this not only (1) but 
the following more precise inequality follows: 


Of all closed convex surfaces s with given integral M of the mean curva- 
ture, the capacity of s is a maximum if and only if s is a sphere. 


' This is equivalent to the inequality 
(2) M = 41C, 
which is indeed more precise than (1) since 2rD 2 M. 
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' Recapitulating, we found the following inequalities for C, V, D, M: 
(3) D/2 = Ru = C 2 Ry. 
(b) The following inequalities for the capacity of a condenser are 
due to Pélya-Szegé [25]. 


Let the inner surface sı of a condenser of capacity C be convex and the 
outer surface So be parallel to sı. Let h be the distance between So and sy, 
A the area of the surface si and M the integral of the mean curvature of sı. 
Then ' : 


(4) A/(arh) <C < AJ (årh) + M/(4n). 
For concentric spheres the second inequality becomes an equation. 


The lower bound is a customary approximation for C in case h is 
small; see for instance Maxwell [11, p. 150]. The upper bound is sug- 
gested by certain approximations due to Clausius [3, p. 43]. Concern- 
ing the limiting case h— œ, see (2). An improvement of the upper 
bound is the following inequality (Pélya-Szegé [25]): 

PE aa 
— 2 (8) a reat enn e ee a tee eer ’ 
C AM (L+A\)M+4rh 1—X 


5 ' 
©) A = (1 — rA M. 


(c) Finally we point out the inequalities corresponding to (4) in the 
two-dimensional case. 

Let l be a closed convex curve in the plane and lo an arbitrary outer 
curve parallel to h. We denote by c the capacity of the two-dimensional 


condenser bounded by ly and lı. If Lo is the length of lo and Ly the length 
of h, we have 


(Lo/Lı — 1) <  < {log (Lo/L1)}> 
unless lı is a circle. ` 


12. Example 1. Ellipsoid. (a) Let a, b, c be three constants, 
a>b>c>0. We consider the quadrics 
x? y? g? 
2E + 
+p bB+p +p 
where p is a real parameter. For any point (x, y, 2) not in a coordinate 


plane, this equation has three distinct real roots in p which we denote 
byA, m»: 











(1) = 1, 
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They are called the ellipsoidal coordinates. (See, for instance, Kellogg 
[8, p. 186].) On the ellipsoid 

(3) Ja + y+ e= 1 


we have A=0. By means of these coordinates various'condenser and 
conductor problems related to ellipsoids can be discussed in a very 
elegant way. We consider the problem of electrostatic equilibrium on 
the ellipsoid (3) (see, for instance, Kellogg [8, pp. 188-191 ]). If the 
” charge on the ellipsoid-is 1, the potential at an outside point p(x, y, 2) 
will be 


(4) if 
PATI, [tne tnetope’ 


` where A has the meaning above, \20. For the capacity C we find 


(5) Pee: f Tas a ed 
C 2J, {(@ +H + Ae + 9}? 
, The density of the charge on the ellipsoid is 
(6) — = d/4nabe, 
where d is the distance from the center of the tangent plane at the 
point (x, y, 2). `~ 


The problem of a condenser bounded by two confocal ellipsoids can 
also be treated. > 
(b) We denote by a, p, y the numerical eccentricities of the princi- 
pal sections of the ellipsoid (3): 
b? — ¢? aè — ¢? a? — b? 


(1) f=, t= p gis 


b? a? a? 








Then we have the following remarkable representations (Pélyz-Szegé 


[25]): 


1 
5 C anti "\ 28y 

> cS 2-4... On i a? + e 

=— 5 ear (25), 
ab aao 1-3... (2n +1) 2aß 

where P,(x) denotes Legendre’s polynomial. 
` In the special case of a prolate ellipsoid we have b=c, a=0, B=y¥, 
and 


1S Gy , =) 
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(9) C~! = (2ap)—! log : r . 





In the special case of an oblate ellipsoid we have a=b, a=, y=0, 
and ; 


(10) C~! = (af)~" arc sin £. 


Another interesting special case is that of an elliptical disk. Then 
c=0 and we have 


1 xri2 
an =-f a 


(a? cos? ¢ + b? sin? g)1/? f 


that is, C is the arithmetic-geometric mean of the semi-axes a, b multi- 
‘plied by 2/z. In the case of a circular disk, a=b, we find C=2a/r. 

(c) In the special case of the ellipsoid (3), the inequalities (3) of §11 
have been refinec by Pélya-Szegé [25] (cf. also Pélya-Szegé [21], 
Watson [36], Szegé [34]) in the following way: 


Ve 1/2 1/2 
Ry = (abo) 8 < aoe <C 
ue a+bte 
< eee ere 


3 < Ru <a. 


As to the radius Ra, it turns out that C and R4 are in general not 
“comparable.” But we have (Pélya-Szegé [25]) 


(13) C2Rs 


for an ellipsoid of revolution, according as it is prolate or oblate. Iti is 
interesting to observe that for such an ellipsoid 


(14) C/R = Lt aot 


where the signs + correspond to prolate and oblate ellipsoids, respec- 
tively. The neglected terms contain higher powers of 8. (See Aichi [ i. 
Lord Rayleigh [26] and Russell [29].) 

From (11) we conclude that the capacity of an elliptical disk with 
semi-axes a, b does not change if we replace a, b by (a+5)/2 and 
(ab)? (cf. Kellogg [8, p. 61]). In an analogous way, Pélya-Szegé 
[25] investigated certain transformations, related to the Landen 
transformation of elliptic integrals, which carry ellipsoids into ellip- 
soids preserving the capacity. 
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13. Peripolar (toroidal) and dipolar coordinates. (a) Let a>0. In 
the complex ¢+7# plane we introduce the coordinates 7, 6 of a point 
b (a, t) by the following equation: 


(1) . > o+ i=a Togi ? 
or 
(2) o = a(cosh y — cos @)—! sinh n, ¿= a(cosh 7 — cos 6)— sin 0. 


The geometric meanings of 7 and @ are obvious. Let A and B be the 
two points —a@ and +a on the real c-axis; then 


(3) n = log (4p/Bp), 6 = angle (ApB). 


Of course 0 is determined only mod 2r. For the points in the upper 
half-plane (¢>0) we take 0<@<z, mod 27, and for the points in the 
lower half-plane (¢<0) we take r<@<2z, mod 2r. For the point at 
infinity we have @=0, mod 2r, on the line AB we have 6=7, mod 2r, 
and on the part of the real c-axis outside AB we have 0=0, mod 2r. 

(b) Let us consider a rectangular coordinate system in space and a 
point p with coordinates x, y, z. We define the peripolar (toroidal) 
coordinates 7, 6, ¢ of p in the following way (Riemann [27], C. Neu- 
mann [15], Mehler [12]). We put a plane through p and the z-axis 
which forms the azimuthal angle ¢ with the xz-plane. (This plane is 
undetermined when 9 is on the z-axis.) In this plane we introduce the 
coordinates øg, £t; n, 0 as before, writing x=o cos ¢, y=o sin ¢, 2=#; 
thus 

x = a(cosh 7 — cos 6)! sinh 7 cos ¢, 
(4) y = a(cosh 7 — cos 4)“ sinh 7 sin ¢, 
z = a(cosh 7 — cos 6)~ sin 6, 

The range of these coordinates is 720, OS@<27, 0SG@<2r. 

(c) We define the dipolar coordinates (C. Neumann [18]) of the 
point $ in a similar manner by putting a plane through p and the 
x-axis which forms the azimuthal angle ¢ with the xy-plane. In this 


plane we introduce ø, t; 7, 0 as before, writing «=o, y=: cos 9, 
z= sin ġ; we find in this case 


x = a(cosh 7 — cos 6)—* sinh 7, 
(5) y = a(cosh 7 — cos §)— sin 8 cos ¢, 
z = a(cosh ņ — cos §)—? sin @ sin ¢. 


The range of these co-ordinates is — œ <n < %, 0<0 ST, 0SG6<2r7. 
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We apply the same symbols 7, 6, ¢ for both kinds of coordinates; 
no confusion is possible since in each definite problem only one kind 
of coordinates is used. 


14. Example 2. Anchor ring (torus). In peripolar coordinates an 
anchor ring is defined by the condition 7 = o>0. In the exterior space 
we have 0<4 <7. The potential function of the ring is (Hicks [6]): 
re Q.—1/2(cosh 70) 

amd Pn—1/2(cosh as 


The symbol = indicates that the term n=0 has to be multiplied by 
1/2. The functions® 
Pa—izlcosh n} = e F298 (1/2, n + 1/2; 1; 1 — e), 
Qn—-1/2(cosh 7) 
i 1-3--- (2n — 1) 
= m —— HUD AR(1/2, n + 1/2; n + 1; e), 
f 2:4-++ 2n 


where F is the hypergeometric function of Gauss and 7 >0, satisfy the 
differential equation 


B) - d?y/àn? + coth q dy/dy + (1/4 — n°) y = 0. 


This differential equation arises from Legendre’s equation (satisfied 
by the Legendre functions P,(cosh 7) and Q,(cosh 7)) by replacing n° 
by »—1/2. The functions 


x 2812 
(1) u(p) = — ORD n — cos 6) cos nOP,.1;2(coshy). 


(2) 


P,,~1;2(cosh 
(4)> (cosh n — cos 6)2/? cos z8 { ual n) 
Qn—1/2(cosh 7) 
are harmonic. They are called the ring (toroidal) functions. As to the 
convergence of (1) we note that Q,-12 (cosh 7) and Pr12(cosh 7) are 
of the order e—™ and e”', respectively, as n= œ. 
The capacity of the anchor ring is 
4a 2. On—1;2(cosh 
(5) ig , Qn—12(Cosh 70) 
T nað P,~1;2(cosh 70) 
Taking the two first terms of this sum, we have the following ap- 
proximation of the capacity [6, p. 643]: 


(6) 2aK/K' + 40(K — B)/E', 


where K and E denote, as usual, the complete elliptic integrals of the 
first and second kind, and the modulus is 


5 The constant factor in Qn—1/2 has to be replaced by 1 for 20. 
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(7) k = e = RD — (D? — R21), 


Here D is the distance of the center of the revolving disk, which gen- 
erates the ring, from the z-axis and R is the radius of the disk. 

Other problems connected with anchor rings have been treated by 
Niven [19]. 

15. Example 3. Spindle. In dipolar coordinates a spindle is defined 
by the condition 6=@), 0<6.<7. In the exterior space we have 
0<6 at The potential function of the spindle is (C. Neumann [18, 
p. 224}) 


| ° L(cos 0o) Lal —cos8) cos 
(1) u(p) = 2-/2(cosh q — cos aur f L,(cos 49)Lq(—cos 4) qn 4 
i =% E,(—cos 4) cosh qr 
The function 
L,(cos 6) = a! cosh on f (2 cosh 7’ — 2 cos 6-1/2 as gaits! 


(2) = F(1/2 + iq, 1/2 — ig; 1; cos? (0/2)) 


satisfies the differential equation 
(3) _d*y/d6? + cot 6 dy/d0 — (œ + 1/4)y = 0. 


This equation arises from Legendre’s differential equation (satisfied 
by P,(cos 8) and Q,(cos 6)) by substituting n= —1/2+ig. The 
functions 


(4) (cosh n — cos @)*/2L,(— cos 6) cos qn. 


are harmonic. They are called the conal functions. 
As to the convergence of the integral (1) we note that 


(5) L,(— cos 6)/L,(— cos 6) 
is a positive quantity less than 1 and that 
; © L,(cos 6 
(6) f af o) dy 
—o cosh gr 


1 
is a convergent integral. 
For the capacity of the spindle we obtain 


°  L,(cos bo) dq 
Cae f Ste OS ER 
—w Lg(— cos ĝo) cosh gr 
f F(1/2 + ig, 1/2 — ig; 1; cos? (6/2)) dq 
— F(1/2 + ig, 1/2 — ig; 1; sin? (@o/2)) cosh gr ` 


(7) 
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For 6)=7/2 (sphere) we have C=a, since 


() f —-: 
-» cosh or g 


Another form of the potential u, involving an infinite series instead 
of an integral, is due to H. M. Macdonald [10]. 





_ 16. Example 4. Two spheres. We consider two separated spheres 
(W. Thomson [35, pp. 86-97]; C. Neumann [14]; Maxwell [11, pp. 
266-273]). In this case it is convenient to use again dipolar co-ordi- 
nates. But instead of the conal functions we employ now the har- 
monics 


à ‘ 
(1) (cosh n — cos 6)1/2P,,(cos 6)et (#+1/2)9, 


where P, denotes Legendre’s polynomials. 

We can represent the two spheres in the form 7=a <0 and 7=B>0. 
In the exterior space œ <q <£. Using the harmonics mentioned, we 
have for the potential function 


u(p) = (2 cosh 7 — 2 cos 6)1/? 


G eN @—n) — eNA) eN ima) o Nl 
DD (r eNe a) P,(cos 6), 
(2) = eNë — N3 eNè — g-NE 
N = n + 1/2, ô=ß—a, 
and for the capacity 
= eN — ¢-NB eNe — Na 
= [- EEE NB eee nee Ene 
(3) C 202, (« oe + NB ine ). 


An interesting limiting case arises when the spheres are tangent to 
each other (Maxwell [11, pp. 273~276]). Denoting their radii by r 
and 7’, we have in this case 


G ered Gea re) eae) a) 
ope! T\Wv+?’ T+ uy 


where I denotes. Euler’s gamma function and y Euler’s constant. 
For r=r’ we have C=2r log 2=1.39 r. 

Let us consider the generalized condenser in the sense of §6 
bounded by the first sphere sı, the second sphere sz; and the sphere 
of infinitely large radius so. Then the potential functions #(p) and 
tz(p) of §6 can be expressed in the form 
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eN —-1) — @N (2-8) 


ui(p) = (2 cosh 7 — 2 cos anda eve i ew P,(cos 6), 
©) : x eN ima) — eN lan) 
u(p) = (2 cosh n — 2 cos 0) 129, ee ——— P, (cos 6). 
. n=) eNS — gN? 


The capacity coefficients Cu, Cu = Cz, Cz can also be computed 
(Maxwell [11, p. 271]). 


17. Example 5. Lens. (a) In this case we return again to the peripo- 
lar (toroidal) coordinates defining the boundary of the lens by the 
conditions @=@, and 9 =8:. We can always assume that the “upper” 
surface of the lens is in the upper half-space, 0 <81 <r. The “lower” 
surface may be in the upper or lower half-space, 0,<62<27. In the 
space exterior to the lens we define @ according to the condition 


(1) Os — 2r < 0 < ðn 


the value 6=0 corresponding to the point at infinity. 
We employ the harmonic functions 


cosh g6, 
sinh gð, 
where Z,(—cosh 7) is a function arising from the conal function 


L,(—cos 6) by a proper analytic continuation. We mention the fol- 
lowing representation: 


L,(— cosh 7) 


(2) (cosh n — cos 6)1/2Z,(— cosh 7) { 


3 ao 
8) = m! cosh qr f (2 cosh 7” + 2 cosh 7)~/? cos gn’dn’, q and 7 real. 


It can be shown that for g>+ ©, 7 fixed, 
(4) L,(— cosh n) = O(etls!), 


where e is an arbitrary positive number independent of q. 
Now we have for the potential function (Mehler [12, p. 141]) 
u(p) =(2 cosh »—+2 cos 6)1/? 
(5) f * sinh g(@:—8) cosh g(7—62)-+-cosh g(r—6;) sinh g(2r—62-+8) 
=e 2 sinh g(2r+8ı— 02) cosh gr 


-L,(—cosh n)dq. 


For the capacity we find 
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3 hag f © sinh gô, cosh g(r —62)-+cosh q(r—8,) sinh e 
(6) = sinh q(2r+8:— 62) cosh gr 
A foe f sinh q(r+8ı—02)+cosh g(2r— 61—82) sinh gr dg 
Sa sinh g(2r+81—82) cosh gr 


As to the convergence of (5) and (6) we observe that for g—>-+ © 
the order of magnitude of the factor of L, on the range (1) is less than 


(7) galaa iapa) +e 961, 


and this expression approaches 0 éxponentially. Now we use (4). 
(b) The following special cases of the preceding general result are 
of particular interest. 
(a) Spherical bowl (calotte), 6:= 62, 0<0:<7 mM Thomson [35, p. 
186]; C. Neumann [17]); the capacity is 





© h — 9 2 . 
caef (Se a 
= cosh gr 
(8) a 6 ay a+ a ` 
-Ż4+(1-4) 5- ; 
r a / sin ĝi T 


where a is the radius of the “rim” and a’ the “spherical radius” of 
the bowl. 

(8) Circular disk, limiting case of (œ), 6:= 02.07; C=2a/r.! 

(y) Half spherical shell (thin), special case of (a), O:=0,=0/2; 
C=a(1/r-+1/2). 

(6) Half spherical solid, 6,=2/2, 0.=7; C=2a(1—3-/?), 

(e) Symmetrical! lens, 6,+6.= 27; in this case 


o ba ee 


—» cosh g6; cosh gr 
(¢) Sphere, .—A:=7; 
f cosh g(a — 201) y a 


10 C=a =r ; 
(10) 7 -o cosh qr 1 sin 61 


4 


(n) Two spheres tangent to each other, a suitable limiting case, 
0,20, 02-927, a—0; cf. §16. 


(0) The two spheres forming the lens are orthogonal in such a way 


€ According to a remark of W. Thomson [35, p. i Cavendish found by experi- 
ment ¢/C=1.571, f . 
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that the exterior (dielectric) angle is 7/2, 0—01 =37r/2 (Maxwell [11, 
p- 261]); 
(11) C=r+r—a, 


where r and 7’ are the radii of the spheres. . 

The capacity integral (6) can be computed in closed form in all 
cases when the dielectric angle 2r-+-6,— 62 is a rational multiple of r. 
As to the potential function u(p), it can be computed in terms of ele- 
mentary functions only for certain special multiples; in other cases it 
leads to elliptic and more complicated functions. (See Macdonald 


[9].) ; 
In certain cases the problem of the lens can be also treated by using 
the famous method of electric images due to W. Thomson [35, pp. 


144-191]; see also Maxwell [11]. 
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STANFORD UNIVERSITY 


REPORT OF THE MEETING OF THE COUNCIL OF THE 
SOCIETY IN NEW YORK CITY ON FEBRUARY 24, 1945 


Since permission to hold the regular February meeting of the So- 
ciety was denied by the War Committee on Conventions of the Office 
of Defense Transportation, it was necessary to cancel the scientific 
program. However, the scheduled meeting of the Council was held 
in the Men’s Faculty Club at Columbia University at 1:00 p.m. on 
Saturday, February 24, 1945. The following members of the Council 
were present: Garrett Birkhoff, S. S. Cairns, H. B. Curry, Arnold 
Dresden, Nelson Dunford, B. P. Gill, M. R. Hestenes, Einar Hille, 
T. R. Hollcroft, Harold Hotelling, Marston Morse, O. E. Neuge- 
bauer, J. F. Ritt, P. A. Smith, I. S. Sokolnikoff, Oswald Veblen, 
Hermann Weyl, and the Secretary. 

At the request of the authors, four of the papers submitted for 
presentation at the February New York meeting have been reserved 
for presentation at future meetings of the Society. All other papers 
submitted were read by title at the meeting of the Council; titles 
and cross references to the abstracts of these papers appear at the 
end of this report. 

The Secretary announced the election of the following thirty-two 
persons to membership in the Society: 


Professor Isaac L. Battin, Drew University; 

Mr. Raymond Buckingham Block, Wright Field, Dayton, Ohio; 
Mr. George F. Bradfield, Northwestern University; 

Dr. Lee Byrne, Elgin Academy, Elgin, IIL; 

Mr. George Clyde Campbell, Major, U.S.A.; 

Mr. William Walter Durding, Lieutenant Colonel, A.U.S.; 

Mr. Bernard Epstein, Washington, D. C.; 

Mr. Edward J. Evensen, Technician Fourth Grade, U.S.A.; 

Mr. Ivan Arthur Flodin, A. S. & R. Co., Whiting, Ind.; 

Mr. George Grossman, Manhattan High School of Aviation Trades, New York, N. Y.; 
Mr. Juan P. Guglialmelli, San Martin, Buenos Aires, Argentina; 
Mr. Robert Jastrow, Columbia University; 

Dr. Robert Clark Jones, Polaroid Corporation, Cambridge, Mass.; 
Dr. Jerome C. R. Li, Queens College, Flushing, N. Y.; 

Mrs. Edith H. Luchins, Brooklyn College; 

Mr. James Wallace Marshall, Wayne University; 

Dr. Ella Marth, St. Louis, Mo.; 

Dr. Margaret Evelyn Mauch, Michigan State College; 

Mr. Edward Anthony Maziarz, St. Joseph’s College, Collegeville, Ind.; 
Mrs. Helen Kelsall Nickerson, Wheaton College, Norton, Mass.; 
Mr. Robert Harrison Shaw, Ensign, U.S.N.R.; 

Miss Jean Jadviga Siebielec, Lieutenant (junior grade), U.S.N.R.; 
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Dr. Charles V. L. Smith, Lieutenant Commander, U.S.N.R., United States Naval 
Academy; 

Mr. Abraham Barnett Soble, University of Cincinnati; 

Sister Mary Philip Steele, Rosary College, Rivert Forest, IIL; 

Mr. Harry I. Treiber, Princeton University; 

Mr. Eugene Francis Trombley, Bendix Research Laboratories, Detroit, Mich.; 

Mr. Bradford Tye, Bethany College, Bethany, W. Va.; 

Mr. Jose Antonio Valladares, International Telephone and Telegraph Corporation, 
New York, N. Y.; 

Miss Jean Brosius Walton, Swarthmore College; 

Dr. Sidney Weinbaum, Curtiss-Wright Corporation, Buffalo, N. Y.; 7 

Mr. Harry Weingarten, Seward Park High School, New York, N. Y. 


It was reported that the following had been elected to membership 
on nomination of institutional members as indicated: 


Brown University: Messrs. Abraham Franck and Leonard Greenstone; 
Bryn Mawr College: Misses Jean Ann Schaffer and Enriqueta Gonz4lez-Baz; 
California Institute of Technology: Mr. Donald Harry Potts; 

University of California: Messrs. Way Ming Chen and Frank Jones Massey, Jr.; 
University of California at Los Angeles: Mr. William Sharp Gustin, Mrs. Margaret 
B. Lehman; i 

University of Chicago: Miss Betty Ella Alexander; 

University of Cincinnati: Mr. William R. Harlow; 

College of the City of New York: Messrs. Gerald Freilich and Samuel Goldberg; 

Columbia University: Mr. John Lee Bogdanoff, Mrs. Denyse Mosseri Dreyfus, 
Messrs. Hermann Karl Meyer and John Raleigh; 

Cornell University: Miss Mary Ann Lee, Mr. Abraham Morton Mark, Miss Irma 
Ruth Moses, Mr. Irving Reiner; 

Duke University: Mr. Eckford Larry Cohen; ` 

University of Illinois: Miss Grace E. Bates, Mr. James Lane Boswell, Misses Marianne 
R. Freundlich, Annette Sinclair and Christine Sykes Williams; 

Indiana University: Mrs. Loraze Brackett Taylor; 

Johns Hopkins University: Mrs. June Horn Clearman, Messrs. Calvin Richard 
Putnam and Irving Sussman; 

Massachusetts Institute of Technology: Messrs. Frank Edgar Bothwell and Stephen 
Harry Crandall; 

Michigan State College: Miss (Mary) Isobel Elyth; 

University of Michigan: Reverend Richard Sigmund Cebula, Sister Mary Celine 
Fasenmyer; 

University of Minnesota: Messrs. Monroe David Donsker and Walter Fleming; 

New York University: Mr. Peter D. Lax; 

Northwestern University: Miss Alice Jean Fræeth; 

Ohio State University: Miss Miriam C. Ayer; 

University of Rochester: Mr. George Milton Wing; 

Smith College: Miss Felice Hilda Davidson; ' 

Syracuse University: Mr. Shepard Bartnoff; 

University of Toronto: Messrs. James Allister Jenkins and Robert Steinberg; 

University of Virginia: Messrs. Edwin E. Floyd and W. Roy Utz; 

University of Washington: Mr. Tom Mike Apostol; 
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University of Wisconsin: Miss Violet Grace Hachmeister, Mr. Richard Ralph 
Heacock, Miss Gloria Olive, Messrs. Whitney Gillete Scobert and Theodore 
Wysocki; . 

Yale University: Messrs. Joseph Ross Lee, Jr., and Frank Herbert McGar, Jr. 
The following appointments by the President were reported: as a 

member of the Committee to Select Hour Speakers for Far Western 

Sectional Meetings, Professor Morgan Ward (committee now con- 

sists of Professors A. C. Schaeffer, Chairman, D. H. Lehmer, and 

Morgan Ward); as representative of the Society on the Supervisory 

Board of the American Year Book.for the period 1945-1947, Profes- 

sor G. T. Whyburn; asa Committee on Nomination of Officers and 

Members of the Council for 1946, Professors R. E. Langer (Chair- 

man), R. P. Agnew, G. C. Evans, G. T. Whyburn, and D. V. Widder; 

as Chairman of the Committee on Printing Contracts, Professor 

R. M. Foster (committee now consists of Professor R. M. Foster, 

Chairman, Dean M. H. Ingraham, and Professor J. D. Tamarkin); 

as a Committee on Arrangements for the 1945 Summer Meeting in 

Montreal, Canada, Professors R. E. O’Connor (Chairman), A. H. 

Gillson, T. R. Hollcroft, B. W. Jones, and W. L. G. Williams; as a 

committee to consider a suitable memorial to the late Professor G. D. 

Birkhoff, Professors R. E. Langer (Chairman), G. A. Bliss, ‘Marston 

Morse, J. D. Tamarkin, and D. V. Widder; as auditors of the So- 

ciety’s accounts for 1945, Professors T. F. Cope and A. E. Meder, Jr.; 

as a member of the War Policy Committee (replacing Professor W! D. 

Cairns), Professor C. C. MacDuffee; as a member of the Committee 

on the Role of the Society in Mathematical Publication (replacing 

Professor Oscar Zariski), Professor F. D. Murnaghan (committee now 

consists of Professors R. L. Wilder, Chairman, Garrett Birkhoff, G. C. 

Evans, J. R. Kline, ex officio, R. E. Langer, F. D. Murnaghan, and 

J. D. Tamarkin); as Committee on the Society Visiting Lectureship, 

Professor Solomon Lefschetz (Chairman), Dean R. G. D. Richardson, 

and Professor Norbert Wiener. i 
The Secretary reported that the following had been chosen as the 

voting representatives of editorial committees on the Council for the 

year 1945: Bulletin—Professor P. A. Smith; Transactions—Professor 

A. A. Albert; Colloquium Publications—Professor J. F. Ritt; Ameri- 

can Journal of Mathematics—Professor Hermann Weyl; Mathe- 

matical Reviews—Professor O. E. Neugebauer; Mathematical Sur- 
veys—Professor J. D. Tamarkin. 

It was announced that Professor J. C. Slater had accepted the in- 
vitation to deliver the Josiah Willard Gibbs Lecture at the 1945 An- 
nual Meeting and that Professor Hassler Whitney had accepted the 
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invitation to deliver the Colloquium Lectures at the 1946 Summer 
Meeting. 

Certain invitations to deliver addresses were announced: Professor 
Samuel Eilenberg for the 1945 Summer Meeting; Professors Jerzy 
Neyman and George Polya for the April, 1945, meeting at Stanford 
University. * 

It was reported that Professor J. D. Tamarkin had been selected 
as Chairman of the Mathematical Surveys Editorial Committee. 

It was reported that Dr. R. P. Boas had accepted the position as 


Executive Editor of Mathematical Reviews, effective July 1, 1945. | 


Dr. Boas will replace Professor Will Feller who has been the Execu- 
tive Editor of Mathematical Reviews since the foundation of that 
journal in 1940. 

On recommendation of the Colloquium Editorial Committee, the 
Council accepted for publication in the Colloquium Series the manu- 
script of Professor André Weil entitled Foundations of algebraic ge- 
ometry. ' 

The Council voted to cancel the scientific meetings of the Society 
which have been scheduled for April 27-28, 1945, in Chicago and 
April 27-28, 1945, in New York. The meeting scheduled for April 28, 
1945, in Stanford University will be held since this meeting is not 
subject to the receat regulations of the Office of Defense Transporta- 
tion. The problem of the Summer Meeting, now scheduled for Mon- 
treal, Canada, on June 24-25, 1945, and the other meetings which 
have been planned for 1945 are to be discussed at a future meeting 
of the Council. ° 
' Titles and cross references to the papers read at the Council meet- 
‘ing follow below. f 

1. E. W. Barankin: Bounds for the characteristic roots of a matrix. 
(Abstract 51-3-51-4.) 

2. Felix Bernstein: The integral equations of the theta function. (Ab- 
stract 51-3-61-.) 

3. Garrett Birkhoff: Lattice-ordered Lie groups. (Abstract 51-3-52-t.) 

4. H. W. Eves: Analytical and graphical rectification of a tilted 
photograph. (Abstract 51-1-26-2.) 

5. A. L. Foster: Boolean-like rings, a generalization of Boolean rings. 
The logical algebra of general commutative rings. (Abstract 51-3-53-t.) 

6. H. L..Garabedian: Stieltjes integral transformations. Preliminary 
report. (Abstract 51-3-62-é.) 

7. G. N. Garrison: Note on invariant complexes of a quasigroup. 
(Abstract 51-3-54-t.) 


« 
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8. E. J. Gumbel: Expected values of a statistical variate. (Abstract 
51-3-70-#.) ` 

9. A. P. Hillman: On derivatives of differential polynomials. (Ab- 
stract 51-1-7-2.) 

10. Dunham Jackson: The boundedness of certain sets of orthonormal 
polynomials in one, two, and three variables. (Abstract 51-3-63-t.) 

11. Mark Kac: Random walk in the presence of absorbing barriers. 
(Abstract 51-1-44-t.) 

12. Irving Kaplansky: The commutativity of generalized Boolean 
rings. (Abstract 51-1-9-t.) , 

13. Edward Kasner and John DeCicco: Some properties of minimal 
surfaces. (Abstract 51-3-69-t.) 

14. R. L. Moore: Concerning tangents to continua in the plane. (Ab- 
stract 51-5-102-1.) 

15. F. J. Murray: Gears, cams and differentials. (Abstract 51-1-29-t.) 

16. F. J. Murray: On solving a set of n linear equations.(Abstract 
51-1-30-t.) 

17. Harry Pollard: A theory of the Laplace integral. Preliminary re- 
port. (Abstract 51-3-65-t.) 

18. H. E. Salzer: Inverse interpolation for eight-, nine-, ten-, and 
eleven-point direct interpolation. (Abstract 51-1-34-z.) 

19. F. E. Satterthwaite: Error conirol in matrix calculation. Il. 
(Abstract 61-5-82-2.) 

20. M. F. Smiley: A remark on metric boolean rings. (Abstract 51- 
3-57-t.) 

21, Ernest Snapper: Partial differentiation and elementary divisors. 
(Abstract 51-3-58-t.) 

22. R. H. Sorgenfrey: A condition that a continuum be irreducible 
between two points. (Abstract 51-3-71-2.) 

23. W. J. Sternberg: On a special set of algebraic nonlinear equations. 
(Abstract 51-3-59-t.) 

24. C. A. Truesdell: The membrane theory of shells of revolution. 
(Abstract 51-3-67-t.) 

25. P. A. White: On new types of regular convergence. (Abstract 51- 
3-72-t.) 

26. G. T. Whyburn: Extensions of plane continua mappings. (Ab- 
stract 51-5-103-2.) 

27. G. T. Whyburn: On uniqueness of the inverse of a transforma- 
tion, (Abstract 51-5-104-t.) 

J. R. KLINE, 
Secretary 


BOOK REVIEWS 


- Infinite series. By J. M. Hyslop] New York, Interscience, 1942. 120 
pp. $1.75. 


This textbook gives a concise presentation of the classic theory of 
convergence of real sequences and series. It is intended for students 
having had an elementary course in calculus. The brevity of the text 
ptecludes extensive motivation of the definitions and theorems, but 
numerous examples worked out in the text provide illumination. 
Problems, with answers given, appear at the end of each chapter. 

Chapter 1 (17 pages) treats limits of functions by the e-6 methods, 
and introduces the o-O notation. Chapter 2 (7 pages) gives Taylor 
formulas, with remainders, for several elementary functions. Chap- 
ter 3 (11 pages) gives definitions, examples, and fundamental proper- 
ties of convergence, including the Cauchy-sequence criterion. Chapter 
4 (22 pages) gives the integral, comparison, ratio, Cauchy #th root 
(Cauchy condensation, sic), Kummer, and Raabe tests for conver- 
gence of series of raonnegative terms. For positive integers n, the 
Stirling formula 2! = (2n)¥2n"e-*[1+0(1/n)] is derived. Chapter 5 
(10 pages) treats absolute and conditional convergence, giving the 
Abel and Dirichlet tests and Riemann’s theorem on rearrangements. 
Chapter 6 (18 pages), on series of functions, treats uniform conver- 
gence, termwise integration and differentiation, and power series. 
Chapter 7 (7 pages) treats convergence of “the product series.” The 
product series, defined without motivation, is that of Cauchy; one 
may feel that the author should have called the series by its familiar 
name so that the possibility of other interesting product series 
(Dirichlet, for example) would not be summarily dismissed. Chapter 8 
(12 pages) treats ininite products, including those of the sine, cosine, 
and factorial (gamma) functions. ; 

Chapter 9 (11 pages) treats double series. Summation “by tri- 
angles,” “by squares,” “bý rows” and “by columns” are defined; to 
_ correct the formulation of the second of these definitions (p. 107, 

formula, 2), replace W by k inside the parentheses and insert De 
before the first parenthesis. The definition of convergence and diver- 
gence of a double series X amn runs as follows: “Naturally, we wish 
our definition of the sum of a double series to conform as closely as 
possible to the definition of the sum of a single series. This analogy 
may be preserved by starting at the top left-hand corner of the array ` 
and taking successive groups of terms, where each group consists of 
only a finite number of terms of the series and contains all the ele- 
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ments of the preceding group, and then examining the limit of the 
pth group as p tends to infinity. These succéssive groups.correspond 
in fact to successive partial sums in the case of single series. Generally 
speaking, the limit of the pth group will depend on the system by 
means of which the groups are formed. When, however, the limit is 
finite and independent of the system of grouping, we say that the 
double series is CONVERGENT and that the limit in question is the 
sum of the series. In all other cases, the series is said to be DIVER- 
GENT.” This unorthodox definition of “sum” of a double series seems 
to be inadequate. The author must have intended that each term amna 
of the series would appear in the union of the groups; without such 
an understanding, no double series would be convergent unless all of 
its term were 0. Unless one adds a further requirement limiting the 
characters of the groups, one can arrange the terms of the double 
series into a simple series in any way one chooses and then determine 
the groups so that the pth group will consist of the first p terms of 
the simple series; this implies that > uma cannot be convergent unless 
it is absolutely convergent. Since the chapter gives the classic theo- 
rems pertaining to Pringsheim convergence, giving the customary 
relations between convergence and absolute convergence, it would 
seem that “convergence” should be replaced by Pringsheim conver- 
gence in this chapter. i j 

The text is carefully written, with due regard to such details as the 
distinction between positive and nonnegative. It is, as a whole, pre- 
cise and accurate. Some lapses are to be found. There are a few places 
where < should be replaced by S, and a few where = should be re- 
placed by <. There are a few places where statements involving 
“any” are ambiguous; when these statements are removed from their 
contexts, one cannot tell whether the “any” means “each” or “at 
least one.” Sometimes the intended meanings of statements are de- 
stroyed by unfortunate wordings. In the process of defining the least 
upper bound K of a function f(x), the author is guilty of saying “there 
is at least one value of x for which f(x) > K —e, where e is any positive 
number” when he should (and doubtless does) mean that “to each 
e>0 corresponds at least one value of x for which f(x)>K—e.” A 
student who reads the author’s statement and concludes that f(x) 2K ° 
is not to be condemned; under the author’s definition the set of num- 
bers x for which 0<x <1 does not have a least upper bound. Several 
theorems in which an equation involving 0 is said to hold “where 
0<@<1” could be made more precise and intelligible by saying that 
there is at least one @ such that 0 <9 <1 and the equation holds. 

One who has finished a first course in calculus should find this book 
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to be an intelligible introduction to basic methods in modern mathe- 
matical analysis as well as to the classic theory of convergence of 
series. 

RALPH P. AGNEW 


Miscellaneous physical tables. Planck's radiation functions and elec- 
ironic functions. New York, Work Projects Administration, 1941. 
74-61 pp. $1.50. 


In the first part of this volume of the well known W.P.A. series, 
values are given for the spectral radiancy of a black body, the rate 
of photon emission, and the indefinite integrals (from 0 to A in wave- 
length) of the functions. These are tabulated at constant intervals 

of A-T (wavelength multiplied by Kelvin temperature), the size of 

the intervals changing occasionally. Auxiliary tables give values of 
some of the preceding quantities as tabular functions of wavelength 
alone at a few definite temperatures. i 

The second part tabulates relativistically correct values of the fol- 
lowing properties of an electron, as functions of its velocity (entered 
with constant intervals in fractions of c, the velocity of light): the 
energy, in units of the electron rest energy moc?; the momentum, in 
units of moc; the energy in electron-kilovolts; and the H- p- values 
(p is the radius of a circle in which the electron would move if pro- 
jected with the tabulated velocity normal to.a magnetic field of H 
oersteds). : 

Each part of the volume was inspired by suggestions of well known 
scientists, as stated in the introductory discussions. The first part has 
been published previously in the February 1940 number of the 
Journal of the Optical Society-of America. The introduction contains 
brief descriptions of the functions, examples illustrating use of and 
interpolation in the tables, a summary of the methods used in assem- 
bling or computing the entries, and a bibliography. In the major 
tables of the first part, first differences and second central differences 
are given for greater ease and accuracy in interpolation. A compli- 
cation not met in purely mathematical tables exists here due to the 
fact that all the functions tabulated depend on measured physical 
constants: the velocity of light, Planck’s constant, and electronic 
properties. The tables were based on the present best values of these 
-constants, but are carried to extra figures. Directions are given for 
making corrections in case these are necessitated by newer values of 
the basic physical constants. 

The tables are in the usual format of the W.P.A. series. They 
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appear simple to use, and are of obvious assistance in certain fields | 
of pure and applied science. A single minor criticism may be offered. 
In the second part, the electron velocity might perhaps have been 
entered in cgs units as well as in fractions of the velocity of light. 

A. O. WILLIAMS, JR. 


Galois theory. By Emil Artin. With a chapter on applications by A. N. 
Milgram. (Notre Dame Mathematical Lectures No. 2.) University 
of Notre Dame, 1942. 70 pp. $1.25. 


This is the first appearance in print of a complete presentation of 
Artin’s brilliant improvement on the classical Galois theory of fields 
and equations. It provides a fundamentally better development of 
this most important algebraic theory, and algebraists will be very 
pleased that it has appeared. 

The field theory is presented in the forty-four pages of Chapter II 
and is preceded by a twelve page first chapter on the linear algebra of 
systems of linear equations with coefficients in a quasi-field. The fields 
are then assumed to be commutative. The first five sections present 
the concepts and elementary properties of extension fields, relative 
degrees and reducibility of polynomials. They also contain proofs of 
the existence of simple algebraic extensions and of splitting fields and 
of the uniqueness of the latter. 

The principal non-classical part of the approach occurs in Section F 
where the concept of fixed field is given and in Section G where the 
background of the fundamental theorem of the Galois theory is pre- 
sented and the theorem is proved. It should be noted here that in the 
fundamental theorem the hypothesis that the irreducible factors of 
p(x) are separable is required and was probably inadvertently omitted. 

There are additional sections on finite fields, roots of unity, Noether 
equations, Kummer fields, simple extensions, the existence of a nor- 
mal basis, and the Galois group of the composite of two fields. These 
results are applied in the final chapter by A. N. Milgram to the proof 
of the theorem that the general equation of degree 2 >4 is not solva- 
ble by radicals. There is also a section in this last chapter on a condi- 
tion that an equation of prime degree be solvable by radicals, and a 
final section on ruler and compass construction. 

The book as a whole is a model of elegant, compact presentation. 

A. A. ALBERT 


Received by the Editor of Book Reviews January, 1943; the delay in publication 
is due to the subsequent loss of the manuscript in the mail. 


NOTES 


The Chauvenet Prize for 1941-1943 has been awarded by the 
Mathematical Association of America to Professor R. H. Cameron of 
the Massachusetts Institute of Technology. j 


Professor A. E. Johns of McMaster University has heen elected 
president of the Royal Astronomical Society of Canada. Professor 
J. W. Campbell of the University of Alberta has been elected vice 
president. 


Dr. Harry Pollard has received from the American Telephone and 
Telegraph Compary one of the five Frank B. Jewett fellowships for 
research in the physical sciences. 


Dr. N. A. Hall has béen appointed mechanical engineer in charge 
of thermodynamic analysis for the Research Division of the United 
Aircraft Corporation. 


+ 


Professor W. H. Hill of Kansas State Teachers College of Pitts- 
burg, Kansas, has retired. 


Assistant Professor J. E. Ikenberry of Franklin and Marshall 
College has been appointed to a professorship at Madison College, 
Harrisonburg, Virginia. 


Assistant Professor E. R. Lorch of Columbia University has been 


promoted to an associate professorship. 
1 


Associate Professor G. E. Moore of the University of Illinois has 
been appointed assistant dean of liberal arts and sciences. 


-Mr. S. T. Parker of the University of Louisville has been promoted 
to an assistant professorship. 


Associate Professor George Polya of Stanford University has been 
appointed to a visiting professorship at the University of California 
‘at Berkeley. 7 


Dr. R. D. Specht of the University of Florida has been appointed 
to an assistant professorship at the University of Wisconsin. 


Assistant Professor B. C. Wong of the University of California has 
retired. : 


The following appointments to instructorships are announced: 
Polytechnic Institute of Brooklyn: Mr. M. J. Forray; University of 
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Kentucky: Mrs. Betty D. Crawley; Wayne University: Mr. Arvid 
Jacobson. : 


Professor C. H. Rowe of the University of Dublin died in Novem- 
ber 1944. He was a member of the Society for thirteen years. 


Dean J. L. Gibson of the University of Utah died February 10, 
1945. He had been a member of the Society since 1916. 


Mr. M. M. S. Moriarty, formerly a teacher in Holyoke, Massa- 
chusetts, High School, died April 30, 1944. He was a member of the 
Society for thirteen years. 


Associate Professor A. L. Underhill of the University of Minnesota 
died January 18, 1945. He had been a member of the Society since 
1907. 


Professor N. R. Wilson of the University of Manitoba died De- 
cember 27, 1944. He had been a member of the Society since 1900. 


The following thirty-nine doctorates, with mathematics or mathe- 
matical physics as a major subject, were conferred during 1944 in 
' universities in the United States and Canada; the major subject is 
mathematics unless otherwise specified. The university, month in 
which degree was conferred, minor subject (other than mathematics) 
and the title of the dissertation are given in each case if available. 

W. H. Brothers, Jr., Michigan, November, Ox the solution of bound- 
ary value problems in hyperbolic differential equations. 

H. D. Brunk, Rice, February, Some generalizations for Dirichlet 
series of Hadamard’s theorem, with applications. 

Enrique Bustamante-Llaca, Princeton, October, Transfinite type 
theory. 

C. L. Clark, Virginia, June, Arc reversing transformations. 

V. F. Cowling, Rice, October, On functions defined by a Taylor 
series. 

.W. J. R. Crosby, Toronto, June, Generic simple algebras. 

J. J. Dennis, Northwestern, August, Some points in the theory of 
positive definite J-fractions. 

W. J. Dixon, Princeton, April, Further contributions to the theory of 
serial correlation. ; 

C. L. Dolph, Princeton, April, Non-linear iniegral equations of the 
Hammerstein type. 

Wade Ellis, Michigan, June, On relations satisfied by linear operators 
on a three dimensional linear vector space. 
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A. B. Farnell, California, February, Characteristic roots of matric 
polynomials and a study of infinite matrices. 

Herbert Federer, California, February, Surface area. 

Mariano García, Jr., Virginia, June, Orbit-components and com- 
ponent orbits. 

Ruth E. Goodman, Pennsylvania, February, On the Bloch-Landau 
constant for schlicht functions. 

W. H. Gottschalk, Virginia, February, An investigation of -con- 
tinuous mappings with almost periodic properties. 

A. A. Grau, Michigan, November, Ternary operations and Boolean 
algebra. , i 

Charles Hatfield, Jr., Cornell, June, On the average number of roots 
of certain random functions. 

Solomon Hurwitz, Columbia, August, On a class of functions sug- 
gested by the zeta of Riemann. . 
A. W. Jones, Columbia, June, Isomorphism between lattices of 

certain finite groups. 

Ida Roettinger Kaplan, Michigan, November, An operational ap- 
proach to the solution of boundary value problems by generalized Fourier 
series. 

Meyer Karlin, Columbia, March, Characterization of the system of 
extremals of a variation problem of higher order in the plane. 

Jennie P. Kormas, New York, February, The solution of the difer- 
ential equation (02/dt*—A)(a*02/di2—A)u=7(x, y, 2, t) by Hadamard's 
method. 

D. P. Ling, Columbia, June, The im Grossen behavior of the geo- 
desics on surfaces of revolution. 

J. N. B. Livingood, Pennsylvania, July, A partition function with 
prime modulus P>3. 

Ella C. Marth, Saint Louis, May, minor in education, Further 
properties of Garvin’s F-series. 

Margaret P. Martin, Minnesota, August, minor in biostatistics, 
Some new systems of orthogonal polynomials on algebraic curves. 

Sister Mary Ingonda von Mezynski, S.Sp.S., Marquette, June, 
Projective description of plane sextic curves derived from conics as base 
curves. 

Knox Millsaps, California Institute of Technology, October, minor 
in physics, Contributions to the theortes of topological groups. 

Ethel C. Muggli, Washington, August, minor in education, Some 
formal aspects of the Riquier theory of systems of partial differential 
equations. 
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C. E. Noble, Iowa, August, The tsogonal transformations associated 
with the plane triangle. 

M. J. Norris, Harvard, June, Topological spaces having the same 
regular open sets. 

Mary K. Peabody, Yale, June, Differential operators of infinite 
order. 

A. M. Peiser, Cornell, February, Some applications of Fourier 
analysis and calculus of probability to the study of real roots of algebraic 
equations. 

P. C. Rosenbloom, Stanford, April, On sequences of polynomials, 
especially sections of power series. 

Edward Rosenthall, California Institute of Technology, October, 
minor in physics, Some Diophantine problems. 

S. A. Schaaf, California, June, Cooling of non-homogeneous media 
with cylindrical symmetry. 

L. I. Schoenfeld, Pennsylvania, July, A transformation formula in 
the theory of partition. 

P. M. Stehle, Princeton, June, major in mathematical physics, Star 
streaming. 

C. A. Truesdell, Princeton, January, The membrane theory of shells 
of revolution. 

Sister M. Claudia Zeller, Michigan, March, The development of 
trigonometry from Regiomontanus to Pitiscus. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


73. A. P. Hillman: On identities for differential polynomials. 


The author generalizes-his previous theorems (see Bull. Amer. Math. Soc. vol. 49 
(1943) pp. 711-712) as follows. Let F<0, Cu, © ++, Ca be differential polynomials, and 
let C:Pi+---- +C.P.=0, where the P, are distinct power products of degree d, and 
order p;in Fand its derivatives. Also let p, >: whenever d;<d,. Then each Cs holds F. 
There is an analogue for partial differentia! polynomials. (Received March 29, 1945.) 


74. A. P. Hillman: Theorems obtained from the Newton polygon 
process for differential polynomials. 


Two of Ritt’s theorems (see §8, Amer. J. Math. vol. 60 (1938) pp. 1—43} are 
generalized to include the following. Let A and B be forms (ordinary or partial differ- 
ential polynomials), let A have constant coefficients, and let B hold A. Then the 
form B* composed of the terms of B for which ad+-bw'is least holds the corresponding 
form A*, Here d stands for degree, w stands for weight, and a and b are any real’ 
numbers. (Received March 29, 1945.) $ 


75. Bjarni Jonsson: On unique factorization problem for torsionfree 
abelian groups. 


The problem has been raised whether the unique factorization theorem holds for 
all groups which are (finite) direct products of imdecomposable groups (cf. A. Kurosch, 
Math. Ann. vol. 106). The solution is negative, even for the class § of torsionfree 
abelian groups of finite rank. In fact, let a, b, c, d be rationally independent real 
numbers, Let A, B, C, D be additive groups of real numbers, defined as follows. 
A and B consist of all numbers 5*7@ and 5*1b-+-7*jc-+4-11*2d + (2/3) (6 —c) +-(m/2)(b+¢) | 
respectively; 7, 7, k, 1, n, n being integers. Cand D consist of those members of A XB 
which are of the form i(3¢—b)+-ue and #(2a—b)+-ud respectively; ¢ and u being 
rational numbers. Then 4 XB=CXD, all four groups being indecomposable and non- 
isomorphic. However, a unique factorization theorem in a weaker form applies to ģ. 
The two groups A, B are called equivalent, A=B, if A is isomorphic with a sub- 
group of B and conversely. A group A, of positive rank, is strongly indecomposable if 
A=BXC never holds unless A =B or A =C. Then every group in © is equivalent toa 
direct product of strongly indecomposable groups; and if it is equivalent to two such. 
products, then the number of factors in both products is the same, and the factors 
are (apart from order} respectively equivalent. (Received March 24, 1945.) 
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76. G. K. Kalisch: A spectral theory for symmetric operators over 
generalized Hilbert spaces. 


In a previous paper the author defined generalized Hilbert spaces S over fields F 
with non-Archimedean valuations. In the present paper he considers symmetric 
bounded linear operators R over S, such that (Ra, b) = (a, Rb) for all a and b in S. 
Besides a spectral theorem for totally continuous operators which is exactly the same 
as in the classical case, the principal result is a spectral theorem valid for symmetric 
operators R all of whose characteristic manifolds are proper in the terminology of the 
above-mentioned paper. Characteristic manifolds are manifolds M(A, 4) for \ and n 
in F which reduce R, and on which | Rx—dx| <| al , and (R—\AJ)*/7°-0. Any such 
operator can be decomposed into R= U+-V. U has a pure point spectrum (countable) 
anda corresponding canonical form as in the classical case, and V has a pure continu- 
ous spectrum and can be represented as V=/AdE) which is an abbreviation for a 
limiting process akin to the Riemann-Stieltjes integral, based on a decomposition of 
the identity, Z,, which in turn is based on the decomposition of S by the (orthogonal) 
characteristic manifolds with properly chosen A's and 7's, Also the nature of the con- 
tinuous spectrum is discussed, and some consequences of the spectral theorem are 
drawn, such as f(R) =/f(A)dE, for polynomials f(A) and certain limits thereof. (Re- 
ceived February 3, 1945.) l 


77. Irving Kaplansky: A contribution to von Neumann's theory of 
games. ' 


Let ileal be the matrix of a zero-sum two-person game G, as defined by von 
Neumann (Theory of games and economic behaviour, Princeton, 1944). The author 
gives a method of finding the value of v’ of G in a finite number of steps. If G is “com- 
pletely mixed” in the sense that all strategies must actually be used, then ||aņ|| is 
square and v’ =| an] / $ Ain where Aq, is the cofactor of ay. If G is not completely 
mixed (for which a criterion is given), one passes to matrices of lower order. (Received 
April 2, 1945.) 


78. Irving Kaplansky: A note on groups without isomorphic sub- 
groups. 


A theorem of R. A. Beaumont asserts that an abelian group of finite rank with 
elements of finite order has no isomorphic subgroups. It is shown that the theorem 
extends to vector spaces over a ring R provided that R is a principal ideal ring all of 
whose proper residue class rings are finite. (Received April 2, 1945.) 


79. Irving Kaplansky: Maximal fields with valuations. I. 


Schilling showed that a maximal field with discrete value group of finite rank is a 
power series field (Ann. of Math. vol. 38 (1937) pp. 551-576). In this paper the result 
is carried over to (suitably defined) discrete groups of infinite rank. Together with 
other known results, this virtually completes the determination of the structure of 
maximal! fields, a problem proposed by Krull. (Received April 2, 1945.) 


80. N. H. McCoy: Subdirectly irreducible commutative rings. 


A special case of a theorem of Garrett Birkhoff (Bull. Amer. Math. Soc. vol. 50 
(1944) pp. 764-768) states that every ring is isomorphic to a subdirect sum of sub- 
directly irreducible rings. Birkhoff also showed thata subdirectly irreducible commuta- 
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tive ring without nilpotent elements is a field. Thé purpose of the present paper is to 
make soine further ckaracterizations of subdirectly irreducible commutative rings. ` 
Let R be a commutative ring, not all elements.of R being divisors of zero, and denote 
by D the set of all elements of R which are divisors of zero. Then R is subdirectly 
' irreducible if, and only if, it has the following four properties: (i) the set of all elements 
x of R such that Dx=0 is a principal ideal J= (j) <0, (ii) the set of all elements y of R 
such that Jy=0 is precisely D, (iii) R/D is a field, (iv) if dı is any element of D, not 
in J, there exists an element d: of D, not in J, such that did.=j. Some additional 
related results are also obtained. (Received February 20, 1945.) 


81. Kathryn A. Morgan: Representation of a positive binary form 
by a positive quaternary form. 


The conditions for representing a positive binary form as a sum of squares of 
linear ‘forms were discussed by Mordell (Quart. J. Math. Oxford Ser. vol. 1 (1930) 
pp. 276~288) and Chao Ko (Quart. J. Math. Oxford Ser. vol. 8 (1937) pp. 81-98). 
This paper presents a method for finding the representation of a positive primitive 
binary form by a positive quaternary form and especially the number of representa- 
tions of a primitive binary form as the sum of four squares. (Received March 3, 1945.) 


82. F. E. Satterthwaite: Error control in matrix calculation. II. 


The arithmetic calculation of the inverse of a matrix or of the solution of a set of 
simultaneous equations is often complicated by a serious magnification of rounding 
errors. The proposed method is as follows: (1) Each equation (or line) of the Doolittle 
solution is expressed approximately as'an exact linear function of the original equa- 
tions. (2) The discrepancy between the approximation and the ideal is adjusted by 
the same type of pracess as is used to adjust the original equations in a standard 
Doolittle method. (3) If the approximation is close enough, the coefficients in the ad- 
justment will be small enough so that, they can not cause any significant carrying 
forward of errors. A second approximation is sometimes necessary to satisfy this con- 
dition. The advantages of this method are: (1) It works for any matrix or set of equa- 
tions. (2) It does not require an advance approximate solution. (3) Any number of 
decimal places may be carried with complete assurance that errors are never greater 
than one or two in the last decimal place. (4) Each step is self-checking. (5) The 
method is ideally suited for use with modern high speed calculating machines. (6) The 
routine can be easily taught to the average clerk. (Received February 5, 1945.) ° 


83. J. E. Wilkins: A generalization of the Euler -function. 


One defines the function ¢,(%) so that exactly n(k) of the k arithmetic progressions 
mk-+l (m=0, 1,--+; 2=0, 1,---+, k—1) contain infinitely many numbers not 
divisible by an mth power greater than 1. It is shown that ¢,(%) is that multiplicative 
function for which $n(#) =p" if r <n and p is prime and ¢,(p") =p — p" if r2=n and 
p is prime. Thus ¢ı(k) is the Euler ¢-function. It is also shown that the function 
on(k)/k is uniformly almost periodic in the sense of Bohr for 22, and its asymptotic 
mean value is 1/¢(2”). For n=2, these results are due to Haviland, whose discussion, 
however, is not free from errors. (Received March 20, 1945.) 


ANALYSIS 


84. R. P. Agnew: Spans of translations of peak functions. 
A peak function F(x) is defined, in terms of positive constants a and b, by 
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F(x) =a(b—|x]) when |x| $b and F(x) =0 when |x| >b. It is shown that, for each 
p>1, the closuré in the Lebesgue space Lp of the linear manifold determined by the 
translations of a peak function is the whole space Ly. Explicit formulas for approxi- 
mations are given. Uniform approximation and truncated step functions are treated. 
(Received March 9, 1945.) 


85. R. P. Boas: Fundamental sets of analytic functions. 


A set {n(z)} of functions analytic in |z| <1 is called fundamental if each function 
analytic in |z] <1 can be uniformly approximated in each circle |z] Sr<i by a linear 
combination of the #,(z). If F(z) is entire, conditions on F(z) and on the sequence 
{an} which make the set { F(a,2)} fundamental have been given by Gelfond (Rec. 
Math. (Mat. Sbornik) N.S. vol. 4 (1938) pp. 149-156) and Markouchevitch (C.R. 
(Doklady) Acad. Sci. URSS vol. 43 (1944) pp. 3-6). In this paper it is shown that 
{ F(@,2) }'is fundamental if F(0) <0 (n=0, 1, 2,---), and if when F(z) is of order 
p and type r, {an} satisfies one of the following: (1) lim inf n/\an|?>pr, (2) 
lim sup 2/ | an |? >epr. (1) improves a result of Gelfond; (2) is a result of Markou- 
chevitch. It is further shown that (1) and (2) are best possible for all p. (Received 
March 15, 1945.) 


86. Glenn James: Certain general polynomial expansions. 


This paper develops an expansion of differentiable functions by means of a general 
operator, TEs (I+D/(m—i+1)). Special interpretations of D and m result in 
Taylor’s theorem for one, and for several variables. The coefficients in this general 
expansion are, in general, functions of the number of terms. The resulting infinite 
series is shown to converge in instances where the corresponding Taylor’s series 
diverges. (Received March 6, 1945.) 


87. D. H. Lehmer: On the Graeffe process for power series. 


The Graeffe root-squaring method, originally devised for the solution of algebraic 
equations, has been extended to cope with the problem of determining the absolute 
values of the zeros of entire functions (Polya: Zeitschrift fur Mathematik Physik 
vol. 63 (1915) pp. 275-290, Ostrowski: Acta Math. vol. 72 (1940) pp. 99~257). The 
problem of the determination of the arguments of the complex zeros is considered in 
the present paper. A method is given which not only determines approximately each’ 
complex root but also affords a method of verification different from the forthright 
one of substituting into the proposed equation. A discussion is given of certain prac- 
tical difficulties peculiar to power series. The method is illustrated in the case of the 
difficult Bessel function equation of F. Wolf: Jo(z)Ja(z) = J3(z). (Received March 5, 
1945.) 


88. Morris Marden: A note on the zeros of the sections of a partial 
fraction. 


The following theorem was proved by Bécher and Grace in the case m, = m= m= 1 
and by Linfield in the general case: The zeros of the logarithmic derivative of the 
rational function f(z) = (z—2:)"1(g—2)™3(z—z,)™3 lie at the foci of the conic which 
touches the line-segments (21, 22), (Z2, 23) and (zs, 21) in points dividing these segments 
in the ratios #222, maim and mı: respectively. In the present note this theorem 
is given an elementary proof based upon the optical properties of conics and upon a 
relation between the zeros of the partial fraction F(z) = ),im,(z—z,)~! and its sections 
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Fi(z) = J im, (2—3) and Fi(z) = Em (z-z)! when /=3 and k=2, The latter 
relation is then generalized to the case of arbitrary p and k and connected with the 
theorem _due to Siebeck, Van den Berg, Heawood, Juhel-Renjoy and Linfield that the 
zeros of the logarithmic derivative of the rational function f(z) =(g—x,)™1(z—2_)™3 
+++ (3—zy)™> lie at the foci of the curve of class p—1 which touches each of the 
p(p—1)/2 line-segments (Z, Zx) in a point dividing this segment in the ratio m,:my;. 
(Received March 16, 1945.) 


89. R. M. Robinson: Univalent majorants. 


g(z)< G(z) in a circle about the origin if both functions are regular there and G(z) 
is univalent, if g(0) =(0), and if the set of values assumed by g(z) is included in the 
set of values assumed by G(z). It is shown that if g(z)<G(z) for || <1 then 
ag’(z)<2G'(z) for |z| 3-2/2, For any given G(z) there is a largest r such that 
g(2)< Ge) for |z| <1 implies 2g’(z)<2G'(z) for [al Sr; this r assumes its smallest 
value 3 —2%2 for G(z) =2/(1 —2)* and its largest value 21/?—1 for G(z) =z. The passage 
from g(z)< G(z) to (2g(z))/< (2G(z))’ is also considered, as well as the two inverse 
operations. The possibility of deriving one of the relations f(z) /z< F(z)/s, f’(z)< F’(2), 
2f’(2) /f(2)<sF'(z)/F(s) from another is studied, particular attention being paid to 
the case in which the given majorant is (1-++-z)/(1—z), so that the majorized function 
has a positive real part. Typical results are: If f(z)=2-+ +++ is regular for [zl <land 
Rf'(z) >0, then f(z)/z< (2/2) log (1—z2)71—1 for | 2| <1. If f(2)=2+--- is regular 
for |z| <1 and ®[zf’(z)/f(z)]>0 (star mapping), then f'(2)< (1+2)/(1—z)* at least 
for |z| S$(5—17¥2)/2 (which extends a theorem of A. Marx). (Received March 7, 
1945.) 





90. A. R. Schweitzer: Functional relations valid in the domains of 
abstract groups and Grassmann’s space analysis. III. 


The author extends a type of generalized algebra of logic to (1--1)-ary composi- 
tion (n =1, 2, 3, - + - ) by defining a special case of the following postulates considered 
in a previous paper (abstract 51-1-20): 1. f(s, us, ° * , Uni) =f(s, fy ty °°, bn) 
where u:=f(%, fu tn °° *, bn) and w=f(m1, Xn °°, Xngi). 2. f(V0, Vi, Dae, On) 
= (0, hh, h, DA a tn) where Vo= G(x, h, bytes, tn), v= (is, hy, aee , bn) and 
v= f(x, hy t+ ++, tn). 3. f(x, x, + + +, x) =x. 4. Duals, in f and ¢, of the preceeding 
postulates. 5. Closure of the set of elements x: under the compositions f and ¢. The 
special case noted is obtained by assuming (in postulate 2): 6. If #>1, then mnt 


cress Un. 7. Fo, BH, User, Dn) =ġli, lr ley + , ta). 8. Duals, in f and $, of 
postulates 6 and 7. Then for n=1 under postulates 1-8, f{¢(x, 4), t} =¢ f(x, 2), t} =t, 
Also if ye=x:= +++ =xnp in f(x1, Xe °° +, Xag) and o(x1, Xe- e, Xn41) then postu- 


lates 1-5 become abstractly identical with those obtained from the latter for #=1. 
(Received March 23, 1945.) 


91. Otto Szász: On some summability methods with triangular 
matrix. 


In a recent paper (Ann. of Math. vol. 43) the author associated with a given series 
or sequence transform a class of triangular matrix transforms and discussed the regu- 
larity conditions of such transforms which correspond to some standard summability 
methods such as Abel summability. He now establishes for some of these methods 
the regularity conditions relative to Cesaro summability of a given order. As a result 
triangular transforms are found which are more powerful than the Cesaro scale. Such 
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is the case, for example, for the series to sequence transform: An =} otza, where 
Xa Î 1 as n— oœ so slowly that 2'x5-0 for all integers r. (Received March 17, 1945.) 


92. F. T. Wang: Strong summability of Fourier series. 


Let S,(x) be the partial sum of the Fourier series f(t)~ao/2+-)_m.a1(@n cos nt 
+b, sin nt) at t=x, and let g(t) =(1/2) {f(e+t) +/(«—é) —2S}. The following result 
gives the solution of a problem proposed by Hardy and Littlewood (Fund. Math. vol. 
25 (1935)): If fe] o(u)| {1Hogt] o(u)| }du=o(t) as #0, then $}, So(x) —S|#=0(n) 
as n— œ, (Received March 12, 1945.) 


93. F. T. Wang: Tauberian theorem of oscillating series. 


Let a be the rth Cesàro mean of the series X. :£.o an; and osm =o(n®-D) as 
n=% forr>0,0<3<1; and an> ~Kn-—; then the series 7.0 Gn converges to S. An 
example shows that the order in the above inequality i is the best possible in its kind. 
(Received March 12, 1945.) 


94. H. J. Zimmerberg: A class of definite boundary value problems. 


This paper is concerned with an extension of the results of Reid (Trans. Amer. 
Math. vol. 52 (1942) pp. 381-425) to differential systems consisting of the vector 
differential equation y ‘=A(x)y+AB(x)y, and the two-point boundary conditions 
(Mo+dMj)y(a) +(No-+AMi)9(b) =0, in which the elements of the coefficient matrices 
of the system are allowed to be complex-valued. It is shown that under suitable 
assumptions of definiteness such systems possess fundamental properties similar to 
those previously established for real-valued, definitely self-adjoint problems by 
Bobonis (doctoral dissertation, Chicago, 1939; Contributions to the calculus of varia- 
tions, 1938-1941, pp. 99-138). In particular, this study yields new results for the 
definitely self-adjoint systems considered by Bobonis. It is also shown that certain 
important types of boundary value problems associated with the second variation of 
an isoperimetric problem of Bolza in the calculus of variations which are not definitely 
self-conjugate adjoint do belong to this new class of problems. (Received March 19, 
1945.) 


GEOMETRY 


95. L. K. Hua: Geometries of matrices. I. Generalizations of von 
Staudt’s theorem. 


A geometry is studied whose points are defined as the symmetric matrices Z of 
degree n; a class of points at infinity is to be added. The group of transformations of 
this geometry consists of all mappings Z= (AZ*+B)(CZ*+D)~! where the matrices 
A, B of degree n form the upper half of a symplectic matrix S of degree 2” while 
C, D form the lower half of S. The question of equivalence of systems of points with 
regard to this group is investigated. A generalization of von Staudt’s theorem is ob- 
tained. Finally, some other geometries of a similar nature are discussed. (Received 
February 10, 1945.) 


96. L. K. Hua: Geometries of matrices. Ih. Avishmetical construction. 


The paper forms an illustration and a supplement to the first part. The geometry 
of two-rowed-matrices is studied in more detail. It is shown that one of the conditions 
appearing in the generalization of von Staudt’s theorem is redundant. (Received 
February 10, 1945.) 
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97. H. F. DeBaggis: A simplified projective theory of order and 
parallelism in the hyperbolic piane. 


The point B is said to lie between A and C if every line through B intersects at 
least one of each pair of intersectining lines through A and C (F. P. Jenks, Reports of 
a Mathematical Colloquium vol. 1, p. 46). On the basis of this definition the entire 
theory of linear and planar order in the hyperbolic plane can be derived from Jenks’ 
Postulates I, V-VIII and the following assumptions: II’. Each line contains at least 
two points; III’. Thereare three collinear and three noncollinear points; IV’. Through 
a point outside of two intersecting lines J, and J, there is a line intersecting exactly 
one /,.‘In particular, the “postulate” of Pasch can be proved. Postulate IV’, which 
is one-half of Jenks’ Postulate IV, is satisfied in the hyperbolic plane enlarged by 
“ends” (pairs of parallel lines) whereas IV is not. The theory of hyperbolic parallelism 
can be developed by proving that lines and points including ends satisfy I, II’, IN’, 
IV’, V-VIIL. (Received February 21, 1945.) 


98. Karl Menger: A projective definition of hyperbolic perpendicu- 
larity without reference to parallelism. 


Abbott’s projective definition of hyperbolic perpendicularity (Reports of a Mathe- 
matical Colloquium vol. 4, p. 22) is based on parallelism. R. Baer asked whether 
perpendicularity could be defined in hyperbolic planes not containing parallel lines. 
If Z is a finite line, Q a finite or ideal point not on }, then for a finite point X let 
sgn(X; Q, 1) be equal to 1 if (X-+Ọ0) -lis a finite point, and equal to 0 otherwise, The 
finite line J’ is perpendicular to the finite line ? if and only if }’ contains an ideal point 
P' such that sgn(X; P’, 1) =1 for each finite point X. The ideal point is a pair of non- 
intersecting finite lines. Equality of such points, as well as their joins with finite 
points, are defined by means of Pappus constructions. (Received February 21, 1945.) 


99. Karl Menger: A projective definition of hyperbolic congruency 
independent of parallelism. , 


Let Q and Q’ be two distinct finite points on distinct lines } and /’, respectively. 
There is exactly one finite line (Q, Q’; }, 1!) = such that (1) #(X)=sgn(X; Q, ?’) 
+sgn(X; Q’, 1) is 0 or 2 for each finite X on 4, and (2) there exist three finite points 
on h in the order ABC for which (4) =4(C) ¢4(B) if } and J’ are not parallel or (2’) 
there exist two finite points for which #(A) #¢(B) if 7? and 7’ are parallel. Two non- 
collinear pairs of finite points Q, Rand Q’, R’ are congruent if and only if £(Q, Q’;2, 9 
=h(R, R’; 1, UV’) where 1=Q-++-R and l’=Q’-+-R’. Two collinear pairs of points are 
congruent if they are congruent with the same noncollinear pair. (Received February 
21, 1945.) 


100. Peter Scherk: On differentiable arcs and curves. V. Preliminary 
report. 


The terminology used here is that of the preceding paper of this series [Ann. of 
Math. vol. 46 (1945) pp. 68-82]. Each point s of a K+! is mapped on the (possibly 
empty) set £ (s) of those points of the K**! which are projected from the osculating 
m-space of s into singular points (0Sm<n—1). The existence, continuity and direc- 
tion of the components of these mappings are studied outside of their fixed points. 
As a corollary the finiteness of the numbers Nj, is obtained (0&4, OSk, +k Sn—2; 
cf. ibid. pp. 78-81). (Received March 12, 1945.) 
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STATISTICS AND PROBABILITY 


101. Irving Kaplansky: The asymptotic distribution of runs of con- 
secutive elements. 


In a random permutation of 1,--+, n let z be the number of instances in 
which 7 is next to 7+1. Wolfowitz (Ann. Math. Statist. vol. 15 (1944) pp. 97-98) 
proved that asymptotically r has the Poisson distribution with mean 2. In this 
paper an asymptotic series is derived for the distribution, beginning with 2%e~2(7!)—) 
-[1—(r2—3r)/n » - - J. (Received April 2, 1945.) 


TOPOLOGY 


102. R. L. Moore: Concerning tangents to continua in the plane. 


Among other things it is shown that if in the plane a compact dendron has a 
tangent at each of its points then the set of all its end points is a countable inner 
limiting set and the closure of the set of all its junction points is totally disconnected. 
(Received February 3, 1945.) 


103. G. T. Whyburn: Extensions of plane continua mappings. 


In this paper a study is made of conditions under which a given non-alternating 
transformation of locally connected continuum on a plane or sphere can be extended 
monotonically to the whole plane or sphere. The problem is completely solved for 
mappings into dendrites. Also conditions are found under which the extended trans- 
formation will be interior, assuming that the given mapping is interior. (Received 
February 23, 1945.) 


104. G. T. Whyburn: On uniqueness of the inverse of a transforma- 
tion. 


Given a continuous mapping f(A) =B on a metric (compact) continuum A, it is 
shown (i) that if the images of cut points of A are dense in B and, for each y E B, any 
two points of f-1(y) are conjugate, then the set G of points in B with unique inverses 
are uncountably everywhere dense in B; (ii) the same conclusion holds if f is monotone 
and the images of the local separating points of A are dense in B, provided no point 
locally separates any f~*(y) locally in A. Also for non-alternating interior mappings 
f(A) =B, it is shown that any nondegenerate A-set, cut point, or end point in A is 
necessarily an inverse set. (Received February 23, 1945.) 
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A NOTE ON KLOOSTERMAN SUMS 
ALBERT LEON WHITEMAN 


1. Introduction. In recent years the Kloosterman sum 


Ax(n) = QO’ exp (2rin(k + h)/2®) 
Amod k 
has played an increasingly important role in the analytic theory of 
numbers. The dash ’ beside the summation symbol indicates that the 
letter of summation runs only through a reduced residue system with 
respect to the modulus. The number Å is defined as any solution of 
“the congruence kk=1 (mod k), and n denotes an arbitrary integer. 
It was shown by Salié! almost fifteen years ago, that A(n) may be 
evaluated explicitly when k is a power of a prime. Salié’s result is 
given by the following theorem. 


THEOREM. Let k=p*, a2 2, (n, k) =1, where p denotes an odd prime. 
Then, 
(i) af a is even, 
Ax(n) = 2k!!? cos (4rn/ k); 
(ii) if a is odd, 
is { 2(n | k)R/? cos (4rn/k) for p = 1 (mod 4), 
NY V— 2(n| BRM? sin (4rn/k) for p = 3 (mod 4). 
The symbol (n| k) denotes, as is usual, the Legendre symbol. 
Salié’s proof of his theorem is based upon induction. In the present 
note a direct proof is given. The method consists in introducing a 
transformation which expresses the Kloosterman sum in terms of 
Gauss sums and certain types of Ramanujan sums. 
2. Two lemmas. A Gauss sum may be defined by 


k-1 


Grk = >, exp (2xihm?/k). 
mal 


We shall find it convenient to write G instead of G1,+. The following 
lemma? is classical. 


Received by the editors October 26, 1944. 

1 Hans Salié, Über die Kloostermanschen Summen S(4, v; g); Math. Zeit. vol. 34 
(1931) pp. 91-109. 

3 See, for example, Edmund Landau, Vorlesungen uber Zahlentheorie, vol. 1, p. 153. 
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Lema 1. If k is an odd integer and (h, k) =1, then 


(1) Grk = (| k)G 
and i 
(2) G = i012? p12, 


We shall also need the following lemma. 


LEMMA 2. Let p denote an odd prime; let n and a denote positive in- 
tegers. Then 


— po if p" f} n but p™]| n, 
0 if p} nla > 1). 
Furthermore, if æ is odd, and if we pui nı =n/p when pa] n, we have 
l 0 if p°] n, 
; i=? (n| ppm 
(4) won (a| 2°) exp (2mink/p2) = $, Wate ta in 
0 if px} na > 1). 
The first part of this lemma follows at once from a well known 
transformation formula’ for Ramanujan sums or may easily be proved 


directly. The second part of the lemma may be established in the 
following way: 


(3) 2’ exp (2rinh/p*) = 


h mod p® 


f pt — po! if pel n, 


W 


If p“|n, then 
Dy (h| p°) exp (2rink/p2) = 2Y (h| 9) = 0. 
h mod p% ° h mod p% 


If pe}n but pe | n, then by (1) 
SY (h| p9) exp (2rinh/p2) = F” (h| p) exp (2rinh/p) 
k mod p% 


h mod p% 
p—i 
= (ml pete (| p) exp (2xih/9). 
But it is easy to show that* 
poi 
(5) Guo = 2, (H p) exp (2nih/?). 


Hence, by (2), the lemma is-established in this case. Finally, if pHn, 


3 See, for example, Landau, loc. cit., vol. 1, bottom of p. 280. 
4 See, for example, Landau, loc. cit., vol. 1, p. 155. 
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>’ (h| p°) exp (2rinh/p°) 


h mod p% 
= 2 (E+ plg) exp (rin(h + 2)/0°) 
= exp (2rin/p™) 2 (h| 2°) exp (2rinh/p*) = 0, 


h mod p' 


where we have noted that exp(2rin/p*') ¥1 since petn. This com- 
pletes the proof of Lemma 2. 


3. Proof of Salié’s theorem. Let us first observe that (2) may be 
written in the form 1=(—1 | k)G*/k. Using (1) we may now transform 
the Kloosterman sum A;(m) in the following manner. 


Arlan) = (— 1| 2)G?2/k JY exp (2ri(— nèh — h)/2) 


hmod k 


=(= 1| HG/k YY exp (2ri(— 22h — Ā)/k) 


h mod k 


. 5 (h| &) exp (2rikm?/k) 


= (= 1| &G/k > > (A| k) exp (2rih(m? — n? — h?)/k) 
’ hmod k m=0 


= (— 1| &G/k > 5 (h| k) exp (2rih(m? — n? + 2mh)/k) 
‘hmod k m=0 


since m+% runs through a complete residue system with respect to 
the modulus k whenever m does. Interchanging signs of summation 
we get 


Ax(n) = (— 1| 2)G/k 2 exp (4rim/k) 


6 
(6) . ’ (h| k) exp (2ri(m? — n)h/k. 
h mod k & 
At this point we divide the discussion into two cases according as a 
is even or odd. For a even, we have 


pel 
Ax(n) =G/p* D> exp (4rim/p*) JS exp (2ri(m? = n?)h/p*). 
mæl h mod pF 


” Referring to (3) we see that the last sum equals zero except when 
pe| m2—n?, Now the solutions® of the congruence m?=n? (mod p°) 


5 See, for example, G. H. Hardy and E. M. Wright, An introduction to the theory of 
numbers, pp. 95-96. ` 
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are all given by m= +n (mod $°), and the solutions of the congru- 
ence mæn? (mod p*~1), m mod p*, where m?54n* (mod p°), are 
m= -+n+qp* (mod $°), 1SqSp—1. Hence, applying the first part 
of Lemma 2, we obtain 


Aula) = G/$ (97 — 2») exp (Avin/p9) 


pl 
+ (e — p=) exp (—4rin/p") — pS exp (4ri(tn + 10/0} 
06 to arD, üi 


which completes the proof of the theorem in the case in which a is 
even. 

‘We next consider the case which arises when æ is odd. For this 
purpose we return to (6) and obtain 


Aali) = (— 1] £*)Gs.n¢/b" © exp (4nim/p2) Z! (hl 9°) 


mal h mod p2 
- exp (2rilm? — n*)h/p). 


From (4) we see that the last sum is zero except when pa] m? —n? 
but p*{m?—n?. Furthermore, let us observe that the number m, de- 
fined in Lemma 2, is here of the form +2nq+q*p2-1. Hence, proceed- 
ing as we did in the case in which g is even, we get 


p~l 


Aln) =(- 1] PGI F, exp (Aril n + ap )/ 29) 
= » { go) 12° 2nq | ppe} 
= (= 1| PIG oof} (| PIG oP 


oxp (Arin/p*) D, (24| #) exp (4ria/2) 


+ (— n| 99Gb exp (— 4rin/p°) = (29 | £) exp (4nia/ 2) 


= (n| p%)Gi.y0/p2{(— 1| p)Gi pe! exp (4rin/p°) 
+ Gippo! exp (— 4rin/p*)}. l 4 


This completes the proof of the theorem in this case in view of 
Lemma 1. 


4. Concluding remarks. The reader may have wondered why the 
case a=1 is excluded in Salié’s theorem. The reason is that Salié’s 
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method breaks down in this case as, indeed, does ours. For the sake 
of completeness we shall now show that when a=1 our method leads 
merely to a transformation formula. 
For k =p, the last sum in (6) becomes a Gauss sum in view of (5). 
. Thus we have by (1) and (2) 


A Sei DE exp (rind Se (h| p) exp (2mi(m? — n°)h/9) 
sl DCPS (mt — n? | $) exp (Lrémn/p) 


pol 
= È (m — 4n? | p) exp (2xim/f). 
mal 
Hence, we obtain the transformation formula 


p~l p-1 
2 exp (2rin(h + h)/p) = Y (m? — 4n*| p) exp (2mim/?), 
hal m= ' 

which may, of course, be established directly without much difficulty. 
Various sums related to the Kloosterman sum Az(n) have been 

evaluated by Salié® and Lehmer.” The author has verified that the 

method of this paper may be employed to obtain new derivations of 

these results. 


Wassineton, D. C. $ 


8 Loc. cit. 
1 D. H. Lehmer, On the series for the partition function, Trans. Amer. Math. Soc. 
vol. 43 (1938) pp. 271-295. 


A REMARK ON METRIC BOOLEAN RINGS 
MALCOLM F. SMILEY 


The purpose of this note is to prove that if, on a ring B=[a, b, 
c, -++ ] with unity element 1, a real valued function u(a) is defined 
satisfying 
(1)- ula) > 0 for every a #0, 

(2) pla +b) + 2u(ab) = ula) + nlb) 
for every a, b€B, then B is a metric Boolean ring? [2, pp..41 and 96]. 
This result is analogous to one of Glivenko’s [3] which states that 


every metric lattice is modular [2, p. 42]. We discuss also the follow- 
ing modification of (1): 


(3) ula) =O forevery @EB. 
The conditions (2) and (3) also lead, -via identification, to a metric 


Boolean ring. 


THEOREM 1. Let B be a ring with unity element 1 on which is defined 
a real valued function ula) satisfying (1) and (2). Then B is a metric 
Boolean ring. 


The following lemma lists the steps in our proof of Theorem 1. 

LEMMA 1. For every a, bEB, we have (i) u(a) =0 af and only if a=0, 
(ii) u(ab) =p(ba), (iii) u(1+a)=u(1)—u(a), (iv) ulab) =u(@b?), (v) 
u(a*) =p(a), (vi) a+a=0, (vii) a? =a. 

Proor. (i) Set 5=0 in (2) and use (1). (ii) This is clear by (2). 
(iii) Set b= 1 in (2). Gv) From (2) and (iii) we have 

ula +b + 1) + 2u(ab + a) = ula) + ult) — u). 

Using (2) again gives 

ula +b + 1) + 2u(ab) + 2u(a) — sulab) = ula) + w(1) — wd). 
Rearranging, we find that 

4u(ab) = u(a +b + 1) + 2u(ab) + ula) + ul) — u(i). 


F Presented to the Society February 24, 1945; received by the editors January 17, 
1945. 

Opinions and assertions contained in this paper are those of the author and are 
not to be construed as official or as reflecting the views of the United States Navy 
Department or of the Naval Service at large. 

1 Numbers enclosed in brackets denote references given at the end of the paper. 
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Interchanging a and b in this equation yields (iv). (v) Set b=1 in (iv). 
(vi) Use (2) with a =b, (v), and then (i). (vii) By (2), (vi), and (iii), 
we have 


ula + a) = ulala + 1)) = (1/2) [e(a) + ula + 1) — a(1)] = 0. 


Now (i) and (vi) give (vii). 
The condition (vii) is Stone’s definition of a Boolean ring [4]. That 
B is a metric Boolean ring is then immediate by (1) and (2). 
Remark. The referee has pointed out that the method of proof of 
Lemma 1 actually yields the following theorem. 


THEOREM. Let B be a ring with unity element and let R be a ring with 
unity element 1 in which 2=1-+1 is not a divisor of zero. If a function 
ula) is defined on B with values in R, which satisfies (2) and 


(1) if a0, then pla) #0; 
then B is a Boolean ring. 
We turn now to the conditions (2) and (3). 


THEOREM 2. Let B be a ring with unity element 1 on which is defined 
a real valued function pla) satisfying (2) and (3). Then the set Bo of all 
a€B for which u(a)=0 is an ideal of B and the difference ring B—Bo 
ts a metric Boolean ring. i 


Proor. First, if a, bE Bo, then, by (2y, we have 
u(a + b) + 2p(ab) = ula) + u(b) = 0, 


and consequently, by (3), u(a+b)=y(ab)=0. Thus By is a subring 
of B. To show that By is an ideal, we first note that (ii) and (iii) of 
Lemma 1 are still valid. Now, using (2) and (iii) of Lemma 1, we ob- 
tain for aC By, cE B, 
2u(a(l + c)) = nla) +u(i +c) — wl ao, 
= w(1) — we) — K(i) + ula +c), 
— plc) + w(a) + (ce) — 2x (ee), 
— 2p(ac). 
Hence, by (3), u(ac) =0, and (ii) of Lemma 1 yields also (ca) =0. We 


conclude that By is an ideal of B. Note also that if a€ Bo, cE B, we 
have 


| 


ula + c) = ula) + ule) — 2u(ac) = ple). 
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Thus the functior: u(a) is constant on each element of B— B». The 
conclusion of Theorem 2 is now clear by Theorem 1. 

Note added in proof. The assumption of a unity element for B made 
in Theorems 1 and 2 may be.avoided as follows. Expand w(a+b+c) 
as in the proof of ‘iv) of Lemma 1 and interchange a and b to obtain 
(4): w(abac) =p(baebc). Setting b=c= —a then gives ulat) =pu(—a’). 
Putting b=a in (2) yields, via (3), u(a)2u(a2), and hence also 
p(—a) 2p(a?). With b= —a in (2), we obtain u(a)+u(—a) = 2u(—a?). 
Thus we have 2u(—a*) =p(a?) +y(—a?) = 2u (a4) = 2u(—a4), and con- 
sequently 2u(a*) = 2u(a?) = 2u(—a?)=p(a)+y(—a), from which (5): 
p(a?)=p(a)=pn(—2) follows. From (4) and (5) we obtain (6): 
p (aba?) =p (baba) = p(ba) and also p(a*) =u (a8) =p (a*) =p(a). Now (2) 
gives u(a+a?) =0. To show that Bo of Theorem 2 is an ideal we have, 
for a€ Bo, bCB, p(a?+ab) =p (a?) +p (ab) — 2u (ab) = ilon, by (5), 
(6), and (ii). 

On the-other hand, the assumption of the unity mentee for B in 
the referee’s theorem of our Remark is essential. For we may take R 
to be the ring of integers modulo an odd integer m, the elements and 
addition of B to be those of R, and define ab=0, u(a) =e for every 
a, bEB. All the hypotheses of the theorem of our Remark, except 
that B have a unity element, are valid, but B is no Boolean ring. The 
standard process of introducing a unity element [1, p. 23] thus cannot 
preserve (1’) and ( (2). 
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GROUPS WITH ISOMORPHIC PROPER SUBGROUPS 
ROSS A. BEAUMONT 


1. Introduction. Since isomorphic groups have orders which are the 
same cardinal number, no finite group has an isomorphic proper sub- 
group. Moreover if there exists an isomorphism fı of ‘a group G such 
that G”! is a proper subgroup of G, then fı induces an isomorphism 
Jz of G upon a proper subgroup (G1)/2= G/¥2 of Gf, An infinite chain 
of isomorphic subgroups is generated such that 


G > Gh > Ghil> «++ > GM: n>. >L 


Thus any group G with an isomorphic proper subgroup does not 
satisfy the descending chain condition. Therefore a survey of groups 
with isomorphic proper subgroups is concerned only with infinite 
groups which do not satisfy the descending chain condition. Among 
these groups, it is obvious that infinite cyclic groups have isomorphic 
proper subgroups. 

In a recent paper! Baer has given a criterion for groups which do 
not have isomorphic proper subgroups. This criterion has not been 
used in the present note since the structure of the groups considered 
allows simpler proofs. Because of its interest in this problem, how- 
ever, it is repeated here. 


CRITERION. The group G does not have an isomorphic proper subgroup 
af there exists a well ordered ascending chain of subgroups N(v) of G with 
the following properties. 

(i) NOWY < N(v) for every isomorphism f of G into itself. 

(ii) N(0)=1 and N(t)=G for some ordinal t. 

(iii) N(v+1)/N(v) does not have an isomorphic proper subgroup. 

(iv) Jf v ts a limit ordinal, then every element of N(v) is contained in 
some N(u) for u<v. 


_ We shall call a group G completely reducible if it is the direct prod- 
uct of groups of rank 1. The theorems of this note give a complete 
survey of those completely reducible groups which have isomorphic 
proper subgroups. f 
DEFINITION 1. A group G is an I-group if there exists a proper sub- 
Presented to the Society, November 25, 1944; received by the editors September, 
1944, and, in revised form, Novėmber 29, 1944. 


1R. Baer, Groups without proper suet quotient groups, Bull. Amer, Math, 
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group H of G such that G and H are isomorphic. 


Lemma 1. If a group G has a direct factor S which is an I-group, 
then G is an I-group. 


Proor. G=SXT for some subgroup T of G and there exists a 
proper subgroup S’ of S such that S and S’ are isomorphic. The 
product group H=S’T=S'XT is a proper subgroup of G and is iso- 
morphic to G since the corresponding direct factors S and S’, T and T, 
of G and H are isomorphic. Hence G is an J-group. ` 


Lemma 2. An infinite direct power group, that is, a group G which 
is the direct product of infinitely many groups which are isomorphic to 
each other, is an I-group. 


Proor. There is a (1-1) correspondence between the direct factors 
of G and the direcz factors of any proper subgroup H which is the 
direct product of almost all of the direct factors of G, and the corre- 
sponding direct factors are isomorphic. 


2. Abelian groups all of whose elements are of finite order. The fol- 
lowing result proves that the discussion of abelian groups all of whose 
elements are of finite order may be limited to primary abelian groups 
without loss in generality. 


LEMMA 3. If A is an abelian group such that all the elements of A are 
of finite order, then A is an I-group if, and only if, one of the primary 
components A(p) of A is an I-group. 


Proor. A =][,4 (gq) where the A (q) are primary abelian groups. If 
A(p) is an I-group for some p, it follows from Lemma 1 that A is an 
I-group. Conversely, if A is an Z-group, then there exists a proper 
subgroup A’ of A such that A and A’ are isomorphic. Since the orders 
of elements are preserved by isomorphism, the isomorphism of A on 
A’ induces an isomorphism of A(g) on A’(q) for all q, where A’(qg) 
is the primary g-ccmponent of A’. Now A’(qg)SA(q) for all q since 
A’ <A, and it follows from A’=J],4‘(g) that for some p, A’(p) 
<A(p), for otherwise A =A’. Thus A(p) is an J-group. 


DEFINITION 2. A group G is said to be of finite rank r(G) if there 
exists an integer r(G) with the property that r(G) is the smallest number 
such that every finite subset of elements of G which does not consist of the 
unity element alone is contained in a subgroup of G which is generated 
by r(G) elements. The rank of the unit group {1} ts defined to be 0. If 
no such integer exists, then G ts said to be of infinite rank and we write 
r(G)= 0, ; 
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It is known? that the only primary abelian groups of rank 1 are 
cyclic groups and groups of type p”. G is a group of type p° if G is 
generated by an infinite sequence a(i) of elements where a(0) is of 
order p and a(¢+1)?=a(i) for every i. 


THEOREM 1. If A is a primary abelian group of finite rank r, then A 
is not an I-group. 


Proor. It follows from the hypothesis and known results? that A 
is the direct product of groups of rank 1 except in the trivial case 
where r=0 and A={1}. Assume that A is an J-group. Denote by 
A(p*) the subgroup of A consisting of all those elements of A whose 
orders divide p*. The definition of a group of type p° implies that 
A(p*) is a finite group. The isomorphism of A on a proper subgroup 
A’ induces an isomorphism of A(p*) on a subgroup A’(p*) of A’. 
Since orders are preserved and since A’ <A, A’(p*) SA (p*). Since no 
finite group is an J-group, A’(p*) =A (p*). If a is an element of A, a is 
contained in A(p’) for some integer j. By the above A (p) =4' (p) 
<A’ so that æ is contained in A’. Thus A $A’ which contradicts 
A’<A and the assumption that A is an J-group. 

REMARK. Note that the subgroups A(p°), A (p), - --,A(p*), + + 
form an ascending chain of subgroups of A which have the properties 
of Baer'’s criterion. 


THEOREM 2. If A is a primary abelian group of infinite rank and if A 
is the direct product of groups of rank 1, then A is an I-group. | 


Proor. Case I. The orders of the elements of A are bounded. 

A is the direct product of infinitely many cyclic groups of order 
dividing p* for some integer k. In this direct factorization there must 
be infinitely many cyclic groups of order p' for some 7 where k2=i>0. 
The direct product of these groups is an infinite direct power group, 
and hence by Lemmas 2 and 1, A is an J-group. 

Case II. The orders of the elements of A are not bounded. 

If there are infinitely many direct factors which are groups of type 
p”, then the direct product of these groups is an infinite direct power 
group, and A is an J-group as in Case I. 

If there are only a finite number of direct factors of type p°, then 
since A is of infinite rank, there are infinitely many cyclic groups in 
the direct factorization. If there are infinitely many cyclic direct fac- 
tors of order p* for some integer 7, then the proof that A is an J-group 

2 H. Prüfer, Untersuchungen über die Zerlegbarkeit der abzahlbaren primaren Abel- 


schen Gruppen, Math. Zeit. vol. 17 (1923) pp. 35-61. 
3 H. Prüfer, ibid. 
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is that of Casé I. The alternative is that there be only a finite number 
of cyclic direct factors of A of order p' for all 2, so that in the direct 
factorization of ‘A there are cyclic groups of arbitrarily high order. 
(Otherwise, A would be of finite rank.) Then 


n n ng Nh 

A = JJG) x IGG) x GU) X--- XU GGd x --- 
tm] i=l a1 tes] 

where Gi(%)= {1}; Gi(o), i1, is of type p”; Gilja) is cyclic of 

order qx=p%, and ji<je< +++ <jx<i-+ +. Let 


ni—1 


Al = [lec x [Gj x Guia)" TL Gilj2) 


X Gn(ja)ale X - - - 


where ifin}, —1=0, 
nk—l 


JI GG) 

t=1 

is replaced by {1}. “ 
By construction, A’ is a proper subgroup of A and there is a (1-1) 

correspondence between the direct factors of A and those of A’. Since 

these corresponding direct factors are isomorphic, 4 and A’ are iso- 

morphic and A is an J-group. 


3. Abelian groups all of whose elements are of infinite order. In 
this section, the abelian groups considered will be written additively, 


‘THEOREM 3. If G is an abelian group such that all the elements of G . 
except the identity are of infinite order, and if G does not admit the field 
of rational numbers, R, as a field of operators, then G is an I-group. 


Proor. If 8G=G for every integer 80, then for every integer a 
and every g in G, g =ßg' for some g’ in G. Thus the equation ag =Bx 
has a solution g’ in G for every pair of integers a and 6:0 and for 
every g in G. This is just the statement‘ that G admits R, which con- 
tradicts the hypothesis. Hence there exists an integer 80 such that 
BG is a proper subgroup of G. Moreover, the homomorphism g—6g 
is an isomorphism of G on £G, for if Bg=6f, B(g—f)=0; and since 

(0, this implies that g—f has finite order. By the hypothesis on G, 
g—f=0 and g=f. 


1 If G admits R, the equation has a unique solution, but the existence of a solution 
implies its uniqueness. For a discussion of the properties of rational numbers as opera- 
tors of the abelian group, see R. Baer, Abelian groups without elements of finite order, 
Duke Math. J. vol. 3 (1937) p. 70. 
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COROLLARY. Every proper subgroup, G0, of the additive group of 
all rational numbers, R, is an I-group. 


Proor. Assume that G admits R as a field of operators. Let s/t be 
an element of G where s and ż are nonzero integers. Then r(s/t)=g in G 
for every 7 in R, and hence (¢/s)g is in G. But (t/s)g= (t/s) [r(s/t) ] =r, 
so that 7 is in G for every r in R. This contradicts G<R and with 
Theorem 3 completes the proof of the corollary. 


THEOREM 4. If G admits R as a field of operators, then G is an 
I-group if, and only if, G is infinite-dimensional over R. 


Proor. If G is infinite-dimensional over the field R, G possesses an 
infinite basis,’ B, with respect to R. Let G’ be the subgroup of G with 
basis B’, where B’ contains almost all of the elements of B. The (1-1) 
correspondence between B and B’ may be extended to an isomor- 
phism of G upon its proper subgroup G’ in the usual way. 

Conversely, if G is an I-group which admits R, then G contains an 
isomorphic proper subgroup G’ which admits R. For if g’ is in G’ 
and s and #0 are integers, there exists an element + of G such that 
sg =th, where g is the correspondent of g’ under the isomorphism of G 
upon G’. We have 

sg’ = (sg) = (th)! = th’ 


where h’ is in G’, and this is the statement that G’ admits R. It follows 
from_the above equation that the isomorphism of G upon G” is an 
operator-isomorphism. If the dimension of G over R is finite, G’ would 
. have the same finite dimension over R, and this would imply G=G’ 
which contradicts the hypothesis. Hence G is of infinite dimension 
over R. 


COROLLARY 1. If G is the direct sum of w groups each isomorphic 
to R, then G is an I-group if, and only if, w is infinite. 

Proor. G admits R as a field of operators and G is infinite-dimen- 
sional over R if, and only if, w is infinite. 

COROLLARY 2. The additive group of all rational numbers, R, is not 
an I-group. 


Proor. R satisfies the hypothesis of Corollary 1 with w=1. 

It is interesting to note that the hypothesis of Theorem 4, that an 
abelian group G admits the field R of rational numbers‘as an operator 
domain, implies that every element of G except the identity is of in- 


5H. Zassenhaus, Lehrbuch der Gruppenthorie, p. 66, Satz 15. 


386 R. A. BEAUMONT {June 


finite order. For if ng=0 with g in G and n a nonzero integer, 
(1/n) (ug) =g=0. 

The results of this section may be generalized in the following way.’ 
Let G be an abelian group admitting an integral domain D of opera- 
tors. Let F be the quotient field of D. 


DEFINITION 3. G is an I-group with respect ta D, or more simply, a 
D-group, if G contains an operator-isomorphic proper subgroup. 


The following theorems whose proofs are simplified versions of the 
proofs of Theorem 3 and Theorem 4 may be stated. ' 


THEOREM 5. If G is an abelian group admitting D as a domain of 
operators, such that ag =0 for a in D and g in G implies that either a=0 
or g=0, and if G does not admit F ds a field of operators, then G is a 
D-group. 


THEOREM 6. If G admits F as a field of operators, then G is a D-group 
if, and only if, G is infinite-dimensional over D. 


4. Summary. If H is a group of rank 1, then H is an unmixed 
group, that is, either every element of H is of finite order or every 
element of H except the identity is of infinite order. If H does not 
contain elements of infinite order, the primary components of H are 
either finite cyclic groups or groups of type p°. If H does contain 
elements of infinite order, H is essentially a subgroup of the additive 
group of all rational numbers,’ R. Hence if a group G is completely 
reducible it is the direct sum of groups of the three types mentioned 
above. Let F(G) be the direct sum of those direct summands of G 
which do not contain elements of infinite order. Then F(G) is the sub- 
group of all of the elements of finite order in G, and G= F(G)+J(G) 
where I(G) is the direct sum of rational groups. 


THEOREM 7. If Gis a completely reducible group, then G is an I-group 
if, and only if, either F(G) or I(G) is an I-group. 


Proor. If either F(G) or I(G) is an I-group, then G is an I-group 
by Lemma 1. If G contains an isomorphic proper subgroup G’, then 
G' = F'(G)+I' (G) where F’(G) is the map of F(G) and I’(G) is the 
map of J(G) under the isomorphism. But F’(G) S F(G) since orders 
are preserved. If F’(G)<F(G), the theorem is proved; therefore, 
let us assume that F’(G)=F(G). I(G) is isomorphic to the differ- 


6 The author wishes to thank the referee for suggesting these generalizations with 
their proofs, which in turn suggested a revision of this section. 
.” See the reference of footnote 4. 
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ence group G—F(G) which contains properly the difference group 
G’ — F' (G) since F/(G) = F(G). Now I'(G) is isomorphic to G’ — F’(G) 
and td I(G). Hence G— F(G) is an I-group and it follows that I(G) 
which is isomorphic to G— F(G) is also an I-group. 

It follows from Theorem 7 that the theorems and corollaries of 
§§2 and 3 survey completely all completely reducible groups, G, which 
are I-groups. 


UNIVERSITY OF WASHINGTON 


AN EXISTENCE THEOREM FOR LATIN SQUARES 


MARSHALL HALL 


1. Introduction. A latin square may be interpreted as a representa- 
‘tion of a 3-web or as the multiplication table of a quasi-group. Hence 
the following theorem has application both in the theory of projec- 
tive planes and in the theory of quasi-groups. It is derived from a very 
interesting result of P. Hall. 


2. The existence theorem. Is there any combinatorial restriction 
which prevents us from constructing a latin square by adding a row 
at.a time? The following theorem shows that such a procedure is 
permissible. 


THEOREM. -Given a rectangle of n—r rows and n columns such that 
each of the numbers 1,2, ++ + , n occurs once in every row and no number 
occurs twice in any column, then there exist r rows which may be added to 
the given rectangle to form a latin square. 


Proor. Let C; t=1, 2,--+, n be the subset of the numbers 
1, 2, +++, which do not occur in the ith column of the given rec- 
tangle. Then each C, contains r numbers and each number occurs r 
times in all the C’s. For there are n—r numbers in the 7th column and 
each number has appeared in n—r columns. It will be shown that the 
subsets satisfy the requirements of P. Hall’s theorem:! 


In order that a complete system of distinct representatives of subsets 
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Ti, +*+, Tm of a set S shall exist, it is sufficient that for each 
k=1,--*+, m any selection of k of the subsets shall contain between 
them ai least k elements of S. 


The necessity of these requirements is evident. Let us apply this 
theorem to the subsets C;. Any selection of k C’s will contain kr num- 
bers and at least k of these must be distinct since each number is 


contained in only r C’s. The distinct representatives c1, - - + , Cn of the 
subsets Ci, +++, Ca may be added as a row to the given rectangle. 
For ¢1, - + + , €a must contain each of the numbers 1, - - - , n once and 


no c; has appeared in the ith column of the given »—r rows. Re- 
peatedly applying this process, we continue adding rows to the rec- 
tangle until it becomes a complete latin square. 


UNITED States Navy 


PROOF THAT THE MERSENNE NUMBER 
My; IS COMPOSITE 


CHARLES B. BARKER 
The Mersenne numbers are of the form 
M, = 2? —1, 


where ? is a prime. It is known, except in a few instances, whether Mp 
is prime or composite for all p not greater than 257. The unknown 
cases are those for which p=167, 193, 199, 227, and 229. 

The author of this paper has recently completed the proof that Mier 
is composite. This proof i is based upon the well known theorem of 
Lucas, which subsequently was amplified by Lehmer.! The most re- 
cent contribution is that of H. S. Uhler,? who proved that Migr is 
composite. 

The method employed by the author was direst computation upon 
an eight-bank electric calculating machine. Each residue was checked 
by computing it two ways, that is, by calculating 7; from both 


(4-1)? — 2, and (Mier = T1)? — 2. 


Obviously one cannot list the whole series of residues, so only the 
last one will be given here. This final residue was found to be 


163 32098278 81677538 71550317 93792426 84838281 73373557. 
Since this residue is not zero, it follows that Myer is composite. 


University or New MExico 
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ALGEBRAIC DETERMINATION OF THE SECOND 
FUNDAMENTAL FORM OF A SURFACE BY 
ITS MEAN CURVATURE 


T. Y. THOMAS 


1. Introduction. The main purpose of the following paper is to show 
that in general the mean curvature of a surface yields an algebraic 
determination of its second fundamental form. We do this by deriv- 
ing the explicit equations giving this determination. The continuity, 
and differentiability properties of the various functions entering into 
the discussion will be assumed without special mention since these 
requirements are obyious from the methods and equations employed. 

We denote the mean curvature by H and the Gaussian curvature 
-by K. The symbols gag and bag will be used to denote the symmetric 
components of the first and second fundamental forms of the surface 
(two-dimensional surface in Euclidean three space). Between these 
quantities we have the relations 


(1.1) H = g” bap/2 and | gag| K = | bag| = Bisbee — bin, 


where |gag| and |.| stand for determinants. The first of these rela- 
tions can be regarded as defining the mean curvature. The second is 
known as the Gauss equation. We may mention here also the Codazzi 
equations which play an important role in the following, that is, the 
equations bap,y = bays, where the “comma” denotes covariant differ- 
entiation based on the first fundamental form of the surface. 

We shall find that the combination H?—K enters into most of the 
following equations. This quantity satisfies the condition H?—K 20. 
For, if we choose a coordinate system such that at a point P we have 
Zag = dag, then at this point 2H =b1+0e2 and hence 


A(H” — K) = (bia + 2bubas + bae) — 4 (Barbee — bia) 
ca (bi: — QDrrbee + bzo) + 4b 
= (bu — bes)” + Abie = 0. 


Suppose that H?—K =0 in a region R of the surface. Then at a 
point P of R and relative to a coordinate system for which geg = dag 
at P we have 


(1.2) bu + doo = 2H and birba kagi bia zz H? 
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Squaring the first of these equations and combining with the second 
leads to the result (bu —be2)? =0. Hence bu =b at P. The first equa- 
tion (1.2) then gives bu=H and be=H. From this and the second 
equation (1.2) we now have be =0- From these relations and the fact 
that gag = dag we can now unite bug = Hgag. These latter relations are 
independent of the coordinate system employed and hold at all points 
of the region R in which the condition H?— K =0 is satisfied. By dif- 
ferentiating both members of the relations bas = Hgag covariantly and 
then making use of the Codazzi equations we now easily deduce that 
H=const. From H?—K =0 it then follows that K =const. Hence the 
condition H?—K =0 in a region R of a surface implies that the mean 
curvature H and the Gaussian curvature K are constani in R. We shall 
make use of this result in the following discussion. 


2. Determination of the covariant derivative of the b tensor. Differ- 
entiate each of the equations (1.1) covariantly to obtain 
Hy = [gia + 2g%12,1 + g?baz,1]/2 
H; = [e bn, + 2g?b19,2 + gbas,2]/2, 
| gap | Ky1 = bir,1b22 + birb22,1 — 2b12b12,1s 
| gas | K,2 = bu,2b22 + bnb22,2 — 2b12b12,2. 


_ Now make the substitutions 


g = goo/| gal, gi? = — gx/ | gael, 8 = gu/ | gap 


in the first two of the above equations and then write the resulting 
equations in the form 


Bisa = (1/g02) [2 | Zap | H, + 2gib12,1 — gub22,1), 
ba2,2 = (1/g11) [2 | gas | Ha + 2g12b12,2 m g22b11,2]. 


Use these latter equations to eliminate the quantities bu,ı and bye. 
from the right members of the above equations for K,, and K, Then 
making use of the Codazzi equations we find that 


(2.1) 


2(giebee a £22b12)b11,2 + (gaod11 = g11b22)b22,1 
= | gag | gK, — 2| Zap | baH 1, 


(girdae — £2011) b11,2 + 2(gi2b11 = £11512) b22,1 
ms | Zas gunk, = 2| Zap | buf, 


We consider these equations as equations to determine the quantities 
bu, and bee 1. The determinant of this system is 
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A= 2(g12b22 — 822012) (Ez22b11 — 811529) 
f (bigaz — gabn) 2(gr2b11 — gubio) j 

When this determinant is expanded and the terms collected we find 

that A =4[H?—E]| gas|?. The solution by Cramer’s rule gives 

bua = (| fas | /A)[2gr2820b11K 1 — 2grigeedie Ky — 4gibibeel 1 

2 
(2.2) + 4gubibzH n — gugzbuK,2 + gubzK,2 
+ 2gabnH,2 ms: 2gibibseH 2], 

boo,1 = (| gas | /A) [grgisbe2K ye — 2giebr1bo2H 2 — 2gugerdeK 2 
2 
(2.3) + Agoobi1bioH 2 — g1822beK n + 2g11b20H 1 
+ goobi.K 51 = 2goobr1b22H 1]. 
Since in the right members of.(2.1) we have bw,1 =bn, and bw,» =be,1, 
the equations (2.1), (2.2) and (2.3) give the complete determination 
of the quantities bag,- If we consider these equations at an arbitrary 
point P but relative to a coordinate system such that gap = ĉag at P 
they willbe fourd to simplify considerably. Thus we have 
bir = 2Ha — be2,1, ba, = 2H, — bie, 
(H? — K) 
bus = ae 2b12K 31 + 4b12b02H 1 — buK,2 + bak, 
(2.4) + 2b1H 2 — 2brbeeH 2], 
(H? — K)! 
4 


ll 


ba2,1 [— 2bieK 2 + 4bubieH 2 — bK n 


+ bey + buky — WubsH,:] 


at a point P where geg = Sas. The quantities bu,2 and bz, in the right 
members of the first two equations (2.4) are considered to have the 
determination given by the last two of these equations. 


3. Integrability conditions. We now deduce the integrability condi- 
tions derivable from the system (2.4). In conformity with the way 
in which the third and fourth equations of this system have been 
written we assume that H?— K >0. Later we shall show that the final 
integrability relations are independent of this condition. 

Since the covariant derivative of the fundamental tensor (compo- 
nents gag) vanishes, it is permissible to differentiate the equations of 
the system (2.4) covariantly, the result of such differentiation giving 
relations which are valid at a point P for which gag = ag. Thus let 
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us differentiate the first equation (2.4) covariantly with respect to x? 
and then subtract the quantity 61,2, from both members of the re- 
sulting equation. This gives 

(3.1) bii — bu = 2Hy1,2 — b22,1,2 — 011,2,1. 

The quantities bi21 and be1,2 in the right member of (3.1) can be 
determined by covariant differentiation of the third and fourth equa- 


tions of (2.4) respectively. For the difference appearing in the left 
member of (3.1) we have by Bianchi’s identity 


bun — bua = — baBre — bieBie = — 2bieBrre 

== 2big Berra = 2bieg (grogi = gaga K 

— 2biegikK + 2bugieK = — 2b1:K, 

where the B’s are the components of the curvature tensor and use 

has been made of the fact that gag = dag in obtaining the final expres- 

sion. When these substitutions are made in (3.1) we obtain a rather 

complicated equation which is capable-of simplification. In connec- 

tion with this process of simplification let us define the quantities 
bef = Bob/| gulo 


where B% denotes the cofactor of the element dag in the determinant 
| Bap| - As so defined the quantities b% are the components of an ab- 
solute symmetric contravariant tensor. Then the above equation re- 
duces to one which can be written in the form 


[2(H? — K)b®H aa — 4Hb°H Hs + 2K «Hg + 2He*K alg 
— g®KaKg — (H? — K)g*Kag — 4K(H? — K)*]bi2 = 0, 


(3.2) 


in which for simplicity we have omitted the “commas” denoting co- 
variant differentiation. Again we have 


b12,1,2 ar B12,2,1 = b11,2,2 = b22,1,1 


in view of the Codazzi equations. By Bianchi’s identity the left mem- 
ber of this equation becomes (bu—bx)K. The quantities bn,2,2 and 
be2,1,1 in the right member can be calculated by covariant differentia- 
tion of the third and fourth equations (2.4). When these substitutions 
are made we obtain an equation which, after considerable reduction, 
becomes 


(3.3) l [ ](b11 — bz) = 0, 


where the bracket stands for the bracket expression in (3.2). 
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If H?—K>0 it follows from §1 that either bu—b20 or Gi 
Hence. it follows from (3.2) and (3.3) that _ 


2(H? — K)b®H ag — 4HbH Hg + 20K Hs + 2He%K Hs 


3.4 
BA) — gK „Kg — (H? — K)g®Kag — 4K(H? — K)? = 0 


at a point P where H?—K>0. From continuity, (3.4) is also valid at 
a point P where H?—K=0 provided that this point P is a limit of 
points at which E?— K >0. Finally suppose that H?— K =0 at a point 
P which is not a limit of points at which H?—K >0. Then this point P 
will be contained in a region R of the surface within which H?—K =0. 
But then the left member of (3.4) is seen directly to vanish at P since 
H=const. and K=const. in R by the italicized result in §1. Hence 
the equation (3.4) is satisfied at all points of the surface (without regard 
to whether, the quantity H,—K vanishes or not). 


4. Closed surfaces of constant mean curvature. On the basis of the 
equation (3.4) we can obtain a simple direct proof of the known result 
that a closed surface (open and compact Riemann space) of constant 
mean curvature H and non-negative Gaussian curvature K is of con- 
stant Gaussian curvature. In fact if H=const., (3.4) becomes 


(H? — K)g*Kag + g®KaKp + 4K(H? — K)? = 0. 


Integrating the left member of this equation over the surface we find 
immediately that 


f g°K.KpdS + 2 f K(H? — K)*dS = 0. 


If K 20 it follows that each integral must vanish separately. The van- 
ishing of the first integral implies that K.=0 or K =const. over the 
surface. 


5. Determination of the quantities bag in general. It is desirable for 
the requirements of the following calculations to put equation (3.4) 
into a more contracted form. This can be accomplished by writing 


(5.1) bag = gP Papy 

where 

Qag = 2(H? — KH as — 4HH.Hs + Kafo + KpHe, 

Pag = (H? — K)Kap + KaKo — HKaHg — HKgH. + 2K(H? — K)? gag. 


As so defined the P’s and Q’s are the components of symmetric ten- 
sors. 
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Now consider the equation (5,1) and also the first of the equa- 
tions (1.1). Write these in the following expanded form 


a — 20bi2 + Qub = | Eur g%P ap, 
822b11 — 2 gibi + Bisbee = 2| Lu | H. 


We use these equations in the determination of the bas. The matrix 
of the coefficient of the b’s in these equations has the same rank as 


Qe Owe Qu | 
8&2 gr gu i ' 
In general the rank of this matrix will be two. In the calculation which 
follows we assume this general case and suppose furthermore for defi- 
niteness that the last of the second order determinants of the matrix 
does not vanish. The results obtained will be seen to be independent 
of the nonvanishing of this particular determinant and will depend in 
fact only on the assumption that the above matrix has rank two. 
Considerable simplification will be obtained by carrying out the cal- 
culations at a point P relative to a coordinate system with respect to 
which gag= 52g at P. The results found under this condition can im- 
mediately be put into a general invariant form. The above nonvan- 
ishing determinant in the matrix (5.3) now has the value Q2+0 and 
under this condition the equations (5.2) can be solved for by and bz 
in terms of bu. We have 


(5.4) biz = [(Qee — Qu)bn + (2HQOu1 — DS Pea) |(Qrz)~1/2, 
(5.5) baz = 2H — bu. 


Now turn to the second of the equations (1.1) and into this equation 
substitute the above values of bi, and be. The result is a quadratic 
equation in by the solution of which is 


4HQi2 — (Qa — Qu) (2HQu — Poa) + A” F 
(Q22 — Qs)? + 40%, 





(5.2) 


(5.3) 











(5.6 bn = 


where 


A = [Qa — Ou)(2H0u — 33 Paa) — 400u2)° 
— [Qe — Qu)” + 4012] [(2H0u E Pea)’ + 4KQi). 


By multiplying out the factors occurring in the numerator of the ex- 
pression for bu and combining in an appropriate manner we find that 


4HQis — (Qe2 — Qu)(2HQu — Do Paa) . 
= (F Paa)( 2 Ose) — 4H | Qas |] + 20u lE E Qaa ~ DY Pacl, 
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and 


A = 40720 (55 Pea)(X Oss) — ECE Qaa)? l 
— ($ Paa) — 4(H” — K) | Qao |]. 


Substitution of these values into (5.6) gives t 
pun [2 Pea? Oro 4H| Qos] | EX Que X PeelOn 
(5. 7) [(@22—01)?+402,] {(Q22—Q11)?+-40?,] 


120ul2HD Pood Ow-K(E Qae)?— (F Paa)?—4(H?—K) | Qag |112 
[(Q22— =u) +408, ] 
Now consider the ratio 
2D) Paa? Ose — 4H | Qual] + 217 E Qaa ~ Lo-Paal 2 Qos 
[(Qz2 — Qs)? + 402,] 


If we expand and rearrange the terms of the numerator and denomi- 
nator this ratio becomes 


2H( > Qaa)? — 8H | Qaa| 
(È Qaa)? — 4| Qas| 


‘Since but+ba=2H we can now immediately deduce bi a 
for by. We have in fact 


hope bo Pend One 4H| Qual] | 21H Qua 5 Pea ]Qzs 
(5.8) ii [(Q22—Q11)?-+-40?,] ` [Q22—-Q11)?-+402, | 
x-2Q:2l2HE) Pood, Oss K(X Qaa)! (21 Paa)? — 4H? — KE) | Qag |} 
[(Qr2—Qus)?+402,] 


To obtain the corresponding expression for by» we substitute the 
expression for bu given by (5.7) into the right member of (5.4). After 
cancellation of various terms the resulting equation reduces to 


WAY Qaa— Dy Paa)Qie 
[(Q22—-Q11)?+-40%, ] 
(Qe2—On) [2H D1 Paa 2, Oss—K(d) Qaa)? 
—(X Pax)? 4(H?—K) | Qas |}? 
[(@22—Q11)?-+-4Q%, | 


The problem now is to combine equations (5.7), (5.8) and (5.9)’ 


= 2H. 


b= 
(5.9) 


= 
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‘into a tensor system of recognizable invariantive character. A step 
in this direction has already been accomplished by the way in which 
certain terms in the right members of these equations have been writ- 
ten.. For example $ Pea becomes g*Pag when referred to arbitrary 
coordinates. For this purpose we define the following scalars: 


W = [ea — Qu) + 4032] = (g"Qas) — 4| Oas) / | goal, 
R= DY) Paad. Ose — 4H | Qas | = g” Pape’ Our — 4H | Qas|/| gap |, 
U = HY Qaa = > Paa a He" Qas 7 g” Paps 


in which the middle members in these equations are the expressions 
for these scalars when gag = Sas. In terms of these scalars the expres- 
sion underneath the radical in the above equations can easily be 
shown to be given by (H?—K)W-— U?. Next define the symmetric 
tensor V with components 


Vap = (Qay€sr + Qpuéar) g”, 


in which the e’s are the components of the skew-symmetric tensor de~ 
fined by é2== — en = (| gaa )¥2 and €1= 620. We note in particular 
that Vin=2Q, Vee= —2Qx and Vie=Q2—Qu when gag = bag. On the 
basis of this observation and the above definitions of the scalars W, R, 
and U we now find that equations (5.7), (5.8) and (5.9) can be com- 
bined into the system 


(5.10) bag = RW-g0p + 2UW-'Qas + {[(H? — K)W — U?)2/W} Vag. 


The determination (5.10) of the quantities bag is valid in any region 
of the surface in which the condition W>0 is satisfied. If W=0 ata 
point P we see from the above expression for this scalar that Qu = Q22 
and Q»=0 provided that gag=dag at P. But then we can write 
Qap=)gas, that is, the quantities Qag are proportional to the quanti- 
ties gas and hence the matrix (5.3) has rank less than two at P. Con- 
versely if this matrix has rank less than two, the Q’s and the g’s are 
proportional and the scalar W=0. ` 

In (5.10) the mean curvature H must be such a function that the 
conditions 


(5.11) © W> 9, (H? — K)W — U? 20 
are satisfied. Conversely if H is any function satisfying the conditions 


(5.11) it ts evident from the derivation of (5.10) that the quantities bap « 
given by (5.10) satisfy the algebraic conditions (1.1). 


6. Relations between the invariants. The scalars W, R, and U and 
the tensor V satisfy the following relations 
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2W = ghgurV Vas, 
; HW = R+ g®QagU. 


The first of these can be expressed by saying that the scalar W is 
one-half the square of the tensor V. The derivation of these relations 
can easily be carried out on the basis of the definitions of the in- 
variants W, R, U, and V in §5. 


7. The exceptional case W=0. Suppose W=0 over a closed sur- 
face. Then Qag =A(x) gag, and substituting into this equation the value 
of Qag from §5 we have ‘ 


(7.1) 2(H? — K) Hop — 4HHa«Hg + Kalla + KeBa = dias. 
Now 6°?Qop = b'gapt = 2H. Hence (5.1) becomes 
(H? — K)z®Kag + g®K Ky — 2Hg%K He 
; + 4K(H? — K)? = 2E. 
‘Next put H?-—K=6(20) or K=H?—9, from which we deduce 
Ka = 2HH. — be, 
Kop = 2HaHg + 2HH ag — bap. 


When these substitutions are made in (7.2) and the quantities Hag 
in the resulting equations are eliminated by means of (7.1), we have 
an equation which reduces to 


(7.3) 20g®H Hg — 0g%0a8 + gGats + 4KO = 0. 


(7.2) 


Now integrate the left member of (7.3) over the closed surface. 
We thus find that 


f Og%H oHedS + f £6.0g0S + 2 f Ke*dS = 0. 


If K>0 at every point, each of the integrands is non-negative and 
hence must vanish over the surface. Hence from the third integral 
we must have 6=0 and from §1 this means that the mean curvature 
and Gaussian curvature are constant. Hence if the scalar W vanishes 
over a closed surface of positive Gaussian curvature, the mean curvature 
H and the Gaussian curvature K are constant over the surface. 

It follows from the above result that for the case of a closed ana- 
lytic surface which is of positive but not of constant Gaussian curva- 
ture the scalar W cannot vanish over any region R of the surface. 
Hence W can vanish only at exceptional points and elsewhere on the 
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surface the determination of the second fundamental form given by 
(5.10) will apply. 


8. The differential equations satisfied by the mean curvature. We 
have observed (§5) that the quantities given by (5.10) satisfy (1.1) 
provided that H is a function satisfying (5.11). However in order for 
the function H to be the mean curvature of a surface and have the 
above quantities bag as the components of its second fundamental 
form the Codazzi equations must also be satisfied, that is, we must 
have bes, =5ay,s- It may be observed that for the case of the two- 
dimensional surface under consideration these latter equations can be 
written in the contracted form 


(8.1) bag. tY = 0. 


Understanding that the bag are given by (5.10) in terms of the mean curva- 
_ture H and tts derivatives, we see that the two equations (8.1) are the 
differential equations satisfied by the mean curvature H. Conversely if 
the scalar function H satisfies the conditions (5.11) and the differ- 
ential equations (8.1) over a given abstract two-dimensional Riemann 
space, then the quantities bag defined by (5.10) together with the func- 
tion H will be the components of a possible second fundamental form 
and the mean curvature respectively for the given Riemann space 
considered as a surface in three-dimensional Euclidean space. 
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A NOTE ON HYPERGEODESICS AND CANONICAL LINES 


M. L. MacQUEEN 


In this note we introduce two families of hypergeodesics on a non- 
ruled surface in ordinary projective space. Consideration of the prop- 
erties of these hypergeodesics leads to certain geometrical construc- 
tions which yield canonical lines of the first kind from a given 
canonical line of the second kind. 

We shall assume that the differential equations of a non-ruled sur- 
face S are written in the Fubini canonical form!- 


(1) Sun = Pet bulu F Br, Loo = qe + Ytu Ooty (6 = log By). 


We select an ordinary point P, of the surface S as one vertex of the 
ustial local tetrahedron of reference. When a curve Cı through the 
point P, is regarded as being imbedded in the one-parameter family 
of curves represented’on S by the equation 


(2) . dv — X(u4, v)du = 0,, 

the osculating plane at the point P, of the curve Cı has the local 
equation 

(3) 2d(date — ats) + (MN + B — Or + Od? — YA) ay. = 0, 


in which we have placed \’=\y-+Ad,. 

It will be recalled that two lines /,(a, b), l(a, b) are reciprocal lines? 
at a point P, of a surface if the line (a, b) joins the point P, and 
the point y defined by placing 


Y = — aku — Dko F uy 
and the line h(a, b) joins the points p, o defined by 
3 p = Xu — be, o = X%y — aX, 
where a, b are functions of u, v. As the point P+ varies over the surface 
S, the lines Lla, b), L(a, b) generate two reciprocal congruences Ts, T2, 
respectively. 
The two reciprocal lines (a, b), l(a, b) are canonical lines h(k), 
l(k) of the first and second kind respectively in case 
a=- k, b=- ko, 
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where k is a constant and @, y are defined by 
@ = (log py) Y = (log 6*y)s. 
Canonical lines of the first kind lie in the canonical plane whose local 
equation is 
(4) ot, — yx; = 0. 

The equation of the plane (a, b) which is the harmonic conjugate 
of the tangent plane of the surface at the point P, with respect to the 
two focal planes of a general line l(a, b) of the congruence I's is given 
by 
(5) xı + bare + az, + [2 (au + by) + abla, = 0. 

For a general canonical line /2(2), the local coordinates &, - +--+, & of 
the plane r(k) are given by 
(6) Si = 1, Es =. me kọ, Ez =o ky, £4 SS = 3kbus/2 + key. 

The equations, in plane coordinates, of the two asymptotic osculat- 

ing quadrics Qu, Q, of a curve Ch are respectively 


A — fits) — 288: (BE: — Ma +f) — Chr = 0, 
2(Eots — Erta) — 2AE (YAE + fe — Ms) — DE = 0, 


where we have placed 


C = BN — B+ (b — A) — (24 — 5)d2] — (By + bu), 
D = 4[—W — N + (Y — 6)? — (26 — Bu)A] — (BY + buo). 
Let us now suppose that, at each point P+ of the curve Cy, the 


asymptotic osculating quadric Q. of Cy is tangent to the plane 7(k). 
Then we find that the function A satisfies the differential equation 


(8) © N = Ar + BA+ Ci? + Di}, 

where the coefficients A1, Bı, Ci, Di are given by 

Ai = — 8, Bı = bu — (1 + 2h)¢, 

Ci = 21+ ky — 6, Di = (1/8) [By + (1 + 3%) Ove], 


in which, for the present, we assume k= —1/3, so that the canonical 
line }(k) is not the second axis az of Cech. 

Similarly, the asymptotic osculating quadric Q, of ,C, is tangent to 
the plane r(k) if, and only if, 


(10) N = Ag+ BA + Cad? + Dr}, 


(9) 
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where the coefficients Az, Bs, C2, D2 are given by 


(11) Ag ee (1/7) [By + (i + 3k)busl, B: = Ou =. 2(1 + k)¢, 
C: = (1 + 2k) — be, s D:= 7, . 


in which kx —1/3. Thus we reach the following conclusion: : 

At each point P: of a curve Cy, each of the asymptotic osculating 
quadrics Q, and Q, of Cy is tangent to the plane a(k) which is the har- 
monic conjugate of the tangent plane of the surface at the point P, with 
respect to the two focal planes of any canonical line la(k), except the sec- 
ond axis a2 of Cech, if, and only if, Cy is an integral curve (hypergeodesic) 
of the respective differential equations (8), (10). 

' By means of équation (3), togethér with equation (8), we find that 
the osculating plane at a point P, of a hypergeodesic of the family (8) 
has the local equation 


2B(Ax2 — xs) 

+ [— (1 + 28)B¢ + 2(1 + RBY + (1 + 32)Oued*] x4 = 0. 
The envelope of the osculating planes at the point Pz of all the hyper- 
geodesics of the family (8) is found from equation (12) to be the non- 
degenerate quadric cone whose equation is 


(13) Blez + (1 + Baa]? + (1 + 3%) Ouv[2%3 + (1 + 2h) oas]ay = 0. 


Similarly, the envelope of the osculating planes at the point P+ of 
the hypergeodesics (10) is the quadric cone 


(14) yles + (A + bjeri]? + (1 + 34)0u,[2x0 + (1 + 2k)parlas = 0. 


The vertex of each of the cones (13), (14) is, of course, the point Ps. 
Furthermore, the cone (13) is tangent to the tangent plane of the sur- 
face at the point P, along the asymptotic v-tangent at P+, while the 
cone (14) has the asymptotic u-tangent of S at Pz for its line of con- 
tact with the tangent plane. The polar plane of any point on the 
u-tangent with respect to the cone (13) intersects this cone, besides 
in the v-tangent at Pz, also in a generator which is the line l(a, b) 
with a and b defined by the formulas 


(15) a= (1+ &)y, = 2-11 + 2k)¢. 


We may also regard this line as being determined by the planes whose 
equations are 


(16) to + (1 + bya, = 0, wg +271 + 2k)ox, = 0. 


Similarly, the polar plane of any point on the v-tangent with re- 
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spect to the cone (14) intersects this cone in the u-tangent at P+ and 
in the line h(a, b) for which 

(17) a= (1 +24), “b= (14+ Be. 

This line may also be regarded as determined by the planes 

(18) xa + 2711 + 2k)pas = 0, xs + (1+ koa, = 0. 


The locus of the line (16) for all canonical lines (k) is found by 
eliminating k from equations (16) to be the plane 


(19) px, — Yrs + 2 *opa, = 0. 
Similarly, the locus of the line (18) is the plane 
(20) $x, — prs — 2 gyx, = 0. 


Thus we find that the tangent plane of the surface at the point P, and 
the canonical plane (4) separate the planes defined by equations (19), (20) 
harmonically, 

We now describe simple geometrical constructions which yield ca- 
nonical lines of the first kind from a given canonical line }2(k) ‘of the 
second kind, except the second axis a2 of Cech. In the first place, the 
plane determined by the two lines (16), (18) has the equation 


(21) px, + pas + 2-1(3 + 4h)dWas = 0, 


and is found to intersect the canonical plane (4) in the canonical line 
i(k) for which 


(22) ky = — 4-1(3 + 42). 


The polar plane of any point on the w-tangent at P+ with respect 
to the cone (13) intersects the polar plane of any point on the v-tan- 
gent at P. with respect to the cone (14) in the canonical line J,(ke) for 
which 


(23) ka = — (1+ 2%). 


Furthermore, the plane which is tangent to the cone (13) along the 
line (16) intersects the plane which is tangent to the cone (14) along 
the line (18) in the canonical line 4,(3) for which 


(24) ka = — 2-(1 + 22). 


We remark that if the line l(k) is the second edge e of Green, for 
which k= —1/4, then the three canonical lines 1,(1), (Re), and 41(ks) 
obtained by the preceding constructions are respectively the first di- 
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rectrix dı of Wilczynski, the first canonical line for which k= —3/4, 
and the first edge ê of Green. j 

It may be seen from the formulas (22), (23), and (24) that a given 
canonical line /2(%) will yield in turn each of the canonical lines (ki), 
h(R:), and llk) for its reciprocal if, and only if, the given canonical 
line l(k) is the second canonical line for which k= —3/8, the second 
directrix dz of Wilczynski, and the second edge ez of Green. 

Finally, if the given canonical line l(k) is the second axis az of 
` Čech for which k= —1/3, the asymptotic osculating quadric Qu of Cr 
is tangent to the plane r(—1/3) if, and only if, 


(25) N = — B+ Gu — $/3 + (4/3 — 8.) + yr, 


so that the curve Cy is a union curve of the congruence I’; of lines 
l(a, b) for which 


a= 24/3, b= $/6. 


Similarly, the asymptotic osculating quadric Q, of Cy is tangent to 
the plane 7(—1/3) if, and only if, 


(26) N= —B+ x — 46/3) + (9/3 — 8)0 + WD, 


in which case C) is a union curve of the congruence I’; of lines L(a, b) 
for which 
a = ¢/6, b = 29/3. 


The plane determined by the two lines thus defined at the point P, 
intersects the canonical plarie in the canonical line (2) for which 
= —5/12, namely, the first axis of Bompiani. 

We conclude with the statement that if at the point P+ both of the 
asymptotic osculating quadrics Qu and Q, of Cy, are tangent to the 
plane r(—1/3), then 6+yA=0, so that the curve C, is tangent at P, 
to the second canonical tangent tz. 


SOUTHWESTERN COLLEGE 


NOTE ON CONVEX CURVES ON THE 
HYPERBOLIC PLANE i 


L. A. SANTALO 


1. Introduction. In a previous note [5](1) we have obtained some 
properties referring to convex curves on the sphere. Following an 
analogous way our purpose is now to obtain the same properties for 
convex curves on a surface of constant negative curvature K = —1, or, 
what is equivalent, for convex curves on the hyperbolic plane. 

In §§6 and 7 we consider the curves of constant breadth, for which 
we obtain the formula (7.3) which relates the length L and area F 
with the breadth a. 

For the curves which are not of constant breadth the formula (4.5), 
which contains (7.3) as a particular case, holds. But (4.5) is true only 
if we suppose that the curve has in all its points geodesic curvature 
Ko greater than one. , 


2. Definitions. A closed curve C on a surface of constant negative 
curvature K = —1 is said to be convex when it cannot be cut by any 
geodesic in more than two points, except that a complete arc of 

geodesic may belong to the curve. Any closed convex curve C has 
a finite length Z and bounds a finite area F. In the following, unless 
otherwise specified, we shall suppose that C is composed of a finite 
number of arcs each with continuous geodesic curvature Kg. 

Let w; be the exterior angles which these arcs form at the vertices 
of C. Then we have the Gauss-Bonnet formula [3, p. 191], 


(2.1) fras+ do, = 2r + F. 
C 


If a point O on C is taken as origin, any point A of C can be deter- 
mined by the length of the arc OA =s or by the angle r defined by 


(2.2) ` r= f dst Eos 
0 e , 


where $w, is extended over all the vertices of C contained in the 
arc'OA. 

Any geodesic with only one common point or with a complete arc 
in common with C is called a “geodesic of support” of C. In each 
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point of C for which there exists a tangent geodesic the geodesic of 
support coincides with this. Any geodesic which passes through a 
vertex without crossing C is also a geodesic of support. To any 
geodesic of support of C corresponds a value of the angle r (2.2). 

Let g be a geodesic of support of C and let A be its point of support. 
Let g’ be the orthogonal geodesic to g at the point A and g, another 
geodesic of support of C which is also orthogonal to g’. The curve C 
will be containéd between g and gı. If A’ is the point in which gı 
cuts g’, we shall call breadth a of C corresponding to the point A the 
length of the arc A.A’ of geodesic g’. The breadth æ is a function of 
the angle r or the arc s corresponding to the point A. 


3. Closed convex curves with kK,>1 at any point. Let us suppose 
that C has x,>1 at any point. We shall call pseudospherical osculating 
circle of C at the point A the limit of the geodesic circle determined 
by the points A, Aj, 42 0f C when Aj, A.A. 

If we suppose x, >1, the radius R of the pseudospherical osculating 
circle (which we shall call “radius of pseudospherical curvature”) has 
a finite value and is related to the geodesic curvature x, by 


(3.4) ky = coth R. 


This equality is obtained by applying the Gauss-Bonnet formula to 
a geodesic circle and using the following formulas for its length and 
area: 


(3.2), L=2mrsinh R, F = 2n(cosh R — 1). 


The center O oi pseudospherical curvature is the limiting position 
of the point in which the orthogonal geodesic to C at A(s) cuts the 
orthogonal geodesic at A(s+As) when As—0. 

The condition x,>1, which is equivalent to R< œ, will then be 
necessary and sufficient for two sufficiently close orthogonal geodesics 
to C to intersect each other. 

Before proceeding it is necessary that we prove the following 
lemma. 


LEMMA. Let gı and g: be two geodesics which are orthogonal to the 
geodesic g. Let MN be an arc of the curve C with x,>1 at each point and 
which is tangent to gı and g, at the ends M, N respectively. We affirm 
that: on the arc MN there is only one point with the property that the 
orthogonal geodesic to C which passes through it is also orthogonal to g. 


We suppose the arc MN is composed of a finite number of arcs 
with continuous-geodesic curvature, and a geodesic will be considered 


+ 
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orthogonal to MN at a corner if it is orthogonal to a geodesic of sup- 
port through the corner. 

Proor. The angle which the geodesics of support of the arc MN 
form with the orthogonal geodesic to g through their contact points 
increases from 0 to r. Hence there is a point at which this angle 
equals 7/2. It remains to be proved that there is no other point with 
this property. : 

Let us consider the curvilinear coordinate system formed by the 
orthogonal geodesics to g as curves y=const. and their orthogonal 
trajectories as curves # =const., u =0 being the geodesic g. Then the 
element of length is given by [3, p. 282] ` ; 


(3.3) ds? = du? + cosh? uda? 


If u=u(s), v=v(s}) are the equations of the curve C, calling ġ the 
angle which C forms at each point with the corresponding geodesic 
v=const., we have tan ġ =cosh uv’/u’, hence 


(3.4) dtan ¢/ds = [(w0" — ui’) cosh u + v0’ sinh ulw. 


The geodesic curvature of the curve u =u(s), v=v(s) is given by 
[3, p. 187] 


(3.5) ko = (u'o! — uv’) cosh u + 2u'0’ sinh u -+ v”? cosh? y sinh v. 
From this ahd from (3.3) we deduce l 
(3.6) - (wo — u"v) cosh u + uy’ sinh u = x, — v sinh u. 


From u’?-+v"? cosh? u = 1 and cosh? u —sinh? u = 1 we have v’? sinh? u 
=1—u’"?—y"?, that is, v’? sinh? u <1. Hence, from (3.4) and (3.6) under 
the assumption that x,>1, we get (if u’ 0) 


d tan ¢/ds = (x, — v sinh u)u’-? > 0. 


The angle ¢ is then always increasing from M to N, that is, from 
_ 0 tor. Consequently at only one point will 6 =2/2, which proves our 
lemma. 


4. Principal formula. Let g be a geodesic which cuts the closed con- 
vex curve C and let O be a fixed point on the surface with K= —1 
that contains C. Let w be the distance from O to g and 6 the angle 
which the orthogonal geodesic from O to g makes with a fixed direc- 
tion at O. Then it is known [4, p. 687] that the measure of a set 
of geodesics is the integral of the expression dg =cosh wd@dw extended 
to the set. 
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Consider the set of “oriented” geodesics which cut C; it is known 
[4, p. 691] that 


(4.1) f dg = f cosh wdédw = 2L, 
C, g0 


where L is the length of C. 

According to the former lemma if we suppose that x,>1 in each 
point of C, on each side of g there will be only one point A in which 
the orthogonal geodesic to C will also be orthogonal to g. Conse- 
quently the geodesic g can be determined by the point A (that is, by 
the corresponding value of s or r) and the distance a from A to g 
(Fig. 1). We wish to express the density dg =cosh wd6@dw in terms of r 
and a. It is known that the differential expression dg=cosh wd@dw 





does not depend on the point O or the direction origin of the angles 8. 
Consequently we can consider for a moment that the point O is the 
pseudospheric center of curvature of C at A, that is, the point in 
which the orthogonal geodesic to C at A(r) is intersected by the or- 
thogonal geodesic at A’=A(7+dr). Hence OA =R, w=R-—a. Let H 
be the point in which the geodesic of support of C at A intersects the 
geodesic of support at A’. From the Gauss-Bonnet theorem we de- 
duce that the area of the geodesic quadrilateral OAHA’ has the value 


(4.2) (1/2 +. dr + r/2 + r — db) — 2r = dr — dy, 


dr being the angle which the geodesic of support at A forms with the 
geodesic of support at A’ and dy the angle AOA’. But save for in- 
finitesimals of second order the same area equals the area of the sector 
of geodesic circle AOA’ which has the value (cosh R—1)dy. Conse- 
quently à 


(4.3) dr = cosh Rdy. 


Since R is independent of w, from w=R—a, d0 =d}, and (4.3) we 
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deduce 
| a(a, r)/8(6, w) | = cosh R. 
Hence dg = cosh wd@dw = (cosh (R — a)/cosh R)dadr or, since dr = 
x,ds, we have 
(4.4) ` dg = cosh adadr — sinh adads. 
Let us substitute this expression (4.4) in (4.1). For each value of s 


(or r) the arc a can vary from 0 to the breadth «æ of C corresponding 
to the point s (or r). Therefore 


f ig= f a f cosh ada — fas f sinh ada 
C, g0 c 0 c G i 


or, in accordance with (4.1), 


(4.5) L= f sinh adr — f cosh ads. 
c c 


This is our principal formula from which we wish to obtain some 
consequences. The formula (4.5) is analogous to that obtained for 
convex spherical curves in a previous paper [5] and holds for any 
convex curve with x,>1 at each point on a surface of constant nega- 
tive curvature K = —1. ° 


5. Consequences. (a) Let A be the minimum breadth of C, that is 
to say, the minimum value of a, and 6 the maximum value of a, 
that is, the diameter of C. From (4.5), (2.1), and (2.2) we deduce 


(5.1) sinh A/(1 + cosh ô) < L/(2x + F) < sinh 6/(1 + cosh A). 


Therefore: on a surface of constant negative curvature K = —1, for 
any convex curve C with x,>1 the inequalities (5.1) are verified. 
(b) If C has a continuous geodesic curvature, from (4.5) we deduce 


f sinh ax ,ds — f (1 + cosh a)ds = 0 
c c 


or 
(5.2) f cosh © (ko sinh — — cosh <) ds = 0, 
c 2 2 2 


From this and according to (3.1), we have: In any closed convex 
curve C on a surface of constant negative curvature K = —1, with con- 
tinuous goedesic curvature x,>1, there are at least two points for which 
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the radius R of pseudospherical curvature equals a/2, where a is the 
breadth of K corresponding to the point considered. 


6. Convex curves of constant breadth. In §2 we have defined the 
breadth a of a closed convex curve C on the surface with K=—1, 
corresponding to 2 point A of C. When a is constant, C is called a 
curve of constant breadth. 

The geodesic circles of finite radius R are the first examples of 
curves of constant breadth œ = 2R. Another class of curves of constant 
breadth is the generalization on the surfaces of constant negative 
curvature of the Reuleaux polygons [2, p. 130]. 

Let us consider a geodesic circle of radius R; we divide it into 2n-+1 
equal parts and through the division points we draw the tangent 
geodesics. If two consecutive tangents intersect each other we shall 
have a geodesic regular polygon of an odd number of sides. Taking 
each vertex as center let us draw the arc of the geodesic circle which 
joins the two opposite vertices. These arcs form a Reuleaux polygon 
of 27-+1 sides, and it is easily seen that this polygon has constant 
breadth. 

The necessary relation can-easily be found between the radius R 
of the geodesic circle and the number 2n+1 of sides so that two con- 
secutives tangent geodesics intersect. Let A; and A;:1 be two consecu- 
tive division points and OH the geodesic which halves the angle 
A,OAi41. The concition that the geodesic OH be cut for the tangent 
geodesic at A; is that the angle AXOH =7/2n-++1 be smaller than the 
angle of parallelism corresponding to the tangent geodesic at A; and 
to the center O, hence [1, p. 621] 


tan (r/(2n + 1)) < 2e®/(e%* — 1). 


That is, to have a Reuleaux polygon of 2n+1 sides we must start 
from a geodesic circle with a radius R which satisfies the inequality 
; : 


R <0 on ent D) 

7. Properties of the convex curves of constant breadth. The convex 
curves of constant breadth on the surfaces of constant negative cur- 
vature (or on the hyperbolic plane) have analogous properties to the 
curves of constant breadth on the plane. For example it is easily ` 
seen that the constant breadth œ equals the diameter ô. Therefore 
if A is a point of C the orthogonal geodesic g to C at A will cut C at 
the point A’ and at this point g will also be orthogonal to C. The 
. points A and A’ can be called opposite points. 
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We shall prove that if C is of constant breadth any orthogonal 
geodesic to C, say AA’, will intersect a neighbouring orthogonal geo- 
desic at a point contained in the arc AA’. 





Fic. 2 


Let B=A(r+dr).and BB’ be the orthogonal geodesic to C at B 
(Fig. 2). If BB’ does not intersect the arc AA’ the point B’ must have 
the position indicated in Fig. 2. But in this position we have- 


(7.1) AA' <AH+HA’, BB’ < BH + HB’ 
and by addition 
(7.2) AA’ + BB! < AB! + BA’. | 


Since C is of constant breadth we have AA’ =BB’>AB’, BA’ and 
therefore AA’+BB’>AB’+BA’ which gives a contradiction with 
(7.2). 

From this we deduce that the pseudospherical radius of curvature 
R is always finite and not greater than a. Moreover since the orthogo- 
nal geodesics at A and B are also orthogonal geodesics at A’ and B’ 
the pseudospherical center of curvature will be the same at A and A’. 
Hence: the sum of the pseudospherical radii of curvature corresponding 
to opposite points equals the breadth a. 

Since R< œ, we shall have x,>1; therefore we can apply the for- 
mula (4.5) which gives, according to (2.1), 


= (2r + F) sinh æ — L cosh a, 
that is, 
(7.3) . | L= (2r +F) tanh (e/2). 

We conclude the following theorem: For any convex curve of con- 
stant breadth on the surface of constant negative curvature K = —1, le 


equation (7.3) holds. 
H K=—1/a? instead of —1, (7.3) gives 


L/a = (2r + F/a*) tanh (a/2¢). 
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- Muliplying both sides by a and letting a— œ we find 
L= ra, 


‘which is a well known relation between the length and breadth of the’ 
curves of constant breadth on the plane [2, p. 131]. 
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A FIXED-POINT THEOREM 
A. D. WALLACE 


Introduction. The purpose of this note is to sharpen a recent result 
of G. E. Schweigert [4]. It will be shown that the condition of semi 
local-connectedness may be dropped. However, if this is strengthened 
to local-connectedness, then the conclusion asserts the existence of a 
fixed point. Further, though perhaps of less interest, it is shown that 
separability is not necessary. 

_In a second section we give a somewhat more abstract version 
which is valid for certain partially ordered topological spaces. So far 
as is known this is the first result of this type to appear in the litera- 
ture. 


1. Schweigert’s theorem. It is assumed that S is a compact (that 
is, bicompact) Hausdorff space, connected and nondegenerate. More- 
over T is a topological transformation of S onto itself, TS =S. 


THEOREM. If e is an end point of S fixed under T, then there exists a 
continuum K CS—e invariant under T. Tae no point of S separates 
any pair of points of K in S., 


Proor. Since e is an end point it is readily seen that we can find 
a point y such that 
(G) S=A+B, e€A, ytTyCB, A-B=z€5S, 
with A and B nondegenerate proper subcontinua of S. We infer that 
(2) S=TA+T7B, e€TA, yECTB, TA-TB=Tz, 
so that S=(A+T7A)4+B-TB. Clearly A+TA is a continuum and 
hence [5] so is 

(A + TA)-B-TB = 2-TB+ Tz-B. 

We then have (supposing that z+ Tz) either (a) z&TB and TzC€S—B 
or (b) Tz€B and zGS—TB. In the first case T-'2€B and we are 
able to apply the same argument that we use in the second case if 
we use T~! in place of T. We therefore assume (b) and readily verify 


that ACTA, TBCB. 
Using induction it follows that we may write 


Received by the editors December 29, 1944. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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S=TA+TB, e€T*A, Tze TB, Ts = T*A-T*B, 


3 i 
(8) TA CTA, T"BC TB. 


If X is the union of the sets T"A and Y is the intersection of the sets 
T*B it may be shown that X is connected and K =X. Y is a con- 
- tinuum [5]. Clearly TX =TX, TY= Y so that K is an invariant con- 
tinuum contained in S—e. Suppose that p and g are points of K 
separated by 7 in S: 


S-r=U+V, ~6€U, qEV, JUV. 


We may admit that e is in U. For some m and all næm it is clear 
that’both U and V intersect T"A. Thus, this set being connected, we 
infer that 7 is a point of T*A and hence that Y meets,7"“A and con- 
sequently Y has a point in,common with X. But this would imply 
that for some n, T”+!z = T”z, giving Tz=z. 


COROLLARY. There exists a continuum HC. S—e, having no cut point > 
and invariant under T. 


This follows at once if we observe that an argument advanced by 
Kelley [2] to improve a theorem of Ayres [1] is unnecessarily re- 
stricted by the assumption of separability. The basic material neces- 
sary to modify Kelley’s proof will be found in §§1 and 3 of [5]. In 
particular the generalized Brouwer theorem is given on p. 488. See 
also the references to Milgram, Moore, and Tukey and, further, Kura- 
towski [3]. 


COROLLARY. If S is locally connected there exists a fixed point dis- 
tinct from e. 


Proor. With`'the notation employed in the proof of the theorem 
suppose that p and g are distinct points and let P and Q.be disjoint 
open connected sets containing p and g and lying in S—e. For some m 
and all nzm both P and Q intersect T*A. Thus P meets both T*A 
and 7*B and so contains Tz. Similarly Q contains Tz. This is a i 
contradiction. 

It is a simple matter to show that Schweigert’s theorem follows 
from the ohe given above. We need only use the same argument he 
gives to pass from the invariant node to the case of the fixed end point. 


2. A generalization. In this section it is assumed that P is a com- 
pact Hausdorff space containing more than ane point and, in addi- 
tion, that we are given a binary relation A on P. We suppose that A 
is reflexive and transitive so that we have (a) xAx for each x in P and 
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(b) xAy and yAz imply xAz. On the topological side let M(a) [N(@)] 
denote the set of all x such that xAa [aAx] holds. We then assume 
that A is semi-continuous (that is, both lower and upper semi-continu- 
ous) in the sense that 

(i) For each a in P the sets M(a) and N(a) are closed. 

A non-empty set Q is termed A-simple if for any pair qi, q2 of Q 
we have either giAge or goAqi. In virtue of a result due to Hausdorff 
(or directly by transfinite induction) it is readily seen that there exists 
a maximal A-simple set containing any given A-simple set. An element 
p is called a maximal element for a set R if r@R and pAr imply 7Ap. 

Every maximal A-simple set is closed. 

For if Q is such a set then Q(g)=M(q)+N(q) is closed for each - 
q€Q and it is not difficult to see that Q is the intersection of all the 
sets Q(q) for all EQ. 

Each non-void closed subset of P contains a maximal element. 

It is legitimate to suppose that the set concerned is P itself, so let Q 
be a maximal A-simple’set. For q1, q2 in Q one set of the pair N(qi), 
N(qz) is a subset of the other. For each g the set N(g) is closed and in 
virtue of the compactness of P there is a point p common to all these 
sets. The point p is in Q. If x is a point of Q we have xA? since p is 
in the set N(x). Suppose that for x in P—@Q we have pAx. Since Q 
is maximal] A-simple there is a point y in Q such that both «Ay and 
yA% fail to hold. But by transitivity pAx and yAp imply yAx, a con- 
tradiction. 

Three further eamp ons must bė made about P: 

(ii) There exists a unique element e in P such that we have eAx for 
each x. 

(iii) Each set M(a) is A-simple. 

(iv) For any x, y distinct from e there is a z such that zAx, 2Ay hold 
but se. 

It follows at once that 

If Q is maximal A-simple then a EQ implies M (a) CQ. 

For if g&Q and x€ M(a) then aAg and transitivity imply xAg. If 
gAa holds then g@M(a) and by (iii) we have either xAg or gAx so 
that x is an element of Q by maximality. 

From (iv) we see that 

Any pair of maximal A-simple sets X, Y have in common an ele- 
ment ze. 

To prove this let x, y be elements of X —e, Y—e respectively. Let z 
be given by (iv). Then z is in M(x) and so in X. Similarly zis in F. 


THEOREM. If T is a homeomorphism of P onto itself and both T and 
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T~ preserve the relation A, then there exists an fe such that both TfAf 
and fATf hold. 


Proor. Let C be a maximal A-simple set. Then TC is a set of the 
same type. Let z be an element common to C and TC and distinct 
from e. Both z and Ts are in TC so that we must have either zATz 
or TzAz. Now the argument we employ for the former case can be 
used in the latter provided we replace T by T~! so that we assume 
that we have 2ATz. Let Z be the set z, Tz, T?z, ---. It is clear that | 
if D is any maximal -simple set containing Z, then TD has these 
same properties. Let X be the intersection of all the maximal A-simple * 
sets containing Z. Then X is closed, A-simple, and further satisfies 

. the condition TX =X. Let f be a maximal element of X. Both Tf 
` and T-Y are in X and so we have TfAf and T-YAf. The latter implies 
fSTf. This completes the proof. 


COROLLARY. If A is symmetric then there is a fixed point distinct 
from e. i 


The second corollary to the theorem of §1 follows if we define A as 
follows: xAy holds if x =e, x =y or x separates y from e in S. š 
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THE MANIFOLDS OF LINEAR ELEMENTS OF AN n-SPHERE 
TSAI-HAN KIANG 


1. Introduction, The 3-manifolds of oriented and non-oriented lin- 
ear elements of closed surfaces have been investigated by Nielsen,} 
Hotelling,? Threlfall,? van der Waerden and others.‘ In the present 
paper we take up the case of the space M of oriented linear elements, 
and the space M’ of non-oriented linear elements, of an m-sphere, 
n= 1. The chief tools in the present investigation are certain orthogo- 
nal transformations (§§3—4) and theorems on addition of complexes.® 
Our success in the determination of certain homology classes (§§7-8, 
14) leads to complete determination of (integral) Betti groups of M 
and M’. Our results may be summarized as follows: 

(M1) For n>1, M is an orientable (2n—1)-manifold. Its Betti 
groups, which are not the null groups, are the following: For even n, 
B® and B?” = Go (AH, p. 556) and B*-!=G,; for odd n, B®, B?*-!, 
B7, and B*~G). 

(M2) For n=2, M is the projective space. For n >2, its fundamen- 
tal group is the identity. 

(M3) For n=1, 3, 7, M is the topological’ product of an n-sphere 
and an (n—1)-sphere. i 

(M’1) For n>1, M’ is an orientable or a non-orientable (2n — 1)- 
manifold according as » is even or odd. Its Betti groups, which are 
not the null, are the following: For even #, B® and B?*1~G), 


B! xG, and B'=Go, r=1, 3,-- +, 2-3; n4+1, n+3,---, 2n—3. 
For odd 2, B® and B” =G, and B’~Go, r=1, 3,--+, 2—2;2-+1, 
nt+3,---+,2n—2. ° 


(M’ 2) For n=2, M" is the lens space (Linsenraum) (4, 1). *Forn>2, 
its fundamental group is the cyclic group of order 2. 
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(M’3) For n=1, 3, 7, M ' is the topological product of an n-sphere 
afid an (1—1)-dimensional projective space. 


I. THE MANIFOLD M OF ORIENTED LINEAR ELEMENTS 


2. The representation of M. The n-sphere, x21, may be repre- 
sented in the Euclidean (w+-1)-space X of the points (xo, #1, © © ©, Xn) 
by the unit sphere: x’x=a3+a7+ --- -+x2=1, where x denotes the 
matrix of one column of the coordinates of the point, and x’ the trans- 
posed of the matrix x. Similarly we have y, y’ and the space Y. The 
space M is then represented by the subspace of the topological prod- 
uct R=X XY, defined by the equations 


M wa = 1, s'y = 0, yy = 1. 


Evidently this subspace is a closed (2n—1)-manifold when it is con- 
nected (AH, p. 404). Henceforth we shall take this subspace as the 
space M, and speak of the points of M instead of oriented linear ele- 
ments. 


3. The two “halves” of M. The decomposition of the n-sphere 
x'x=1 into the two a-cells corresponding to x» 20 and x) <0 gives 
rise to that of M into the two halves: 


M, #20, ss=1, #y=0, yy=l; 
M: “so we=1, wy=0, yy le 


Let e denote the matrix of one column of the +1 elements 
1,0,---+,0. The matrix 


A = (x + e)(x+¢)'/(m+ 1) — T, 
where x'x=1, x9 +150, and the matrix 
Ag = (x = e)(x = e)'/ (xo = 1) + T; 


where x’x=1, xo—10, are symmetric and orthogonal, and have x’ 


and x as their first rows and columns.’ Let u® = (a, u®,-- +, u®) 
and v = (of, of, ---, of) denote points in the Euclidean (n+1)- 


spaces U; and V; respectively, i=1, 2. Form the mappings? 


ty w=, vO = Ay. 


, 


7H. W. Turnbull and A. C. Aitken, An introduction to the theory of canonical 
matrices, London, 1932, Lemma II, p. 104. 

8 The author wishes to express his gratitude to his colleague Professor P. L. Hsu 
for the construction of the matrices Ba41 and the mapping fy in §10 and for the refer- 
ence in footnote 7, The construction of ¢; is then immediete. 
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i and f are topological mappings of M, and M2 respectively on 


a 0) (1) a) 
Kı a >> 0, u u =i1,' w =0, v v  =1 ` 


in R= WX Vi and 


x u? <o, D @ 4 ag gO? a4 

2 —™ d) a 

in R= Ux Vz. Let E, be the n-cell: uP Z0, uu =1 in Ui, Es 
the n-cell: u® <0, u®’u@ =1 in Uz, and S; the (1—1)-sphere: o =0, 
vy ='1 in V;. Evidently K;=E, XSi. 


4. M as sum. The case »=1. Let us denote the subspace: x»=0, 
x'x=1, x'y=0, y’y=1 in R by Bd(M;) = Bd(M), and the subspace: 
u? =0, un =1 in U, by Bd(E;), and finally set Bd(K,;) =Bd(E,) 
XSi, the topological product of two (#—1)-spheres. Let P be any 
point of Bd(M,). Then t,(P) =P; of Bd(K;),and P: =; (P:)is a topo- 
logical mapping of Bd(K:) on Bd(Kz2). Since the symmetric and or- 
thogonal matrix A4;=Ay/ =Ar’, the topological mapping t=éefz? of 
Bd(K;) on Bd(K.) is given by A2Ai, with x in the two factor matrices 
replaced by wu“, Let # denote the matrix of one column of then+1 
elements: 0, u®, - - - , u®. Then evidently 


t uD = 4), vd = {aV + ee’) — T}y), 


Through identification of all pairs of points of Bd(K1) and Bd(K3), 
corresponding under ż, there results from K, and Ke a sum’ Ki+-Ko. 
` Since M is homeomorphic with Ki+ Ke, we shall write M=K,+ Ro. 

For n=1, K, consists of two semicircles. By means of #, the two 
end points of each semicircle of K, or Ke are identified with the two 
end points of one and only one semicircle of K, or Kı respectively. 
Hence M is the topological product of a 1-sphere and a 0-sphere. 


5. The fundamental group. The case n=2. For  >2, all the funda- 
mental groups of the topological products K; and Bd(K;) are the 
identity (ST, p. 156), and therein that of M is also the identity 
(ST, p. 179). 

For general n, let e denote the point (0,---,0,1)ina Biclidéaa 
(n+1)-space. Let m; and b; denote respectively the (#—1)-spheres’ 
Bd(Z,) Xe and eS; on Bd(K;), and be called the meridian and lati- 
tude of Bd(K,). 

In the remaining part of this section we confine ourselves exclu- 
sively to the case n=2. Denote by O; the point (e; e) of the torus 
Bd(K;,) and take it as the initial point of closed oriented curves on K;. 
Obviously #(O,) =O,. The meridian and latitude circles m; and b; will 
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be regarded as with definite orientations, fixed as follows. First, take 
the senses of increasing 8 and ¢ in the parametric representations 


@) a) A a) o- 0) a) 
mı ugo = 0, 4 = sin, uw. = cos9;% = 0, v =.0, v = 


(i) - 0} ay (1) 
by wo =0, ui =0, u: = 1; % 


1, 
a) : ) 
=0,%, = — sin ġ, 2 =cos¢d 


as the orientations of m; and b; respectively. Now 


(2) @) 3 (2) 
uo = 0, ur = sin, uz = cos ĝ; 
(m) @) (2) 2) 
v% =Q, vı = sin 29, vz = cos 20, 
2) Boo (2) i 
u =Q, w = 0, u =1; 
t(b1) 2) 2) : (2) 
- % =O, vn = sing, J = COS ¢. 


Let (u“; v®) denote a variable point of a subspace T. We shall 
call the subspace of (u; e) and that of (e; v) the projections gi(T) 
and g:(T'). g; are evidently continuous mappings of I’. The projec- 
tions git(m1) of (m) and get(bi) of ¢(by) are respectively mz and bg. 
Moreover git is a topological mapping of m on mz, and got =i a topo- 
logical mapping of bı on bz. Now fix the orientations of m and bz by 
demanding that gy maps the oriented m, on the oriented m and that 
get maps the oriented b on the oriented be. 

Let [m,], [b,] denote the classes of closed oriented curves through 
O, on K: homotopically deformable into m; and b, when the point O; 
is kept fixed. The fundamental group of K, is given by the two gen- 
erators [m,], [b;] and the defining relation [m;]=1. From the repre- 
sentation of t(m) it is obvious that, when a variable point P, starts 
from O, and describes the oriented m, once, the point ¢(P;) starts 
from Oz and describes a closed oriented curve on Bd(Kz) in such a way 
that its projection git(P1) describes the oriented m: once and its pro- 
jection got(P3) the oriented bz twice. Furthermore ¢ maps the oriented 
bı on the oriented b. From the usual consideration of the Euclidean 
plane as the universal covering of Bd(Ke), we conclude that in the 
fundamental group of Ke, . 


[nd] = [m] [bs], EOD] = [Ba]. 


Hence the fundamental group of M is given by the single generator 
[bı] and the defining relation [b?]=1 (ST, pp. 177-178), or is the 
cyclic group of order 2. 

In fact, Kı, K: and the mapping t of Bd(K,) on Bd(K;) define the | 
Heegaard diagram of the 3-manifold M. From the enumeration of 
all the 3-manifolds whose Heegaard diagrams lie on a torus (ST, 
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pp. 210, 220), M is the 3-dimensional projective see This is a new 
proof of a well known result.® 


6. The projections of :(m:). These projections were used in the pre- 
ceding section for the determination of the fundamental group of M 
for n= 2, and will be investigated here and in the next two sections 
for the determination in §9 of B™-1(M) and B*(M) for n22. Hence- 
forth suppose always »22. Now 


a (2) (1) (2) (1) 
= 0, UW =U 4+ Un = Un | 
@) (2) Ny (1) (2) a) (1) 
(tnx) vw =-0, v = 2ui Un yet? , Un- = Unin , 
P (1), 2 
= 2(u Un ) = 1, 
a? (2) (2) (2) 
= 0, uy, =0,:-- 1 Un—1 = O, Un = 1; 
#(b,) yf (2) a (2) a o W 
=0, 1 = — U pete y Unal S — Uni n SUr. 


Again obviously gt is a topological mapping of mı on ms and got =t 
a topological mapping of bı on be. The most important projection 
get(m1) is given by 


(2) (2) (2) (2) 
uo =0, m = 0,- , Uni = 0, Urn =1, 


© (1) @) 2) D a) 
galm) w = 0, = 2) Un y+ y Unt = 2Un-iUn , 


oe Xu oy Si 

get maps m continuously in bz. It maps all the points (0, u®, - 
us) ,, 0) Xe of m on the single point eX(0, - - - , 0, —1) of by. When 
v ~ —1, that is, when u™ 0, the last n equations above can be 
solved for # in terms of o, ---, v. Hence get maps my on bz. 
Moreover, on the same point ex(0, w, -++, 0) of be, got maps 
the pair of points (0, +u®, ---, +u®) Xe of m, but no other point 
of mı when vw = —1. In fact, got maps coritinuously each of the closed 
halves, m{ and mý’, of mı corresponding to u® 20 and u <0, on bz; 
and it maps topologically each of the open halves of mm, corresponding 
to u >0 and u® <0, on b: minus the point corresponding to v® = —1. 
Take a simplicial decomposition of the meridian mı symmetric 
with respect to the center and to the topological product of the hyper- 
plane uw =0 and the point e. Take a coherent orientation of this 
simplicial m. Denote respectively again by m, mi, mi’ the (n—1)- 
cycle and the (7—1)-complexes, which are the sums of all the 


? See, for example, Seifert’s Solution of problem 124, mentioned in footnote 4; 
and C. Weber’s Solution of problem 84, ibid. pp. 5—6. . 
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(n— 1)-simplexes on m1, mi, mi’, so oriented. By means of the 
mapping get, the coherent orientation of my induces an orientation 
of b2. Take any simplicial decomposition of bg and a coherent orienta- 
tion determined by this induced orientation. Denote again by be the 
(n—1)-cycle which is the sum of all the (n— 1)-simplexes on be so 
oriented. Then, from the last paragraph, on Bd(Ke) the homology 
class of the singular cycle (ST, p. 97) get(m{) and that of the cycle b, 
are the same: (gat (mi ))* = b# on Bd(K2). 
` Now let QoQ: - - - Qam be an oriented simplex in the coherent ori- 
entation of the simplicial mı Let Q? be the diametrically opposite 
point of Q; on mı. Then either the oriented simplex Qd Q? --- Qla 
or the oppositely oriented simplex —Qy Qi - ‘+ Q,-1 is in the co- ‘ 
herent orientation of m, according as » is even or odd. Hence, on 
_ Bd(K2), (got(mi’))* =b# for even n, but = —b# for odd n. Hence, on 
. Bd(K2), and therefore also on Ke, (get(m))* = 2b¢* for even n, but =0 
for odd x. - 


7. The homology classes of (#1) and i(b;) on Ke. To determine 
" the homology class of t(m1) on Ke, let us regard the 2n+4-2 equations 
of #(m) in §6 as parametric equations of ¢(#) with the n parameters 
a, which are the coordinates of a variable point of the (z—1)- 
sphere S: #)’4@ =1, Introduce as another parameter the point r of 
the interval T: 071. After proper simplicial decomposition and 
coherent orientation of D=T XS, we have as boundary Bd(D) of-D: 
Bd(D)=Sj —Si, where S/ denotes the topological product of the | 
point 7 and S. Now map D continuously in R by the mapping: 


‘ 


(2) 2, 1/2 y? a) (2) a) 
0 =- (i-r) » Ul = TUL ttt Un = TUn | 
@) 2) D @) 2) a @ 
fı ao = O, v = 2uy Un yt , Un- F Unitn + 
i (2) 1,2 
Un = 2(u,) — 1. 


Obviously fı(D) is on Ko, and f,=# on S{ =m. Hence 
tm) ~ fiS) on Ka 


Again after proper simplicial decomposition and coherent orienta- 
tion of H=2ZXS, where X is the interval: 0Se z1, we have 
Bd(H) =Sd' —S{' where S?’ denotes the topological product of the' 
point e and S. Map H in R, by the continuous mapping 
f a = — cos («z/2), uy =0, e, u= =0, ue = sin (er/2); 

@) a) a) 2) D @ @ a) f _ 1. 


(2) 
J = 0, 1 = 2u: Un yoy On = U Unun » Un = 2(tin 
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Obviously fe(H) is on Ke, fe=fi on Sj’ =S, and fo(S{’) =gat(m). 
Hence 


SSi) = fa(So’) ~ fa(Si’) = glm) on Ka 
This homology together with the preceding one gives 
imi) ~ got(m) on Ka 


From the result at the end of §6, we have finally that, on Ke, (é(#m))* 
== 2bs* for even n, but =0 for odd z. 

Obviously (¢(b;))* =b# on Ka. 

On the sum Ki+K2, formed by means of the mapping £, mi = =2b# 
for even n, but =0 for odd a, and bë =. 


8. The homology classes of :(m:ı) and (b:) on Bd(K.2). From 
Kiinneth’s theorem on the Betti groups of topological product of 
complexes (AH, p. 308), the Betti groups of K; and Bd(K,) together 
with their bases can be easily determined. All K; and Bd(K;) have 
no torsion coefficients. Their only Betti numbers, which are not zero, 
are £°(K;) = p7(K,) =1, and p(Bd(K;)) = p**-*(Bd(K,)) = 1, 

PaRI, ))=2  - 

Let m* and b* denote respectively the homology: classes of the 
(n—1)-cycles on K; or Bd(K,), which are the sums of all the co- 
herently oriented (n—1)-simplexes on certain simplicial decomposi- 
tions of m; and b;.® Then the (#—1)-dimensional homology basis of 
K; consists of 6* only, while that of Bd(K,), of m* and b#. 

The (n—1)-dimensional Betti group B*-(Bd(K;)) is the free 
Abelian group with the two free generators m# and },*. The topologi- 
cal mapping t of Bd(K1) on Bd(K2) induces an isomorphism of 
B—(Bd(K1)) on B*-1(Bd(Ke)) (ST, p. 98). This isomorphism must 
be given by . 


(t(m1))* = amë + Bbž, = (t(b1))* = ym + SbF, 


on Bd(K:z), where the coefficients are integers and ai -By= +1." 
From the equations of #(b1) in $6, y =0; and therefore ô= +1. Hence 
a= +1. Take the simplicial decompositions and coherent orientations 
of m, and bz as given in §6.We can then, and shall, assign coherent ori- 
' entations to m and b, such that 6=1 and a=1. Hence (¢(m:))* 
= m3 +Bbs, and (t(b:))*=b# on Bd(K2). The first equation implies 


10 The two interpretations of the symbols m;* and b;* (namely, on K; or on 
Bd(XK;,)) will give rise to no confusion, as we shall always state explicitly the complex 
on which the homology classes are considered. 

u K, Reidemeister, Einfuhrung in die kombinatorische Topologie, Braunschweig, 
1932, p. 95. 


424 T. H. KIANG [June 


(t(m:))* =Bb* on Ke, since m#=0 on K. From the result at the end 
of §7, 6=2 for even n, but =0 for odd n. Hence, on Bd(K2), 
(t(m1))* =m +25 for even n, but =ms for odd n. 

Let Ki-Kz denote either of the isomorphic sub-complexes of Ki 
and K» which are to be identified in forming the sum K,-+ Ke: 
K,:-Ke=Bd(K,) =Bd(K2). On K,- Ke, më =m#+2b¢ for even n, but 
= m3" for odd n, and bř =b+*. i 


9. The Betti groups of M. It is obvious that BYM) ~Go. 

Let N”(Kı- Ko) be the subgroup of B*(K,- Kz), whose elements are 
the homology classes of those r-cycles, which are null-homologous on 
both K, and K.; S'(Ki+K,) the sub-group of Bt(K:+Ke2), whose 
elements are the homology classes of those r-cycles, each of which is 
the sum of one 7-cycle on K, and one r-cycle on Ke. We shall deter- 
mine as follows B"(M) by means of the theorem: 


Br(M) — S'(Ki + Ke) ~ N1(Ky: Ko) 


for every r2=1 (AH, p. 293). 

Let n be even. We say that S*-!(Ki+K2) ~Gz, N?"-*(K,- Kz) ~Go, 
and S'(K,+K.), N1(Ki-K:) are the null for all other values of 
r21. Let us prove first for example SHK, +K) ~G». Any (n—1)- 
cycle on KĘ; is homologous on K; to an integral multiple of b,. Hence 
any (n—1)-cycle on Ki+Ke, which is a sum of one (n—1)-cycle on 
Kı and one (n—1)-cycle on Ke, is homologous on K,-++Ke to a linear 
combination of bı and bz with integral coefficients. From the results 
in §7, 2bř=0 and bř =b7 on Kı+K2ə. Moreover, b*~0 on Ky-+Ko. 
For, if otherwise, let C be a complex on K+ Ke, such that Bd(C) =). 
Let C=Ci+(C2, where C; is on K,. Then bi—Bd(C:1) =Bd(C2). This 
shows that the right member would be on Ke, while the left member 
would be on Ki. Hence Bd(C,) and b,--Bd(C,), and therefore Bd(C)), 
would be all on K,-Ky. Being on K,-Ke and null-homologous on Ky, 
Bd(C,) would be homologous on K, K: to an integral multiple of m,, 
say Ma. Hence bë =Aymi¥+dym* on Kı-Ka, which is impossible 
from §8. Hence 60 on Ki+Ke, and S*-1(Ki+K2)~Ge. Next 
N*—1(Ki-Ke) =G follows from §8. The other isomorphisms stated 
are obvious, and we shall omit the proof. 

_ Hence for every r21, at least one of the two groups S'(Ki+K2) 
and N™(Kı: Kz): is the null, and, from the theorem stated above, 
B*(M) is isomorphic with the other group. Consequently B*-1(M) 
= Ge, B2*-1(M) =G, and B*(M) ~G; for all other values of r21. 

Similarly, when z is odd, S*-1(K1-++Ke), NK; Ke), N?” (K; Ko) 
all =G,, and S'(K,i+K:2), NK; Kə} =G for all other values 
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of r&1. Consequently BM), B*(M) and B?*-'!(M) all ~Go, and 
Bt(M) = G; for all other values of r21. ~ 

Thus the proof of the statements in (M1) and (M2) in §1 is com- 
pleted. 


10. The cases n=1, 3, 7.8 Let 


Xa ~ig —X% Xr — Xo Xi Xe x3 
Xs Xa — X7 Xe — Xi — Xo — X3 Xe 
‘| we x7 Xe Xg — X2 X%3 mm =a 
7 — Xs Xs Xa — X3 Xz xı — Xo 


Let B, be the four-rowed square matrix at the upper left corner of Bs, 
and B: the two-rowed square matrix at the upper left of B,. For 
n=1, 3, 7,-Bn41 has x’ and x as the first row and column, and is or- 
thogonal. The mapping 


to u= 2%, v= Bary 
is a topological mapping of the whole M, for n=1, 3, 7, on 
wu = 1, v = 0, vo = 1, 


the topological product of an m-sphere and an (n—1)-sphere. Hence 
we have our statement (M3) in §1. 


II. THE MANIFOLD M’ OF NON-ORIENTED LINEAR ELEMENTS 


_ 11. M'as sum. The cases n=1, 3,7. By the symbol (x; y)=2(«; —y) 
we mean that the two points (x; y) and (x; ~y) are to be identified. 
The space M” of non-oriented linear elements of an n-sphere is then 
represented by the equations of M and the additional condition 
(x; y)<2(x; —y). In this sense we shall say for simplicity that M” 
is M after diametrical identification (x; y)=2(x; —y). From the sym- 
metry of x and y in the equations of M, M’ is homeomorphic with the 
space given by the equations of M and the additional condition 
(x; yjæ(—x; y), and therefore is also the space of oriented linear 
elements of an n-dimensional! projective space. M’ is obviously a 
closed (2n —1)-manifold if it is connected. 

Let M’ be decomposed also into two halves M/, i=1, 2, namely 
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the M; after diametrical identification (x; y)—(x; —y). From the 
nature of the equations of the topological mapping #, on M; t: car- 
ries (x; y) and (x*; y*) respectively into (uw; 0) and (wu; —v) 
when and only when (x*; y*)=(x; —y). Hence’ t; is a topological 
mapping of M; on K/, namely the K; after diametrical identification 
(us y)=2(u; —v). Let r: be the S, in V: (§3) after diametrical 
identification o@—v, and Bd(M;), Bd(K/) the Bd(M,), Bd(K;) 
in §4 after diametrical identifications. Then we have here K? =E, XT; 
Bd(My)=Bd(Mz) and Bd(K/) =Bd(E,) X7;. The mapping ¢ is a 
topological mapping of Bd(K/) on Bd(K?). Thus, in the sense of 
homeomorphism; M’ =K? -+-K? , the sum being defined by means of #. 
In the particular cases n=1, 3, 7, from the mapping to in §10, 
topological on the whole M’, we conclude that M’ is the topological | 
product of an (w—1)-sphere and an (m—1)-dimensional projective 
space. i 


12. The fundamental group. The case n=2. Let us denote by 
a, the r-dimensional projective space: o =0, 9’ =1, w, =. 
=o =0, v®zæ—v”. In particular, 7?! is our m; previously defined. 
Let oj=eX,. For n>2, the fundamental group of K? or Bd(K?) 
is the cyclic group of order 2 with the class of the oriented oj as the 
generator (ST, ‘p. 156). From the equations of #(d:) in §6, we know 
that ¢ maps the oriented oj into properly oriented of. Therefore the 
fundamental group of M” is the cyclic group of order 2 (ST, pp. 177- 
178). =; 

When x=2, Bd(K?) is the torus. From §5 together with a neces- 
sary change of notations, we know that the fundamental group of K? 
is given by two generators [m,] and [o;] and the defining relation 
[m;]=1, and that 


(odh = [loz DN = [oa]. 


Hence the fundamental group of M’ is'the cyclic group of order 4 
(ST, pp. 177-178), in agreement with Threlfall’s result,? and W” is the 
Linsenraum (4, 1) (ST, pp. 219-220, 210, 215). 


13. The Betti groups of K? and Bd(K/). Henceforth we always 
assume 222. For simplicity, let our o7~* previously defined be de- 
noted by gi. 

The Betti groups of the factors of K? and Bd(K}) together with 
their bases are well known. The Betti groups of K? and Bd(K}?) 
together with their bases can be easily determined from Kiinneth’s 
theorem. The Betti groups B® of K! and Bd(K?) are all ~Gp, and 
the others are listed as follows. 
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When xis even, B*(K/) ~G.,r=1,3, - - -,2—3, with the basis (07)*, 
B-1(K!)~G) with the basis o*, B'(Bd(K/)) and B-'*"(Bd(K/)) 
« Gy with the respective bases (o7)* and (Bd(E;) X7)*, B*"1(Bd(K?/)) 
«Gy+Gy with the basis m*.and o}, B?*-?(Bd(K/))+G, with the 
basis (Bd(E,) Xr:)*, and all the rest are the null. 

When z is odd, B'(K/)=G:, r=1, 3,- --, n—2, with the basis 
(o4)*, B'(Bd(K} )) and B=-""(Bd(K/ )) + G with the respective bases 
(o7)* and (Bd(E,) X7})*, B*-1(Bd(K/)) Go with the basis m*, and 
all the rest are the null. 


14. The homology classes of t(#m), (cı) and i(Bd(#:) Xr) on 
Bd(K? ). We shall assume as in §6 that, for even n, g; has a simplicial 
decomposition and a proper orientation. For odd x, the projective 
space o; is non-orientable and there is no longer any non-null (in- 
tegral) (n—1)-cycle on it. We assume only that ø, in this case has a 
simplicial decomposition and that all its (7—1)-simplexes are ori- 
ented so that ¢ carries the integral complex o; into the integral com- 
plex oz. Regarding g; as b; after diametrical identification, we can 
apply to M” the discussions in §§6~8 with only slight modification in 
arguments and with necessary change of notations. From these sec- 
tions we have evidently the following results: On KY, (¢(m))* =40# 
for even n, but =0 for odd v, and (¢(01))* =os* for even n. Hence on 
the sum M’=Ki+Ki, m*=40# for even n, but =0 for odd n, and 
oi =o for even n. On Bd(Kł ), (é(my))* =m#*+40# for even n, but 
= ms for odd n, and (t(o1))*=o# for even n. Hence on Ki -K?, 
mi = mde +4o# for even n, but =m for odd n, and oi =o for even n. 

Suppose that oj and Bd(E,) Xm, r=1, 3, ---,2—3, n—1 for even 
nandr=1,3, - - - ,n—2 for odd z, has simplicial decompositions and 
proper coherent orientations. From the nature of the equations of 
t(bı) in §6, 


(ody = + (o); 
and since f is a topological mapping of Bd(KY) on Bd(Kz ), it induces 
an isomorphism of B™-*"(Bd(K7)) on B*-*"(Bd(Ky)): 
(Bd (E1) X 1) = % (Bd (E) X r3): 


We can, and shall, assume that the coherent orientations of oj and 
Bd(E;) Xr; have been so chosen that the signs in the above equations 
are all positive. Hence on Ki-Kd, (o{)*=(o))*, (Bd(Ei) X7)" 
== (Bd(E2) X79)*. . 


15. The Betti groups of M’. Obviously B°(M’) is the infinite cyclic 
group, and M” is connected. 
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Let n be even. We say that S'(K/ +Ki)~+G:, r=1, 3,---,2—3, 
Se-(Ki +K) =Ga, NKI K?) =G r=n+1, n+3, +, 2—3, 
N%"-2(Ki -Ki) Go, and S'(Ki +K2), N'-(K? -Ki) are the null 
for all other values of r 21. The proof of these isomorphisms is based 
on the results in §§13-14 and an argument similar to that used in §9. 
Then, as in §9, we have B'(M’) ~Gz,7=1, 3, +--+ ,2—3; "+1, n+3, 

»++,2n—3, B(M") =G, B?*-(M’) =Go, and B’(M’) are the null 
for all other values of r21. M’ is therefore orientable, when v is even. 

Similarly, when » is odd, S"(Ki +Ki)+G., r=1, 3,---, 2—2, 


NK? -Kd) =G., r=n+1, 243, ---, In—2, NK? -K/)~Go, 
and S'(Ki+Kz), N—(Ki -K?) are the null for all other values of 
r2i. Hénce BM’) =Go,r=1,3, ---,n—-2j;n+1,n+3, ---,2n—2, 


and B*(M’)=G», and B(M’) are the null for all other values of r21. 
M' is therefore non-orientable when z is odd. 


, THE NATIONAL UNIVERSITY OF PEKING AND 
ACADEMIA SINICA 


ON TOPOLOGIES FOR FUNCTION SPACES 
RALPH H. FOX 


Given topological spaces X, T, and Y and a function k from X XT 
to Y which is continuous in x for each fixed ż, there is associated with k 
a function k* from T to F= Y%, the space whose elements are the 
continuous functions from X to Y. The function h* is defined as fol- 
lows: h*(£) = ha, where hi(x) =h(x, t) for every x in X. The correspond- 
ence between k and #* is obviously one-to-one. f 

Although the continuity of any particular k depends only on the 
given topological spaces X, T, and Y, the topology of the function 
space F is involved in the continuity of k*. It would be desirable to 
so topologize F that the functions h* which are continuous are pre- 
cisely those which correspond to continuous functions h. It has been 
known for a long time that this is possible if X satisfies certain condi- 
tions, chief among which is the condition of local compactness (Theo- 
rem 1). This condition is often felt to be too restrictive (since it 
practically excludes the possibility of X itself being a function space), 
and several years ago, in a letter, Hurewicz proposed to me the prob- 
lem of defining such a topology for F when X is not locally compact. 
At that time I showed by an example (essentially Theorem 3) that 
this is not generally possible. Recently I discovered that, by restrict- 
ing the range of T in a very reasonable way, one of the standard 
topologies for F has the desired property even for spaces X which 
are not locally compact (Theorem 2). In this last result the condition 
of local compactness is replaced by the first countability axiom and 
this appeals to me as a less troublesome condition. 

` It should be pointed out that the problem is motivated by the spe- 
cial case in which T is the unit interval. When T is the unit interval, 
his a homotopy and h* is a path in the function space; in the topology 
of deformations, equivalence of the concepts of “homotopy” and of 
“function-space path” is usually required. 

Among the various possible topologies for F there is one, which I 
shall call the compact-open! (co.o.) topology, which seems to be the 
most natural. For any two sets, A in X and W in Y, let M(A, W) 
denote the set of mappings JEF for which f(A)CW. The co.o. to- 
pology is defined by selecting as a sub-basis for the open sets of F the 


Presented to the Society, November 25, 1944; received by the editors January 2, 
1945, 

.1 Terminology followed in this note is generally that of Lefschetz, -Algebraic to- 
tology, Amer. Math. Soc. Colloquium Publications, vol. 27, New York, 1942. 
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sets M(A, W) where A ranges over the compact subsets of X and W 
ranges over the open subsets of Y. 


THEOREM 1. If X ts regular and locally compact, Y an arbitrary topo- 
logical space, and if F has the co.o. topology, then continuity of h is 
equivalent to continuity of h* for any topological space T. 


THEOREM 2. If X is a space which: satisfies the first countability 
axiom, Y an arbitrary topological space, and if F has the co.o. topology, 
then continuity of h 2s equivalent to continuity of h* for any T which 
satisfies the first countability axiom. 


THEOREM 3. If X is separable metrizable and Y is the real line, then in 
order that it be possible to so topologize F that continuity of h and of h* are 
equivalent, it is necessary and sufficient that X be locally compact. 


Lemma 1. If F has the co.o. topology, then continuity of h implies ` 
continuity of h* under no restrictions on the topological spaces X, T, 
and Y. 


Proor. Let W be an open set in F and A a compact set in X and’ 
let to be a point in h*-1(M(A, W)). Then A XtoCh-!(W). Since h- W) 
is open it is the union of open sets Ua X Va. Since A is compact, A Xto 
is contained in a finite union U?,U.X V: with each V; a neighbor- 
hood of to. Then Mj, V; is an open neighborhood of to and is contained 
in h*-1(M(A, W)). 


Proor oF THEOREM 1. In view of the lemma it is sufficient to prove 
that continuity of 4* implies continuity of h. Let W be an open set 
in Y and let (xo, to) be a point in k-1(W). Since h*(to) is continuous in x 
there exists an open neighborhood U of xo such that h* (t) E M(U, W).. 
Because of the conditions on X there is an open neighborhood R 
of x9 such that R is compact and contained in U. Since M(R, W) 
is open and contains h*(to) there is an open neighborhood V of to such 
that h*(V)CM(R, W)CM(R, W). Thus RX V is an open neighbor- 
hood of (xo, to) which is contained in kW). 


Proor oF THEOREM 2. As before we have to prove that continuity 
of h* implies continuity of k. Let W be an open set in Y and suppose 
that h-1(W) is not open. Then there is a point (xa, to) in #-™(W) which 
is also in the closure of the complement of h-1(W). Let {Ga} bea base 
for the open, sets of XXT at the point (xo, ts) and choose, for each 
integer n, a point (£a, ta) in the intersection. of N:<,G; and the com- 
. plement of 4-1(W). Since h*(é) is continuous in x there exists an 
open neighborhood U of x» such that k*(t) EM(U, W). Let 
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A=UNU2_%.. Since A is compact, M(A, W) is open and since h* 
is continuous and fp €h*-!(M(A, W)), there is a neighborhood Y of to 
such that 4*(V)CM(A, W). There is an integer N such that x,C U 
and E V whenever n>N. Hence h(%n, t) EW for every n greater 
than N. This contradiction with the choice of the points (%,, én) proves 
that h-(W) is open. Thus k is continuous. 


LEMMA 2. Let X be a separable metrizable space, let Y be the real line, 
and suppose that the topology of F is such that continuity of h for . 
T= [0, 1] implies the continuity of h*. Let W= (a, b) be a finite open 
interval in Y and let A be a closed subset of X which is not compact. 
Then the set M(A W) has no interior points. 


Proor. Since A is not compact there is a sequence {x,} in A such 
that U2, is closed in X. Given any element #*(0) of the set 
M(A, W) let us define 


. halan) = min {1 + b, koltan) + nt}. 


Since the function is defined over the closed set X X [0] U (U £ ixn) 
x [0, 1] it may be extended continuously over the normal space 
XX [0, 1]. If #>0 there is an integer n such that a-+nt>1+); hence 
h*(#) is in the complement of M(A, W) for every positive t. By hy- 
pothesis the topology of F is such that h* is continuous. Hence h*(0) 
belongs to the closure of the complement of M(A, W). 


LEMMA 3. If the topology for F is such that continuity of h* always 
implies continuity of h then, given a point xo in X, an-open set W in Y, 
and an element fy in M (xo, W), there is a neighborhood R of xo such that 
M(R, W) is a neighborhood of fo in F. 


Proor. Define $(«, f) =f(«) for every (x, f) EX XF. Since $*(f) =f, 
¢* is continuous and hence ¢ is also continuous. Since ¢-'(W) is 
therefore open there must be a neighborhood R of x, and a neighbor- 
hood V of fo such that (R, V) CW. Thusfoe VC M(R, W) and hence 
M(R, W) is a neighborhood of.fo in F. 


PROOF oF THEOREM 3. Let W be the finite open interval (a, b) and 
suppose that the topology of F is such that continuity of k and of h* 
are equivalent for every T. From Lemma 3 it follows that, given any 
point xo in X and any element fa in M(x, W), there is a neighborhood 
R of x such that M(R, W) is a neighborhood of fo in F. Since X is 
regular there is a neighborhood U of xo whose closure is contained 
in R, so that M(U, W) is also a neighborhood of fo. Since fp is an 
interior point of M(U, W) it follows from Lemma 2 that 7 is com- 
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_ pact. Thus X must be locally compact. This proves the necessity of 
the condition; sufficiency is a consequence of Theorem 1. 


COROLLARY. If Y is the real line and X is separable metrizable but not 
locally compact, then F does not satisfy the first countability axiom in the 
co.o. topology. 


Proor. Let W be the finite open interval (a, b). If F satisfied the 
. first countability axiom then Theorem 2 would apply to yield the 
continuity of the function ¢ defined above. If x» is a point at which X 
is not locally compact and fy any element in M(xo, W), then it follows 
from the proof of Lemma 3 that there is a neighborhood R of x» such 
that M(R, W) is a neighborhood of fy in F. Let U be a neighborhood 
of x whose closure is contained in R, so that fo is an interior point of 
M(U; W). Since U7 is not compact this is not in agreement with 
Lemmas 1 and 2. This contradiction shows that F does not satisfy 
the first countability axiom in the co.o. topology. 


SYRACUSE UNIVERSITY 


ON CERTAIN VARIATIONS OF THE HARMONIC SERIES 


PAUL ERDOS AND IVAN NIVEN 


Ed 


Consider any block of terms from the harmonic series 





1 1 1 

— e Pee O (nz 1, k 2 1). 
Define the integer ka by the relation! 
(1) S(n + k, ki) < S(n, k) < S(n + È, ke + 1), 
and similarly ka, ka --- by 


(2) Slin + k+ ks ks) < S(n + k, k) < S(n + k + ho, ka + 1), 
g Sort bt + kak) < Set b+ hay ka) 
< S(n t k+ ket kz, ka + 1), 
and so on. We shall study the series 
S(n, k) — S(n + k, k) + Sn + k+ kz, ka) 

— S(n+ kF kit ka k) t'e 
THEOREM. The series (4) is convergent if and only if k = kz. 
Lema 1. log (1+k/n) <S(n, k) <log (1+2k/(2n-1)). 


The inequality on the left arises from the usual comparison of the 
harmonic series with the integral of the function 1/x. To prove the 
other inequality, we note that the convexity of the function 1/x im- 
plies 


(4) 





mtli2 dy 1 2n+1 1 
f —>— or log-— >: 
' ni2 F n n—1 n 
We replace n by n+1, n+2, ---, n+k—1 in the latter inequality 


and add the results. 
Lemma 2. If k=ke, then k=k; with] >2, and the sertes(4) converges. 
We need prove only that k=ks. Since k>&s is not possible, let us 


Received by the editors October 8, 1944. 

1 It is not possible that S(n, k)=S(n+k, ke). For let 4 be the unique integer in the 
range (n, n+k+kz:—1) which is divisible by the highest power of 2, say 2". Let m 
be the l.c.m. of all the odd divisors of n, n+1, +++, n+k-+ka—1. Then 27-4 S(n, k) 
=2™lnS(n+k, ka) is an equation involving k+k:—1 integers and the one fraction 
m2 /h, 
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assume that k<ks, say ka=k+r. Then by (1) and (2) 
S(n,k)<Sa+k,k+1) and Snt k, kh) > Swt+ 2k, k +7. 


By Lemma 1 these imply 


k/n < (2k + 2)/(2n + 2k — 1) 
and 
2k/(2n + 2k — 1) > (R+7)/(n + 2k), 


which reduce to the incompatible inequalities 
2k? <In+k and 2k? > k(2r — 1) + 2ar — r. 
LEMMA 3.-If ke>k, then kj41>k;, and moreover kya—k;2Zkz—k. 


We prove that k3—k,2=ke—k. Suppose that ke=k-+r, but that 
k3<k-+2r. Then by (1) and (2) ` 


Sin, hk) > Sn+ kh, k+7) 
and 
Sint k, k +r) < S(n+ 2k +7, B+ 27). 


Again we use Lemma 1 as in the proof of Lemma 2 to get 
(5) 2 + k-+ 4 > 2ur 
and 
2ur + k-+- 9 > 2k + 2kr + 2r. 
These add to give the impossible result , 
2k + 2r > 2kr + 2. 


Lemma 4. If ke>k, say ko=k+r, then there exists an s such that 
ka >k tr. i a 


Suppose that k, =ke-1-+7 for all s, so that ke =k-+(s—1)r. Then the 
inequality 


Smt RA hat +++ + hay kaa) < Sint kH habs +t korn kapo F 1) 
can be written as 


s — s 





S(t sk + nbs) 


s+ s 





<8(n+si+ b+ nktortr+t). 


We apply Lemma 1 as before to reduce this to 


i 
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2nr + 2n + 2sk + sr + k > 2ksr + s'r? + sr? + 2k. 
This is impossible for r>1, since s?r? is the dominating term for 
large s. If r=1 the inequality reduces to 
4n+k>2k+s. 


We are now in a position to prove that (4) diverges if k <kz. Using 
Lemma 4 we may assume that r=ke—k is as large as we please. By 
definition we have 


Snt ht kate + iy ki) = Sin + B+ kat ++ + kirn Rira) 


1 
Loen TRTES OGRA ore SEEEET A 
n+ kt ket +++ + Rize 
Summing these for j=1, 2,---,s—1 (where ki=k), and adding 


S(n, k) — S(n + k, ka) < 1/(n + k + ko), 
we obtain 
S(n, k) — S(n + k+ kat ++ + ka kayi) 


etl . 
<DViwtktht-+- +h) 


j=2 
' atl 8 g?r 
< > {n + Cyr}? < (x + =) 
7=2 tex] 


2 I 4 Nua T j 1 
n + — £ = — < —. 
0 2 (2rn)!!? ntl? 
Thus we have : 


S(n + k+ kat +++ + ka Rati) > Sa, k) — 1/201”, 


and we shall complete the proof by showing that the right side of this 
inequality, which is independent of s, is positive. 

With r sufficiently large, inequality (5) implies that k>n™?. And 
since S(, k) exceeds k times its smallest term, we have 


S(n, k) > k/(k + n) > 1/20, 


In conclusion we shall prove that if S(m, k) were defined as 
Dd(n+3)-¢, then the series (4) would converge for 0<a<1/2. 
(Weare unable at present to state a theorem for the cases 1/2 Sa <1.) 
In (1), (2), (3), and so on, the first inequality sign should be altered 
to include the possibility of equality. We shall prove that for n suffi- 
ciently large 
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k-i 2k 
3 (n +p < E (nti or 
j= rk 


(6) 


k-1 


E {a+ je (nt kHH} < (n+ 2k, 


j=0 
that is, that the number of terms in each block of the series is eventu- 
ally a constant, which implies convergence. Since the first term of the 
sum on the left of the latter inequality (6) is the largest (as can be 
shown by elementary calculus), this inequality is implied by 
ne — (n + k) < (a + 2k)-2/R. 


By examination of the graph of y=x~¢ we see that the term on the 
left of the latter inequality is less than & times.the negative of the 
derivative at «=m, and hence we need merely prove that 


Rane) < = (n+ 2k)-* or a< =(—,). 
k k? \n + 2k 


This in turn is implied by k? <n, as is shown by 


ge n <( n y <= ( n y 

SIS tak \n+2k) © Nn + 2k) | 
We prove that k? <n for n sufficiently large by using the fact that 
every term of series (4) is less than the first one, say c. Thus we have 


kl 
kint k—-1iye< E (ntie or k<oelnt k-i) 
jead 


When we write k=n* this becomes »§<c(n-+n8—i)*. For n suff- 
- ciently large this implies 8 <1/2, that is, R<n¥?. 


PURDUE UNIVERSITY 


NOTE ON THE PRECEDING PAPER 
IRVING KAPLANSKY AND HARRY POLLARD 


The sufficiency portion of the theorem on the harmonic series 
proved by Erdös and Niven in the preceding paper hinges on the fact 
that (in their notation) ka=% implies k;=k for j>2. We shall show 
that this is true more generally for any series $ u, such that {un} is 
completely monotonic. The result follows at once from the theorem 
below. 

In the case ke>k, the method has thus far not yielded any result 
of the kind obtained by Erdés and Niven. 


THEOREM. Let un*0 (n=1, 2,---) be a sequence such that 
(1) (— 1)*A*u, = 0 (k=0,1,-++;2=1,2,---), 
` that is, {un} is completely monotonic, and l 
(2) lim Un+pi/Un = 1. 
Define E 


S(n, k) = un + tnya F eee F tet, 
f(n, k) =S(nt+ k, k+ 1) — S(n, k). 
Then f(n, k)>0 implies f(n+1, k)>0. 


We require the following lemma, which is a consequence of a theo- 
rem of D. V. Widder. 


LEMMA. Let p(t) be a function continuous in (0, 1) and having at most 
one change of sign in this interval. If a(t) is non-decreasing in (0, 1), 
then the sequence v, defined by 


1 , 
Dn = f i*o(é)da(d), m=t1,2,+-°, 
(o 


has at most one change of sign. 


Proor. If @(é) is of constant sign in (0, 1) there is nothing to prove. 
Suppose then that it changes sign at =t. Define y(i) = fn (dalt). 
Then y(é) has at most one change of trend? ‘in (0, 1). Since 


Received by the editors November 26, 1944, 

-1 D., V. Widder, The inversion of the Laplace integral and the related moment problem, 
Trans. Amer. Math. Soc. vol. 36 TR p. 195. 

2 Loc. cit, p. 155. 
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va = fi"dy(é), the result follows from the theorem of Widder. 
PROOF OF THE THEOREM. A well known result of Hausdorff states 
that a sequence satisfying (1) admits the representation 


1 
Uy = f i"da(i), 
0 


where a() is non-decreasing.* It follows that 


f(n, b) = Í oldal), 


where o(t) = (tt! — 27*+-1)/(¢—1). It is readily verified that #(¢) has, 
exactly one change of sign in (0, 1); hence the same is. true for the 
function #(é)—, for sufficiently small e>0, say e< €o. Thus by the 
lemma the sequence 


! f(n, k) — et, = Í ried — e|da(i) 


has at most one change of sign for e< € . 

Suppose now that f(n, k) >0, while f(n+1, k) <0. From (2) it fol- 
lows that f(N, k) >0 for a large enough N>n-+1. Choose s, 0< €1< €o 
so small that . 

f(n, k) — ér > 0, 
f(n + 1, k) — etry < 0, 
, JN, k) — ety > 0. i 
Then the sequence f(n, k)— eu, has at least two changes of sign. But 


this contradicts the remark above that it can have at most one change 
of sign. This completes the proof. 


r 


New York City 


3 Loc, cit. p. 191. 
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PROOF OF A THEOREM OF LITTLEWOOD AND PALEY 
A. ZYGMUND 


1. Introduction. In recent years, important results in the theory of 
Fourier series were obtained by Littlewood and Paley [3 ].! They used 
complex methods, and their main tool was an auxiliary function, g(0), 
which they themselves had introduced. 

Let (z) be any function regular for |z| <1. The real-valued and 
non-negative function g(8)=g(9; ¢) is defined by the formula 


1 1/2 
(1.1) g(6) = {f (1 = a) | (0 Pao , OSp<t. 


The integral on the right is finite or infinite, but always has meaning. 
Let f(@) be any L-integrable function of period 27, and let f(p, 0) 
be the Poisson integral of f. Thus 


1o, D => f IOP, 0 — udu, 
; T 0 


where P(p, t)=(1—p?)/2(1—2p cos t+p°) is the Poisson kernel. If 
Flp, 9) is the harmonic function conjugate to f(p, 0) and vanishing at 
. the origin, and if we set 


oe) = flo, 0) + lp, 8), z = pe", 


the function (1.1) will sometimes be denoted by g(0; f). 

The function g(@) is suggested by some heuristic argument (see 
[3, 1]). It does not seem to possess any obvious geometric signifi- 
cance, although it has a majorant, s(0), with a simple geometric 
meaning. The reader interested in this problem is referred to papers 
[4, 7]. In the present note we shall be exclusively concerned with the 
function g(6). 

As usual, by H* we denote the class of functions (2) regular in 
|z| <1 and satisfying 


(1.2) f ‘ | loe) [>40 = O(1), 0 Sp<i. 


As is well known, this condition implies almost everywhere the exist- 
ence of the radial limit é(e*) =lim,.1 }(pe*). 


Received by the editors January 8, 1945. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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Basic for the Littlewood-Paley theory (see also [8 ]?) is the following 
result. 


THEOREM. Suppose that (2) EH, A >0, wid that g(0) =g(0; p). Then 


aa {f aaah” saff” lenp", 


with Cy depending on d only. 


This result is proved in Littlewood and Paley [3, II] (where, un- 
necessarily, it is stated in a form valid for X\>1 only). The proof the 
authors give is far from simple. The inequality (1.3) is first established 
for \=2, 4, 6,- +--+. In this case, the integral on the left of (1.3) is 
treated as a multiple (A-uple) integral, whose complexity obviously 
increases with A. On the other hand, the passage from these special 
values of to general A >0 is simple. 

_ The purpose of this note is to give another, perhaps slightly simpler 
proof of (1.3). The general idea of the proof will be as follows. 
{a) First we establish (1.3) for \=2, which is immediate and quite 
familiar. (b) Next we show that the validity of (1.3) for any particu- 
_ lar implies its validity for any smaller and positive X. (c) Finally, by 

a certain conjugacy argument we pass from the case \S2 to A>2. 

The details of the proof are developed in the second section of this 
note. Part (b) of the proof is borrowed from Littlewood and Paley, 
and whatever novelty of the subsequent argument is restricted to 
part (6). 

We shall also need the following two lemmas. 


LEMMA 1. Let 6(z) CH, &>0, and let B(0) =suposo<ı| (pe) |. Then 


{ f Š aoas} = sad f if ole) pao} 5 


LemMA 2. For any regular function (2), z = pe”, 


lool =acloly=— (Slet) +5 Slol 
Op p? 00? 

Lemma 1 is a very well known result of Hardy and Littlewood (see 
[1] or [6, p. 247]). Lemma 2 is also very well known. Its use in the 
sequel is analogous to that made by ‘Littlewood and Paley in their 
proof of the theorem. 


2 I take this opportunity to correct a misprint in [8, II]. On p. 349, line 2, the de- 
nominator (log 2)! should be replaced by (log n} ®A, 


t 
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2. Proof of the theorem. It is enough to prove (1.3) for ¢(z) regular 
in |z] <1. For if0<R<1, and if gre =g(8; ¢(Rz)), then 


gr(6) = R? f (1 — p)| ¢'(Rpe”) [dp S Í (1 — pR) | $’(oRe*) |2dp 


= f a- 0) La) fido, 


Thus gr(6)S2(0), gr(@)—2(8), as R—1. If (1.3) is valid with g, ọ(z2) 
replaced by gr, ¢(Rz), then on making R tend to 1 we get (1.3) in 
full generality. 

(a) To prove (1.3) for A\=2, let (z2) =co+az+c:z?+ +--+. The se- 
ries is absolutely and uniformly convergent for |z| <1, and 


-f rou = +f af a a | o’ (pei) ao} 


1 1 2r 
-f (1 — p)dp -=f | o" (ne) |2d0 
0 2rd o 
1 w 
J, (1 — p) E »?| c |20°bdp 


yen) 


Sal aef (1 — p)p™—?dp = 3 
2 


vol 2v(2v = 1) 


il 


y? 
| «|? 


il 


POR - 2 s Laf? 16 2d6. 
22Zlel 2 2rJ 5 | a(e%) | 
(b) Suppose that (1.3) is established for some particular value of A 
and let 0<«<X. Suppose that (2) H* and assume for a moment 
that (z) has no zeros for |z} <1. Let Yy=¢ġ>, Thus ¢*=y', and 


yem, If weset Y (8) = suposp<i| Ylpe”)]|, g(6) =g(0; H), GO) =2(0; Y), 
then 


1 
4) = 0/9? J (1 = p) |v [oor] y [dp = (OGO), 


"grdo S (A/x)* f P—G"de 


E= ovod f “wast od f a 


by the inequality of Hélder. Since we assumed the validity of (1.3) 
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for our particular \, 


1S gash s Ma) {a( Í "PR ) ry aor 
WON { f 2r [yeh Pash 1m 


sova ad f M Pt = 
= fear" 4 f TE a} p 


This is (1.3), with x instead of \, and with C,= (A/x)¥242-9"G,. 

Suppose now that $(z) (0) does have zeros in |z] <1. It is well 
known (see [2]) that then (2) =¢:(2)+¢:(2) (|z| <1), where ¢; and 
ġz have no zeros, and |o.(z)| S2|¢(z)| , for k=1, 2. Tf ga=g(0; dx), 
then gSgi+g:, by the inequality of Minkowski. Thus 


2r 2r 2r 
gds Fi f giao + f giao) 
9 0 0. 
f 2r 2x 
<e( f lala f Lala) 
0 
zi G cf | sce") "20. 


This completes the proof of (b). In particular, (1.3) is established for 
0<) <2. . 

(c) On account of (b), it is enough to prove (1.3) for X 24. Let u be 
` defined by l 
1/(A/2) + i/u = 1. 


Thus 1<pS2, since A 24. Let £(6) denote any non-negative sfiaeion 
such that AG ]=( Fe grdo)" <1. Then 


(2.1) Mylg] = -{ f Aa sup f gtdð, 


where g=g(6; ġ). We may even restrict £ to trigonometric polyno- 
mials, without invalidating (2.1). Let us fix any such polynomial &(6), 
and let us write y(6)=g(6; £). If ¢(z) denotes the analytic function 
whose real part is the Poisson integral £(p, 0) of (9) and whose imagi- 
nary part vanishes at the origin, then M, [¢(e”)] S R Ma [E] £ R, by 


t 
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the very well known result of M. Riesz [5]. Here R, depends on y 
only. Thus, observing that (1.3)-has already been proved for A be- 
tween 1 and 2, we get : 


(2.2) M,[y] s CM,[t] S CR,M,[E] S CR,, 


where C=supisas2C) is an absolute constant. 
We write 


feo f a- ad f” eom eoad 
-afiafi ioe 
z afa ~?) { f "| 6! orem) Pe oan dp. 


The function w(z) = |p’ (z)| 2 being subharmonic, 





2£(6) a} pdp 


w(pe") S ae f olp) Plo, 0 — u)du, 
To 
2r 1 2r 2r 
f w(oreDE Odds — f wd f w(oe™) P(p, 6 — wan do 


2r 
f w(pe")E(p, u)du, 
0 


@.3) f eooasaf a-a f Ison lee, oak ap, 


By Lemma 2, 4|¢’| 2=Al¢| 2, The formula 





1 ð ðU 1 U ; 
2.8) aU = (9) Ha = Ut Ut OU 


implies for any functions a(p, 6), b(p, 0) 
A(ab) = aAb + bAa + 2(a,b, + p-aebs), 
Thus, taking a= lel 2, b=£(p, 6), and observing that Af=0, we get 
alele = adal — 2{ [alot +0 | ols). 


It follows that the right-hand side of (2.3), which is-non-negative, 
does not exceed 


f 
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le 1 
fO f a= Dad ol podeas 
8 0 


+f f (1 — p)| | (1 el] & | +a] bol | t| coda = A+ B 


say. Since lọ sọ, LA =]¢'], | ohal =ļ|ọ'], EA s|], | oge] 
<|¢’|, we find 


ssf eat f a~ale'lle lat 
ssf BOKONO 


S 8M [t] [g] M,[y] £ 8CARMa[g]Ma[4(e*) J. 


(2.5) 


Here we use Schwarz’s inequality, Hölder’s inequality with the three 
indices \, \, u, and the inequality (2.2). To A we apply the first 
formula (2.4) and note that, owing to periodicity, tke integral of 
(|| Eo over (0, 2r) is zero. Thus 


2r 1 0 ð 
A -f a f (1 — p) z(e =| ole) a» 
2r 1 ð 
~ =f al p—cdelpa 
f J o5 elma 


2.6 2r 1 
SO fLl leoo f | ale |8, ae) ao 


s f "lei eado < miee m, E] s lee]. 
From (2.1), (2.3), (2.5) and (2.6) follows 


Mile] S 8CAR, Mh le]Mlol)] + Mlele), 


so that X = My [g]/ M [ġp(e®)] does not exceed the largest root of the 
equation X*=8CA,R,X+1. This proves (1.3) for \ 24, and so also © 
for all A>0. 


3. Additional remark. The constant A, in Lemma 1 is bounded 
for A 2e>0 [1; 6, p. 247]. On the other hand, K, =O(u—1)-!=O(A) as 
» pol (that is, A) [5; 6, p. 149]. Hence the largest root of the 
equation X?=8CA,R,X+1 is OQA) for A>. In other words, the 
constant Cy in (1.3) is bounded in every interval 0<eSAS1/e, and 
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is O(A) for A œ. Thus Ca SKA for \ 21, where K is an absolute con- 
stant. 

Suppose that #(z) is regular for |z] 1, and does not exceed 1 in 
absolute value there. Let a be any positive constant less than 1/Ke. 
Summing the inequalities 


n 2r n 2r 
= f grdo < Č (Kn)” f | (e9) [ndo < 2r(aK)"n”/n! 
n! 0 n! 0 
for n=0, 1,2,- we get 
2r 
(3.1) f exp {ag(6)}d0 S B. 
0 


This inequality may be considered as the limiting case of (1.3) for 
A= œ. It may even be slightly strengthened. If (2) =u-+iv is regu- 
lar for |z| <1, and if |u| S1, then we have (3.1) where œ and B are 
positive absolute constants. 

To show this, we observe that the proof of §2 could be slightly 
modified, by using instead of Lemma 2 the relation ” 


2| g' |? = Au? (6 = u + ù) 


and instead of Lemma 1 the inequality 


{ f “roan EN if "ulo haat my, RSA 


where u(p, 0) is any harmonic function satisfying J u(p, 8) | ado 
=0(1), and where u(1, 0) =lim, -u (p, 0), U(0) =supos,<1u(p, 0). The 
coefficient B, depends on à only and it is O(1) as A œ. (Unlike An, 
B, tends to infinity as A->1.) This modification of the argument of §2 
leads to the following analogue of (1.3) ‘ 


(3.2) { f “goal BET { f "alo pao} ~ 


(A> 1,6 = u + iv) 


and here again CX =O(A) as \—> œ. Let CY SK) for A 22. If Jul si, 
and if we consider (3.2) for \=2, 4, 6, -- +, we immediately obtain 





2n 


(2n)! 





2r 2r I P 
f exp agd@ < af cosh egdé < 4r), (K-n) <6 < o. 
g o 0 : 


This completes the proof. 
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MrT. Hotyoxe: COLLEGE 


REPRESENTATION OF FOURIER INTEGRALS AS SUMS. I 
R. J. DUFFIN 


Let (x) be an arbitrary function and let the functions F(x) and G(x) 
be defined by the series: 


COELO LONA 
(2) yE J- 


Then G(x) ts the Fourier sine transform of F(x); that is, 


Gas H Í. ” in aP Odt. 


The purpose of this paper is to give restrictions on ¢(x) so that this 
relation is valid in some sense. 

It will be shown here that the restrictions on @(x) are closely 
related to restrictions which insure the existence and inversion of 
J? sin xth(t)dt. Well known and important cases for the inversion of 
the Fourier transform are: 1. d(#)CLe, 2. (HCL, and 3. A(£) of 
bounded variation. The analogous cases will be considered. 

. Itis convenient to employ the following Pa sn x=sin (r/2)x, 
cs x=cos (r/2)x, and a,=sin (1/2)n; n= 0, 1, 2, . Thus we are 
trying to justify the relation 


L sie 6(*) =f sn st), = 6(+)a 
1 X '\% 0 1 A n 
We shall call this in what follows the sine transform. (No confusion 
should result from the fact that sn x has a different meaning in the 
theory of elliptic functions.) 
The proofs given here do not assume any previous knowledge of 


Fourier integrals although certain elementary properties of Fourier . 
series are employed. 


1. L: theory. We make the restriction on (x) not only that it 
belong to Zz but also that at least one of the series converges suitably 
to a function in Lo. 


-Presented to the Society, April 11, 1941 and Apri! 24, 1943 under the titles Mobius 
transforms and Fourier transforms and Some representations of Fourier transforms; re- 
ceived by the editors February 8, 1945. 
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` THEOREM la. Let (x)CL2 (0, ©) and suppose as N—>œ that 
Z (an/n)o(x/n), where n runs from 1 to N, converges in mean square 
to a function f(x) in L2(0, œ), Then Sapna] converges in mean 
square to a function g(x) in L(0, ©) and 


é@é2f°1—csxt 


g(x) en f(dt 


almost everywhere. ! 


Proor. We shall employ a simple lemma of some interest in itself. 
LEMMA 1. Let ġ(x)CL:(0, ©) and suppose for some sequence of con- 
stants {bn} that as N—> ©, >-(b,/n)¢(x/n), where n runs from 1 to N, 
converges in mean square to f(x), L2(0, o). Then di ba/x}b(2/x) con- 


verges in mean square to a function gi(x) in Ll0, œ) and Te | f(x)| "dx 
= J; | gx(x)| 2d. 


If ix =ny then 


See) 





N2 Ne co 
mo BEL AAE 
Ny Ny 0 x? x x 
Na No o baby t t 
EES OG 
Ni Ni ny y n 
Ne bn 
SIE Oe 

0 Ni A 


But as N; and N: approach œ the latter integral approaches zero. 














Lemma 2. For OStS1; N=1, 2, 3,---, the partial sums 
DOY an(1—cos nt)/ni are uniformly bounded. 
Let i 


N 1 — cos nxt 


S(x) = 2 Eor 


so 


N 
S’(x) = $, an sin nat. 
1 


But sin @—sin 30+ - ++» +sin (2m+1)0=(—1)"sin (2m+2)0/2 cos 6. 
So S’(x)= +sin N’xt/2 cos xt, OSxS1, where N’ is an integer. By 
the mean value theorem S(1) = S(0) +S (x1), 0<%1<1. Since S(0) =0 
we have | S(1)| 1/2 cos 1. 

Let 
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2 *1—cs at LLA o1 —csat® an t 
y=—f ———— f()di = lim — Ce 
TJ 9 t n 


Now TJ 9 ; t 1 7” 

2 — cs nxt at 
meee == ip Pissed (10) apati 
Now T 0 t 


Split this integral into two parts, fJ” Sp; K =2/ax. 

The passage to the limit under the integral sign is justified in the 
first integral by Lemma 2. In the second integral the series is known 
to be uniformly bounded as it is the Fourier series of a function of 
bounded variation. Since f ~ | olt) | di/t exists, passage to the limit un- 
der the integral sign is justified in the second integral. As is well 
known, 


1; 4n+1<a< 4n+3, 
1/2; 2m +1 = x. 


0; 4m—-1<2<4m+1, 
2:2 1—csnx 
Ww oy n 7 


Let 
0; |x| > 4, 
h(x) = fy | æl <1, 
1/2; | «| =1. 


With h(x) so defined it is obvious that the following key lemma is 
valid: 


LEMMA 3. (2/1) aq(1—cs nx) /n =Liaal(n/z), where n runs from 1 
to œ in both sums. 


Thus, using this relation, we obtain 


Y = E (E -) 6 =. 


The partial sums of this series are bounded by 1 and are zero near 
the origin so 


Y = Èf (2o )= = a =+ )a = f soa 


This last step is justified by Lemma 1. Thus g(x) =dY/dx almost 
everywhere. 


THEOREM 1b. Under the hypotheses of Theorem 1a almost everywhere 


d 2 f° 1—csxt 
f(x) = — — — (dt. 
dz r 0 é 
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Let ®(x) =(1/x)/x; then, by Lemma 1,® satisfies Theorem 1a. But 


Xan {2% N Ga n 
seS 
1 7” n 1 L x 

' and N a N 
I Gn n z x 
OO 
1 F% x 1 A n 


This observation completes the proof without recourse to Plan- ` 
cherel’s theorem. ` 


2. L, theory. Besides assuming that ¢(x)C L, we also assume that 
. (x) is “small” near the origin. 


THEOREM 2a. Let (1+1/x)b(x) CLi(0, ©); then 
Z On g% 2 an n ` 
fo) = 6(=) m ee) = OS 4(*) 

1 M n ` 1 x 

exist for almost all x and 

l d 2 f> 1— csat 
g(a) = — — ~m fid 
, dz Tt o 
almost everywhere. 


Since ġ(x) and $(1/2)/*xCLi(0, ©) the first part of the theorem 
is a consequence of this lemma: 


LEMMA 4. Let f(x) C£i(1, ©) and let fba } be a sequence of constants 
such that |ba| <B. Then >ibnf(nx), where 'n runs from 1 to ~, exists 
for almost all x>1 and fî | Sif baf(nx)| dx/x< BS? | f(x)| dx. 


Note that 2r | flax)| and > \Yh(n/x) are monotone in N so by the 
Lesbegue integral theory of monotone sequences 


oO © x d w% © d 
S Dl x09 |S = Ef a 
f 1 x 1 1 x 
% d da 
-X Í. CALO: 
© w% ; d eo 
= f Irol Damas f IOl ae 
£ 1 


Thus Dr f(nx)| eae for almost all x. 
Since | bf (nx) | SBR | f(nx)|', the proof is complete. 
The lemma implies f? dir [anh (t/n)/n| dt exists so 
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ESS t 
If PETI 
n 
N 1— i t 
RE een cS HX (=) TES 


No 7 


For each value of ¢ the series is some partial sum of the series 
> ranli —cs nxt)/n and since these partial sums are bounded the 
limit may be taken under the integral sign, giving 


=f" Se = pene ee (= Ao. 


For the same reason the limit of this integral as A> œ is 


ao 


2 — cs nat dt oo dt 
= “Daa See 6) = = f° ak (= Jey = 


Gg 


The interchange of limits is justified by the dominated convergence 
of the series. 


THEOREM 2b. Under the hypotheses of Theorem 2a almost everywhere 
d 2 p>- 1 — csgt 


=—— = g(t. 
Ka) ead, F g(é)dt 
‘Let (x) =4(1/x)/x; then if xt=1, 
fo le@la+t/ode= fool a tsa 
0 0 
Thus (x) satisfies the conditions of Theorem 2a but 


ERO 


n 


a aa aa) 


. 
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This observation completes the proof. 


3. Bounded variation theory. Here our restrictions on. ġ(x) are 
weaker than the restrictions usually stated for the existence and in- 
version of the Fourier transform in the corresponding case. The 
Stieltjes. integral is found to be the natural tool for the proof in this 
case. The more transcendental Lesbegue integral is not needed at all. 


THEOREM 3a. Let xp(x)/1-+x be of bounded variation in (0, ©) and 
tend to zero at zero and infinity. Then 


1) = BES +) +9} 
da) Egt) 


are convergent for positive x and g(x)= fo" sn xif(t)dt. 


and 


Without loss of generality we shall suppose that @(x) is normalized; 
that is, 6(«+)+46(*«—) =2¢(x). For any positive a, (x) is of bounded 
variation in (a, ©) and x(x) is of bounded variation in (0, a). There- 
fore (x) =d1(x) —db2(x) where ¢1(x) and ¢2(x) are positive and mono- 
tone and tend to 0 at ~. Clearly then 


© On i yiye t oi 
È = 6(*) s—+(—)+—#(-). 
1 x x x x x x 


Also x(x) =W1(x)-+Y2(x) where ¥i(x) and y(x) are positive and 
monotone and tend to 0 at 0. Then 


oa 











° On 1 1 
> = 9(= ) | sate) + le. 
1 % x x 


This proves the first part of the theorem. To prove the second part, 
first suppose $(x) constant for OS*<8S1/2, then 


MEDET E ) at = fS OR P) aar 


a fs = an Sn pu (@ N PA 


2 f fi > on sn pnh (=) dpdg(i). 


Suppose N =d/8 and t Z8; then N> [\/#] so 
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EN np 2 BMI 1 — cs nt 
n sh pnh dp = — oo 
Í, de f (9 á T È a 


1 n 
2 R n 
fe E N E A 


T Ma A 


This series converges uniformly to a continuous uniformly bounded 
function Q(t) as N— œ. Therefore 


MEDET E Ja = -f Q(Hde (i). 


As \—>œ, Q(t) is uniformly bounded and approaches X reæ,„2 
-(1—cs ni)/rn uniformly, excepting in neighborhoods of the odd in- 
teger points. Let d(¢) =¢ġ.(t)+¢ġ:(t) where ġ.(t) is continuous and ¢,(é) 
is a step function, constant except at the odd integer points. 


= f awe =— f owas. = Tha — 1)8$¢,(2n — 1). 


The limit of this expression as A> © is 


(>) 1 (i 
2 {o.(4n — 3) — o.(4n = 1)} — Yo Be(2n — 1). 
But 


> 5¢.(2n = 1) 


= È {o.(4n — 1 +) + ¢.(4n — 1 —)~ gl4n — 3 +) — ġ.l4n — 3—)}. 


Substituting this latter expression gives finally }>?a,(n). 


Lemma 5. Suppose W(x) is a nondecreasing function for 0Sx<B 
1/2, p(x) =0 for x>ß, and Y(0+) =0. Then 


asni = 








ant (— ) a < Ay(6 —) 
where A is independent of ` and B. 
Let N be such that for a given X 


S =È at (= Hal < y8 —). 


É N41 
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wpm baal! Ha- JOE as sn m ( 2 nE 
= ¥(8 >f È on sn ma (2) E. 


The second law of the mean defines 6. If N<SN/B then 


di B8 N di 

f È an sm ma ($ sz =f > an sn in — 
0 t 0 1 t 
B sn N'it dt 

ae 

Jo 2cst Ft 


1 8 dt 
=+ f sn Wit—- 
2cs Pd t 


This last expression is bounded independently of N, `, and 8. If 
N>)/B then a similar evaluation gives 


8 M't di A 
+f E +f Ses. ae 
0 0 


2cst ż t M+1 











This expression is also bounded independently of N, \, and 8. The 
same considerations apply to the integral f : and the lemma is proved. 

We are now able to handle the general case. Define ¢:(x)+¢.(x) 
=6(x) where ¢;(x) =0 for «<8 and ¢,(x)=0 for x>8. Then x¢.(x) 
=1(%) —Ye(x) where y(x) and Y2(x) satisfy the conditions of Lemma 
5 


Let 8 satisfy Ay: (8) S€, Ay.(8)Se, and 0<8&1/2. There is a ño 
such that for A 2A» 





` % "i t oo 
| f snt >) ~4,(=) dt — >> and(n)| <e. 
a 1 A n 1 
Therefore by Lemma 5 
A % Qn FA >] 
| f snih, = (+) a > angln) < 3e. 
0 1 n n 1 





The observation that ¢(ct) for c>0 satisfies the conditions of the theo- 
rem completes the proof. 


THEOREM 3b. If d(x) satisfies the conditions of Theorem 3a then 


f(x) =J; sn xig(é)dt. 
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Let ®(x)=(1/x)/x. Then «®(x)/i+x=¢(1/x)/1+, so clearly 
(x) satisfies the conditions of Theorem 3a which implies Theorem 3b 
for d(x). i 


4. Remarks. It will be noted that the proofs for the three cases are 
independent; however, the methods of proof are similar. The three 
cases are given in the apparent order of increasing difficulty of proof. 

If xġ(x)=¢(1/x) then f(x)=g(x) and we arrive at a representation 
of self-reciprocal functions as sums. 

While much has been written on self-reciprocal functions, not so 
much attention has been given to function spaces or classes which are 
self-reciprocal as a whole. The notable exception to this statement is, 
of course, the space Le. Note then, that the functions f(x) and g(x) 
defined by Theorem 2a belong to the same linear function space. 
Again the functions f(x) and g(x) of Theorem 3a belong to another 
linear function space. 

The theorems here show that under quite general conditions two 
operations of different form give rise to. the same functional trans- 
formation. It is natural then to attempt to extend the range of the 
transformation by using either operation alone where both are not 
applicable. For example, if (x) is different from zero at only one 
point the series for f(x) and g(x) are, of course, convergent and g(x) 
may be defined as the “Fourier transform” of f(x). However since 
f(x) and g(x) are zero except in a set of measure zero the ordinary 
integral definition of the Fourier transform is silent since a set of 
measure zero is disregarded in integration. 

The following examples of the theory are of some interest. I 
o(x) =1/(«+1) then i 

F(x) = g(x) = 1/(@ + 1) — 1/(x +3) + I/(a+5)—---; 
clearly g(x) =f. (t#/(1+#2))dt. 

Again if ọ(x)=x", 0<s<1, then f(x)=x—L(i—s) and g(x) 
=x" !L(s). Here L(s)=1—3-*4+5-*— ---. Evaluation of the in- 
tegral cP sn xif(é)dt gives the well known identity, L(s) =(a/2)* 
-cos (sr/2)T'(1—s)Z(1—s). 

The second part of this paper treats other conditions on (x) and 
also the direct representation of the sine transform as a double sum 


ey nnn n 
OER] 
1 1 ng MX, 

Here pn is the well known Möbius symbol. 


UNIVERSITY OF ILLINOIS 


THE ASYMPTOTIC DEVELOPMENTS OF A CLASS OF 
ENTIRE FUNCTIONS 


H. K. HUGHES 


1. Introduction. In an earlier paper [2],! the author established a 
general theorem concerning the asymptotic behavior in the neighbor- 
hood of the point at infinity of an entire function f(z) defined by a 
Maclaurin series of the form : 


(1) Ser, 


where the coefficient g(n) of z” satisfies certain conditions. In the 
present paper, we wish to show an application of this theorem. We 
shall use it to find the asymptotic expansions of an important class 
of entire functions, namely those defined by the series 


W g’ 
(2) be eee a «ig St) 
x Tlam + s) (aon + s2) ++ + T(&mn + Sm) i 
where a;>0 (j=1, 2, - - -, m) and s; are any constants, real or com- 


plex. Functions of this type are frequently connected with the solu- 
tions of linear differential equations. Moreover, a special case of (2) is 
the so-called generalized Bessel function, namely 


w ga 


$0) = ir > 0), 


which has important applications in partition theory. 

Throughout the paper, we shall denote by f(z) the function defined 
by series (2), and by g(n) the coefficient of z” in (2). Moreover, we 
shall adopt single symbols to represent certain combinations of the 
quantities m, a,;, and s;, these being as follows 2 


™ m m 
a= L Qs; s= Da S3; C= a*|J (a) eD; 
j=1 j=l j=l 


(3) 1 at 3/2 


kd 1 

= Ja D112. = — — — yy: = E 
Y H e3 ; t=s+ R (an) my 

Presented to the Society, November 25, 1944; received by the editors December 
29, 1944. 

1 Numbers in square brackets apply to the references at the end of the paper. 

2 We use the symbol «(7) to denote a, when the latter occurs as an exponent. The 
symbols s(#) in (3) and 8(7), and so on, in (6) have a similar meaning. 
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These six quantities-enter prominently into the results to be estab- 
lished, and whenever any of the symbols a, s, ¢, Y, t, or c appears in a 
formula, it will mean the corresponding quantity defined above. 


2. Statement of results. It will be observed that the function g(w), 
where w=x-+7y, is single-valued and analytic in the finite w-plane. 
Furthermore, in §4, we shall show that, when considered throughout 
the arbitrary right half-plane x >%o, g(w) can be expressed in the form 


1 C1 
re ee tree LA” Teet bey 
: Ca + ôlaw, q) 
T(aw +t + 3 
where G, G2, C +> are determinate constants, and where 
limul- law, g)=0; g=0, 1, 2,---. Hence, according to the 


theorem proved in [2], the function f(z), when considered for values 
of z of large modulus such that —r <arg z <r, can be developed asymp- 
totically in the form 


5) to ~eL AN, Vay: Latte” ') -Ès Fa 


where co=1, Y,= (oz) e? isla, and X, denotes summation over those 
integral values of u which satisfy the condition |arg 2+2mp| S1a/2. 

If 0<a@<2 and either | arg z| <ra/2 or |arg z| >ra/2, then (5) 
assumes a simpler form, as is shown in [2, §4]. 


3. A special lemma. From what has been said in §2, it is clear that 
the problem of determining the asymptotic expansion (5) of the func- 
tion f(z) is reduced to showing that the function g(w) can be expressed 
in the form (4). For this purpose, we employ a certain lemma which 
will be introduced in this section. 

Let Q(w) represent the function 


A Ee + 2 
T(p,w + r;) 
where p; and £, are positive (1 Sj Sm), while b; and r; are any con- 
stants, real or complex. Let p, 8,7, and b denote the respective sums 
Dojetpy, Dopey, Diar; and Xib; and let 
(Ba eT (B; Po~ 1/2 


for (pe ’ fa (pO 


(m 2 2), 





(6) 0 = 
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« Then the lemma with which we are concerned is as follows: 


LEMMA. If p =B and r=), then for values of w of large modulus such 
that |arg w| <r, the function Q(w) can be developed asymptotically in 
the form 


Ci Ce 
7 Q(w mwa fi + S44 sb 
a ae w+)’ EFDA 
where cı, Ca, Ca, © °° Gre determinate constants. 


This lemma is a generalization of a simpler one employed by Ford 
[1, p. 74] in his discussion of functions of Bessel type, and its proof 
follows the same line of reasoning.’ In fact, if we let 


Y(w) = Uw), 


take the logarithm of both sides, and proceed as in the reference, we 
arrive at the relation 
€ 


1 o 
o She Gt) erbu 


Ca 


which is valid for large |w| such that |arg w| <7, and from which 
the lemma follows immediately. As for the values of the c’s, they can 
be calculated from the formula 


(9) ca = im (w+ 1)(w+ 2) e (w+ n)R,(w), 
where a 
Rw) = Ww) -1-¥ a 


= (wt wF) (wF) 


4. Application to the function g(w). In this section, we shall em- 
ploy the lemma just established to prove relation (4). We shall de- 
note by w the product appearing in the denominator of g(w); that is, 


4 = Il T(a,w + s;). 
jel 


We begin by writing œw, in the special form 


a ajw’ +s ; — at 
W, = wlw’) = I p (E, 
j=l 


Q 


ê Ford’s lemma has been generalized in another manner by H. Van Engen. See 
Concerning gamma function expansions, Tohoku Math. J. vol. £5 (1939) pp, 124-129, 
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where æ and ż are as defined in (3), w’ =aw-+/—1, and where the nota- 
tion w,(w’) means that w’, rather than w, is being regarded as the 
argument. Then we form the function i 


(10) W(w) = T(w + 1)/o1(w’). 
Applying Gauss’ multiplication theorem for the gamma function to 
T(w’-+1), and substituting in (10), we have 
met? wlw) 
Crede (w) | 


E a a) = Ti r(=*4), 


m 


W(w’) = 
(11) 





It is easily verified that the fraction w.(w’)/wi(w’) when regarded 
as a function Q(w’) of w’ satisfies the hypothesis of the’ lemma in §3. 
Hence it can be represented asymptotically when | arg w’ | <r in the 
form 


12) Qw Nd it pa re | 
ote With’ Fiw) d 


where the c’s are determined as indicated in (8). In (12), A and 8 have 
special values which are given by the products (6) in which p;, Bj, 73, bi 
are now equal to a;/a, 1/m, s;—a,;(t—1)/a and j/m respectively. They 
are found to be 


m 


a 1/2 m $ 
= (=) Ü ereo aD = 55 - 1/2 — alt= D/o, 


` Q m 
0 = — J [ (a)-2e, 
M jmi 


Having established (12), we next recall from (10) that 

Ww) 
T(w +1)’ 
From (11), (12), and (13), it follows that, g(w) can be represented 
asymptotically in terms of w’ in the form 


(13) g(w) = 1/o. = w =awti- i. 


0) ~ Oe” arn ED 


co = 1, 


where C denotes the constant m/A/(2r)—»/2, If we now replace w’ 
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by its value w’ =aw-+t—1, and make simple reductions, the last rela- 
tion above assumes the form 


, 


1 C1 
Ee Oe \rootp trenizat i 


This relation is valid when |arg w| <r; hence relation (4) is seen to 
hold throughout any right half-plane «>, and this fact is what we 
set out to prove. i ; 

As was remarked previously, the asymptotic expansion (5) of the 
function f(z) defined by series (2) follows at once as soon as (4) has 
been established. 


5. Applications to special functions. The general result stated in §2 
and established in the succeeding sections can be applied to find the 
asymptotic expansions of the function 


kad n 


z 
= — 1>0 
$(z) 2 nTn tp (1 > 0) 
which was mentioned in §1. It will be noticed that the value of g(—n) 
(n=1, 2, 3, -- - ) is zero in this case. The values of the quantities a 
and t are found by (3) to be 1+/ and p+1/2 respectively, while e and 
c are as follows: 


(+p ee ee a 
Kg m O (mnm 


The function ¢(z) has been studied previously by E. M. Wright [4] 
whose results appear comparable with the present results if only the 
dominant terms in (5) are retained. They involve a sequence of con- 
stants {a,} analogous to the sequence {c,} in (5), but which are 
found by a considerably different process. 

As a second application of the present results, we may consider an 
important class of integral functions recently studied by C. V. New- 
som [3], namely 


Fs) = i g(a)” 


n=0 
where m is a positive integer and g(z) has the form 
gin) =1 / [[ Tin + s). 
jel 


In applying the present result to F(z), we must replace z in (5) by 2”, 
and jt is seen that the resulting expansion holds in the sector 
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—r/m<argzSr/m. In this case,we havea=m,t=).718;+1/2—m/2, 
o=m™ and c=m'—4/2(27)/2-™/2, The result is substantially the same 
as that obtained by Newsom. 

In conclusion, we may remark that certain extensions of the results 
established in the present paper are evidently possible. For example, 
the method can apparently be applied if a function k(n), properly 
restricted, is put in the numerator of the coefficient of z” in (2).4 
Moreover, an extension of both the method and the result would seem 
possible in case some of the numbers a; in (2) were negative, sufficient 
of them remaining positive so that f(z) is entire. 
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4 See for example [1, Arts. 20 and 26]. 


A NEW SOLUTION FOR LINEAR DIFFERENCE EQUATIONS 
WOLFGANG J. STERNBERG 
We shall give a solution of the fundamental difference equation: 
(1) Fi + 1) — F() = 6(%). 


As to our method, we stress that the theory of Fourier series is used. 
Accordingly, the variable t is assumed to be real. We suppose that 
p(t) is integrable and has bounded variation in every finite interval 
of ¢ or satisfies any other condition sufficient for expansion in a 
Fourier series. For simplicity we at first assume that olt) is con- 
tinuous. Our solution is 


(2) F®=—- +9 + f ġlr)dr + De 40 cos 2rk(t — r)dr, 


where a is constant. 
The above series is not a Fourier series in the usual sense, since the 
upper limit of the integrals is not constant, but the variable ¢ itself. 
To prove the truth of our statement we compute the difference 


= t+1 
F+ 1) — Fù = — wren ef (s)dr 


2 


“a 


(3) 


t+1 


+2 >> e(r) cos 2rk(t — 7)dr. 
t 


k=1 


Now, expansion of ġ(ż) in a Fourier series in any interval of length 1, 
say in the interval c - - - c+1, c meaning an arbitrary real constant, 
gives 


etl w% ce+i 
3) = f (ar +25 f by eon Ded Sak 


ec: 


The series represents ¢(#) in the interior of the said interval, but it 
represents the value ($(c)-++¢(c+1))/2 at either end point, say at the 
left end point c. Therefore 
1 etl ka eti 
Hore er) 1 a 2Y = f o(r)dr + Daal a(r) cos 2rk(c — r)dr. 
e k=l¥Y ¢ 


This holds for every c and we can write ż instead of c, giving 


Presented to the Society, February 26, 1944, under the title On difference equa- | 
tions; received by the editors October 17, 1944. 
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olf +éi+1 t+1 w% t+i 
(4) mite = f o(r)dr + a $(r) cos 2rk(t — r)dr. 


From (3) and (4) it follows immediately that 


F+ 1) - FÒ = — lt + 1) — 6) 4 pli + o¢+ 1) bÀ. 
2 2 
Now we allow ġ(t) to become discontinuous. We suppose that at 
every point of discontinuity the limits #(¢+0) and ¢(¢—0) exist, 
which is certainly true in case of functions of bounded variation, and 
that the relation 


o(¢ + 0) + o(¢ — 0) 


(5) a (i) 
holds. The solution is then given by 
e(t — 0) ‘ =f" 
(2*) F@®) = — a +f o(r)dr + 2 5 (r) cos 2rk(t — r)dr. 
a k=l Y a 


It follows indeed that 


1—0 =f) 
olt + ) , wt ) 


F+ 1) -FÀ = -— ; ; 


(3 *) t+1 w 
+ lr)dr +2 >> 


k=l 


But the series on the right represents now the value 


t+1 æ t+1 
eldr +25 G(r) cos 2rk(t — r)dr. 
(4*) t k=l t 
_ +0) +4o¢+1—0 : 
2 
Therefore, considering (5), 
0) + d(¢ +0 
F(t + 1) = Fi) = -Otet pÀ. 


2 


Plana (1820) and, independent of him, Abel (1823) were the first 
to solve equation (1). Their starting point was the Euler’s “sum for- 
mula,” and they found the same solution 


ro = -Hy foort f E ar r, 
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+ 


where 
q(t, T = [o(¢ + 7a) — ot — ri) ]/2i and i= (— 1)? 


and the lower limit of the first integral is a constant. The above solu- 
tion is not identical with our solution, as given by (2), since, although 
the first two terms agree, the third ones do not. Take, for instance, 
$(t)=1. Then q(t, r) =0, and the integral 


° q (i, 7) 
dr 
Í errr cs 1 


vanishes identically in t, but the series 





o pt 
> cos 2rk(i — 7)dr 
k=l 


does not. . 

The proofs of Plana and Abel were not exact. Only Cauchy gave 
(1826) an exact derivation of the above solution, applying the theory 
of functions of a complex variable and, in particular, his calculus of 
residues. For more details see Ernst Lindelöf, Le calcul des residues, 
Paris, 1905, p. 68. 

Later on H. Poincaré established. the concept of asymptotic repre- 
sentation of a function and applied it to difference equations, Amer. 
J. Math. vol. 7 (1885) pp. 213-217 and 237-258. Out of several more 
recent authors we name in particular N. E. Nérlund, R. D. Car- 
michael and G. D. Birkhoff. They proved, by using different methods, 
the existence of analytic solutions of linear difference equations and 
investigated their properties. : 

We finally mention two books: Nérlund, Vorlesungen über Dife- 
renzenrechnung, Berlin, Julius Springer, 1924, which includes a very 
extended list of the literature, and P. M. Batchelder, An introduction 
to linear difference equations, Cambridge, Mass., The Harvard Uni- 
versity Press, 1927, which presents the methods of both Nérlund and 
Birkhoff, and moreover gives some important new results. 
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THE EXISTENCE OF ANORMAL CHAINS 
DAVID BLACKWELL 


1. Introduction. Let B be a Borel field of subsets of a space X, 
and let P(x, E) be for fixed x a probability measure on B and for 
fixed E a B-measurable function of x. P(x, E) may be considered as 
representing the transition -probability of going from x into E in a 


single trial. Denote by Q the space of sequences w: (Xo, %1, © + - ) where 
x;€X and by E the Borel field of subsets of Q determined by all sets 
{x;G E}, where ECB, i=1,2, 


Doob [2, pp. 102-103]! has shown that there exists for each «GX 
a probability measure P,(S) defined on E such that for every P,-in- 
tegrable function f(x1, © * - , Xn) 


M) freoare= ffi fen s2ddP Crim) ++ APC a, 


that Qwith the measure P, isa Markoff process, thatis, Exi, © - +,%n3Z) 
= E(xn; g) where g=g(*n41, Xn42, ©- + ) and the E’s denote conditional 
expectations with respect to the indicated variables, and that 
E(u, +++, %7; f) is the function obtained by carrying out the first 
n—r integrations in (1). 

Write Q(x, E)=P,(lim sup {x,EE } ), so that Q(x, E) represents the 
probability of entering E infinitely often, starting from x. Following 
Doblin [1, p. 68 et seq.] we make the following definitions for sets 
of B: E is inessential if Q(x, E)=0 for all x, and essential otherwise. 
An essential set is improperly essential if it is a denumerable sum of 
inessential sets, and absolutely essential otherwise. A finite or denumer- 
able sum of improperly essential sets is consequently improperly es- 
essential. E is closed if P(x, E)=1 for all x&E, and a closed set is 
indecomposable if it does not contain two disjunct non-empty closed 
subsets. An absolutely essential indecomposable set is said to be nor- 
mal if it contains a closed set which contains no improperly essential 
subsets and anormal otherwise. If X is a normal set, we shall say that 
the Markoff chain determined by P(x, E) is a normal chain. 

Doblin [1] has obtained for normal chains many elegant results 
which are considerably more complicated for the anormal case. For 
example [1, p. 81] in the normal case there exists a closed set G such 


Received by the editors September 16, 1944. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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that Q(x, E)=1 for every essential subset E of G and every «CG; in 
the anormal case G can no longer be chosen independently of E. It is 
consequently of interest to investigate conditions for normality. 
Doblin [1, p. 82] has given a quite general sufficient condition for 
the occurrence of the normal case, and no example of an anormal ' 
chain has hitherto been given. The purpose of this paper is to give a 
simple necessary and sufficient condition for the occurrence of the 
normal case, consisting merely in the measurability of the function 
f(x) which represents the probability that, starting from x, the point 
remains indefinitely in an improperly essential set. An example of 
an anormal chain is also given. 


2. The normal case. We restate a result of Doblin [1, p. 80] in the 
following theorem. 


THEOREM 1. If X is indecomposable and absolutely essential, the 
closed set {Q(x, E)=1} is non-empty if and only if E is absolutely es- 
sential, > 


The following lemma asserts that the probability of entering E 
infinitely often, starting from y at the jth trial, is independent of j: 


LEMMA. With respect to any Ps measure, 
(2) P(x; = y; lim sup {% € E}) = Q(y, E). 


PROOF. If fm,» is the characteristic function of the set E(m, n) _ 
=) misr |% EE}, it follows from (1) that 


P,(E(m, n)) = ff tae S fd Poa £a) +++ dP(y, x1) 


= Pile; = y; Em + j, n + jy). 


Letting first n, then m, become infinite, we obtain (2). 

The following theorem, which is new and of some independent in- 
terest, asserts that for any two sets T and E, unless there are points 
of T which are practically certain to enter E infinitely often, it is im- 
possible for a point to enter both T and E infinitely often. 


THEOREM 2. If Q(x, E)Sa<1 for all xT, then for all x 
(3) | h(x) = P.(lim sup {x; € E} -lim sup {x E€ T}) = 0. 


Proor. Define E(N, »)={x:GE for NSi<n, x,€E}, T(N, n) 
= {xT for NSi<n,x,€T}. Now for fixed N, 


(4) h(x) S >) PEN, n)T(n, r) lim sup EZ E€ E}). 


N<n<r 
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But 
PAE(N, 2)T(n, r) lim sup fa, E E}) 


=f Pi(%, +--+, £r; lim sup { x: E€ E}dP, 
EN n)T (n.r) 


= f QO(«,, E)dP, S oP ({E(N, n)T(n, r), 
EW nT (ar) 


by the lemma and the fact that x, belongs to T in the domain of in- 
tegration. Using the last inequality in (4), we obtain 


h(x) Sa D> PAE(N,n)T(n, t) = oP.( >, EWN, n)T(n, D). 
Nn<r N<n<r 

Letting N become infinite we obtain h(x) Sah(x), which implies (3). 

Our necessary and sufficient condition for the occurrence of the nor- 


mal case, given in Theorem 3, is an easy consequence of Theorems 1 
and 2. i 


THEOREM 3. Let X be absolutely essential and indecomposable. Then 
X is normal if and only if f(x) =1.u.b.imp.ess.z Q(x, E) is B-measurable. 


Proor. By Theorem 1, for every improperly essential E and every x 
we have Q(x, E) <1. It follows that f(x) <1 for all x, since a denumer- 
able sum of improperly essential sets is improperly essential. If f(x) 
is measurable, there exists an a<1 such that T= {f(x) <a} is abso- 
lutely essential; for X =} 21 {f(x)<1i-1 /n}, and not all these sets 
can be improperly essential. Denoting by S the closed set { Q(x, T) 
=1}, it follows from Theorem 1 that S is non-empty and from Theo- 
rem 2 that Q(x, E)=0 for all x€S and all improperly essential E. 
In particular if ECS and E is not absolutely essential, Q(x, Z)=0 
for all x©#, which by Theorem 2 in the special case T =Æ implies 
that E is inessential. Thus S is a non-empty closed set containing no 
improperly essential subsets, and X is normal. 

Conversely if there exists such a subset S it is easily verified that 
f(x) =Q(x, X—S) and is therefore measurable. 


3. An anormal chain. The space X is the semi-infinite interval 
O0Sx< æ, and B is the Borel field of all finite or denumerable sub- 
sets of X and their complements. Let a, be any sequence of numbers 
such that 0<a,<1, [ [an> 0. We define 


P(x, E) = Onf (x + 1, E) + (1 — 4,)d(®), 
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where x is the largest positive integer not exceeding x, d(E) is 1 if E 
is non-denumerable and 0 otherwise, and f(x, E) is the characteristic 
function of E. P(x, E) is clearly a probability measure on B for fixed x. 
To verify that P(x, E) is B-measurable for fixed E, we may assume 
that E is at most denumerable, since P(x, CE)=1—P(x, E). For this 
case P(x, E)=0 except on an at most denumerable set and is conse- 
quently measurable. Since the probability of going from x into x+1 
is @, for nSx<n-+1 and since [[fa,.>0, every set containing all 
points s+, n=1, 2, +--+, for some x is essential. The closed sets are 
those nondenumerable sets which contain with x all points x+n, so 
that X is indecomposable. Finally X is absolutely essential, since 
dS. xX implies that some S, is nondenumerable and hence esssen- 
tial. Thus X is anormal. 
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AXIOMATIC CHARACTERIZATION OF FIELDS BY 
THE PRODUCT FORMULA FOR VALUATIONS 


EMIL ARTIN AND GEORGE WHAPLES 


Introduction. The theorems of class field theory are known to hold 
for two kinds of fields: algebraic extensions of the rational field and 
algebraic extensions of a field of functions of one variable over a field 
of constants. We shall refer to these fields as number fields and func- 
tion fields, respectively. For class field theory, the function fields must 
indeed be restricted to those with a Galois field as field of constants; 
however, we make this restriction only in §5, and until then consider 
fields with an arbitrary field of constants. 

In proving these theorems, the product formula for yalannan 
plays an important rôle. This formula states that, for a suitable set 
of inequivalent valuations | |p, 


Hlaep=1 


for all numbers a0 of the field. For fields of the types mentioned, 
this product formula is easy to prove. After reviewing this proof (§1), 
we shall show (§2) that, conversely, the number fields and function 
fields are characterized by their possession of a product formula. 
Namely, we prove that if,a field has a product formula for valuations, 
and if one of its valuations is of suitable type, then it is either a func- 
tion field or a number field. 

This shows that the theorems of class field theory are consequences 
of two simple axioms concerning the valuations, and suggests the pos- 
sibility of deriving these theorems directly from our axioms. We do 
this in the later sections of this paper for the generalized Dirichlet 
unit theorem, the theorem that the class number is finite, and certain 
others fundamental to class field theory. This axiomatic method has 
the decided advantage of uniting the two cases; also, it simplifies the 
proofs. For example, we avoid the use of either ideal theory or the 
Minkowski theory of lattice points. Thus these two theories are un- 
necessary to class field theory, since they are needed only to prove 
the unit theorem. 


1. Preliminaries on valuations. If # is any field, then a function | a], 
defined for all & Ek, is called a valuation of K if: 


An address delivered by Professor Artin before the Chicago meeting of the Society 
on April 23, 1943, by invitation of the Program Committee; received by the editors 
February 3, 1945. 


469 


470 EMIL ARTIN AND GEORGE WHAPLES [uly 


(1) | a| is a real number not less than 0, and | a| =0 only if a=0, 
(2) |a| =|e{[ al, 

(3) Ja+6|<|e|+|s|. 

We call a valuation nonarchimedean if in addition to (3) it satisfies 
(3’) Ja +8| Smax (lal, |6]). 


Note that the assumption that |a@| is a real number eliminates the 
possibility of certain valuations discussed in various recent papers. 

The theory of a field with respect to one given valuation is sup- 
posed to be known by the reader and shall be called the local theory. 
We review the most important facts. The valuation |æ} =1 for all 
a0 is called the trivial valuation. Two nontrivial valuations lals 
and |ala are called equivalent when |@|1<1 implies |a|2<1, and it 
is easy to show’ that there is a positive real number p such that 
alt= late for all ace. If lal is a nonarchimedean valuation, then 
a|? is an equivalent valuation for any p>0. If |a| is archimedean 
and p positive, then jal ? will be a valuation only for sufficiently small 
values of p. However, we shall in the remainder of this paper use the 
word “valuation” to mean any function |«|* where p is any positive 
number and |a| is a true valuation. 

A set of equivalent and nontrivial valuations of a field & is called 
a prime divisor of that field, and denoted by letters like p, p, P, 
q, q, Q, : - -. If p is a prime divisor, laly stands for a particular, 
fixed valuation chosen from this set. The sign ||al|, will later be used 
to stand for another valuation of the same set. 

If R is a subfield of k then each set p of equivalent valuations of k 
is also a set of equivalent valuations of R. If these valuations are non- 
trivial on R then they define a prime divisor p of R, and p is said to 
divide p: p|p. One p may be divisible by several p of k. By well known 
methods,’ the field k can be extended to the field kp which is completed 
with respect to the valuations of p. If R, is the corresponding comple- 
tion of R then R, is a subfield of k and the degree 2(p) = (kp/Rp) is 
called the local degree. If k itself is a finite extension of R of degree n 
it is easy to prove the inequality 








1 See van der Waerden {7, pp. 254-255], or Artin [1]. Numbers in brackets refer 
to the references cited at the end of the paper. 

2 van der Waerden [7, p. 250]. 

3 To prove this, assume first that k = R(a), where a is a root of a polynomial f(x), 
irreducible in R of degree x. Let P(x) be the polynomial, irreducible in Rp of degree ny, 
with root œ. Since (van der Waerden [7, p. 264]) an extension field of Rp can be 
evaluated in only one way by a divisor p of p, it follows that different divisors 
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(4) din) <2 
dip 
for each p of R. 


In case p is a discrete valuation, »(p)=e(p)f(p) where e(p) is the 
ramification number and f(p) the degree of the residue class field of k 
over that of R. 

We proceed now to study a finite set of nontrivial inequivalent 
valuations | |as | |e, oer | |a. 


LEMMA 1. If | |1and | |2 are two nontrivial, inequivalent valuations 
ofk, then there is a yEk with |y|1<1 and |y|2>1. 


Proor. Since the valuations are inequivalent there is an & with 
jæļlı<1 and |a|2=1 and a 8 with |8|,21 and |8|2<1. Take y=a/f. 


Lemma 2. If | la | laee, | [a are nontrivial and inequivalent 
there is an a Ek such that |a|ı>1 and |a| <1 for v=2, -> - n. 


Proor. The lemma is true for n =2 by Lemma 1. We use induction, 
assuming that we have found a £ such that |8|1>1 and |8|,<1 for 
y=2,+++, n—1. Choose y so that Jy|i>1 and ly|n<i. There are 
two cases: 

Case 1. If [Bl nS1 let a=fry. Then ja|.>1 and, for r sufficiently 
large, |ale, |a|s,---, [æfa are all less than 1. 

Case 2. If |B| >1 let 








a= pr Y 
B+1 
so that 
Lely) lek 
SEST epp Tre 
lek 
lal S Top yl 


Now la|,<1 for r large; namely lim, ..0|6|f=0 and Ja|a<t since 


i, Pa, © © © of p will lead to different irreducible polynomials P(x). Since f(x) is divisible 
by the product of the polynomials P(x), this proves the inequality for this case. If 
several elements have to be adjoined to R in order to get k, we prove the theorem by 
repeated application of the simple case. 

This proof shows also that in case of an inseparable extension $ one can not expect 
to replace the inequality by an equality. If this can be done in a special case, it is a 
noteworthy property of the particular field. In §3 we shall find a class of fields with 
this property. ` 


472 EMIL ARTIN AND GEORGE WHAPLES July 
+ 


Bh ai; 
roe [Bl — 1 
For v=1 we find 
lel: 
= ; 
jel 2 r4jaFl? l 


so for large r, |a|1>1. 
Lema 3. If any n nontrivial inequivalent valuations of k are given, 
then for any positive e there is an a such that 
jea-ilise lel,Se for y>1. 


Proor. Choose 8, by Lemma 2, so that |B|1>1 and lel .<t for 
vy>1 and take 

Br , \ 
1+ 8 





Q = 


Then 
1 


ee 
li+er, leri 


E 


IIA 


Jæe— ij = 


for r sufficiently large. For y>1, 


_ lel; P igli = 
” [t1+eR 1+] 8/7 © 


for r sufficiently large. 





|a 


THEOREM 1 (APPROXIMATION THEOREM). If we are given any n aon- 
trivial inequivalent valuations | |, of k, an element æ, of k for each vclua- 
tion, and an e>0O, then we can find an element œ of k such that 


la—a|,Se for each v=1,2,-++,m 
Proor. Let M be the maximum of the numbers |a,| ; for all com- 
binations of 4 and j and choose ĝ; (#=1, 2, - + +, n) such that 


panh | |. <— for vi. 


Let 
a = Bia, + Bros + +++ + Bron; then | a — asl: < e for each i. 
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COROLLARY. If | |u | la +++, | |, are nontrivial and inequivalent 
then a relation 


jel [ale --- |e =4 
ds true for allxCk, x0, if and only if all vp;=0. 


Proor. If any »,+0, an x for which |æ] «is sufficiently large and 
the other |x|, for vd are sufficiently near 1 gives a contradiction. 


.2. The product formula. Our corollary precludes the possibility 
that a finite number of valuations can be interrelated in a field. Such 
an interrelation may nevertheless happen for an infinite number of 
valuations. In case of the ordinary function fields and number fields 
that is not only the case but this fact may even be used to derive all 
the properties of these fields on a common basis. 

We shall assume for our field k: 


AXIOM 1. There is a set M of prime divisors p and a fixed set of valua- 
tions | ls; one for each pEM, such that, for every a0 of k, la|p=1 
for all but a finite number of pEM and 


TIl el = 1, 


p 
where this product is extended over all pEM. 


' If this axiom is satisfied, Mt can contain only a finite number of 
archimedean divisors: for [1+1|,>1 at all archimedean p. Suppose 
that Axiom 1 is satisfied and that Mt contains no archimedean di- 
visors at all; consider the set ko of all a for which |a| pSiatall pEM. 
Let a and be two elements of ko. It follows at once that —a, aß, 
and a+ are also in the set. If a€ kp and a0, the product formula 
gives at once jal p=1 for all p. It now follows that œ! is in ko. Thus 
ko forms a subfield of k, called the field of constants. It consists of 0 
and those elements of k which satisfy |a|,=1 for all p. It may also 
be defined as the largest subfield of k for which all p reduce to the 
trivial valuation. If M contains archimedean divisors, then there is 
no field of constants. 

We associate with our set M of valuations p a certain space of 
vectors a with one component a, for each divisor p. The component 
&y may range freely over-the p-adic completion ky of k. If a is such a 
vector we shall for brevity write | aļp instead of |ap|p. The idèles of 
Chevalley4 are special cases of these vectors; for an idéle we must have 
ay #0 for all p and | a];=1 for all but a finite number of p. 


4 See Chevalley [3, 4]. 
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Our field k may be considered a subset of this space inasmuch as 
a€k may also be considered as the vector whose p-coordinate is the 
element a of Ry. 

With each idéle a we associate the product 


veo) = lal 


and think of it as something measuring the size of a. In a moment we 
shall see that it may be interpreted as a “volume.” 
For elements a of k the product formula yields 


Via) = 1 
so that for all idéles a we get 
V(ea) = V(a). 


If we select real numbers x) >0 for each p and take care that x»+1 for 
a finite number of p only, then we call the set of vectors ¢ satisfying 


lel s x forall p 


a parallelotope of dimensions <p. 

We shall find later that every valuation is either archimedean or 
discrete. If this is true then there is an element ay in ky whose value 
is maximal and not greater than x, so that it is no restriction of gen- 
erality to start with a given idéle a and to construct all vectors c 
satisfying 

[ely S| aly. 


We talk in this case of a parallelotope of size a. The product V(a) 
may then be interpreted as its volume. 

Next we introduce the “order” of a given set of elements. It is a 
notion that shall unite different types of fields. If k has an archime- 
dean valuation we mean by order the number of elements: Otherwise 
k has a field ko of constants: we let g stand for‘an arbitrarily selected 
but fixed number greater than 1 when the number of elements of ko 
is infinite, and for the number of elements of ko when this number is 
finite. By order of a set we mean in this case the number g* where s 
is the number of elements in our set that are linearly independent 
with respect to ko. Should ko contain g elements and our set be closed 
under addition and under multiplication by elements of ko then gq’ is 
the number of elements in the set. 

In the next section we shall be interested in the order of the set of 
elements a of k that are contained in a given parallelotope of size a. 
We denote this order by M(a). If 00 is in k than M(0@a)=M(a). 


1945] AXIOMATIC CHARACTERIZATION OF FIELDS 475 


Indeed multiplication by @ transforms the parallelotope of size a into 
the parallelotope of size 6a and does not change the order. 

In the next section it will be shown that V(a) and M(a) are related; 
namely that they are of the same order of magnitude... 

If p is a nonarchimedean prime divisor, the elements w€&k for which 
ja] p21 form a ring dy, called the ring of p-integers (or local integers). 
The elements æ for which lal p<1 form a prime ideal in this ring and 
we denote this ideal by the same symbol p as the prime divisor. If 
the residue class field 0,/p is of finite order then we call this order the 
norm of p and denote it by Np. We can talk of the order also in case 
of a constant field ko since ko may be considered as subfield of the 
field op/p. Thus, if f is the degree of op/p over ko, and if f is finite, we 
put Np=q’. 


Axiom 2. The set W of Axiom 1 contains at least one prime q, which 
is of one of the following two types: 
1. Discrete, with a residue class field of finite order Nq. 
2. Archimedean, with a completed field kq which is either the real or 
the complex field. 


As mentioned before, there are an infinity of equivalent valuations 
belonging to one prime divisor p. One of them, la| » is singled out by 
our Axiom 1. For primes p satisfying Axiom 2 we shall define another 
one that is singled out by inner properties. In case 1 of Axiom 2 we 


put (for a0) i 


lall = Wy 


where v is the ordinal number of a at p. In case 2 we take llal| to be 
ordinary absolute value when ky is the real field and the square of 
ordinary absolute value when ky is the complex field. Note that in the 
latter case ||a|| is not a true valuation. We call ||a||, the normed valu- 
ation at p. 





THEOREM 2. In case of the following special fields k we can construct 
a set M of valuations such that our axioms hold, and the second one even 
holds for all y of M: 

1. Any finite algebraic number field (that is, a finite extension of the 
field of rational numbers). 

2. Any field of algebraic functions over any given field ky (that is, a 
finite extension of the field ki(z) where z is transcendental with respect 
to kı). 


5 It is well known (Ostrowski [5]) that we could drop this condition on the come 
pleted field. 
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In case 2, the constant field ko of k with respect to M consists of all ele- 
ments of k that are algebraic with respect to ky. 


The proof is contained in the following chain of statements: 


Lemma 4. Let k be a field for which Axiom 1 holds and R a subfield 
consisting not exclusively of constants of k. Let Jt be the set of those non- 
trivial divisors p of R that are divisible by some y of M. Then Axiom 1 
holds in R for this set Tt. 


Proor. Let p be any divisor of Jt and a an element of R such that 
|a|>>1. Then |a|p>1 for all p that divide p. Because of Axiom 1 
there can be only a finite number of | p. Let us now define : 


|èl = [jbl forall BER 
- pip 


and we have a set of valuations | |p for which Axiom 1 holds. 


LEMMA 5. Let k be a field for which Axiom 1 holds and K a finite 
algebraic extension of k. Let t be the set of, all divisors P of K that divide 
some p of M. Then Axiom 1 holds in K lop some, subset W of N. 


(It would not be difficult to show now that ¥t’/= M9, but it is better 
to postpone this and other details until the next section.) 

Proor. 1. Let A0 be an element of K and f(x)=0 the equation 
for A with coefficients in k and with highest coefficient 1. If pis a 
nonarchimedean valuation for which al! coefficients in f(x) have a 
value not greater than 1 and $ a divisor of p, then |Alss1 or else 
no cancellation could take place between the highest term in f(A) =0 
and the others. So | A]g1 for all but a finite number of $. For the 
same reason |1/A]gS1 for all but a finite number of $. Therefore 
|a] g 71 for only a finite number of $. 

2. Let F(x) be a polynomial in k that has the generators of K 
among its roots (F(x) need not be irreducible). If K’ is the splitting 
field of F(x) wé may first prove Lemma 5 for K’ instead of K and 
then descend to the subfield K by use of Lemma 4. This shows that 
we may already assume that K is the splitting field of a polynomial 
F(x) in k. 

The algebraic structure of such a field is well known. If © is the 
group of all its automorphisms ¢ and if we construct for any ACK 
the product 


v Masa 


then g is invariant under @. Since we have to consider also the in- 
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separable case we do not know that æ is in k. But there is always a 
positive integer m such that 


Marsa 


g 


is in R whatever A may be. Because of the product formula in k we get 


II|e|, = 1. 
p 


Now select, for each p, one divisor $ of K which divides p and define 
| lsin such a way that |b|g= |], for all b in k. Then 


lal = II] als. 


If we consider the expression |Ar]g as function of A, it is clearly 
a valuation of K that belongs to a divisor $’ which divides p and may 
be equal to or different from P. If we change our notation slightly 
we obviously get R 


Laly = I Als, 


where §’ runs through some divisors of p and where | |ý is a cer- 
tain valuation belonging to $B’. 
If we substitute this in our product-formula we get 


IT II] Als. =1 
p Y 


and this proves Lemma 5. 

Before we proceed with our next lemma let us consider the special 
field R=k1(z) of Theorem 2. If p is a nontrivial valuation of R that 
reduces to the trivial one on k; then ~ is nonarchimedean and we dis- 
tinguish two cases: 

1. If [z|>S1 then Fol <1 for every polynomial in z. Let p(z) 
be a polynomial of lowest degree such that | p(z)| p<1. If g(z) is an- 
other polynomial with | g(z)| p<i then we divide: 


g(2) = DORE) + rl), 
where the degree of 7(z) is lower than that of p(z). From 
(2) = g(z) — p(2)A(2) 


we get Ir(z)| ><1; hence r(z) =0. f 
Now let ġ(z) be any element of R and put h 


o(z) = p(z)’-¥(2), 
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where neither numerator nor denominator of (3) is divisible by p(z). 
Then lW(z)| p=1 so 


| o(2)|,=| 20| =c, where c=|p(2)|,<1. 


p(z) is obviously irreducible. 

In order to find the normed valuation || ||, in this case we have to 
determine the degree of the residue class field (mod p(<)). It is the 
degree f of p(z) so that Np =g and 


loll = g”. 


2. If |z|p>1 we replace z by y=1/z. Then ly|a<t and we have - 
our previous case. The polynomial in y of lowest degree is y itsélf, so 
that there is only one prime divisor p of this kind. We denote it by pa» 

Let (2) =g(z)/h(z) where g(z) and h(z) are polynomials of degrees 
m and n. Then 
ig BO) 


hy(y) 
where gi(y) and f(y) are polynomials not divisible by y. Hence 
lello = gz". 


A product formula connecting all these valuations or a subset of 
them can be written in the form 


Ileal,” = 1, 


where A(p) are constants not less than 0. If we substitute for (z) the 
irreducible polynomials p(z), then only two factors can possibly be 
different from 1: the valuations at the p belonging to p(z) and at pa. 
This gives 


o(z) = 7 


gh.) “gh (p) = 1 


or A(p) =A(p.). So all A(p) are equal and may therefore be assumed 
to be equal to 1. In order to show that this product formula holds we 


put 
Vo) = II lleol 


It is obvious that V(o(z)-Y(z)) = V@(z))- V(z)) and that a similar 
rule holds for quotients. 

We have just seen that V(p(z)) =1 for any irreducible polynomial; 
it follows that V(#(z)) =1 for any element ¢(z) 0 of R. 

In the same fashion we can discuss the field R of rational numbers. 


1945] AXIOMATIC CHARACTERIZATION OF FIELDS 479 


It is well known that all valuations are either the single archimedean 
Po for which |la/|,,, is the ordinary absolute value or the p-adic valua- 
tions of R where p is a prime number. The normed valuation |a|, 
in this latter case is given by 1/p’, if v is the ordinal number of a. 
Just as before we consider a hypothetical product formula 


i ld” = 1. 


Substituting for a a prime number p we get 


( 1 y pe 
e z Po) = Í 
$ 


or A(p)=A(p~). The numbers A(p) are therefore equal and may be 
considered equal to 1. The same method as before shows that the 
product formula really holds. 


LEMMA 6. Axiom 1 holds in the case of the field R of rational num- 
bers and that of R=k,(z). If R is the rational field, M is the set of all 
valuations; if R= k,(z), tt is the set of all valuations that are trivial on kı. 
The product formula itself takes on the form 


Hll» = 1 


or a power of it and there is no other relation between these valuations. 


Lemmas 5 and 6 already show that Axiom 1 holds for the fields 
mentioned in Theorem 2. That all valuations of Mt satisfy Axiom 2 
follows from the fact that this is true in R and consequently in a finite 
extension k. 

It remains to prove the statement about the field ko of constants. 
If p is trivial on kı it is also trivial on an algebraic extension of kı. 
Hence we need only show that any constant c of ko is algebraic with 
respect to kı. If on the contrary c were transcendental with respect 
to kı then from the equation c satisfied with respect to ki(z) it follows 
that z would be algebraic with respect to ki(c). Since ki(c) is in ko, 
this would mean that z is in ko. So all of k would be in ko, contradicting 
the fact that no p of W is trivial on k. 

More detailed information about the fields of Theorem 2 will follow 
from the next section. - 


3. Characterization of fields by the product formula. In this section 
we assume k to be any field for which the Axioms 1 and 2 hold and 
are going to prove that k is of the type described in Theorem 2. 


a 
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. For any prime p that satisfies Axiom 2 we shall have to distinguish 
the valuation |a|, of Axiom 1 and the equivalent normed valuation 
l|al|). We define the real number p(p)>0 by 

| «ly = lal”. 

By R we mean the following subfield of k: 

1. IfM has archimedean valuations, Ris the rational field. By |lal| p» 
we mean the ordinary absolute value in R. 

2. In the other case k has a field ko of constants and cannot con- 
tain any algebraic extension of ky since our valuations are trivial on ko 
and would be trivial on that extension. Let z be any element of k not 
in ko; then R=&,(z) is a transcendental extension of ky. By integers 
we mean in this case the polynomials in z. By |lal|,,, we mean the one 
valuation we found in proving Lemma 6 that has el Pe > il. 

In both cases we mean by Pe any divisor of M that divides pe. 
Since the product formula, when applied to elements of R, must re- 
duce to the formula of Theorem 2, our set M always contains at least 
one Po. The other primes of WM shall be called finite. For elements 
a of R the valuations |a|,,, and Ilall co are equivalent. We define the 
real numbers A(p.) >0 by 

| a |p = [lal|3° for ala ER. 

LEMMA 7. Let q be one of the primes satisfying Axiom 2 and © be a 
set of elements of k of an order M>1. Let x be an upper bound for 
|a|q for all a of ©: |alqSx. Then there is an element 8 of k with the 
following properties: 

(1) 0 is either a difference of two elements of © or, in case there is a 
field of constants, a linear combination of elements of © with coefficients 
in Ro. i 

(2) 00. 

(3) lala £ 4ax/ M® where Aq is a constant depending only on q. 


Proor. 1. q archimedean, ką real. In this case we may treat k as a 
subfield of the real field. We have 


llalle £ aew 


for each of the M elements œ of ©. Divide the interval from —x1P® 
to x" into M—1 equal parts. Two of the a’s must be in the same ` 
compartment so their difference 6 satisfies 


DQehletq) = hal) 


ll e538 u 








2 
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hence 
4e@y 


he $ rw 


2. q archimedean, ką complex. Treating k as a subfield of the com- 
plex field, {la||{/=|a[{” is the ordinary distance from the origin 
to the point æ and is less than x, Writing a=£-+in for each ac& 
we know that Gis in the square | £| $x¥?" |y|<x/@, Divide this 
square into N? small squares by dividing each side into N equal parts, 
where N< M?S N-+1. Then some two a’s are in the same subdivi- 
sion so their difference 6 satisfies: 


ya, 28/2 l2eGq) 2512yil) 
lll; s ———- s —_— 
N mie 
se (28/2)2 (q) 
P(g) 
(se: 
Mew 


3. q discrete. Let œ, be an æ for which |æļą is maximum. This 
exists since q is discrete and |a| qx. Then for each aGG, | a/ee:| isl, 

Choose r so that Nqa'<M<Ng+!. If the number of elements in 
the residue class field is finite then the local theory shows easily that 
D Contains at most Nqr residue classes mod qr. Hence two of the 
M> No elements of (1/a1)6 are in the same residue class and their 
difference 0/a; has at least the ordinal number r. Should there be a 
field Ro, let f be the degree of 94/q over ko, so that Nq =g’. Then there 
are at most rf elements of o that are linearly independent mod qr. 
Taking more than rf of our elements a/a; that are independent con- 
sidered as elements of k (possible since M> Nq) we can find a linear 
combination @/a,;+0 of them that is congruent to 0 (mod q) and 
hence has at least the ordinal number r. In both cases we get 
gS ete, ie lee 
a Ng Nott M 


6 


Qı 




















or 
Ng% | a la t Ngo. x 


| a k s Me@ = Me 


LEMMA 8. Let M be the order of the set of elements aCk that is con- 
tained in a parallelotope of dimensions xy. If q is a prime satisfying 
Axiom 2 we can find a constant B, depending only on q such that either 
M=1 (if our set contains only a=0) or 
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U/p(q) 
MZ B( Ty z) . 


? 
Proor. Assume M>1. By Lemma 7 there is a 90 satisfying 





For the other p of M we estimate @ directly and get 


%» at any nonarchimedean 
| aly < { 9 y p, 


4r) - x) at any archimedean 9. 


Substituting in the product formula Ti, | o| p=1 we get (if Dy is a cer- 
tain constant): 


Dg: xı 
1 < g Ib t] ; 
Me@ 
hence the lemma. 
LEMMA 9. If a1, a2, ++ > , æ are linearly independent with respect to 


the subfield R and if y is a given nonzero integer of R, we can construct 
a certain set © of elements a with the following properties: 








1. la] y Sap = MaX, allal) for every finite p. 
2. [ajya SB- ly po With a certain constant B that can be easily estt- 
mated. i 


3. If there is a field of constants ko then © is closed under addition 
and under multiplication by elemenis of ko, so © may be considered as 
a vector space over ky.. 

4. The order of © is greater than |||}. 


Proor. Let © consist of all œ of the form 
a = nar + na: t es + re 


where the v, range over all integers of R that satisfy 


Ilill < [lll oe 


This settles at once property 3 and implies EAS s EIA for each 
Po and consequently property 2. Property 1 holds since AES. 
for all finite p. Property 4 is clear if po is archimedean; if not then 
assume lyla = 92 so that y is a polynomial of degree d. Each v; 
ranges over all polynomials of degree not greater than d. This gives 
for © a vector space of (d+1)! dimensions and our statement is obvi- 
ous. : 
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LEMMA 10. The degree n of k over R is finite; every p of M satisfies 
Axiom 2; and the inequality 


1 
n < ay Z Mpa) 


holds for each p. 


Proor. Apply Lemma 8 to the set of Lemma 9. We get the in- 
equality 


bee Tye =e eo, 
Poo 


where £ is a certain constant that depends on the constants in the 
previous lemmas. Since ||y/| ,,, takes on arbitrarily large values we get 

1 

l £ — Dre). 

pCa) vo 
This proves that 7 is finite. None of our valuations p is trivial on R 
or else it would be trivial on the finite extension k. Let p be the divisor 
of R that is divisible by p. The local theory shows now (since p is non- 
trivial) that p satisfies Axiom 2. In our previous inequality we can 
therefore assume /=n and take for q each prime p of Mt. 

Let 7 be a positive real number and let us replace each valuation 
|a|, by its rth power |a|}. This would be a new set of valuations for 
which Axioms 1 and 2 would hold again. The numbers Mpe) would 
then be replaced by rdA(p,.). This shows that it is no restriction of 
generality to assume that 


2 A (pao) =n. 
Poo 


Then Lemma 10 gives 
pe) S 1 

for every p. f 

Assume now that p| p, where p is a nonarchimedean divisor of R, 
and let us compare |{al|, and ||al|, for elements a of R. The ordinal 
number of a in k is e(p) times the ordinal number of a measured in R; 
we also have Np = (Np) ®. elp) is the ramification number and f(p) the 
degree of the residue class fields. So 


lell = lal” ® = lal”. 


For an archimedean p this equality follows directly from the defini- 
tions. Hence we have 
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[aly = [ally ’ for all p and alla € R. 


We note in particular Mpe) =2(p.)e(p.) so that 
DX Ae) Pa) = n. 


Poo 


Now we apply the product formula to an 4€&R: 


1=Dles=I(, I tls) = a”. 


p \ pla, pEm 


where 


(2) = 2 ne). 
E 


pip. > 


But Lemma 6 shows that all »(p) are equal and the special case p=, 


shows finally 
n= 2 n(p)p(p). 


dlp, PEM 


If we compare this with p(p) $1 and Popp (9) Sm we find: 
(1) all p|p are in M, 

(2) all p(p)=1, 

(3) Disism(p) =a. 


Thus we have proved: 


THEOREM 3. If k is a field that satisfies the Axioms 1 and 2 it is an 
extension of a finite degree n either of the rational field R or of the field 
R=k)(z) of rational functions over tis field of constants ko. All valuations 
satisfy Axiom 2. M consists of all extensions of the well known valua- 
tions of R. Replacing if necessary all valuations in the product formula 
by the same power we can assume that they are all normed (that is, 
| c| »=|[lcrl|»). We have > piony =n for all p of R. 


Let now a be an element of k and pi, P2, - ++, Pe those among the 
finite primes for which llalla, >1. Let pı, p2, + + +, pı be the primes of 
R that have the p, as divisors. Construct an integer in R whose abso- 
lute value at each p, is sufficiently small and aa will now be less than 
or equal to 1 at all finite primes. This shows that any set a1, œz, * > +, a1 


‘ of elements that are linearly independent with respect to R can be 


replaced by a set of elements which are integral at all finite primes. 
This will be useful in the next section. 


4, Parallelotopes. We still make the same assumptions as in the 
previous chapter so that we can assume Theorem 3. Thus we will take 
{a|p=la||) and p(p)=1. In Lemma 9 we may assume J=n. 
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THEOREM 4. There are two positive constants C and D such that for 
all idèles a we have 


CV (a) < MA < max (1, DY (a)). 


Proor. If we apply Lemma 8 for one particular q we get the right 
half of the inequality. 

If we replace a by œa then V(a) and M(a) remain unchanged. 
Select a=a:y where a; and y are selected as follows: 
. Theorem 1 shows that there is an a; such that 


4B < ||als $ 5B forall pe 


where B is the constant of Lemma 9. We choose such an œ and then 
select an integer y of R in such a way that llaxyal| pi at all finite p. 
This shows that it is sufficient to prove our theorem for all idèles a 
satisfying 


4Bl\ yo. < lallv. S 5Bl|ylp. forall pa 


and llall <1 at all finite p, where y is an integer of R. Using this in- 
teger y, we now apply Lemma 9, taking ap=1 at each finite p and 
ce a set © of elements a of k with the following properties: 

1. jlajipSi for all finite p. 

2. alvo SBlly|| 0 

3. Tn case there is a field ko, © is a vectorspace over ko. 

4. The order of © is greater than ||y||*,, and we have 














aA Peo) 


lola. = lolz” = Ulf. = IT sll 


So the order is greater than CII 0a >.. where C is a certain constant 
not equal to 0. 

We distinguish two cases: 

1. Order of a set means number. Consider the set o of all integers 
of & (that is, all elements that are integers for every finite p) and the 
subset {a} of all integers £ satisfying lel <|] al|, for all finite p. This 
subset {a} forms an additive group which is the intersection of all 
the groups {a he of integers satisfying liell £ [| all» for only this par- 
ticular p. The local theory shows that the index of o mod {a}, is at 
most 1/|la p. So the index of {a} in the group of all integers is at 
most N=] [p an(1/|\al|,). If we consider now our set & modulo {a} we 
get at most N residue classes. So one residue class contains more than , 


C-T1 lhe L ov 
N 
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elements. If we select one special element of this residue class and 
subtract it from each of the others, we get more than CV(a) elements , 
y of {a}. As such they satisfy ||y]|,</lal|, for all finite p. At a po we 
get ||y||p.<45]|yllr0S|lally.- (The factor 4 instead of the expected 2 
must be used since one of the valuations may be the square of a true 
valuation.) So we have found more than CV(a) elements in our paral- 
lelotope of sizea. _ 

2. There is a constant field ko. We define {a} and {¢}, as before. 
Asstime that m is the dimension of the vector space © over ko. The 
residue classes of the integers mod {a}, also form a vector space over 
ko; let d(p) denote its dimension. Then g?# <1 /llally- Let ©, be the 

intersection of © and {a},,. Starting with a basis for the space ©, 
` we need at most d(p1) vectors to complete it to a basis of ©. So the 
dimension of ©, is at least m—d(p.). Repeating this process for all 
finite p and calling & the intersection of © and {a}, we see that its 
dimension is at least m— do» tin (p). So the order of Ẹ is at least 


1 
q™- I —-2q"- TI lalh. 
y fin P fin 


a 
q: (p) 


Since the order q” of © is CI {pell al|po we find that the order of & is 
greater than CV(a). That the elements y of T satisfy Illl x|] ally fol- 
lows for a finite p from the fact that they are in {a}. For pa, since 
they are in ©, 


lllo £ Bllylloa < lallo: 
~” COROLLARY. If V(a)21/C then there is a B in k such that 
1<|[Sallp S V(a) forall y. 


ProoF. The field elements in the parallelotope of size a form a set 
of order greater than 1 so there is an a0 such that |lal|)$|lal|, for 
all p. Put 8=1/a; then 1S]|6al|y. Now for each q 

V (Ba) 

Ts a||6a|y 


Lemma 11. Let a be any idéle and q a fixed prime; then there is a B 
in k such that 


\|al|. = < V(6a) = V(c). 


1 < [jalle £ Na/C for p= aq; 
(C/Nq)V (a) < ||6al|, < Via). 


For an archimedean prime q we mean by Nq the number 1. Cis the 
constant of the praceding corollary. 
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Proor. If we replace in a the component a, by a suitable aj and 
leave all other components unchanged we can achieve that the new 


idéle a’ satisfies 
1/C < Va) £ NQ/C. 


Then we determine the £ of our corollary and get 


is Ilall < Vla’) S No/C for pqg 





and 
1 < ||80'l|, £ V0). 
onj VE , vO 
a a 
|l8a]la = v (le Te {|a'|[.. 
Hence 


(C/Na)V(@) S V(a)/V(a') < lleol £ VO). 


Let now U be the multiplicative group of all absolute units, that is, 
the set of all ¢ of k satisfying | Sb= 1 for all p. In case there is a con- 
stant field ko, our group consists of the elements not equal to 0 of ko. 
In case order means number of elements, U must be a finite group 
since it is contained in the parallelotope of size 1; so U consists in 
this case of all roots of unity of k and is a finite cyclic group. 

We select a finite non-empty set S of primes p that contains at 
least all archimedean primes. By ag we mean the idéles satisfying 
\|as||)=1 for all p not in S. An element es of k that belongs to as is 
called an S-unit. 

Let pi, po, © ++, Pa be the primes of S. If eg is an S-unit and we 
know the s positive numbers ||és|l5,, {lesllp.. © -+ » |lesllp,, then we know 
llesl|p for all p, so |les|| is known except for a factor in U. Let us call 
two S-units equivalent if they differ only by a factor in U. The prod- 
uct formula gives 





TE leh, = 1 


and shows that it suffices to know the s—1 numbers |lés|[»,, |lesll 2, 
, ll es|| pw (Should s=1 then és is already in U as the product 
formula shows.) 
It is more convenient to take the logarithms of our numbers so we 
map the unit eg onto the following vector v(es) of an ordinary 
space R,_1 of s~1 dimensions: 


oles) = (log lles] log |leslloa +++, log [les|]p.-1)- 
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We have then for two units es and 7 the relation 
o(esns) = v(es) + olas). 


So the maps v(es) form an additive group of vectors in R,_1. 
The product formula gives 


tog lls» = — 310g lel 


Let us consider a bounded region in R,1 that gives bounds for 
log jesil», (v=1, 2, qent s—1), say 


-— K S log|leslp SK @=1,2,---,s—1). 





Then we get for log Iles], the bounds —(s—1)K Slog llesllp, 


S(s—1)K. i 

In case all the p, of S are discrete this gives only a finite number of 
possibilities for the ordinal number at each p,; hence only a finite 
number of units inequivalent mod U. If there are archimedean primes 
in S then all eg of our region are contained in a parallelotope, so their 
order is finite. But order means number in this case. So we have 
proved: 


LEMMA 12. There are only a finite number of vectors v(€g) in a bounded 
region of Rai» 


The following lemma is well known; we repeat its proof here for 
the convenience of the reader. 


Lemma 13. Let G be an additive group of vectors in an ordinary eu- 
- clidean n-space Rn, such that no bounded region of R, contains an infinite 
number of vectors of G. Assume thai we can find m but not more vectors 
of G that are linecrly independent with respect to real numbers. Then 
these m vectors may be selected in such a fashion that any vector of G is 
a linear combination of them with integral coefficienis. In other words: 
G ts a lattice of dimension m. 


Proor. The prcof is by induction according to m. 


Let vi, v2, © * * , Un be a maximal set of independent vectors and Go 
be the subgroup of G contained in the subspace spanned by the vec- 
tors 01, V2, °° * , Uma. Because of induction we may already assume 


that any vector in Gp isa linear integral combination of v, v2, © © +, Um—t- 
Consider the subset © of all v of G of the form 


D = £101 + t + +  Sm1Vm-1 + EnD 


with real coefficients 1, %2, + + * , Xm that satisfy 
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Osa:<1i fori=1,2,---,m—1 


and ; 
084,81. 

It is a bounded set. Let v} be a vector of S with the smallest possible 
Xm7~0, say 


Um = £10; + favo H +++ H Emm. 


Starting now with any vector v of G we can select integral coefficients 
‘41, Ya) ° * * , Ym in such a way that 


[A I 
D = V — Yala — YD — YW — *** — Ymm- 


is in © and the coefficient of vm is even less than m. So this coefficient 
of Ym is 0, that is, v’ is in Go. So v’ is an integral linear combination 
of v, V2, © * * , ¥m—1 and therefore v is an integral linear combination 
of vi, Va, °°, Um and Yh. 


THEOREM 5. The vectors v(es) form a laitice of at most s — 1 dimensions. 
The eg themselves form mod U a free abelian group with at most s—1 
generators. 


5. Amore restrictive axiom. If we wish to derive stronger theorems 
as for instance that of the existence of enough units, we must replace 
Axiom 2 by a stronger axiom. So we assume from now on that we 
have in & besides Axiom 1 also 


AXIOM 2a. There is at least one prime in Mt that is either archimedean, 
with the real field or the complex field as its completed field, or else dis- 
crete with residue class field having only a finite number of elements. 


Since Axiom 2 is a consequence of Axiom 2a we can assume all the 
results we derived thus far and thus we see that & is either a number 
field or else a function-field where ko has only a finite number of ele- 
ments. We see immediately that Axiom 2a holds for all primes of M. 


Lemna 14. To any integer M there are only a finite number of primes 
p with Np SM. 


Proor. Since there are only a finite number of archimedean primes 
we are concerned only with the nonarchimedean ones. Consider M-+-1 
integers a, of R and let p be a prime with Np < M. Two a; are in the 
same residue class, say œ and œz; hence | a1 —a2| p<i. So our p’s are 
contained among the primes for which one of the differences a;—a, 
(ik) has an absolute value |a:—on| p <1. Because of Axiom 1 our 
lemma holds. 


490 EMIL ARTIN AND GEORGE WHAPLES July 


Now let S be again a finite and non-empty set of primes. 


Lema 15. There is a constant E such that io any idéle ag and any 
prime q of S we can find an S-unit es such that 


lesas S E for allp = q of S. 


Proor. Select £ according to Lemma 11. Then 1S][as||)3.Nq/C 
for pq. So 


1 |||) S$ Nq/C for all p not in S. 


If ||6l|p~1, then ||6||p2= 2p. Since there are only a finite number 
Po Po, °°, px of primes’with Np;SNQq/C we get ||8||)=1 for all 
pri, Pe, pz and p not in S. Since pi, Pz, - > > , P: are discrete we get 
only a finite number of possibilities for each ||6]|»,. 

Assume that bı, b2, -+-, B- already realize any possible distribu- 
tion of values for illl. Then to any of our 8 there is a f with 
Sl p=l|Bell» for all p not in S, or 8=ßres. Substituting back we get 


\|Bxestsllp £ Na/C for pq. 
So ||esas||p SE for all pq of S where 


(TE 
E = max aa p 
rol, 2,°*' r pES C|lBy||» 


Now select an as so that ||as||)>Z for all p of S. If es is the corre- 
sponding unit then ||e¢s||)<1 for all pq of S. 

Assume now that pi, fe,---+, Pe are all the primes in S. Then q 
could be any of the primes p; We get in this fashion s S-units 
61, &,* °°, €, where e; satisfies lell <1 for ki. Because of the 
product formula we also get 





lledle, > 1. 
The first s—1 of these S-units are mapped onto vectors 
D: = (tin, Oya, + +, Gia), #=1,2,-+-,s—1, 


where a=log |[e,|,,. Then a,;>0 and a%<0 for ik, but Jilla: 
=) log || e:ll, = —log |le,||.,>0. 

We prove now that the vectors v; are linearly independent, that is, 
that the homogeneous equations 


al 
Do tan = 0, k=1,2,--+,s—1, 


vol 
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have only the trivial solution. To that effect it suffices to show that 
the homogeneous equations 


3—1 
Dd ay» = 0, t= 1,2,--+,s-—1, 
vol 


have only the trivial solution. 

Assume indeed that 41, ye, * * * , ¥e-1 is a non-trivial solution and 
that y; has the greatest absolute value. It is no restriction to assume 
¥y,>0so that y,2¥; for all ji. Since a;;<0 we get ay: £ tiy; Now 


aayi + tiyo bees + Ginn D tayi + liyi tees + anyi 
= (Gi + ase + soe F Gin) Vie 


The left side of the inequality should be 0 but on the right side both 
factors are positive. 
This proves: 


THEOREM 6 (UNIT THEOREM).§ If Axioms 1 and 2a hold then the di- 
mension mentioned in Theorem 5 is precisely s—1, so the S-units form 
mod U a free abelian group with s—1 generators. 


Another consequence of Axiom 2a is the following: If we go back 
to Lemma 11 and select in it for q one of the primes of S then the in- 
equalities show just as in the proof of Lemma 15 that ||8al|,=1 for 
all p with Np>Nq/C and that outside of S there are only a finite 
number of possibilities for the value distribution of ||fal|). Assume 
that the idèles a1, a2, * * > , Qm realize any possible case; then there is 
always an é such that ||€all,=I|q,||, for all p not in S or Ba=a;-as. 
This proves: 


THEOREM 7 (FINITENESS OF CLASS NUMBER). There is a finite set 
of idèles Qi, Qz, + * * , Gm Such that any idéle a is of the form 


a = ats 
for a suitable i, aEk and ag. 
We mention the special case, important for class field theory: 
THEOREM 8. If the set S is big enough then a=ats for all idèles a. 


Proor. Add to the previous set S also the primes p where any 
Ila, pHi. 








* The unit theorem in this form is due to Hasse. It is proved by Chevalley in [4], 
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INDIANA UNIVERSITY AND 
UNIVERSITY OF PENNSYLVANIA 


THE APRIL MEETING IN STANFORD UNIVERSITY 


The four hundred tenth meeting of the American Mathematical So- 
ciety was held at Stanford University on Saturday, April 28, 1945. 
Approximately forty people attended, including the following twenty- 
eight members of the Society: 

H. M. Bacon, B. A. Bernstein, H. F. Blichfeldt, E. A. Davis, T. C. Doyle, Evelyn 
Fix, S. M. Hallam, O. H. Hamilton, J. G. Herriot, Glenn James, D. H. Lehmer, 
J. C. C. McKinsey, F. J. Massey, E. D. Miller, K. A. Morgan, Jerzy Neyman, C. D. 
Olds, George Polya, W. C. Randels, J. B. Robinson, R. M. Robinson, S. A. Schaaf, 


A. C. Schaeffer, T. W. Simpson, Gabor Sagt, Alfred Tarski, A. R. Williams, 
František Wolf. i 


There was a section for contributed papers in the morning at which 
Professor B. A. Bernstein: presided. The afternoon session was de- 
voťed to a symposium on Contagious probability distributions at which 
Professor Jerzy Neyman and Professor George Polya spoke. Professor 
Polya spoke about Interpretation or interpolation? Remarks on certain 
applications of, and certain views about, contagious probability distribu- 
tions. This address discussed some of the known dependent events 
(“influence of the crowd,” “influence of the predecessor,” and so on), 
their most intuitive applications, and the notable fact that a proba- 
bility distribution resulting from such a structure of mutual depend- 
ence can be interpreted also as generated by the concurrence of inde- 
pendent events, and even in various ways (inhomogeneity, delivery 
by “packages”). Professor Neyman’s address, which will be printed 
in greater detail, was about Multivariate Poisson and contagious dis- 
tributions. Professor H. F. Blichfeldt presided at the afternoon session. 

Titles and cross references to papers read at the meeting follow be- 
low. Paper 7, whose abstract number is followed by the letter t, was 
read by title. Mr. Jonsson was introduced by Dr. Tarski. 

1. D. H. Lehmer: On the Graeffe process for power series. (Abstract 
51-5-87.) 

2. Kathryn A. Morgan: Representation of a positive binary form by 
a positive quaternary form. (Abstract 51-5-81.) 

3. R. M. Robinson: Univalent majoranis. (Abstract 51-5-89.) 

4. Glenn James: Certain general polynomial expansions. (Abstract 
51-5-86.) 

5. George Polya and Gabor Szegé: On finite Fourier integrals. (Ab- 
stract 51-7-119.) | 

6. Bjarni Jonsson: On unique factorization problem for torsionfree 
Abelian groups. (Abstract 51-5-75.) 
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7. E. R. Lorch: The Cauchy-Schwars inequality and self-adjoint 
spaces. (Abstract 51-3-64-t.) 
A. C. SCHAEFFER, 
Associale Secretary 


REPORT OF THE MEETING OF THE COUNCIL OF THE 
SOCIETY IN NEW YORK CITY ON APRIL 28, 1945 


A meeting of the Council of the Society was held in the Men’s 
Faculty Club at Columbia University at 1:30 p.m. on Saturday, April 
28, 1945. The following members of the Council were present: A. A. 
Albert, Garrett Birkhoff, S. S. Cairns, Richard Courant, Arnold 
Dresden, B. P. Gill, M. R. Hestenes, T. R. Hollcroft, Harold 
- Hotelling, Saunders MacLane, J. F. Ritt, P. A. Smith, I. S. Sokol- 
nikoff, J. D. Tamarkin, Hassler Whitney, and the Secretary. 

Certain papers submitted for presentation at various meetings of 
the Society were read by title at the meeting of the Council; titles 
and cross references to the abstracts of these papers appear at the 
end of this report. 

The Secretary announced the election of the following ten persons 
to ordinary membership in the Society: ; 


« 


Mr. Silvio Aurora, Columbia University; “7 
Professor Harold Frederick Bright, University of Rochester; 
Miss Helen M. Clark, Northwestern University; 

Dr. Vincent Frederick Cowling, Rice Institute; 

Mrs. Anne Carples Davis, Seaman Second Class, U.S.N.R.; 
Mr. Richard Latter, Lieutenant, U.S.N.R.; 

Mr. Douglas Blakeshaw Netherwood, Captain, A.U.S.; 

Mr. Joseph Thomas Olsztyn, Private, U.S.A.; 

Mr. Clarence A. Phillips, University of Illinois; 

Mr. Marlow Canon Sholander, Brown University. 


The Department of Mathematics of the University of Oregon was 
elected to institutional contributing membership. 

The following appointment by the President was reported: as a 
Committee to Select Gibbs Lecturers for 1946 and 1947, Professors 
L. M. Graves (Chairman), G. A. Hedlund, and S. S. Wilks. 

It was reported that the Board of Trustees had approved the rec- 
ommendation of the Council that a catalogue of the Society library 
be published during 1945 and that the Board had appropriated $2500 
for this purpose. 
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The Secretary called the attention of the Council to the following 

policy which has been followed in recent years: if both husband anc 

. wife are members of the Society, one is allowed to receive the Trans- 
actions, instead: of the Bulletin, as one of the privileges of member- 
ship. 

Professor Oswald Veblen was appointed representative of the So- 
ciety in the Division of Physical Sciences of the National Researck 
Council for a period of three years, beginning July, 1945. 

The Council authorized the appointment by the President of a com- 
mittee to study the problem of aid to devastated libraries. 

Secretary Kline reported for the War Policy Committee as follows: 

1. A subcommittee of the War Policy Committee has been ap- 
pointed to study the relation of mathematics to the compulsory mili- 
tary training program being considered by the government; this 
subcommittee consists of Professors W. L. Hart (Chairman), Saun- 
ders MacLane, and C. B. Morrey, Jr. The final report of this subcom- 
mittee will probably be offered for publication in Science as well as 
in the mathematical journals. 

2. The Rockefeller Foundation has extended its second grant for 
the work of the War Policy Committee from December 31, 1944, to 
September 30, 1945, and has made a grant of $1,000 for the perio 
January 1-September 30, 1945. 

3. The Subcommittee to Advise the Examinations Staff of the 
Armed Forces Institute (Professor W. T. Reid, Chairman) has been 
discharged with thanks. A general report on the activities of this 
subcommittee appeared in the March, 1945, issue of The American 
Mathematical Monthly. Examinations have been prepared in algebra, 
plane trigonometry, analytic geometry, differential and integral cal- 
culus; these are to be standardized under a project which is being 
undertaken jointly by the War Department and the Cooperative 
Test Service of the American Council on Education. 

4. Since the work of the Subcommittee on War Training Programs 
(Professor W. L. Hart, Chairman) has been finished, this subcom- 
mittee has been discharged with thanks. 

5. The Committee recommended that the Presidents and Secre- 
taries of the Society and Association make application to the War 
Committee on Conventions for permission to hold the 1945 Summer 
Meeting in Montreal, Canada. 

6. The Committee approved the bill calling for the assignment of 
students to a national scientific education program. 

7. The Committee has studied the problem of the place of the Na- 
tional Roster of Scientific and Specialized Personnel in the postwar 
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period and has made recommendations to a national committee ap- 
pointed to study this problem. In this connection the Secretary called 
attention to the lists of publications maintained in his office. These are 
complete lists of publications for all persons who have‘received the 
doctorate in mathematics in America. The lists for those who re- 
ceived the doctorate abroad are complete for the period subsequent 
to their appointments at American institutions. 

The Council approved with certain changes a proposed bill to au- 
thorize the assignment of persons to a national scientific program 
instead of to service in the armed forces, in order to make possible 
the education and training of scientists to meet essential needs. 

The Secretary reported that application had been made to the War 
Committee on Conventions for permission to hold a meeting of the 
. Society in Montreal at the conclusion of the Canadian Mathematical 

Congress. (The regulations of the Office of Defense Transportation 
require that permission be secured, even though meetings are sched- 
uled outside continental United States.) The President and Secretary 
were empowered to take action regarding the 1945 Summer Meeting 
‘in light of the ruling of the Office of Defense Transportation. 
Titles and cross references to the papers read at the Council meet- 
ing follow below. Mr. DeBaggis was introduced by Professor Menger. 
1. R. P. Agnew: Spans of translations of peak functions. (Abstract 
51-5-84-#.) 
2. R. P. Boas: Fundamental sets of analytic functions. (Abstract 51- 
5-85-i.) 
3. H. F. DeBaggis: A simplified projective theory of order and paral- 
lelism in the hyperbolic plane. (Abstract 51-5-97-t.) 
4. Herbert Federer: Coincidence functions and their integrals. (Ab- 
stract 51-7-113-t.) 
5. Evelyn Frank: Corresponding type continued fractions. (Abstract 
51-7-114-1.) x 
6. A. P. Hillman: On identities for differential polynomials. (Ab- 
stract 51-5-73-t.) 
7. A. P. Hillman: Theorems obtained from the Newton polygon proc- 
ess for differential tolynomials. (Abstract 51-5-74-t.) 
8. L. K. Hua: Geometries of matrices. I. Generalizations of von 
Staudi’s theorem. (Abstract 51-5-95-t.) 
9. L. K. Hua: Geometries of matrices. Iı. Arithmetical construction. 
(Abstract 51-5-96-2.) 
10. S. B. Jackson: The four-veriex theorem for surfaces of constant 
curvature. (Abstract 51-3-68-t.) 
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11. R. E. Johnson: Systems of finite linear equations. (Abstract 51- 
3-55-t.) 

12. G. K. Kalisch: A spectral theory for symmetric operators over 
generalized Hilbert spaces. (Abstract 51-5-76-t.) 

13. Irving Kaplansky: A note on groups without i sub- 
groups. (Abstract 51-5-78-t.) 

14. Irving Kaplansky: Maximal fields with ren II. (Ab- 
stract 51-5-79-t.) 

15. Irving Kaplansky: The asymptotic distribution of runs of con- 
secutive elements. (Abstract 51-5-101-2.) 

16. J. N. B. Livingood: A partition function with the prime modulus 
p>3. (Abstract 51-3-56-2.) 

17. N. H. McCoy: Subdirectly irreducible commutative rings. (Ab- 
stract 51-5-80-t.) 

18. Morris Marden: A note on the zeros of the sections of a partial 
fraction. (Abstract 51-5-88-7.) 

19. Karl Menger: A projective definition of hyperbolic congruency in- 
dependent of parallelism. (Abstract 51-5-99-t.) 

20. Karl Menger: A projective definition of hyperbolic perpendicular- 
ity without reference to parallelism. (Abstract 51-5-98-2.) _ 

21. L. J. Mordell: Further contributions to the geometry of numbers 
for non-convex regions. (Abstract 51-7-108-t.) 

22. V. C. Poor: On the Hamilton differential. (Abstract 51-7-121-t.) 
~ 23. A. R. Schweitzer: Functional relations valid in the domains of 
abstract groups and Grassmann's space analyais. III. (Abstract 51-5- 
90-2.) - 

- 24, Otto Szász: On some summability methods with triangular ma- 
trix. (Abstract 51-5-91-2.) 

25. H. S. Wall: Polynomials with real coefficients whose zeros have 
negative real paris. (Abstract 51-3-60-t.) 

26. F. T. Wang: Strong summability of Fourier series. (Abstract 51- 
5-92-41.) 

27. F. T. Wang: Tauberian theorem of oscillating series. (Abstract 
51-5-93-t.) 

28. J. E. Wilkins: A generalization of the Euler }-function. (Ab- 
stract 51-5-83-#.) 

J. R. KLINE, 
Secretary 


BOOK REVIEWS 


Theory of games and economic behavior. By John von Neumann and 
Oskar Morgenstern. Princeton University Press, 1944. 184-625 pp. 
$10.00. 


Posterity may regard this book as one of the major scientific 
achievements of the first half of the twentieth century. This will 
undoubtedly be the case if the authors have succeeded in establishing 
a new exact science—the science of economics. The foundation which 
they have laid is extremely promising. Since both mathematicians 
and economists will be needed for the further development of the 
theory it is in order to comment on the background necessary for 
reading the book. The mathematics required beyond algebra and 
analytic geometry is developed in the book. On the other hand the 
- non-mathematically trained reader will be called upon to exercise a 
high degree of patience if he is to comprehend the theory. The mathe- 
matically trained reader will find the reasoning stimulating and 
challenging. As to economics, a limited background is sufficient. 

The authors observe that the give-and-take of business has many 
of the aspects of a game and they make an extensive study of the 
strategy of games with this similarity in mind ‘(hence the title of this 
book). In the game of life the stakes are not necessarily monetary; 
they may be merely utilities. In discussing utilities the authors find 
it advisable to replace the questionable marginal utility theory by a 
new theory which is more suitable to their analysis. They note that 
in the game of life as well as in social games the players are frequently 
called upon to choose between alternatives to which probabilities 
rather than certainties are attached. The authors show that if a 
player can always arrange such fortuitous alternatives in the order of his 
preferences, then it is possible to assign to each alternative a number or 
numerical utility expressing the degree of the player's preference for that 
alternative. The assignment is not unique but two such assignments 
must be related by a linear transformation. 

The concept of a game is formalized by a set of postulates. Even 
the status of information of each player on each move is accounted 
for and is characterized by a partition of a certain set. The amount 
which player k receives at the conclusion of the play is a function 
Fili 02, © * + , oy) of the moves Gi, Ca, - © © , Cy where some of the o’s may 
be the moves of chance (dealing cards, throwing dice, and so on). 

The concept of a game admits of a rather drastic simplification 
which practically relieves the players of the necessity of playing. 
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Imagine that all possible strategies of all players have been cata- 
logued. Then player & can tell his secretary that he wishes to play 
strategy Tą. When she looks up this strategy she finds a complete 
prescription determining every move for every possible eventuality. 
Thus the secretaries could get together and determine the outcome 
of the game if they could only find an equitable method of accounting 
for the moves of chance. But chance enters into the game very much 
as one of the players. Thus we can imagine a cataloguing of the 
possible strategies of chance. Suppose for the moment that the 
strategy To of chance has been decided upon and that the players 
have chosen respectively the strategies 71, T% ***, Ta. Then the 
strategies determine the moves. Hence $01, C2, + ++ , oy) is a function 
Gz (ro, Tis °° * , Tn) Of the strategies and the outcome of the game is de- 
termined. But how should 7o be selected? Instead of selecting 7) the 
secretaries could assign to each player k the amount ©x(11, Ta, ++ * , Tn) 
which he would receive on the average if strategies Ti, Ta, © * +, Tn of the 
players were chosen. The amount Éx is the mathematical expectation 
of @,. It is computed in terms of the probabilities of the various. 
_ strategies 7o and these probabilities are in turn computed in terms of 
the probabilities of the moves of chance. 

The game has now been reduced to one in which each player makes 
just one move—the selection of a strategy. Each player makes his move 
in complete ignorance of the moves of the other players. The authors 
have accomplished this simplification of the game with complete 
rigor and with complete adherence to the rules laid down by the 
postulates. 

A 1-player game corresponds to the economy of a man on a desert 
island. It is the Robinson Crusoe economy or a strictly regimented 
communism. If. the player is wise, he will choose his strategy 71 so 
that (rı) is a maximum. This is the only case where a game is 
settled by simple maximum considerations. 

An n-player zero-sum game is one for which the sum of the §;’s is 
zero for all choices of 01, o2,° ++, c, and hence one for which the 
sum of the §,’s is zero for all choices of 71, T2, - + + , Tn. Social games 
are zero-sum but the game of economics is decidedly not zero-sum 
since society as a whole can improve its status if all members behave 
properly. However an arbitrary n-player game can be reduced to a zero- 
sum (n-+-1)-player game by introducing a fictitious player n+1 who 
receives the amount 6n4i(71, 72, * © © , Ta) Which is the negative of the 
total received by the remaining n players. Note that the functions 6, 
do not contain the variable Ta}, that is, the fictitious player is not 
permitted to choose a strategy. It will appear later that further re- 
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strictions on the activities of this player are necessary to prevent his 
influencing the outcome of the game. 

A zero-sum 2-player game T can be characterized by a single func- 
tion (71, T2) = Gilri, T2) since S2(r1, 72) = —G(71, 72) by virtue of the 
relation $:1+62=0. In this game player 1 will attempt to maximize 
© (or $1) whereas player 2 will attempt to minimize § (or maximize 
G2). Since these are diametrically opposed tendencies, it looks as 
though nothing could be decided. However we can gain insight into 
the problem by considering a modified game I’; which is the same as 
T except that player 1 moves first and player 2 knows 1’s move. In 
T; after player 1 chooses 71, player 2 will choose 72 so as to minimize ©. 
It is therefore advisable for 1 to choose 7: so as to maximize 
min,, 6(71, 72) where mins, (Ti, 72) is the minimum with respect to 
T2 of G(r1, T2). Player 1 will then receive. 


vı = max min Q(T, T2) 


Ti Ta 


and 2 will receive —w. Next consider a third game Is which is the 
same as T except that 2 moves first and 1 knows 2’s move. If both 
players of T are skillful, then 1 will receive the amount 


v = min max (11, T2) 
Tm Ty 


and 2 will receive —v. In the original game T if both players are 
skillful, 1 will receive at least vı and at most v2 whereas 2 will receive 
at least —ve and at most —w. Hence v Sv: and ‘these quantities are 
bounds for the outcome of the game. If v=v, the game is determined- 
but in general this is not the case. 

Note that T reduces to T, if 2 discovers 1's strategy whereas T 
becomes T% if 1 discovers 2’s strategy. Hence it is advisable for the 
players to conceal their strategies. The concealment is accomplished 
by using probabilities. Thus 1 chooses 71 with probability &, and 2 
chooses rz with probability 7,,. The average outcome K(E, n) for player 
1 is the mathematical expectation of (Tı, T2) with respect to the prob- 
abilities En and n., where £ is the vector with components &, s, +- 
and ņ is the vector with components 7m, 72, °°: . The introduction of 
these probabilities modifies T and consequently modifies Ti, T2 and 
the bounds 7, v3. The new bounds become _ 

u = min max K(E, 7) 
: £ a 
and 


vg =min max K(é, n). 
9 £ 
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It is easily shown that 2:S0/ Sof Sw, that is, that each player is at 
least as well off as before the probabilities were introduced. Moreover 
it can be shown that 


and hence that the game is determined. The proof of the latter result 
depends on the fact that the numbers x,,= )0(71, 72)£,, are com- 
ponents of a vector x which depends on ¢ and that the tips of the 
vectors x for all possible £’s constitute a convex set of points. 

Next consider an n-player game in which the players divide into 
two hostile groups called S and —. S. This can be interpreted as a 
2-player game between the players S and — S. If probabilities are 
employed in the manner described above, then S will receive 


oS) = vf =v =9 
and —S will receive 
o(— S) = — x(S). 


If Z is the set of all players, then v(Z)=0, that is, the game is zero- 
sum. Finally 


a(S + T) 2 ofS) + oT) 


if S and T are mutually exclusive groups. That is, the players of 
. S+T can obtain at least as much by cooperating as they can by 
splitting up into two groups S and T. The function v(S) satisfying the 
above relations is called a characteristic function. Corresponding to 
any function satisfying these relations there exists a game having 
this v(S) as its characteristic function. The construction of such a 
game involves partitions of I into subsets called rings and solo sets. 
If the equality o(S+7)=v(S)-+v(T) always holds, that is, if v(S) 
is additive, then the coalitions will be ineffective and the game will 
be determined. This is the case for n =2. Moreover two characteristic 
functions (whether additive or not) which differ by an additive func- 
tion will produce the same strategies of coalitions. If v(.S) is not addi- 
tive, it can be modified by a suitable additive function and a suitable 
scale factor so that v(S)=—1 for all 1-element sets. Thus for n=3, 
v(S) is given by the following table 
0 O-element set (— I or the complement of I) 
-1 1-element sets 
2S) = for the 
+1 2-element sets (complements of 1-element sets) 


0 3-element set (I). 
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For 224, 2(S) is no longer determined and the number of possibil- 
ities becomes almost bewildering. The reader will begin to realize that 
there is never a dull moment with these games. We have seen that 
for each of the cases n=1, 2, 3, 4 a new situation appears. For n=5 
no new phenomenon has as yet been discovered but for »26 we first 
meet the possibility of a game which splits into two or more games 
which are in some respects quite distinct but which nevertheless exert 
potent influences cn one another. This phenomenon has the counter- 
part of nations whose economies are distinct yet interdependent. 

It remains to consider what coalitions can be expected to form in 
a given game and how the stakes will be divided in the presence of 
such coalitions. A division of stakes is called an imputation and is 
represented by a vector a with components ai, œz, * ** , @, where a 
is the amount the &th player receives. One could imagine that if a 
group of novices were playing one of these games a certain chaos 
would result. Coalitions would be made and broken as ‘each player 
sought to improve his own status. Finally as the players became 
more acquainted with the game certain imputations would come to 
be trusted because of the stability of the corresponding coalitions and 
because of the profitableness to an effective group of players. There 
would thus emerge a set V of trusted imputations. There would of 
course be players who were dissatisfied with any given trusted im- 
putation but they would not be strong enough to force a change 
unless they could bribe some of the favored players to desert their 
coalitions. Nor would such bribery be effective since the potential 
recipient of the bribe would realize that the chaos produced by his 
desertion would eventually leave him in a less favorable position. 
Thus V corresponds to a group behavior pattern. It is an institution 
or a morality arising from enlightened self interest. 

But how can V be described mathematically? We begin with a 
definition. We say that an impuiation a dominates an imputation B if 
there is an effective group of players each of which is better off under a 
than under B. The group is effective provided if can guarantee for tts 
members the stakes prescribed by a against any opposition from without 
the group. A set V of imputations is called a solution provided every 
imputation outside of V is dominated by some imputation of V and 
no imputation in V is dominated by any other imputation in V. Thus 
V is a maximal set of mutually undominated impuiations. Unfor- 
tunately dominance does not produce even a partial ordering of the 
set of all imputations. It is not a transitive relation. This makes the 
discovery of solutions a difficult task. We shall however outline a 
method of finding solutions for the case n=3. 
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When n=3 we have 
Q= (a, Qe, a3) with ai + œ: + @ = 0, 


that is, the game is zero-sum. Thus the tip of a lies in a plane which 
passes through the origin and is equally inclined to the coordinate 
axes. This plane is divided into six congruent sectors by the traces of 
the coordinate planes. Next a, = —1 (for k=1, 2, 3) since each player 
can obtain at least —1 without the benefit of any coalition (see the ° 
above table). These inequalities require the tip of a to lie within an 
equilateral triangle whose center is at the common intersection of the 
traces of the coordinate planes and whose sides are parallel to these 
traces. An imputation œ dominates those imputations which are rep- 
resented by points interior to three parallelograms each of which has 
two sides in common with the above equilateral triangle and one 
vertex at the tip of a. On the basis of these geometrical considerations 
it is easy to find solutions V. We first look for a V whose imputations 
do not all lie on a line a,=a constant (that is, a line parallel to a 
trace). There is only one such solution, namely, 


V: (1/2,1/2,0), (4/2, 0, 1/2), (0, 1/2, 1/2). 


We next look for a V whose imputations do lie on a line, say, a3=c. 
The corresponding solutions are 


Ve: (aa —a—c c) 


where a and c are required to satisfy certain inequalities. Thus V, 
contains a continuum of solutions corresponding to values of the 
parameter a. This exhausts the possible solutions. The first solution 
V seems quite reasonable whereas V, seems unnatural and difficult to 
interpret but let us return to this question later. 

Let us consider the following non-zero-sum 2-player game. Each 
player (1 or 2) chooses either the number 1 or the number 2. If both 
players choose 1, then each receives the stake 1/2. Otherwise each 
receives — 1. If we reduce this game to a zero-sum 3-player game by 
the introduction of a fictitious player 3, then the characteristic func- 
tion becomes the one given in the above table. Now if we take the 
first solution V, we discover that the fictitious player may play an 
active part in the formation of coalitions. Hence if we wish to retain 
the 2-player character of the game, we must choose the solution V, 
and it is reasonable to assign to c the value —1. 

The authors apply this theory of games to the analysis of a market 
consisting of one buyer and one seller and also of a market consisting 
of two buyers and one seller. 
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The book leaves much to be done but this fact only enhances its 
interest. It should be productive of many extensions along the lines 
of economic interpretation as well as of mathematical research. In 
` fact the authors suggest a number of directions in which research 
might profitably be pursued. 
ARTHUR H. COPELAND 


Principles of stellar dynamics. By S. Chandrasekhar. The University 
of Chicago Press, 1942. 10+251 pp. 


The primary field of this book is astronomy and not mathematics, 
although the latter is used as an essential tool. The readers of this 
review, professional mathematicians almost exclusively, will have a 
normal human interest in the major astronomical aspects of the book, 
but their critical scrutiny is bound to be concentrated on how the 
astronomical problems are formulated mathematically and what sort 
of mathematics has been proposed for their solution. For this reason, 
and partly also in the interest of brevity, this review treats only of the 
mathematical aspects of the book. 

In the first chapter is given a detailed discussion of the kinemati- 
cal concepts appropriate to the study of stellar systems. Since these 
systems contain a large number of stars, it becomes necessary to intro- 
duce a method similar to that employed in hydrodynamics, where the 
motion of a fluid is described by a vector field, representing at each 
point and for each instant of time the velocity of the fluid. In hydro- 
dynamics the velocity of the fluid at a point is conceived as the veloc- 
ity of the “fluid particle” at the point in question. But this notion of a 
“particle” at the point in question is difficult to make precise, espe- 
cially if one assumes the fluid to consist of a large number of small 
atoms with relatively large empty spaces between them. Nevertheless 
such a concept (in which the stars play the role of the atoms) is char- 
acteristic of stellar dynamics as distinguished from celestial (particle) 
mechanics, which considers systems containing but a relatively small 
number of bodies. 

The components Up(x, y, 2, 4), Volx, y, z, $), Wo(x, y, 2, £) of the vec- 
tor field thus introduced do not, of course, necessarily represent the 
components of velocity of a star which might happen to be at the 
point (x, y, 2), but rather the velocity of the centroid of stars in a 
“small volume” about the point (x, y, z). The components of velocity 
of an individual star are written in the form U= Utu, V=Vo-+v, 
W=W)-+w, where the vector (u, v, w) is called the residual velocity. 
The statistical consideration of these residual velocities is a charac- 
teristic of stellar dynamics and gas theory as distinguished from 
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classical hydrodynamics. Associated with each point of space is a 
distribution density function F(u, v, w), such that Fdudvdw is re- 
garded as approximately measuring the number of stars per unit 
volume, the components of whose residual velocities lie in the inter- 
vals (u, u+du), (v, v-+dv), and (w, w+dw) respectively. Considerable 
space is devoted to a review of observed astronomical phenomena to 
justify the assumption that such functions Uo, Vo, Wo, F can be in- 
troduced in the manner indicated. Still more space is devoted to the 
study of the exact form of the distribution density F. The fact that 
it can often be assumed to be Gaussian (but not necessarily spheri- 
cally symmetric as in the Maxwellian special case) is known as 
Schwarzschild’s law. In cases when the distribution is not Gaussian, 
there is a hint that the given stellar system can be considered as the 
‘superposition of two or more systems each one of which obeys 
Schwarzschild’s law. An example of such a situation is that afforded 
by the phenomenon of the so-called high velocity stars in our galaxy. 

The most general form for the distribution density function, 
F(u, v, w) = F[x, y, z, t; u, v, w] = F[x, y, z, t; U— Uo, V— Vo, W~ Wo], 
considered in this book is a generalization of the Schwarzschild form, 
namely 


F(u, v, w) = ¥(Q + 0), 


where Q is a positive definite quadratic form in u, v, w, whose coeffi- 
cients together with ø are functions of x, y, z, and t. 

The motion of a single star is assumed to be governed to a high 
degree of approximation by equations of the familiar type, 


(1) ř = grad ® (r = ix + jy + kz) 


Here Ẹ, a function of x, y, 2, and #, is a so-called “smoothed-out” po- 
tential function, depending upon the general distribution of the other 
stars of the system. This assumption is evidently justified as long 
as the star in question is relatively far from the other stars, but it 
loses its significance if the star has a near encounter with another 
star. To indicate that the approximation (1) is indeed likely to be 
valid over extraordinarily long periods of time is the fundamental ob- 
ject of the work on the “relaxation time” of Chapter II, a subject to 
which we shall presently return. : 

Since ¥(Q++c¢), considered as a function of x, y, z, U, V, W, may be 
interpreted as a distribution density function of the star in six-dimen- 
sional phase space, it is at once obvious that 


SISS fee + a)dxdydad Ud VAW 
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is an integral invariant of (1). Hence, by Liouville’s theorem, 
W(Q+¢), and, in fact, Q+o itself, is a first integral of (1), the con- 
dition for which is the familiar partial differential equation, 


(2) a ee we orea SE = 0. 
Ox oy 02 ðU 0x V ðy AW ðz 

From this equation there are two alternative ways of proceeding. 

One method is to derive (with J. H. Jeans) the equations of hydro- 
dynamics. But these equations can not carry the full implications of ' 
the kinematical hypotheses, especially the one regarding the existence 
of a distribution function for the residual velocities. Indeed, the four 
hydrodynamical equations (that is, the equation of continuity plus 
the three equations expressing Newton’s second law of motion for a 
fluid) are only the first four of a series of equations obtained by multi- 
plying equation (2) by U?V*W*, integrating with respect to U, V, 
and W over all values, and reducing by appropriate partial integra- 
tions. If the distribution function has the proper behaviour at infinity, 
one thus obtains an infinite number of equations by letting p, q, 
and r assume independently of each other the values 0, 1, 2,3,---, 
whereas the four hydrodynamical equations are only those corre- 
sponding to (p=g=r=0), (P=1, g=r=0), (q=1, p=r=0), (=I, 
p=q=0). Accordingly the author, although the hydrodynamical 
equations are mentioned and even briefly applied in Chapter IV, uses 
for the most part a more powerful method which will now be de- 
scribed. 

Remembering that ¥=Y¥(Q+0c), where Q is a quadratic form in 
U~Us, V—Vo, W— Wo, one sees that equation (2) after division 
by W’ has the form of a cubic polynomial in U, V, W, equated to 
zero. Since U, V, W are independent variables, we can equate to zero 
each one of the coefficients of this polynomial, thus obtaining twenty 
partial differential equations in the eleven unknown functions Uo, Vo, 
Wa ®, o, and the six coefficients of Q. The study of these twenty 
equations in Chapter III appears to the reviewer to be the central 
theme of the entire work. The problem is evidently that of deter- 
mining the most general conditions under which equations (1) admit 
an integral quadratic in the velocities. Although various special cases 
of this problem are well known in classical dynamics or have been 
considered in an astronomical context by various authors including 
Eddington and Jeans, the completely general problem seems to have 
been first formulated and studied by Chandrasekhar. 

A very interesting and general result of the investigation of the 
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twenty partial differential equations is to the effect that, for stellar 
systems in steady states and possessing some distribution function of 
the form ¥(Q+<c), the potential ® is necessarily characterized by heli- 
cal symmetry. If, in addition, the stellar system is of finite extent, 
this helical symmetry reduces to axial symmetry. The case of non- 
steady states has not been completely treated except for certain spe- 
cial cases. 

In Chapter IV the discussion centers on the case when the residual 
velocities have a spherical distribution. In this way the author is led 
to a theory of the spiral structure of extragalactic nebulae. He is care- 
ful to emphasize, however, that the class of spiral orbits predicted is 
so wide that the theory is really too general to give any indication as 
to why certain forms of spiral orbits are preferred to the exclusion of 
others. ' . 

In the fifth and last chapter there seems to be a departure from the 
central theme of the work as described above. The subject here is the 
classical n body problem. After a standard discussion of the elemen- 
tary first integrals and of Lagrange’s identity, statistical considera- 
tions are introduced for the purpose of obtaining information on the 
dispersion of velocities in clusters, the rate of disintegration of clusters 
by the escape of stars, and the time of relaxation of a cluster. 

Although a cluster is usually regarded as a much smaller and more 
compact group of stars than a stellar system in the sense of the pre- 
ceding chapters, a formula from Chapter II for the relaxation time of 
a stellar system is applied in Chapter V in the determination of the 
relaxation time of a cluster. The method used in Chapter II is to esti- 
mate the effect of two body encounters in the long history of a repre- 
sentative star. 

Since a cluster may be a small part of a much larger stellar system, 
a generalization of the n body problem is also considered, in which 
superimposed on the potential of the cluster itself is the general 
“tidal” potential of the rest of the stellar system; but the only in- 
stance of such a situation considered in any detail is a case in which 
the tidal potential has both a plane and axis of symmetry and in 
which the center of gravity of the cluster describes a circular orbit. 

It is statistically impossible in a work of such scope and originality 
to avoid a certain number of blemishes. Some which have attracted 
the attention of the reviewer are the following: 

In concluding Chapter I, the author states, as if it were an impor- 
tant principle, that due to the considerations of this chapter “we are 
able to express the distribution function V(x, y, z; U, V, W; #) in the 
form V(x, y, z; U— Uo, V-Vo, W— Wa; t), where Uo, Vo, Wo are 
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functions of position and time only.” Clearly this is not what the 
author really means, since the principle stated is trivially true with 
U= Vo= Wr=0. 

In Chapter II it would be well to insert an explanation of the term 
“impact parameter,” as this term is not used in any of a half dozen 
standard treatises on dynamics which a reader might consult. Al- 
though what may be taken as a strictly mathematical definition is 
given in Appendix I, equation 26, there is no explanation of the word 
“impact” nor is it clear without further discussion why the integrated 
average over the impact parameter must be weighted proportionally 
to the parameter (cf. the factor DdD in the formula (2.313) instead 
of simply dD). 

The remarks inserted in the bibliography at the end of Chapter III 
(pp. 133, 134) involving the expansion of the potential function in a 
Taylor's series give a deceiving sense of generality. Evidently the re- 
sults to be obtained by choosing the origin so that the linear terms 
disappear would be valid only in the neighborhoods of the presumably 
rather rare critical points, unless it were possible to prove that the 
Taylor’s series had a large domain of convergence. 

In Chapter IV (pp. 185, 186) it would be desirable to note that 
U, V, and W are identical respectively with Uo, Vo, and Wo; it would 
be equally desirable to indicate the well known relation existing be- 
tween U?, UV, and so on, Uo, Us Vo, and so on, and the strain tensor. 

In spite of these criticisms, the reviewer found the book to be ex- 
tremely interesting, and he feels that it has reached the highest level 
of scientific merit. 

DANIEL C. Lewis 


The mathematics of physics and chemistry. By H. Margenau and G. M. 
Murphy. New York, Van Nostrand, 1943. 12+581 pp. $6.50. 


In this textbook Professor Margenau and Murphy have assembled 
a very useful collection of mathematical principles as applied in pre- 
war fundamental research in physics and chemistry. Mathematicians 
may not, in general, be in sympathy with the authors’ deliberate 
compromising of rigor of derivation to maintain an emphasis on ap- 
plications. It is doubtful that the book will prove successful as a 
textbook without prerequisites including the conventional course in 
advanced calculus. On the other hand, it does fulfill a long standing 
need, particularly evident in smaller universities, for a textbook suit- 
able as the basis for a mathematics course at this level for graduate 
students of physics and chemistry. l 
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Chapters are devoted to thermodynamics, ordinary differential 
equations, special functions, vector analysis, coordinate systems, cal- 
culus of variations, partial differential equations of classical physics, 
eigenvalues and eigenfunctions, mechanics of molecules, matrices and 
matrix algebra, quantum mechanics, statistical mechanics, numerical 
calculations, linear integral equations and group theory. 

An advanced course, based upon this text, for physicists and chem- 
ists, could afford to be supplemented by material on linear systems, 
transforms, approximate and asymptotic evaluating of integrals, and 
some elementary theory of acoustics and hydrodynamics. 

Some illustrative problems are worked as examples, others, often 
supplementary to the text material, are included as student exercises. 
Typographical errors were fairly numerous in the first printing. 

This book has been enthusiastically received by graduate students 
of physics, chemistry and mathematics, although not without criti- 
cism of certain sections. It has stimulated considerable interest in the 


topics covered. PauL C. Cross 


O sentido da nova lógica. By Willard Van Orman Quine. São Paulo, 
Livraria Martins Editora, 1944. 252 pp. 


This is a well organized exposition of modern formal logic addressed 
to the general philosophical reader. There is at the end a list of the 
principles most often referred to, a list of all the formal definitions 
(in symbolic notation), an extensive bibliography, and an alphabeti- 
cal index. All these will help the studious reader who wishes to master 
the technique, but the book is not equipped with exercise material, 
nor designed for classroom drill. The style, at least up to the last 
chapter, is reasonably simple, with well chosen local illustrations and 
appropriate cautionary remarks. Rarely, except on questions of on- 
tology, does the author present at length, and then dispose of, views 
opposed to his own. Throughout the text, generous but brief remarks 
attribute credit to previous workers. 

Following an illuminating introduction, the text falls into four 
chapters: I Theory of composition, II Theory of quantification, 
III Identity and existence, IV Class, relation and number. In I, 
truth value tables (called “quadros”) are treated in detail. This treat- 
ment covers the translation from everyday language to the more pre- 
cise, symbolic notation. As distinguished from the “if-then” rule of 
composition of propositions, the author here, as previously, reserves 
“implication” to state a relation between propositions. If “~(p--~gq),” 
then “‘p’ implies ‘g’,” where ‘p’, ‘g? are substantives, naming the 
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propositions concerned. “Compositional implication” and “composi- 
tional truth” are then explained. In II, the theory of quantification 
introduces logical pronouns (the “variable arguments” of some writ- 
ers), and matrices (called by many “propositional forms”). Seven 
deductive operations are listed and used. In III is emphasized the 
contrast between object and symbol, and the nature of description. 
Only one kind of existence (material existence in the case of physical 
objects) is accepted; the question is reduced to whether a pronoun 
has an application. A brief argument is presented for the elimination, 
in logic, of all substantives other than pronouns. In IV, attributes 
are compared with and contrasted to the more readily handled classes. 
The pure matrices in the theory of classes employ only the notions 
of conjunction, negation, quantification and pertinence’ (using the 
“e” of membership). Applications, even in the abstract field of 
mathematics, which bring in other signs, not themselves defined in 
logical terms, involve impure matrices. A brief survey of the construc- 
tion of the number system out of pure logical concepts follows. The 
notion of pertinence adopted is such that “ze y” has the'sense: “z is 
a number of y, if y is a class, and =, if y is not a class.” A virtual 
theory of classes and relations, while using familiar phraseology, suc- 
ceeds in eliminating the ontological presuppositions by offering ac- 
ceptable defined equivalents. The chapter closes with a description 
of Gödel’s Theorem. 

Save possibly that this book may give the idea that all important 
problems in logical theory have been disposed of, the confident tone 
and clear, enthusiastic and well organized statements commend the 
book to all thoughtful readers—who read Portuguese. 


_ALBERT Å. BENNETT 


Rings with minimum condition. By Emil Artin, Cecil J. Nesbitt and 
Robert M. Thrall. University of Michigan Press, 1944. 14123 pp- 
$1.50. 


The major portion of this book is devoted to a new exposition of 
the classical theory of associative and distributive rings satisfying the 
minimum condition for left ideals. The authors envisage in their 
treatment further developments of the theory. They announce the 
basic observation that the theory of rings proper should not be sepa- 
rated from the corresponding theory of representations. In connection 
with this thesis it is worthwhile mentioning that the proof of Wedder- 
burn’s structure theorem for simple rings involves the theory of repre- 
sentations. 
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The plan of the authors thus required a careful study of vector 
spaces admitting rings for left (right) operators (Chapters I and IH). 
The discussion of the implications of the minimum condition contains 
R. Brauer’s result that the minimum condition for left ideals implies 
the maximality of the radical (Chapter III). The development of the 
theory of semi-simple and simple rings puts due emphasis on the 
existence of a nonzero idempotent element in a non-nilpotent left 
ideal (Chapters IV and V). To make the proof of Wedderburn’s theo- 
rem on simple rings more lucid the connection between homomor- 
phisms, matrices, and rings of homomorphisms is given emphasis. The 
following theorem (p. 38) foreshadows the important concept of ana- 
lytic linear transformation. “Let R be a simple ring with the minimum 
right ideal eR. Suppose that ay, - ++, &m is a basis of eR over its di- 
vision algebra of homomorphisms eRe. Then there exists for any ele- 
ments fı, * * + , Bm in eR a unique element & in R such that B;=a,é, 
1<ism.” , 

A linear function L(x), «GR, of a simple ring R over its center f 
is defined as a homomorphism of R/f given by L(x) =) axa? where 
the a, and a; lie in R. This concept furnishes an important tool for 
the discussion of the subrings of a simple ring and their commutator 
algebras (Chapter VII). In this connection the authors present anew 
the theory of the Kronecker or direct product of linear spaces (Chap- 
ter VI). The new definition of the Kronecker product is independent 
of the particular bases of the component spaces. The definition in- 
volves a careful study of the identifications which have to be made in 
set {>°4,B,}, A; in a space V, B, in a space W, admitting a ring f 
with unit element for right and left operators, respectively. The iden- 
tifications leading to the one-sided Kronecker product VX;W depend 
on the distributivity of the sums }°A,B, with respect to both the 
elements A, and B,. The symmetry of VX:W in both factors is es- 
tablished readily. A simplification of the proof is achieved if only 
locally finite vector spaces are considered. Such spaces have the prop- 
erty that any finite set of vectors lies in a subspace generated by 
independent vectors. The new definition has the advantage of being 
invariant and thus useful in the theory of infinite algebras. (See, 
for example, Nathan Jacobson, Structure theory of simple rings 
without finiteness assumptions, Trans. Amer. Math. Soc. vol. 57 
(1945) pp. 228-245.) 

Another illustration of the benefits gained by the use of the repre- 
sentation theory combined with the new tools can be found in the 
theory of crossed products (Chapter VIII). The latter theory is a sig- 
nificant part of the theory of representations of groups and simple 
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rings over fields. The authors present some new simpler proofs of 
classical results. Many of the bothersome arguments involving idem- 
potent elements are avoided and thus the proofs on crossed products 
are less computational. f 

The book terminates with the formulation of the theory of “non- 
semisimple rings with minimum condition” (Chapter VIII). The basic 
algebraic facts concerned with rings admitting composition series 
leading to the Cartan invariants are described with an indication 
of their importance for the theory of modular representations of finite 
groups. The authors have shown that the superficial sacrifice of pu- 
rity, as far as methods are concerned, was worthwhile, The literature 
of algebra has been enriched by an inspiring book. 

O. F. G. SCHILLING 


NOTES ` 


The Royal Society of Edinburgh has awarded the Gunning Vic- 
toria Jubilee Prize for the period 1940-1944 to Professor H. W. 
Turnbull of the University of St. Andrews for his distinguished con- 
tributions to mathematical science and the history of mathematics. 


The Carty Gold Medal of the National Academy of Sciences with 
an honorarium of $2,500 has been awarded to Professor Emeritus 
W. F. Durand of Stanford University, a member of the National Ad- 
visory Committee for Aeronautics. The medal is awarded every other 
year for “noteworthy and distinguished contributions in any field of 
science.” z 


The following have been elected fellows of the Royal Society: Mr. 
A. E. Ingham of the University of Cambridge, Professor P. C. 
Mahalanobis of Presidency College, Calcutta, and Professor R. E. 
Peierls of the University of Birmingham. 


Dr. A. Erdelyi of the University of Edinburgh has been elected a 
fellow of the Royal Society of Edinburgh. 


Dr. Harold Jeffreys of St. John’s College, Cambridge, and Sir 
Geoffrey I. Taylor, Trinity -College, Cambridge, have been elected 
foreign associates of the National Academy of Sciences. 


Dr. Harald Bohr, formerly of the University of Copenhagen, has 
been elected a foreign member of the American Philosophical Society. 


Reverend J. T. O'Callahan of the College of the Holy Cross, Lieu- 
_ tenant Commander in the Navy, has been recommended for the Con- 


gressional Medal of Honor for outstanding bravery while in service 
on the U.S.S. Franklin. 


Professor Hassler Whitney of Harvard University and Professor 
E. P. Wigner of Princeton University have been elected members of 
the National Academy of Sciences. 


Professor Garrett Birkhoff of Harvard University and Professor 
Norman Levinson of the Massachusetts Institute of Technology have 
been elected fellows of the American Academy of Arts and Sciences. 


Professor R. P. Agnew of Cornell University has been awarded the 
degree of Doctor of Science by Allegheny College. 


Professor Albert Einstein of the Institute for Advanced Study has 
retired with the title professor emeritus. 
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514 NOTES July 


Professor L. M. Coffin of Coe College, Cedar Rapids, Iowa, has 
retired with the title professor emeritus. 


Dr. Paul Erdés has been awarded a Guggenheim fellowship. 


Professor Harold Davenport of the University College, Bangor, 
Wales, has been appointed to the Astor chair of mathematics at the 
University of London. 


Professor L. J. Mordell of the University of Manchester has been 
appointed to the Sudlerian professorship of mathematics at the Uni- 
versity of Cambridge, succeeding Professor G. H. Hardy. , 


Associate Professor Harriet W. Allen of Hollins College has ac- 
cepted a position with the Air Reduction Company of Stamford, Con- 
necticut. . 


Associate Professor I. A. Barnett of the University of Cincinnati 
has been promoted to a professorship. 


Mr. A. F. Bartholomay of Keuka College has been promoted to an 
assistant professorship. 


Professor J. A. Benner of Lafayette College has been appointed di- 
rector of the summer session. 


Assistant Professor Z. W. Birnbaum of the University of Washing- 
ton has been promoted to an associate professorship. 


Assistant Professor I. W. Burr of Purdue University has been pro- 
moted to an associate professorship. 


Dr. Mary D. Clement of Wells College has been promoted to an 
assistant professorship. 


Dr. Helen W. Dodson has been appointed to an associate professor- 
ship at Goucher College. 


Associate Professor Will Feller of Brown University has been ap- 
pointed to a professorship at Cornell University. 


Dean Tomlinson Fort of Lehigh University has been appointed to a 
professorship at the University of Georgia. 


Mr. C. F. Hall of Rensselaer Polytechnic Institute has been pro- 
moted to an assistant professorship. 


Dr. Margaret M. Hansman of Colorado College has been promoted 
to an assistant professorship. 
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Assistant Professor M. L. Hartung of the University of Chicago has 
been promoted to an associate professorship of teaching of mathe- 
matics. ; 


Dr. F. E. Hohn of the University of Arizona has been appointed to 
an assistant professorship at Guilford College, Guilford College, 
North Carolina. 


Professor P. L. Hsu of Kunming, China, has been appointed to a 
visiting professorship of statistics at Columbia University, beginning 
January 1946. s 


Assistant Professor H. F. S. Jonah of Purdue University has been 
promoted to an associate professorship. 


Assistant Professor H. T. Karner of Louisiana State University has 
been promoted to an associate professorship. 


Dr. Anne L. Lewis of the University of Chicago has been appointed 
to an assistant professorship at the Woman’s College of the Univer- 
sity of North Carolina. 


Assistant Professor Charles Loewner of the University of Louisville 
has been appointed to an associate professorship at Syracuse Uni- 
versity. 


Dr. Murray Mannos of the University of Notre Dame has been 
promoted to an assistant professorship. 


' 


Professor O. H. Rechard of the University of Wyoming has been 
appointed Dean of the Liberal Arts College. 


Dr. Helene Reschovsky of Russell Sage College has been promoted 
to an assistant professorship. 


Assistant Professor C: E. Rhodes of Union College has been ap- 
pointed to a professorship at Washington College, Chestertown, 
Maryland. 


Dr. J. A. Sharpe has been made Vice President of C. H. Frost 
Gravimetric Surveys, Inc., of Tulsa, Oklahoma. 


Associate Professor P. A. Smith of Columbia University has been 
promoted to a professorship. 


Associate Professor Marion E. Stark of Wellesley College has been 
promoted to a professorship. 
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Professor R. P. Stephens of the University of Georgia will retire on 
September 1, 1945. 


Assistant Professor S. M. Ulam of the University of Wisconsin has 
been appointed to an associate professorship at the University of 
Southern California. 


Assistant Professor W. A. Vezeau of the University of Detroit has 
been appointed tc an assistant professorship at St. Louis University. 


‘Associate Professor Abraham Wald of Columbia University has 
been promoted to a professorship. 


Dr. J. M. Wolfe of Brooklyn College has been promoted to an as- 
sistant professorship. 


The following appointments to instructorships are announced: 
Cedar Crest College, Allentown, Pennsylvania: Miss Minerva E. 
Butz; East Carolina Teachers College, Greenville, North Carolina: 
Dr. Ethel Sutherland; University of Illinois: Mr. M. E. Munroe; 
North Carolina State College: Mr. H. J. Zimmerberg; Rutgers Uni- 
versity: Mr. A. G. Makarov, Dr. L. M. Rauch; St. Xavier College 
for Women, Chicago, Illinois: Miss Betty E. Alexander. 


The death of Professor Stanislaw Zaremba of the University of 
Cracow has been reported. 


Dr. Elizabeth B. Cowley died on April 13, 1945. She had been a 
member of the Society since 1903. 


Professor Emeritus T. F. Holgate of Northwestern University died 
on April-11, 1945, at the age of eighty-six years. He had been a mem- 
ber of the Society since 1895. 


Professor S. T. Sanders, Jr., of Southwestern Louisiana Institute 
died on April 10, 1945, at the age of thirty-seven years. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


105. Richard Brauer and H. F. Tuan: On simple groups of finite 
order. I. \ 


Using the theory of representations of groups the authors have obtained a number 
of results for groups of certain types of orders. The following result will be proved: 
If Gis a non-cyclic simple group of order g = pgh, where p and gare primes and where 
band hare positive integers with h<p—1, then either G Œ~ LF(2, p) with p=2"+1>3 
or Ge LF(2, 2") with p=2"-++-1>3; conversely, these groups satisfy the assumptions. 
As an application, the authors determine all simple groups of order prot, where $, 7, g 
are primes and where b is a positive integer. The only simple groups of this type are 
the well known groups of orders 60 and 168, (Received May 23, 1945.) 


106. E. T. Browne: Concerning a certain ring of homographies. 


In an earlier paper (Ann. of Math. (2) vol. 29 (1928) pp. 483-492) the author 
considered pairs of n-square matrices A, B which possess the property that not only 
A?=B?=J, but also that if D=(1—0)A+-6B, then D?=J for every value of the scalar 
8. Such a pair A, B may be said to determine a linear class of involutions to which D 
belongs. In this paper for 2 even he considers certain triples of matrices A, B, C over 
the field of complex numbers such that not only A?=B?=C?=T, but, in addition, if 
D=xA+yB+2C, then D?=k?I, where k? depends only on x, y and z. Call such a 
triple a symmetrical triple. The four matrices A, B, C, I are shown to be linearly 
independent and to form the basis of an algebra of order four over the field of complex 
numbers. Methods are devised for obtaining from a given symmetrical triple other 
such triples, and in particular triples which are harmonic to the given triple. Geometric 
interpretations are given for the cases n =2 and n=4, (Received May 25, 1945.) . 


107. A. P. Hillman: A note on differential polynomials. II. 


Let F0 and G be differential polynomials in the unknowns Yı, * * * , Yn. Let G 
be of order g, in yi. It is known that if G has all the solutions of F, then Gi=d i Cis 
where d and s are positive integers, the C’s are differential polynomials, and F, is the 
jth derivative of Fo= F. The author shows that for j greater than the maximum of the 
qi, C, is in the perfect ideal generated by F (that is, C, has all the solutions of F). An 
analogous result holds for partial differential polynomials. (Received May 17, 1945.) 


108. L. J. Mordell: Further contributions to the Beene of numbers 
Jor non-convex regions. 
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This gives an application of the methods recently discovered by the author to lat- 
tice points in the region [x»+y”] S1 where m=p/q>4 and p, q are odd integers. 
(Received April 9, 1945.) 


ANALYSIS 


109. R. P. Agnew: Tauberian theorems for Nérlund summability. 


It is shown that a Tauberian theorem for Norlund summability given by R. P, 
Cesco (Universidad Nacional de La Plata, Publicaciones de la Facultad de Ciencias 
Fisicomatematicas (2) vol. 4 (1944) pp. 443-445) and more general theorems are im- 
plied by familiar Tauberian theorems for Abel summability. (Received May 14, 1945.) 


110. R. H. Cameron: Some examples of Fourier-Wiener transforms 
of analytic functionals. 


Let F[x]=F[x(-)] be a functional which is defined throughout the space K 
of complex continuous functions x(é) defined on 0SiS1 and vanishing at t=0, 
and let F possess the property that F[x+iy] is Wiener summable in x over C for ` 
each fixed y(-) in K. (Cis the subspace of all real functions in K.) Then the functional 
Glyj=f g. F[x-+iy]dwx is called the Fourier-Wiener transform of F(x). Examples are 
given of various functionals F(x) which have the property that the transforms of their 
transforms exist and equal F(—x). The fact that there exist extensive classes of func- 
tionals having this property is proved in a paper by W. T. Martin and the author. 
(Received May 9, 1945.) 


111. R. H. Cameron and W. T. Martin: Fourier-Wiener transforms 
of analytic functionals. 


' Let K be the space of all continuous complex functions x(t) defined on 0S/S1 
which vanish at £=0, let C be the subset of all real functions of K, and let F[x] 
be a functional defined on K. Then, as defined by one of the authors in another 
paper, G(y)= Ja Fatty) dwx is called the Fourier-Wiener transform of F(x) if it 
exists for all y in K. The purpose of the present paper is to exhibit three extensive 
classes of functionals which are taken into themselves in a one-to-one manner by the 
Fourier-Wiener transformation in such a way that the inverse transformation is 
F(x) = Ste G(y ~—ix)dyy. In particular, this property is enjoyed by the class En of func- 
tionals F(x) which are mean continuous, of mean exponential type, and “entire,” 
that is, continuous in the topology defined by root mean square distance between 
functions, bounded by A exp [B/jx(¢)*dt]/2, and “entire” in the sense that F(x-+Ay) 
is entire in A for all x and y in K. (Received May 9, 1945.) 


112. Nelson Dunford and Robert Schatten: Or the associate and 
conjugate space for the direct product of Banach spaces. 


The direct product Ei xE: of two Banach spaces E,, Ez (Trans. Amer. Math. 
Soc. vol. 53 (1943) pp. 195-217), which naturally depends on the norm N, determines 
uniquely an “associate space” E QWA (N is the norm “associate” with N) and a con- 
jugate space F,@yE. It is shown that for a “natural crossnorm,” E@yL isa proper | 
subset of T@yZL. Similarly, for a “natural crossnorm,” 1 @y is a proper subset of 
1@yl. A related example of a non-reflexive crossspace E:@yE, is constructed, for 
which E, Ez, and N are all reflexive. (Received April 23, 1945.) 





113. Herbert Federer: Coincidence functions and their integrals. 
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Two functions f and g are said to coincide at (x, y) if and only if f(x) =g(y). If f 
parametrizes a k-dimensional surface in Euclidean n-space, and g an (n—k)-dimen- 
sional surface, the number of coincidences of f and g is the number of intersections of . 
these surfaces. Now keep the first surface fixed and move the second rigidly; or, 
otherwise said, superimpose upon g an arbitrary isometric transformation S of n-space. 
Count the number of coincidences of f with the superposition (S:g), that is, the num- 
ber of intersections of the fixed and the movable surface. Integrate this count over the 
group of all isometric transformations of m-space with respect to its Haar measure, 
properly and explicitly normalized. If fand g are sufficiently regular, say Lipschitzian, 
the value of the integral is the product of the areas of the two surfaces times a number 
B(n, k), which depends only on n and k. This result is established, and 8(n, k) is evalu- 
ated. Further it is proved that the area of a sufficiently regular k-dimensional surface 
in n-space equals f(z, k)~! times the average area of its projection into a k-dimensional 
subspace of n-space. This, in turn, suggests the definition of a lower semicontinuous 
area for all continuous &-dimensional surfaces in terms of the stable values of their 
projections into k-dimensional subspaces. (Received April 11, 1945.) 


114. Evelyn Frank: Corresponding type continued fractions. 


This paper is concerned with a development of properties of corresponding type 
continued fractions (“C-fractions”), 1-+-a,:244/1-+-a.29?/1+4 - - - , first studied by Leigh- 
ton and Scott (Bull. Amer. Math. Soc. vol. 45 (1939) pp. 596-605) and Scott and 
Wall (Ann. of Math. vol. 41 (1940) pp. 328-349). (i) There is an algorithm analo- 
gous to that given by Wall for J-fractions (Bull. Amer. Math. Soc. vol. 51 (1945) 
pp. 97-105) for expanding an arbitrary power series P(z)=1-+-q2+ca2?+ ++ - into 
a C-fraction. (ii) If (1) or 2e+1, Fan —-12) Jonto2?an-1,p=1,2,3,°°°3 
#20, then the approximants of the C-fraction are all Padé approximants for P(z). 
Incidentally, an extension is made of a known theorem on the Padé table. (iii) Neces- 
sary and sufficient conditions on the cp for the a, to satisfy (1) are given, which reduce 
to well known conditions in case ap=1. (iv) Certain transformations of Stieltjes 
(Œuvres, vol. 2) are extended to C-fractions for which (1) holds. (Received April 12, 
1945.) 


115. Fritz Herzog and J. D. Hill: The Bernstein polynomials for 
discontinuous functions. 


The well known theorem of Weierstrass on the uniform approximation of continu- 
ous functions by polynomials was proved by S. Bernstein as follows: If f(x) is con- 
tinuous in [0, 1] then the polynomials B,(f; x) =) he Sf(R/n) Ca xx¥(l —x)"—* converge 
to f(x) uniformly in [0, 1]. These polynomials, called the Bernstein polynomials of f, 
are determined for a function f(r), defined only for rational numbers 7 in [0, 1]. Such 
an f(r) will be called a skeleton. This paper proposes to investigate the Bernstein 
polynomials for arbitrary skeletons. For bounded skeletons upper and lower bounds 
for lim inf, B,(f; x) and lim sup, Ba(f; x) are obtained for each x. Let © be the class of 
skeletons f(r) for which lim, f(rn) exists whenever ra—x— or rae>x+, x being any 
point in [0, 1]. For skeletons of the class G, {B,(f; x) } converges in [0, 1], and this 
convergence is uniform in any closed subinterval in which the limit function is con- 
tinuous. The problem of when two skeletons in © lead to the same limit function is 
also completely answered. Convergence conditions of a more special character are 
given as well as examples which illustrate the theory developed in the paper. (Re- 
ceived April 25, 1945.) 
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116. J. D. Hill: Summability of sequences of O's and t's. 


_ Let T denote a regular matrix method of summability and % the class of all se- 
quences x= {az}, a.=0 or 1, with infinitely many a,=1. A result of Steinhaus states 
that corresponding to each T there is at least one x in £ which is not summable T, 
Let X(T) be the set of all such x and %,(T) its complement with respect to ¥. Let 
X(T) be the subset of ¥ı(T) composed of all x which are summable T to 1/2. A one- 
to-one mapping of ¥ into the interval 2) =(0<y3S1) is obtained by defining y as the 
dyadic fraction 0. asajaz++- if x= (ao, a, a2, +--+) isa point of ¥. The map of %;(T) 
is denoted by Y;(T) for 7=0, 1, 2. A result of Borel is equivalent to the statement that 
the Lebesgue measure of 9)2(C:) is one, where C; is the Cesaro method of order one. 
The author investigates further questions suggested by the:results of Steinhaus and 
Borel. The principal results obtained are: (1) For each T the sets 9(T) and Y(T) 

- have the same measure which is either zero or one. (2) For each T the set 9),(T) is 
of the first category and hence Y(T) is of the second category. (3) A sufficient condi- 
tion is given that Y(T) have measure one. (4) By (3) it is shown that Y(T) has meas- 
ure one if T is either Cesdro, Euler, or Borel summability. (Received May 15, 1945.) 


117. A. P. Hillman: Complex zeros of the Bessel-Weber functions Yn. 


It is shown that for integral n the Bessel-Weber functions Y, (for the definition 
see G. N. Watson, A treatise on the theory of Bessel functions, p. 64) have no negative 
real zeros and that each branch of Y, has complex zeros whose real parts tend to 
minus infinity. Numerical values of the first few zeros of Yo Yı, and Yf as well as 
. asymptotic expansions for the zeros of Y, and Yi are also given. Nothing seems to 
have been known previously about zeros of Y, in the left half-plane, not even for Yo 
or ¥;. (Received May 17, 1945.) 


118. C. N. Moore: Convergence factors in general anclysis. II. 


In a paper presented at the summer meeting of 1944 (cf. Bull. Amer. Math. Soc. 
Abstract 50-9-221) the author developed certain theorems in the field of general 
analysis which include as particular cases some of the theorems concerning conver- 
gence factors in infinite series which may be found in vol. 22 of the American Mathe- 
matical Society’s Cclloquium Publications and analogous theorems concerning 
infinite integrals. In the present paper the theory is further developed so as to in- 
clude additional special results in the field of infinite series and infinite integrals. 
(Received May 14, 1945.) 


119. George Pclya and Gabor Szegé: On finite Fourier integrals. 


This paper deals with three independent problems connected by their relation to 
finite Fourier integrals. 1. As an analogue of a theorem of Fejér-F. Riesz on non- 
negative trigonometric polynomials the following is proved. Let f(u) be L-integrable 
in —a, a, F(x) =f" f(u)edu, Let F(x) be L-integrable in —%, », and F(x)20 

‘for all real x. Then an L-integrable function ¢(u) exists such that, putting &(x) 
= [p¢o(uedu, we have F(x) = | (x) | 2, Various applications are given, for instance 
the inequality F(x) Saf(0). 2. This part deals with the characterization of entire func- 
tions defined by a finize Hankel integral x” ‘Sof (u)J,(xu)du. The results are generaliza- 
tions of those due to Paley-Wiener and Plancherel-Polya corresponding to the cases 
v= 1/2. Applications are given to the evaluation of various integrals involving 
Bessel functions. 3. As an analogue of a well known minimum property of the partial 
sums of a Fourier series, the following is proved. Let (f(«))? be L-integrable in 
— w, 0, F(x)~f" f(uedu. Let g(a) be an arbitrary L-integrable function in ~a, a, 
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G(x) =f? g(u)e*tdu, For all functions g(u) the integral Ta (F(x) —G(x))*dx is a mini- 
mum if g(u)=f(u) (except on a zero set). (Received April 12, 1945.) 


120. V. C. Poor: Complex functions possessing differentials. 


The purpose of this paper is to study the differentials of complex functions, in 
particular the restricted Hamilton differential which was shown elsewhere to be equiv- 
alent to the Rainich differential and also the Young differential and their relations 
to each other. The Young definition is also given by Mrs. Young in discussing func- 
tions possessing differentials. In her paper necessary and sufficient conditions for the 
existence of a Young differential of a complex function are given. However, some of 
these conditions are superfluous, and the theorem, properly formulated, is not proved. 
The necessary and sufficient conditions for the existence of a Young differential will 
be set up here and proved. Also certain results of the Fundamenta paper will be gen- 
eralized to the complex plane. Finally, a power series expansion of a polygenic function 
will be given. (Received April 2, 1945.) 


121. V. C. Poor: On the Hamilton differential. 


This note concerns a modified form of the Hamilton differential, due to G. Y. 
Rainich, which is the Hamilton differential modified by a linearity condition. Neces- 
sary and sufficient conditions for the existence of this differential of a function on a 
vector n-space are set up and proved. It is shown that the modified definition possesses 
the linearity property. (Received April 2, 1945.) 


122. Raphael Salem and Antoni Zygmund: Capacity sets and 
Fourier series. 


Beurling showed that, if Lonla tbi) is finite, the set of thepoints of divergence 
of the trigonometric series (*) ¢o/2-++), (€n cos #x-+b, sin nx) is of logarithmic capacity 
zero. He also stated without proof that, if Enola +b) converges for some 0 <a <1 
and for every e>0, the capacitary dimension of the set of points where the harmonic 
function }_ (an cos nx-+b, sin nx)r® has no finite radial limit is greater than or equal 

‘to 1—a. The latter result may be generalized as follows. If Enea +8?) <o, the set 
of the points of divergence of (*) is of (1 —a)-capacity zero. (Received May 8, 1945.) 


123. Raphael Salem and Antoni Zygmund: The approximation by 
partial sums of Fourier series. 


Let f(x) be a function of period 2r and of the class Lip a, 0<a<1. It is familiar 
that the partial sums s,(x) of the Fourier series of f satisfy the condition s,—f 
=O(n~* log 2), and that the logarithm here cannot be removed. (a) The estimate 
cannot be improved even if in addition to the previous hypotheses it is assumed that f 
is of bounded variation. (b) If, however, not only the function f but also its absolute 
variation is of the class Lip a, 0<a@<1, then s,(x) —f(x) = aa " (Received May 8, 
1945.) 


124. I. M. Sheffer: Note on Appel polynomials. 


Thorne has recently given (Amer. Math. Monthly vol. 52 (1945) pp. 191-193) 
an interesting characterization of Appell polynomials by means of a Stieltjes integral. 
In this note is given a companion representation of Appell sets in terms of a Stieltjes 
integral. The result is extended to the case of polynomial sets of type zero. For the 
Appell set {P,(x)} the representation is Pa(x)=Je { (x+¢)"/n!}d6(), where 6(¢) ig 
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a function of bounced variation on (0, ~), for which the moment constants 
ba=fot"dB(t) exist, with box0. (Received May 10, 1945.) 


125. Otto Szász: On the absolute convergence of trigonometric series. 


Generalizing a theorem of Fatou on trigonometric series with monotonically de- 
creasing coefficients, the author proves the following theorem: If pa>0, pay Sepa, ca 
constant, and if the trigonometric series ) pa cos nz is absolutely convergent at one 
point xo, then )_pn< ©. The same is true for the sine series if in addition x» 0 (mod x). 
The proof is quite short and elementary. The author extends this result to series of 
the type > pn COS AnX, 2 pn sin Anx, Where 0< <M < + + +. (Received May 10, 1945.) 


126. W. J. Trjitzinsky: Integral equations in problems of representa- 
tion of functions of a complex variable. 


This work relates to the representation of functions of a complex variable, more 
general than analytic, in terms of “Cauchy double integrals.” (Received May 16, 
1945.) 


APPLIED MATHEMATICS 


127. H. E. Salzer: Formulas for direct and inverse inverpolation of a 
complex function tabulated along equidistant circuler arcs. 


When an analytic function f(z) may be approximated by a complex polynomial 
of degree »—1 passing through the values of the function at n» points, according to 
the Lagrange-Hermite interpolation formula, it often happens that those # points 
are situated along the arc of a circle (equally spaced) and it is required to obtain f(z) 
for z off the circle but near the arguments. An important case is when f(z) is tabulated 
in polar form (including tabulation along the vertices of any regular polygon). The 
formulas that were obtained will facilitate direct interpolation when f(z) is known 
at three, four, or five points. They furnish the real and imaginary parts of LP (P), 
where f(e) ~P LY (Pif(z:), as functions of P™=$n-+-ig, and 0. Here P=(z—s0)/h, 
h being the distance between successive points Zg, and @ denotes the angle between 
successive chords joining the points z+. For extensive use for a fixed 6, one can readily 
obtain LY (P) in the form DCL (bm tign). A method for inverse interpolation is 
given, employing the coefficients of the polynomials Ly? (P) in an expansion derived 
in the author's A new formula for inverse interpolation, Bull. Amer. Math. Soc. vol. 50 
(1944) pp. 513-516. (Received May 18, 1945.) 


128. H. E. Salzer: Table of coeficients for double quadrature without 
differences, for integrating second order differential equations. 


On the basis of a double quadrature of the Legrange interpolation formula, a table 
of coefficients has been computed to determine a function at equally spaced points 
(to within an arbitrary 4x+B), when its second derivative is known at those points, 
The coefficients cover the cases where the second derivative may be approximated by 
a polynomial ranging from the second to tenth degrees (that is, from three-point 
through eleven-point formulas), and are given exactly. Their chief value will occur 
in the numerical solution of ordinary linear differential equations of the second order, 
which can always be reduced to the form ¥’’+-¢(x)y=h(x). They can also be employed 
to integrate the more general equation y’’-+¢(x, y) =0. In every case it is necessary 
to begin with a few values of y” which can always be found by the usual methods. 
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There are indications that these coefficients can be used to extend the solution of a 
second order partial differential equation of the form u22=u:t+y(u, x, t), provided 
that it is known at a rectangular array of points in the x, é-plane and at two other 
points in the next row of values of ¢. (Received April 30, 1945.) 


GEOMETRY 


129. P. O. Bell: Metric properties of a class of quadratic differential 
forms. 


In the present paper a new invariant quadratic differential form Q is geometrically 
defined for a general pair of surfaces S, S’ whose corresponding points x, x’ determine 
the metric normal to S at x. The ratio of the form Q to the first fundamental form ds? 
of S, in which Qand ds? are defined for a common arc element of S at x, is found to be 
independent of the direction of the element if and only if the surface S’ is the locus 
of the center of mean curvature of S; the ratio thus determined is the Gaussian curva- 
ture K of Sat x. It is proved that the form Q for an arbitrary arc element is identical 
with the form Kds? for either “conjugate” element if and only if the surface S’ is the 
plane net at infinity. The principal directions at x of the tensor whose components 
are the coefficients of the form Q are the classical principal directions of S at x for an 
arbitrary choice of S’. Finally, the net of lines of mean-curvature of S and the mean- 
conjugate net of S are characterized as integral nets of equations of the form 2=0, 
for suitable selections of S’. The author employs dua! systems of linear equations of 
the first order with the use of a tensor notation. (Received May 19, 1945.) 


130. L. M. Blumenthal: Characterization of $-spherical subsets and 
pseudo sets. 


The class of ¢-spherical spaces is defined by four metric postulates involving an 
arbitrary function ¢. The class contains, for example, those spaces derived from the 
surface of the ordinary sphere in euclidean (n-+-1)-space by making it metric with 
respect to geodesic (shorter arc) distance and with respect to euclidean (chord) dis- 
tance. The paper develops the metric geometry of this class of spaces and obtains the 
metric characterizations of the subsets and pseudo sets. (The paper is to appear (in 
Spanish) in Revista de Universidad Nacional de Tucumán, Ser. A. vol. 5 under the 
title Le caracterización métrica de espacios -esféricos.) (Received May 18, 1945.) 


131. L. M. Blumenthal: Metric study of elliptic spaces. 


Among the properties of elliptic spaces which make inapplicable the procedures 
usually employed in a metric study are (1) the “unusual” character of the locus of 
points equidistant from two points, (2) the lack of free movability in the large, (3) the 
necessity of distinguishing between “contained in” and “congruently contained in,” 
(4) the notions of dependence and independence of subsets, if defined in the ordinary 
way, are not metrically invariant, and (5) the abnormal behavior with respect to 
equilateral subsets. The writer presents a new approach in which the metrically in- 
variant notions of relative independence (dependence) and class independence (depend- 
ence) play fundamental roles, In terms of these notions the elliptic line is metrically 
defined. The extension to plane, and so on, is then possible in conventional manner. 
Necessary and sufficient conditions (of a guasi-metric nature) in order that congruent 
subsets of an elliptic space be superposable are obtained. (Received May 19, 1945.) 


132. S. S. Chern: Characteristic classes of Hermitian manifolds. I. 
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With a manifold having a complex analytic structure is associated in an intrinsic 
way the fibre bundle of its complex tangent vectors. By retraction it can be assumed 
in most problems that the fibres are spheres of dimension 2% — 1 on which operates the 
complex unitary group in # variables. The following theorems are proved: (1) This 
fibre bundle can be imbedded in the sense of Whitney-Steenrod in the Grassmann 
manifold of all n-dimensional (complex dimension) linear spaces through the origin of 
a complex Euclidean space of dimension #+ NV, provided that # <N. (2) The imbed- 
ding is defined up to a homotopy in the sense that two such fibre bundles are equiva- 
lent when and only when the maps in the Grassmann manifold are homotopic. (3) The 
characteristic cohomology classes of the manifold, being the inverse images under this 
mapping of: the cohomology classes of dimension less than or equal to 2” of the Grass- 
mann manifold, can be obtained from 2 basic characteristic classes under operations 
of the cohomology ring. These # basic classes are the ones analogous to the Stiefel-- 
Whitney classes in the case of real vector fields over real differentiable manifolds, the 
difference being that they are always classes with integral coefficients. (Received 
May 25, 1945.) à 


133. S. S. Chern: Characteristic classes of Hermitian manifolds. I1. 


In the previous paper the author proved that all characteristic classes of a complex 
analytic manifold of dimension 2 can be derived from » basic ones by operations of 
the cohomology ring. In case the manifold carries an Hermitian metric which is every- 
where regular, these z classes can be expressed in the sense of de Rham in terms of 
simple invariant differential forms constructed from the Hermitian metric. One of 
these relations (namely, that corresponding to the highest dimension) is the formula 
of Gauss-Bonnet as generalized by Allendoerfer-Weil. If the manifold is the complex 
projective space with the elliptic Hermitian metric, certain formulas of Cartan and 
Wirtinger can be derived from these formulas as simple consequences. (Received 
May 25, 1945.) 


134. H. F. DeBaggis: A reduction of the postulational basis of non- 
euclidean geometry. 


In order to prove the law of Pasch in Bolyai-Lobachevsky geometry Jenks (Re- 
ports of a Mathematical Colloquium vol. 2, p. 10) introduced a postulate VIII which 
Landin (ibid. vols. 5-6, p. 57) reformulated as follows: If B is between A and C, and 
if a and c are non-intersecting lines on A and C, respectively, and d is a line intersect- 
ing a and c, then d intersects every line on B which does not intersect a and e. This 
statement can be derived from Jenks’ postulates I, V-VI (ibid. vol. 1, p. 46) and the 
author’s postulates II’, HTI’, IV’ (Bull. Amer. Math. Soc., abstract 51-5-97) which 
are weaker than Jenks’ postulates II, III, IV. From I, II-IV’, V-VII one can deduce 
the entire theory of linear and planar order except the theorem that for each two 
points P and Q there exists a point R such that Q is between P and R. This theorem 
can be obtained if IV’ is replaced by Jenks’ original IV. (Received April 3, 1945.) - 


135. A. R. Schweitzer: A theory of congruence in the foundations of 
geometry. II. i A 

Supplementing his descriptive axioms in terms of a relation o8KXp (Trans. Amer. 
Math. Soc. vol. 10 (1909) p. 309) the author constructs axioms for metrical geometry 
in terms of a relation aBEyu as follows: 1. External transitiveness: aßErp and ApEvw 
imply aßErw, 2, Internal transitiveness; ofK6y, ħuKer, oBHAu and ByEur imply 
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ayErv, 3. Construction: aßyK, ħuvK imply the existence of £, 7 such that ApKXE, 
AuvK AE, (ap, By, ya) E(EA, An, 7), that is, BEE, and so on. 4. Linear uniqueness: 
afKat and afEta imply £=8. 5. Planar uniqueness: efyKaBt, ayEat, ByEBt imply 
=y. 6. Equality of angles: If aByK, A\uvK, (aß, By, ya) E (^u, uy, vd) then atnlaBy 
(that is, aKaæß, anKay) implies the existence of ¢, r such that AftrJAyy and 
(aE, Ey, na) E (AE; tr, rd). Definitions: 1. The angle of the triangle afy at a is the 
class of triads af such that atnlaBy and afyK. 2. The angles of the triangles af, 
Auv at a and dare equal, ASy=Azzp, if and only if, eByK, \x»K and anay implies 
the existence of t, 7 as indicated under axiom 6. Reference is made to a paper previ- 
ously reported in Bull. Amer. Math. Soc. vol. 43 (1937) p. 475. (Received May 18, 
1945.) 


136. A. R. Schweitzer: A theory of congruence in the foundations of 
geometry. III. 


Relatively to the set of axioms in the preceding abstract, equality of dyads, 
aß =u, “modulo K” and “modulo E” is defined to be o®KAu and oBEdu respectively. 
If E is replaced by K in the preceding axioms then axiom 3 is contradicted, axiom 4 
is ineffective (“vacuously satisfied”) and the remaining axioms are satisfied. If to the 
hypothesis of axiom 3 is added “EK” then for E=K axiom 3 is ineffective; thus a 
descriptive or metrical system results according as E=K or EK. Correspondingly, 
equality of angles is defined modulo E (EK) and modulo K (E =K). In the latter 
case angles are equal if and only if they coincide. Finally, an alternative set of axioms 
(EK) results from replacing the symbol (£A, An, n£) by its conjugate (AE, En, nA) 
in axiom 3, assuming that aSKef implies aBEfa, and replacing the dyad ta by its 
conjugate af in axiom 4, (Received May 18, 1945.) 


TOPOLOGY 
137. R. F. Arens: The linear homogeneous continua of G. D. Birkhoff. 


A linear homogeneous continuum (LHC), in the sense of Birkhoff, is a linearly 
ordered set L'in which every increasing (or decreasing) sequence of elements con- 
verges, and which can be placed in one-to-one, order preserving correspondence with 
any of its closed subintervals. Vasquez and Subieta (Sopre los continuous homogeneos 
linealis de George D. Birkhoff, Boletin de la Sociedad Matematica Mexicana vol. 1 
(1944)) have given the first example of an LHC which is not an ordinary real closed 
interval. The present paper proves (1) if L is an LHC, then L®, the class of all se- 
quences in L, lexicographically ordered, is also an LHC, (2) if each well ordered subset 
of L has only countably many distinct elements, the same is true of Z”, and (3) if L 
is a real closed interval, L® is not isomorphic to L. (Received May 10, 1945.) 


138. R. H. Bing: Concerning simple plane webs. 


It is shown that a necessary and sufficient condition that a compact plane con- _ 
tinuous curve be a simple plane web is that it remain connected and locally connected 
on the omission of any countable set of points. Using this characterization of a simple 
plane web, the author considers some of its properties. (Received May 11, 1945.) 


139. Salomon Bochner and Deane Montgomery: Groups of differ- 
entiable and real or complex analytic transformations. 
The authors prove the following results: (1) If a Lie group acts on a manifold in 
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such a way that the transforming functions f(g; x) are continuous in g and x simultane- 
ously and if for fixed g the functions f(g; x) are of class C* (analytic) in x, then the 
functions f(g; x) are of class C* (analytic) in the variables g and x simultaneously. 
(2) If a complex analytic group is compact it is abelian. From (1) and a known theo- 
rem is also obtained (3). If a compact group acts effectively on a connected manifold 
and if for each g, f(g; x) is of class C* (k21) or analytic, then G is a Lie group and the 
functions f(g; x) are of class C* or analytic in the variables (g, x) simultaneously. In 
(1) and (3) the manifold of course must be taken as of class'C* or analytic. The re- 
sult (2) has been familiar to some mathematicians. (Received May 28, 1945.) 


140. R. H. Fox: Knots in 3-dimensional manifolds. 


Let M be a compact connected 3-dimensional manifold, let y denote an element 
of m( M) and ¥ the cless of elements of 7:(14) conjugate to y. Let K be any polygonal 
simple closed curve in M which represents ¥ and does not intersect the boundary of M. 
Let R denote the nucleus of the injection m(M—K)—7:(M) and let [R] denote the 
commutator subgroup of R. It is proved that the group w(M, 7) =«1(M—XK)/[R] is 
independent of the choice of representative K. The groups w(M, 7), determined by 
the various classes 7 of 71(M), are invariants of the 3-dimensional manifold M. These 
groups are generally non-abelian and are independent of the homology groups. (Re- 
ceived May 16, 1945.) 


141. Dean Montgomery: Topological groups of differentiable trans- 
formations. 


If a locally compact group G acts on a manifold of class C* in such a way that for 
a fixed g the transforming functions f(g; x) are of class C* in x, then all partial deriva- 
tives with respect to the x's of order k or less are simultaneously continuous in g and x. 
It follows that if G is compact and k21 then G is a Lie group (considered in itself). 
The author had previously demonstrated this result in the analytic case by another 
method, (Received May 28, 1945.): 


142. A. D. Wallace: Extension sets. I. 


Although the results to be presented are valid for more general spaces, for sim- 
plicity the space H is assumed to be compact metric. By a subspace is meant a closed 
subset of H. A subspace.M will be termed an extension set in dimension » (briefly, a Jn) 
if for each subspace Y any mapping of Y-M into Sn may be extended to F. (1) Each 
Jn is a Jayı. (2) The intersection of any collection of Ja's is a Jn. A subset [subspace] 
Z is said to be m-connected [an n-continuum or a Can] if every mapping of Z into Sn 
is inessential on any compact subset contained in Z. (3) The intersection of an ordered 
(by inclusion) collecticn of Car's is a Ca. (4) The intersection of a Cnr and a Jn isa Cn. 
If P is an admissible property for subspaces then a subspace is a P-endelement if it is 
contained in arbitrarily small neighborhoods with P-boundaries. (5) The intersection 
of an ordered collection of P-endelements is a P-endelement. (Received April 30, 
1945.) 


143. A. D. Wallace: Extension sets. II. 


A point x is an #-cutpoint of a set X if X —« is not »-connected. A subspace will 
be termed a T, if each of its subspaces is a Ca. (1) An n-cutpoint of a J, is an n-cut- 
point of H. (2) In order that a subspace be a J, it is sufficient that its complement be 
the union of a collection of pairwise disjoint open sets whose boundaries are of 
type Ta. If fmaps the subspace X into Sa then the subspace Y will be termed an es- 
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sential membrane for f provided that f can be extended to every proper subspace 
of Y but not to Y. (3) If Mis a J, containing the subspace X, and Y is an essential 
membrane for the mapping f of X into S, [a C, irreducible about X] then Y is con- 
tained in M. (4) If X is a subspace not cut by any Tn and maximal relative to this 
property then X isa Jn. (Received April 30, 1945.) 


144. A. D. Wallace: Extension sets. III. 


Referring to definitions given in previous abstracts, the author proves five theo- 
rems. (1) Any Ta isa Thy. (2) If His a Cn and for each subspace X each mapping 
of X into S» has a unique essential membrane then H is a Tayı. (3) If X is a subspace 
and Y is a Cn irreducible about X [an essential membrane for some mapping of X 
into Sa] then no point of Y—X is a Tn-endelement. (4) If His a Ca and Z is the set 
of all points not T,-endelements then Z is n-connected. (5) If H is a C, and X isa 
C,-endelement then X is a Cn. Many of the results presented are valid if H is a com- 
pact Hausdorff space. In some cases S may be replaced by a space having the neigh- 
borhood extension property. In the paper reference will be made to the work of Ayres, 
Borsuk, Eilenberg, Hurewicz, and G. T. Whyburn. (Received April 30, 1945.) 


NEW PUBLICATIONS ' 


Exnstern, A. The meaning of relativity. Princeton University Press, 1945. 6+-135 pp. 
$2.00. 

Green, S. L. Introduction to differential equations, Londoa, University Tutorial 
Press, 1945, 4+140 pp. 7s 6d. 

Knopp, K. Theory of functions. Part 1, Elements of the general theory of analytic 
functions. Translated from the Sth German edition by F. Bagemihl. New York, 
Dover, 1945. 7+146 pp. $1.25. 

Kuertt, G. See Mises, R. v. 

DE Losapa y Puca, C. Curso de analisis matematico. Vol. 1. Lima, Universidad 
Catolica del Peru, 1945. 25+-632 pp. 

Miszs, R. v. Theory of flight. With the collaboration of W. Prager and G. Kuerti. 
New York, McGzaw-Hiill, 1945, 12+629 pp. $6,00. 

Pracer, W. See Mises, R. v. 


528 


A NOTE ON GROUPS WITHOUT ISOMORPHIC SUBGROUPS 
IRVING KAPLANSKY 


1. Introduction. One of the theorems obtained by R. A. Beaumont 
in a recent paper! states that if G is an abelian group of finite rank 
all of whose elements have finite order, then G has no proper iso- 
morphic subgroups. If we interpret G as a vector space over the ring 
of integers J, it is natural to raise the question: what properties of I 
are needed for this result? In this note we find two conditions which 
are sufficient, given as (1) and (2) in our main theorem. Whether these 
conditions are also necessary remains to be determined. 


2. A preliminary lemma. We shall require the following lemma, 
which is closely related to various known results.? 


Lemma. Let G be a vector space over a commutative principal ideal 
ring R. Suppose that G can be spanned by r elements, and that H is a 
subspace that can be spanned by a finite number of elements of H. Then 
H can be spanned by r elements of H. 


Proor. Let G be spanned by gi, ---,g-; H by hi, - ++, ha. Then 
h=) gg; (0:;ER). Let B be the H.C.F. of an, +++, œn, so that 
B=) Aaa. Define kı=2 A.M. Then 4H, and since 

kı = Bg: + a linear combination of go,-++ , gr 
ki, g2, °° +, ge span H. After r'such steps we shall obtain elements 
ki, +++, in H which span H. 


3. The theorem. Let V be a vector space over a ring R. 

DEFINITION. V has rank v over R if any finite subset of V can be 
spanned over R by r elements of V, and if r is the smallest integer 
with this property. 


THEOREM. Let V have finite rank r over R and suppose that: 
(1) R is a commutative principal ideal ring. 
, (2) Every proper residue class ring of R is finite. 
(3) For every vE V, there is an a0 in R such that av=0. 
Then V has no isomorphic proper subspaces. 


Presented to the Society, April 28, 1945; received by the editors March 12, 1945, 

1 Groups with isomorphic proper subgroups, Bull. Amer. Math. Soc. vol. 51 (1945) . 
pp. 381-387. ` 

* For example, C. J. Everett, Vector spaces over rings, Bull. Amer. Math. Soc. vol. 
48 (1942) pp. 312-316. 
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Proor. Take any v€ V and an a0 with av=0. Let W be the sub- 
space consisting of all w with ew=0, and let 4 be the ideal in R con- 
sisting of all 8 with 8W=0. By hypothesis P/A is finite; say it has n” 
elements. Then W is finite; in fact, it has et most n” elements. For 
take any k elements of W and let H be the subspace they span. By 
our hypothesis H can be embedded in a subspace G spanned by r ele- 
ments. Then by our lemma, H can also be spanned by r elements 
hı, +++, h, of H. Since H is annihilated by A, there are at most n” 
different elements obtainable by taking linear combinations of 
hi, +++, he. Hence k Sn’, as desired. 

Now suppose there is an isomorphism mapping V into a proper 
subspace V”. In this mapping W must be sent into part of itself, for W 
consists of all elements annihilated by a. But W is finite; hence W 
must be mapped into all of itself. In particular, the (arbitrary) ele- 
ment v is part of the image space V’, whence V’=V. 


New York City 


THE BASIS THEOREM FOR VECTOR SPACES OVER RINGS 
C. J. EVERETT 
It is the purpose of this note to establish the following theorem: 


THEOREM. A vector space M =K 4 -- - +u,K of m basis elements 
over a ring K= fo, a,b,---, 1} with unit 1 has the property that every 
subspace N>O possesses a basis of nm elements if and only if K is a 
right principal-ideal-ring without zero-divisors. 


That such a ring insures the basis condition for subspaces is well 
known [3, p. 121].2 

Suppose now that every subspace V>0 has a basis of n&m ele- 
ments. It has been shown [2, Theorem (F)] that every right ideal 
R>O of K must then have a single generator: R=7.K, where rok =0 
implies 8 =0. Moreover, since every right ideal has a finite set of gen- 
erators, the ascending chain condition must hold for right ideals of K 
[3, p. 26]. It therefore suffices to prove the following two lemmas. 


LEMMA 1. In a ring K with unit 1 and ascending chain condition for 
right ideals, equations ab=1, ac=0 imply c=0. 


If c0, the linear transformation kak, kG K, would be of type 
(iv) [2, p. 313], that is, K/Ko&¥K, and 0<Ko<Ki<K2< - - - where 
K; is defined inductively as the set of all elements of K mapped into 
elements of K,1. This contradicts the chain condition. 


LEMMA 2. A ring K with unit in which every right ideal R>O is of 
the form roK, where rok =0 implies k =0, has no zero divisors. 


Let sc=0, s0, and sK =r,.K #0, where rok =0 implies k=0. We 
have s=ro@, ro=S5b=ro-ab, ro(ab—1)=0, and hence ab=1. Also, 
sc=0=rpac, and ac=0. Since Lemma 1 applies to K, c=0. 

It should be noted that the result follows also from a result of 
Baer’s [1, Theorem 5 or Lemma 4] which states that in a ring with 
unit and weak maximal condition, ab=1 implies ba=1. 


BIBLIOGRAPHY 
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pp. 630-638. 


Presented to the Society, November 25, 1944; received by the editors February 14, 
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UNIVERSITY OF WISCONSIN 


ON A CONSTRUCTION FOR DIVISION ALGEBRAS OF 
ORDER 16 


R. D. SCHAFER 


It is not known whether there exist division algebras of order 16 
(or greater) over the real number field R. In discussing the implica- 
tions of this question in algebra and topology, A. A. Albert told the 
author that the well known Cayley-Dickson process! does not yield 
a division algebra of order 16 over R and suggested a modification 
of that process which might. It is the purpose of this note to show 
that, while Albert’s construction can in no instance yield such an 
algebra over R, it does yield division algebras of order 16 over other 
fields, in particular the rational number field R. 

Initially consider an arbitrary field F. Let C be a Cayley-Dickson 
division algebra of order 8 over F. Define? an algebra of order 16 
over F with elements c=a+vb, z=x-+vy (a, b, x, y in C) and with 
multiplication given by 


(1) cz = (à + vb)(4 + vy) = (ax + g-ybS) + olas. y + zb) 


where S is the involution xxs =1(x) —x of C and g is some fixed ele- 
ment of C. The Cayley-Dickson process is of course the instance g =Y 
in F. 

For A to be a division algebra over F the right multiplication! R, 
must be nonsingular for all z0 in A. Now 


es a 
R, = 
LLo La 


Received by the editors January 19, 1945, and, in revised form, March 19, 1945. 

1 See [1] and [2] for background and notations. Numbers in brackets refer to the 
references cited at the end of the paper. 

2 We should remark that this modification of the Cayley-Dickson process does 
yield non-alternative division algebras of orders 4 and 8 over R when applied to the 
algebras of complex numbers and real quaternions instead of to C. See R. H, Bruck, 
Some results in the theory of linear non-associative algebras, Trans, Amer. Math. Soc. 
vol. 56 (1944) pp. 141-199, Theorem 16C, Corollary 1, for a generalization. 
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and, if g0, R, is nonsingular in case either x =0, y0 or x0, y=0. 
Therefore let x0, y0. Then 























iz, = R, SR, -| R: 0 
Py See. Le SL,Lo Le SLL, RZ SRy | 
1 
= | Ra|: | La — —— RysRysk Ry 
n(x) 
1 4 ' 
7 = | Ra|- | La — —— RysRosRz Rela 
n(x) 


by a lemma of Moufang.2 Hence |[R,| =|Z,|-|n(x)R,R,|— 
. | n(c)RsR,Ry—n(g)n(y) Rey . That is, A is a division algebra over F 
if and only if the transformation ; 

(2) n(x)RR,Ry — n(g)n(y) Ray 


is nonsingular for all x, y0 in C. 

Now let F=§, the field of real numbers. The non-scalar! element g 
generates BCO=8+4uB, Q a real quaternion algebra, u?=—x/(u), 
gu=u-gS. Multiplication in the Cayley algebra C=Q+w0 is defined 
by the right multiplication 

R, a) 
— SL, L; 
for q, r in Q and S the involution gq24S =i(g) —g of Q. Specialize two 
elements x, y of C in the following manner. Let y=u EQ; then 
yi= —n(y), gy=y-25. Let xEwQ and n(x)=tn(y) where [>0, 
t=n(g). Then xy = (0, x) Ryo) = (0, yx) and 


i | n(x)R2RpRy — n(g)n(y) Rey | 


0 = E Ne Ae l ( 0 =) 
na ste 0)X0 2,/\0 Ly) "PK sr. 0 
0 n(x)SReLyg — n(g)n(y)SRyz 


n(g)n(y)SLyz = n(x)SLeR gy 0 
= | RaLa] + | n(x)Ly — n(g)n(y)Ry| + | m(g)n(y)Ly — n(x) Roy | 


Ropur = Ran = ( 














3 [2, Lemma 1]. 

t The Cayley-Dickson process (the case g= y, a scalar) may be eliminated by this 
argument too. If 720, let y=£ in R, n(x) = yf; if y<0, let y=, f=}, n(x) = —y in 
what follows. 
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since x, y, g are quaternions. That is, | (20) Lye —n(g)n(y)Ry| =0 would 
imply that transformation (Z) is singular. 

Choose f = fy + yg. Then f{n(x)Ly, — n(g)n(y)Ry} = a(x)f yey 
+n(x)ygyg —n(gin(y)fy?—n(g)n(y)ygy = n(x) 92S -g—n(g)n(x)y? =0. 
Hence (2) is singular and A is not a division algebra over %. 

The easy generalization that there is no choice of g to make A a 
division algebra of order 16 over any field F should not be made. For 
the singularity of transformation (2) implies that there exists an ele- 
ment 40 in C such that n(x) { (hx)g}y=n(g)n(y)a(xy). Since the 
norm of a product is the product of the norms in an alternative divi- 
sion algebra,’ 


n(z)*n(h)m(g)a(y) = rO) nna) or nae = n(g)n(y)? 


in case g0. That is, the trarsformation (2) cannot be singular (and 
A is therefore a division algebra) for any choice of g in C such that 
n(g) is not the square of an element in F. 

For example, let F be in particular the field R of rational numbers, 
and g=1+7so that n(g)=2. Then the algebra A with multiplication 
defined by (1) is a division algebra of order 16 over R. 
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s [2, Lemma 2]. 


A PROOF OF A THEOREM ON COMMUTATIVE MATRICES 
PACO LAGERSTROM 


The following theorem is well known (see, for example, Wedder- 
burn, Lectures on matrices, p. 106): 


“Tf the matrix B commutes with every matrix that commutes with A, 
then B is a scalar polynomial of A.” 


It is thought, however, that the proof given below is simple enough 
to be of interest. The proof is based on the main theorem for abelian 
groups with a finite number of generators. The version of this theorem 
given in van der Waerden, Moderne Algebra, vol. 2, pp. 114 and 122, 
is especially well suited for our purpose. Let It be a finite-dimensional 
vector space over a commutative field K. Let A be a fixed linear 
endomorphism of M. All endomorphisms of the form P(A), where 
P(x) is a polynomial with coefficients in K, form a euclidean ring of 
operators on M. “Admissible subgroups” (van der Waerden, Moderne 
Algebra, vol. 1, p. 145) with respect to this set of operators are those 
subspaces of M which are invariant under A. The main theorem 
about the decomposition of abelian groups, as applied to M, then 
reads: There exist a finite number of subspaces Dt; and polynomials - 
over K, P.(x), such that: 

(1a) M is a direct sum of the W. 

(1b) M; is invariant under A. 

(1c) Each M, is cyclic. This means that there exist elements e, such 
that each element of M; is of the form P(A)e;. 

(1d) P.(«) generates the annihilating ideal of Dt. 

(1e) P.si(x) divides P;(x). 

It follows that P,(4)=0 and that P(A) =0 implies that P,(x) di- 
vides P(x). (In a terminology sometimes used P;(x) is the order of e, 
with respect to A and P;(x) is the minimal polynomial of A. Thus the 
order of e; is the minimal polynomial of A. Conversely, once the exist- 
ence of an element with this property has been demonstrated, the 
decomposition theorem is easily proved.) 

We dente by E; the projection on W,, that is, the linear endomor- 
phism uniquely defined by: E.f=f if f is in M, and Z,f=0 if f is in 
M, ji. It follows that f is in Mt; if and only if Ef =f. An endomor- 
phism C which commutes with Æ, leaves M; invariant because if f is 
in M, then #,Cf=CE,f=Cf. Conversely, if all M; are invariant un- 
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der C, then CE,=E;C. Also, if E is the identity mapping, then 
E= ÈE; 

After these preliminaries we are ready to give a concise formulation 
and a proof of the theorem stated at the very beginning of this note: 


THEOREM 1. Let M be a finite-dimensional vecior space over a com- 
mutative field K and A and B linear endomorphisms of M such that B 
commutes with every endomorphism that commutes wiih A. Then there 
exists a polynomial Q(x) with coeficients in K such that B=Q(A). 


Using the notation explained above we first prove a lemma: 


Lemma. A polynomial Q(x) may be found satisfying the relation 
Be,=O(A)e, (where as remarked above any element whose order is the 
minimal polynomial of A may be taken as e). Q(x) also satisfies the rela- 
tion BE, =Q(A)E.. 


Proor. Since,each M; is invariant under A, each E, commutes with 
A and hence with B. Thus each W; is also invariant under B, in 
particular Be, is in Dt from which the existence of Q(x) follows by 
(1c). Now let f be in M. Then for some polynomial P(x), f=P(A)e 
and BE, f = Bf = BP(A)e:=P(4)Be=P(A)O(A)a=O(A)f=O(A)Eyf. 
If f is in Nts, i1, then BE, f = Q(A)E,f =0 which concludes the proof 
of the lemma. : 

In order to prove that the Q(x) defined in the lemma may be taken 
as the Q(x) of Theorem 1, we have to show that BE,=Q(A)&; for 
any 7. For this purpose we define a mapping M; by: 

(2a) M.R(A)e,=R(A)e, for any polynomial R(x). 

(2b) M,f=0 for f in M, 71. 

(2c) M is a linear endomorphism of M. 

Condition 2a defines a one-valued mapping because if R(A)e 
=S(4)e, then R(x) —S(x) is divisible by Pi(x) (by 1d) and by P;(x) 
(by 1e) and hence R(A)e,=S(A)e;. Evidently M: commutes with 4 

‘and hence with B. From this follows: Be; = B M:e, = M,Be = M,Q(A)ey 
=Q(A)e,.. Since Be;=Q(A)e:, we may prove as above that BE; 
=Q(A)E,. 

The proof is now complete since B = DBE; = 2Q(A)E,=Q(A). 

The above proof suggests a generalization. Namely, in Theorem 1 
the vector space WM and the ring of polynomials of A may be replaced 
by any abelian grcup with a commutative ring of operators for which 
the decomposition theorem is valid. It can then be seen easily that 
the proof given in this note remains valid without essential changes. 


PRINCETON UNIVERSITY 


A REMARK ON A RESULT DUE TO BLICHFELDT 
LOO-KENG HUA ` 


Let o21 and &, ---, & be 223 linear forms of the real variables 
x1, ° °°, %, Of nonvanishing determinant A. For simplicity’s sake we 
assume Jal =1. Let 2s of the forms be pairwise conjugate complex 
and the remaining n —2s be real. Then 


lakt tjies 


defines a symmetric convex body in the x-space, the volume V(e) of 
which equals 
T 1 n—2as T i 2 212a a 
oak (1+ a) } r- {rT(1 + 2a)/21+2a} le = 1/0). 
T(1 + na) 


Minkowski’s principle states that there is a lattice point (1, © © + , £n) 
(0, +++, 0) satisfying the inequality 


| lat: +lalsr 
provided 
(1) r” = 2°V-1(0). 
By means of Blichfeldt’s method, van der Corput and Schaake! ob- 


- - tained a sharpening of this result for e 2 2. Decisive in this procedure 


is an inequality of the following form 
“ k k 

(2) L | Zp — Za | S elo)k- È| Zp ie 
P geal pol 


where the factor e(a) depends neither on the arbitrary complex num- 
bers z, nor on k. Once such an inequality is known, (1) may be re- 
placed by ` 


nto 





(3) r” = (e(a))"/"- V (o). 


The elementary relation l 

|u — oles 2| ul +| 0") 
(following from the fact that x” is a convex function of x>0) implies 
(2) with «(o)=2°. Substituted in (3) this does not improve, but on 


Received by the editors February 24, 1945. 
1 Acta Arithmetica vol. 2 (1936) pp. 152-160. 
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the contrary worsens, Minkowski’s inequality. However, van der 
Corput and Schaake obtained the better value 2°! for e22. I shall 
show here that eíg)=2 is a legitimate choice for 1 Sc S2 and that 
both facts follow almost immediately from Marcel Riesz’s convexity 
theorem. 

Indeed, specialize this theorem (Theorem 296 on p. 219 of Hardy, 
Littlewood and Pélya’s Inequalities) by taking y=a and the X as 
the linear forms Xp~=2,—2,. It then turns out that the logarithm of 
the maximum M;(a) of 


{| Zp — nly Zp just 


for fixed k and veriable z:, +--+, 2, is a convex function of & in the 
interval 0Sa3S1. One readily verifies that 


M,(0) = 2, M,(1/2) =X, M,(1) = 2(1 — 1/k) S$ 2. 
As 
{Elele} — max |z| for a—0, 


the first equation follows from max |z3— zal &2.max |z| together 
with the observation that the upper bound 2 is attained for z=1, 
z= —1, 2 +++ =2,=0. Similarly the two other equations are im- 
mediate consequences of the elementary inequalities 


Lap eelt= El 2/ De <E |z, 
EEA sEdeltlah = 2(k — YL el, 


Pq 








and the corresponding obvious observations about the z, for which 
the upper bound is reached. 

Let us use 2 as the basis of our logarithms. Then the values of 
loge M:(æ) are 1, 1/2 and less than or equal to 1 for &=0, 1/2, 1 re- 
spectively, and hence the broken line consisting of 1—a for 0 £e £1/2 
and @ for 1/2S& £1 gives an upper bound for the convex function 
log: Mla). We thus obtain the promised result that (2) holds with 


(4) e(o) = 27! for ¢ 22 and ec) = 2 for 1So S 2, 


Both choices are the best possible of their kinds, as, for 0 Se <1/2, 
is shown by the example k=2, z= —z=1, and, for 1/2SaS1, by 
the example 21:= ~z2=1, 23= - ++ =2,=0, with large k. 
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Consider the case 1 So <2. If we substitute the value e(c) =2 in (3), 
we shall find that it does not always improve Blichfeldt’s known in- 
equality, in particular not for the most interesting case ¢ =1. We ob- 


serve that 
( ape] ety 
n 


is an increasing function of the exponent ¢, while the upper bound 
for its lattice minimum as derived from (3), namely,. 


(5) H 2 vor, 


is not. For s=0 the expression (5) tends to a limit with n— œ, namely 


EY" Aeta 


The logarithmic derivative of this function with respect to @ is nega- 
tive for a=1/2 and positive for œ =2/3, and hence this function has a 
minimum between ¢=2 and o=1.5; numerical computation gives as 
its location ¢ =o)=1.8653 - - + .? At this point the value of the func- 
tion is 





< 1/(3.146e)1/? 
which is slightly better than the constant 


1/(me)1? 
due to Blichfeldt.® 
In conclusion, for 220200, (1) may be replaced by 


EA rago, 


and, for 1 So Sco, (1) may be replaced by 


ri **) V-o). 


This would be true however oo were chosen within the limits 
1 So £2; our special choice approaches the best possible for 7— œ 
(and s=0) and is sharp enough to beat Blichfeldt's record by a slight 
margin, even for small n. 





r’? = | 
g 





r™ 2 Qnleo ( 


oo 


NATIONAL Tstnc Hua UNIVERSITY 


2 The author is indebted to Mr. Sze for this numerical value. 
3 Trans. Amer. Math. Soc. vol. 15 (1914) pp. 227-235. 


SOME REMARKS ON EULER’S ¢ FUNCTION AND. 
SOME RELATED PROBLEMS 


PAUL ERDÖS 


The function ¢(#) is defined to be the number of integers relatively 
prime to #, and $(n)=n-[] pn (1-973). 

In a previous paper! I proved the following results: 

(1) The number of integers m <n for which $(x) =m has a solution 
is o(n [log 2]*-*) for every e>0. 

(2) There exist infinitely many integers m <n such that the equa- 
tion ¢(x) =m has more than m° solutions for some c>0. 

In the present note we are going to prove that the number of in- 
tegers msn for which ¢(x)=m has a solution is greater than 
cn(log 2)—! log log n. 

By the same method we could prove that the number of in- 
tegers msn for which ¢(x)=m has a solution is greater than 
n(log n)! (log log n): for every k. The proof of the sharper result 
follows the same lines, but is much more complicated. If we denote 
by f(x) the number of integers m Sn for which (x) =m ee a solu- 
tion we have the inequalities 


n(log n)~*(log log 2)* < f(n) < n(log n)“. 


By more complicated arguments the upper and lower limits could be 
improved, but to determine the exact order of f(n) seems difficult. 

Also Turán and I proved some time ago that the number of in- 
tegers m Sn for which $(m) Sn is cn+o(n). We shall give this proof, 
and also discuss some related questions: 


Lemma 1. Let a<e, b<n, a #b, e=(log log n). Then the 
number of solutions N,(a, b) of 





(1) ($ -— 1)a=(q— 1)b, psn, gS nb, 
p, q primes, does not exceed 

(a, b) 
(2) (log log n)™. 


ab (logn} 
Proor. Put (a, b) =d. Then we have p=1 mod bd—t. Also (p —1)ab~! 
+1 =q isa prime. We can assume that both p and q in (1) are greater 


Received by the editors February 9, 1945. 
On the normal number of prime factors of p— -1, Quart. J. Math. Oxford Ser, 
vol. 6 (1935) pp. 205-213. 
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than »/?, for the exceptional values of p and g give only 2n1/? solu- 
tions of (1). Let r<m*, where ô= (log log 2)~'°, be a prime. If pis a 
solution of (1) it must satisfy the following conditions 

p = 1 mod bd, b < nrl, 

$ #0modr, p Æ (— ba + 1) modr. 


If r is not a divisor of a(a—b) the excluded two residues are different. 
Thus we obtain by Brun’s argument? 
Nala, b) < 2n? + eynd(ab)-? JI (4 — 27, 
rf a(a—d) 
where 7 runs through the primes less than 7’. 
Now it is well known that? 
I] (1 — 277) < eq(log x)~, II (1 — 25 > es(log log x)-*. 


rS2 riz 
Hence 
Nala, 6) < 2n}!? + cand(ab)— (log log n)??(log n)-? 
< nd(ab) (log log )*°(log n)-?, 


which completes the proof. 


LEMMA 2. X (p —1)-1< (log log n)2°d~! éf this sum is extended over all 
p <n: for which p=1 mod d. ; 


Clearly (summing over the indicated p) 
by pis dr, 
where the dash indicates that the summation is extended over the x 
for which x <nd-1 and xd-+1 is a prime. Let y<nd-!; first we estimate 
the number of these x Sy Sn. Let r <y? (ô= (log log ~)-!°) bea prime; 


if (r, d) =1 then x 4 —d-! mod. Brun’s method! gives that the num- 
ber of these x Sy is less than 


ey JI (1 — r) < cy(log y)™(log log y) log log d, 
where the product is extended over ther which satisfy r<y', (r,d) =1. 
Thus a simple argument gives 
Dix < c$ (log log z)*(log log d)(z log z)—! < (log log n)®, 
isn 
which proves the lemma. 


2 Landau, Vorlesungen über Zahlentheorie, vol. 1, p. 71. 
3 Hardy-Wright, Theory of numbers. 
4 Landau, ibid. 
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Lemma 3. The number A(n) of integers m of the form m=pq, where 
(3) pa Sn, 
p, q primes, b>q,q<n', equals 
n(log log n)(log n)! + o([n(log log n)(log n)~*]) = wa(n) + o(mo(n)). 


Remark. Thus the number of integers satisfying (3) is asymptoti- 
cally equal to the number m(n) of integers which are less than z and 
have 2 prime factors." 

The number of integers satisfying (3) is clearly not Jess than 


E (agr) — nò = E ag log (ng)! — z 
+ È o(ng flog (ng) ] -3 
=n(log log n) (log n)! +o(n (log log n) (log n)) 


(here t(n) denotes the number of primes, and the sums are taken over 
q<n*), since $ g= log: n+log e+o(1) and log (ng~) is asymptotic 
to log n for q<n*. (The sum $ g! is for g<nt.) 


THEOREM. The number fln) of different integers m of the form 
m=(pr) where p, 7 are primes and pr Sn equals 


n(log log n)(log n)! + o(n(log log n) (log n)™) = ra(n) + o(mr2(n)). 
Denote by B(#) the number of solutions of (p—1)(r—1) 
=(g—1)(s—1), where p, q, 7, s are primes, wita pg, rs<n and 
s, r <n“. Clearly 
Fn) 2 A(n) — Bln). 
We have by Lemma 1 (the following sum being for r, s <n‘) 
B(n) = >) Nar — 1,5 — 1) 
< n(log log a)? (log DR (ry — 1,8 — Dr — (s — 1). 
Put (r—1, s—1) =d. Then 
B, < n(log 2)-*(log log n)®© >) >> dq — 1)-Xs — 1), 


where the first sum is for d<n‘ and the second for r=s=1 mod d, 
with r, s <n‘. By Lemma 2 we have, summing over the samer and s, 


D ir — 1) (s — 1) < (log log )4°d-2, 


5 Denote by m(n) the number of integers having & different prime factors. 
Landau proves (Verteilung der Primzahlen, vol. 1, pp. 208-213) that m(n) 
~(n/log n)(log log n)*1/(k—1)!. The same asymptotic formula holds if re(n) de- 
notes the number of integers having k prime factors, multiple factors counted multi- 
ply. (Landau, ibid.) 
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Hence 

B(n) = cen(log n)-\(log log n)” = o(n(log n)~). 
Hence by Lemma 3 . 

f(n) = n(log log )(log n) — o(n(log n)-), 


which completes the proof. (Clearly f(n) <22(n) <(1+e)n(log log n) 
- (log 2)—1.) Our result shows that the number of different integers not 
greater than n of the form (P—1)(q—1) is asymptotic to the total 
number of integers not greater than n of the form (p~1)(g—1). 
Nevertheless there exist integers m such that (p—1)(q—1) =m has 
arbitrarily many solutions.® 

By similar but more complicated methods we can prove: 

The number of integers not greater than n of the form 


k 
JI (i: g 1) — o(h1, ae px) (bi primes) 
fom], 
is greater than 
en(log log #)*-1[(& — 1)! log n]! = cri(n) + o(mz(m)) 


(m(n) denotes the number of integers not greater than n having ex- 
actly k prime factors). The constant c depends on k and tends to 0 
as k— œ. For k=3,c<1. We omit the proof of these results. 


THEOREM. The number M(n) of integers for which $(m) Sn equals 
cn+o(n). 


Denote by f(x) the density of integers for which m/(m) 2x. It is 
well known that this density exists.” We are going to prove that 


c=l + f Kois. 


First we have to show that /?f(x)dx exists. Since f(x) is nondecreasing 
it will suffice to show that for large r, f(r) <cr~?. We have 


> (m/(m))? = È I (tpt) EAS 


mæl p|m mml pim 
= >> L iA < "È 5d-* < cn. 
mal d|m 


6 P. Erdös, On the totient of the product of two primes, Quart, J. Math. Oxford Ser. 
vol. 7 (1936) pp. 227-229. 
7 Schönberg, Math. Zeit. vol. 28 (1928) pp. 171-199. 
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Hence 


lim > 2 (m/o(m))? <c 
7 
and this shows f(r) <er, 
Let k be a large number. Consider the integers m satisfying apa 
Sm<n(u+1)k-, u2 k. We clearly have 


lim sup M(n)/n < 1+ 3 fluk’), 


uk 


lim inf M(n)/n > 1+ F f((u + DY). 
umk 
(If uk-'SmS(u+1)k- and m/ġ(m)>(u+1)k, ġ(m)<n and if 
m/o(m) <uk7!, p(m) >n.) If k—œ both sums tend to /?f(x)dx, thus 


\ 


lim M(n)/n = 1 + f seas 
1 


which completes the proof. 

Let o(m) be the sum of the divisors of m. By the same methods as 
used before we can prove the following results: ` 

(1) The number of integers m for which o(m) Sn is cn+o(n). 

(2) Denote by g(m) the number of integers m $n for which o(x) =m 
is solvable. Then (log n)? (log log 2)*¥<g(n) <n(log n)-"(log n)’. 

It seems likely that there exist integers m such that the equation 
¢(x) =m has more than m~" solutions, and also that there exist, for 
every k, consecutive integers n, m+1,---, n+k—1 such that 
o(n)=O(n+1) - - - d(n+k—1).2 We can make analogous conjectures 
for e(n). It also would seem likely that there are infinitely many 
pairs of integers x and y with o(x)=o(y)=x-+y, that is, there are 
infinitely many friendly numbers, but these conjectures seem intract- 
‘able at present. 

One final remark: Let vn) 20 bea multiplicative function which 
has a distribution function.® f(x) denotes the density of integers with 
Y(n) 2x. Denote by M(x) the number of integers for which ny (n) Sn. 
Then lim M(n)/n always exists since it can be shown that fọ f(x)dx al- 
ways exists. The proof is the same as in the case of o(z). 


UNIVERSITY OF MICHIGAN 


s It is known that there exists a number #2<10000 such that ¢(m) =¢(n+1) 
=ġ(n +2), but I do not remember « and cannot trace the reference. 

? The necessary and sufficient condition for the existence of the distribution func- 
tion is given by Erdés-Wintner, Amer. J. Math. vol. 61 (1939) pp. 713-721. 
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A CLASS OF NONLINEAR PARTIAL DIFFERENTIAL 
EQUATIONS AND THEIR PROPERTIES 


, STEFAN BERGMAN 


1. The class C of complex solutions of a linear partial differential 
equation. Any two real harmonic functions U(x, y); V(x, y)—that is, 
solutions of the Laplace equation—can be combined to form a com- 
plex harmonic function U+72V. The class of all complex harmonic 
functions is of no interest, because in effect it possesses no special 
properties not already possessed by real harmonic functions. How- 
ever, the theory of analytic functions of a complex variable, which 
is the subclass of complex harmonic functions where U and Y satisfy 
the Cauchy-Riemann equations, has proved to be a powerful means 
for the study of real harmonic functions. 

There is an analogous situation in the case of real solutions of the 
general linear equation of elliptic type, 


Us: + Uy + A(x, y)Uz + B(x, y)Uy + C(x, y)U = 0, 
U: = 0U/dx,-+-. 


As in the case of the Laplace equation, any two real solutions of this 
equation can be combined to form a complex solution, and it has 
been shown ([1a, 1b, 1c])! that there exists a certain subclass ( of 
complex solutions which frequently aids in the study of real solutions 
in a manner which bears close analogies to the relationships between 
analytic functions and real harmonic functions in the case of the La- 
place equation. Many properties of functions of class @ are closely 
related to those of ordinary analytic functions: there exists a set of 
functions in class @ which behave like powers of z; any function of 
class can be expanded in a uniformly convergent series of these 
analogs of powers; any function of this class which is regular in a 
simply-connected domain can be approximated in this domain by the 
analog of a polynomial (see §4); singularities of functions of class (?? 
have properties analogous to those of analytic functions [1c, §§5-6]; 
and so on. Speaking generally, there exists a method of translating 
properties of analytic functions of a complex variable into properties 
of complex solutions of the elliptic type equation which belong to 


class (° [1c, §1]. 


Presented to the Society, August 14, 1944; received by the editors July 3, 1944, 
and, in revised form, October 25, 1944 and April 2, 1945. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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Before we characterize class (° more precisely, it is conven- 
ient to introduce the complex notations s=x—-iy, 2=x—iy, 0/02 
=2-1(0/dx —10/dy), 0/02 =2-#(0/dx+70/dy). Every function of the 
real variables x. y can be expressed as a function of the conjugate 
complex variables z, Z. It will be necessary, from time to time, to ex- 
tend x and y to complex values; z and 2 will then no longer be con- 
jugate, but may then be considered independent complex variables; 
and our functions will then have been extended to a four-dimensional 
complex domain. To return to the two-dimensional real domain, it 
will be sufficient to let z and = be complex conjugates. In this notation 
the Laplace equation assumes the form U,z=0, and the general ellip- 
tic equation assumes the form 


(1.1) L(u) = Use + aU, + aU; + cU = 0. 


` 


The class C may now be defined. To every equazion (1.1) whose co- 
efficients a, ¢ are entire functions in the real variables x, y, their 
corresponds an entire function e(z, Z, t) (so-called generating function 
of the first kind) depending only on the coefficients of L and such 
that, if f is an arbitrary analytic function of a complex variable, then 


1 pA 
a2 saf aana- a lava - e 
' im] 

is a complex solution of (1.1) (cf. [1a, §1]). C consists of the totality of 
functions (2, 2) defined by (1.2) as f ranges over the feld of analytic 
functions of a complex variable which are regular ci the origin. 

If ®(z, Z) is any real solution of (1.1) which is regular at the origin, 
then we can determine a complex solution ¢(z, 2) whose real part is ® 
in the following manner. Let be given as a power series 


(1.3) &(z, Z) = > DinnB™3", 

mM, Nml 
where Dmna = Dar. because ® is real, and let ọ be represented by the 
series ‘ ` 


(1.4) olz, 3) = J, Amna”, Áv real. 


% peel 


If we extend x, y to complex values, then it is known that $(z, 0) 
=2(z, 0) —Dosexp [ — foa(0, )dz] and 4(0, 2) =Dovexp[— fGa(0, 2)dz] 
[1c, §2]. The coefficients Amo (m=0, 1,2, - -Jand Aon (n=1,2, +--+) 
can be determined from these relations and (1.3); then, because ¢ satis- 


1945] - NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 547 


fies (1.1), the remaining coefficients Am, can be determined from the 
Amo, Aon. Thus, a complex solution ¢ may be determined uniquely? 
from a real solution ® in such a way that Re@=®; and it can be 
shown that when ® ranges over the totality of real solutions of (1.1) 
which are regular at the origin then the class of complex solutions ¢ 
obtained by the above procedure is the class C [1c, §3]. (Note that 
this is precisely analogous to the manner in which it is possible to 
determine an analytic function whose real part is a given real har- 
monic function.) f 

We may write $(z, Z) = ®(z, 23)+iẸ (z, Z), the “conjugate” Ý being 
uniquely obtained from the relation Y= —z(6—); and it can be 
shown that V has the same domain of regularity as ® [1c]. Since the 
complex solution (2, 2) which is obtained from a given real solution 
®(z, 2) by the above method depends on the choice of origin, the 
conjugate also depends on the choice of origin. If ® is single-valued 
but has a singular point in its domain, then Y will not necessarily be 
single-valued [1c]. It is evident that ¥ is also a real solution of the 
differential equation (1.1). 

Here again we may note a certain analogy to ordinary analytic 
functions in that the real and imaginary parts of a complex solution ¢ 
belonging to class (° are connected by a definite relationship, so that 
if one of them is known the other is uniquely determined. The analogy 
between class and the class of analytic functions of a single complex 
variable is investigated in more detail in [1b, 1c]. However, the 
analogy between these two classes breaks down in an important re- 
spect: whereas any rational combination of analytic functions is 
again an analytic function, the product of two functions of class C 
in general does not belong to class (°. This fact prevents us from 
applying certain classical methods of the theory of analytic functions 
when dealing with class (°. For instance, it is impossible to develop 
a method in class (° which is analogous to representing a regular 
analytic function as the product of functions each of which possesses 
one simple zero-point (by the use of the Poisson-Jensen formula). 
It is evidently desirable that such methods should be applicable, how- 
ever, and in the next section it is shown how to define a class N of 
complex solutions of a certain class of nonlinear partial differential 
equations which is closed under multiplication, and which bears a 
close relationship to the class C of complex solutions of elliptic linear 
equations. 


1 That is, to within an imaginary constant multiplied by a certain fixed entire 
function. 
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2. The differential equation N(«) =0 and its real solutions. Let N 
be the class of functions whose logarithms belong to(°—symbolically, 
log N=(. Because(? is closed under addition, Nis closed under multi- 
plication, so that class N has the property we desire. 

Functions'of class N occur in the theory of the two-dimensional 
heat equation. Let x, y be cartesian coordinates in the plane, and let 
U(x, y, t) denote the temperature at time ¢ at a point (x, y) in a do-. 
main D of the (x, y)-plane. If there are no heat sources or sinks in D, 
then U satisfies the equation 


(2.1) hpU: = (uU =)= + (uU y) ys 


where the subscripts denote differentiation with respect to the indi- 
cated variable; k, p, p, are respectively the specific heat, the density, 
\and the thermal conductivity. 
If we assume that the state is steady and that 


(2.2) u = X(U)Q(z, y), 


where X and Q are nonvanishing, sufficiently many times differentia- 
ble and dependent only on U and x, y, respectively, then (2.1) be- 
comes 


(2.3) [O(x, »)(®(U)) 2]2 + Ole, YEU) uly = 0 
where (U) =a, fUX(U)dU+¢, cn co being constants. If in particular 
we choose ®(U) =log U, that is, X(U) =1/U, then U=exp ® and the 
equation (1.7) can be written either in the form 
(2.4) Õe + ab, + ad, = 0, $ = log U, 
or 

N(U) = Uzi +- aU: + au; = U,U;/U = 0, 

a = 4-10, + i0,)/Q. 


We see, therefore, that real parts of functions of class N represent 
the temperature distribution under the above described conditions. 
REMARK 2.1. If we assume that the law of temperature change is 
U(x, y, t)= U*(x, yje! and kpr = C(x, y)/U* or am y) log U*/U*, 
(2.3) becomes 
(2.6) L(%) = a + ab, + 46,+C/0 = 0, ® = log U* 
and 
(2.7) L(&) = b.: + ad, + 46, + (C/Q) = 0, & = log U*, 


respectively. 


(2.5) 
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It is evident that theorems about functions of class G can, in gen- 
eral, be formulated as theorems about functions of class N, Conse- 
quently, a not inconsiderable theory of functions of class N exists, 
ready made. 

There exist however certain exceptions and we shall in the next 
section discuss the changes which have to be made in attempting to 
establish an analogue of the Poisson-Jensen formula. 


3. The class N of complex solutions of N(w) =0. As already indi- 
cated, the introduction of complex solutions of (2.4) enables us to in- 
troduce a corresponding class N of complex solutions of (2.5). Indeed 


w = ex = exp j|cos Y + å sin Y 
3.1) pọ = exp 4[ ] 


exp cos ¥ + i exp @sin Y 


is a solution of (2.5), since ¢ is a solution of (2.4). We note that the 
| | =U are again (real) solutions of (2.4), and that, corresponding 
to every solution U of (2.5), there can be found a complex solution w 
of (2.5) whose absolute value is U. 

Our approach entails certain complications however. If ® is regular 
in B, then U=exp © will be regular in B and will not vanish there. 
Since in-the following we shall deal with solutions U which are zero 
or become infinite at some points of B, we must consider functions ® 
which have singularities in B. 

It has already been indicated that in this case the conjugate, and 
therefore w=exp (@+7¥V), are not necessarily single-valued func- 
tions. (See [1b, p. 151].) 

In order to avoid certain complications we shall assume from nowon 
that the functions w under consideration are regular and do not van- 
ish at the origin. Furthermore, we shall avoid ambiguities in the fol- 
lowing way: Every point 2 in B at which w either vanishes or be- 
comes infinite is connected with the boundary of B by means of a 
portion of a ray through the origin starting at 2, directed away from 
the origin, and ending at the first intersection with the boundary. 
w is single-valued in the domain Bı which is obtained by cutting B 
along these lines. 

Hereafter let B denote a simply connected domain, whose boundary 
b is a closed curve with a continuous radius of curvature and no 
double points. Let us assume further that the differential equation 
has no characteristic values in the domain B, so that the only solution 
@ of (2.4) which is regular in B and vanishes on the boundary b of B 
is b=0. ' 

DEFINITION 3.1. A point, z®, of B is said to be a zero point (a pole) 


- 
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of the first order of w if w vanishes (becomes inanite) at 2 and if 
each of the following expressions 


oh 


— lo 
an. g 


1 
z— z® 


oh 
ðZ 





(3.2) k, log 











z— 2) 


is bounded in the neighborhood of z=2. Here k =log| w/(2—2)| in 
the case of a zero point, and h=log| w(s—2)| in the case of a pole. 
DEFINITION 3.2. A solution of the class N, 


(3.3) w = mp(z, Z; 2), 
of (2.5) is said to be a normalized zero function in the domain B, if 


ng(z, 2;2) has a zero of the first order at =z, and if 


(3.4) lim _ \na(z, Z; 5) | = {, 
(8,5) (6,5) 


uniformly. (b, 5) denotes an (arbitrary) point of the boundary of B. 


Lemma 3.1. For every point 2 CB, there exists one and only one 
normalized zero function ng(z, Z; 2). 


Proor. Lemma 3.1 is an immediate consequerce of the existence 
of Green's function T g(z, 2;2) of the equation (2.5) with respect to B. 
See [2, p. 8]. If ya(z, 2; 2) is the corresponding complex solution of 
(2.5) belonging to class , then 


(3.5) na(z, 2;2) = exp [ya(z, 2; 2) | 

will be the required normalized zero function. 
REMARK 3.1. 

(3.6) log | nez, 2; 2(9)) | = T'p(z, 5; 2), 


Every function f(z) which is meromorphic in? E[|z| $1] can be 
represented there in the form 


a f 2—- 7 af 2 pe 
en -| IAE) jo 

geal — De xml 1 <= Bz 
_ where va k=1, 2, < ++, Ku and wy, K=1, 2, > + + , xa, are respectively 
the zeros and the poles of w, and f(z) is regular and nonvanishing in 
E[|s| <1]. See [4, p. 137]. 

We can now generalize this result to the case of solutions of (2.5) 

which belong to the class N. 








3 E[ - . - ] denotes the set of points whose coordinates satisfy the inequalities in- 
dicated in brackets. 
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THEOREM 3.1. Let w(z, 3) be a (complex) solution of (2.5) belonging 
to class N which is defined in the domain B and has continuous boundary 
values at every point of b. Further, assume that w has zero points of first 


order* at vy, K=1, 2,-++, K, and has poles of first order at pz, 
x=1,2,-+-+ +, ke, and that it vanishes at only a finite number of points 
on the boundary b of B. 


Then w can be represented in B: in the form 


(3.8) w(z, 2) = | it np(z, Z; va) II na(z, 3; n | k(z, 2), 
xæl x=1 
where k(z, 2) is a solution of (2.5) which belongs to class N, is regular, 
and does not vanish in B, and satisfies 
lim k(z, 2); = lim w(z, Z) |. 
(3,2) (b,b) | ( ) | 5) —(b,5) | ( ) | 
Proor. The function log| w(z, z)| satisfies equation (2.4) and has 
logarithmic singularities at the points v, and p,. Let I'a(z, 3; v) de- 


note Green's function of equation (2.4) with respect to the domain B. 
Then 


(3.9) log | wl, 2)| — D5 Pas, 2; v) + $ Tele, 2; p) 
kal kml 


is a solution of (2.4) which is regular in B. Since I'a(z, 2; v) vanishes 
on the boundary 6 and log| w(z, z)| is continuous on b except at a 
finite number of points, expression (3.9) has the same boundary val- 
ues as log| w(z, z)|. According to §2 there exists a complex solution 
x(z, 2) of (2.4) in class ( whose real part is (3.9). Writing A(z, 2) 
=exp[x(z, Z) ], using Lemma 3.1 and Remark 3.1, we obtain (3.8). 

It is clear that this procedure enables us to generalize a whole 
group of results on analytic functions of a complex variable, for in- 
stance the theorem of Blaschke, certain theorems on the relation be- 
tween the growth of functions w&N and the density of their zero 
points and poles in the neighborhood of a point or curve along which 
they are singular. Since the development of these results does not. 
present any essential difficulty, we shall not carry out these considera- 
tions in detail. 

REMARK 3.2. Since the existence of Green’s function of equation 
(1.1) is assured by classical results, the problem of generalizing the 
Poisson-Jensen formula depends on our ability to associate a suitable 


“If the zero is of order 2, #>1, the corresponding point vs will appear times in 
the sequence. 
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“conjugate” with a given real solution of L=0. In order that the 
resulting complex functions may have valuable properties of their 
own or in applications, one kas to impose certain conditions on the 
“conjugate,” for example, that it is regular in tne seme domain in 
which the given function is regular, and so on. A detailed discussion 
of various types of “conjugate” functions and their properties is given 
in [1b, §8] and [1c, §§2-4]. 


‘4, A remark concerning the solutions of the general equation (1.7). 
, Using the special form @=log U we obtained the “canonical repre- 
sentation” (3.8) of functions satisfying this equation of the form (2.5). 
(2.5) was rendered linear by setting =log U (that is, in (2.2), 
X(U)=1/U). It was then possible to apply the considerations of §3. 
In many applications, X(U) is not of this form. Clearly the method 
of §3 can not now be applied. Many of the properties of the functions 
in class G of the linearized equation (1.1) can, however, be applied to 
the investigation of solutions of (2.3), with ® not necessarily equal to 
log U. In this section we shal! consider such an example. 
Let A be the function which is inverse to Ẹ#(U^, that is, such that 


(4.1) U = A(®), 


and assume that A is an entire function’ of its complex argument. For 
instance, in the case considered in §§2 and 3, A(®) =exp ®. 

Just as in the case of (2.4), where we introduced compis solutions’ 
w of (2.5), we now write 


(4.2) u = A() 


where ¢ are solutions of class @ of (1.1). 

From the fact that in every simply connected domain B which con- 
tains the origin and in which f(z/2) is regular, the solution (1.2) is reg- 
ular, and its converse, the following result was obtained in the paper 
[1b, p. 141]: To every equation L there exists a system of functions 


1 
(4.3) on = zee f elz, 3; D(1 — P)! dt, n=0,1,2,, 
-1 


such that every solution ¢ of the class ° of L()=0 which is regular 
in the circle x?+-y? <p? can be represented there in the form of 


(4.4) E Sages 


‘If A is not an entire function then it is necessary to make’obvious changes in the 
formulation of the statements of this section. 
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and can be approximated in every simply connected domain which 
contains the origin by a “polynomial” >-%.)a'™¢,. (See also [1a, §2].) 

We note further that using the classical result of Lindelöf [3, p. 
124], we obtain the following conclusion: Let @ be a solution of 
L(g) =0 and let 


(4.5) L DY Amz” 
mal n=l 
be the power series development of @ at the origin. Then in every 
Mittag-Leffler star with the center at the origin in which ¢ is regular 
it may be represented in the form 
=. CrAn 
(4.6) lim J —~™~ 
0 ano (1+ kn) 
A fortiori: I. Every solution u(z, 2)=A(o), EC, of (2.6) can be 
represented in every circle x?+y? <p? in which it is regular in the form 


dn, Co = T(n + 1)/r T(n + 1/2). 


(4.7) ulz, Z) = A | Landa J 


II. In every Mittag-Leffler star with center at the origin in which u 
is regular it can be represented by 


= C. n0 
(4.8) uls, 8) = lim al 2 ihl, a| 


where Ano are suitably chosen constants.® 
II. Finally in every simply connected domain which includes the 
origin, and in which u(z, 2) is regular, u can be approximated by 


(4.9) A | yy an bal2, |. 


REMARK 4.1. If u(z, Z) is given in the form of a power series de- 
velopment > Bmn2"Z", then it is possible to express the An» in terms 
of various subsequences of the Ban. Substituting the expressions ob- 
‘tained for Ano into (4.8), we obtain the representation of u in terms 
of each of these subsequences. 

The result III is of interest to applied mathematicians because it 
leads to a method of determining a solution of (2.3) given by its 


ê The theorem of Lindelof mentioned above is a special case of the above state- 
ment. We obtain it assuming that ¢ is an analytic function of a complex variable and 
replacing the Caon by the powers 2°71, n=1, 2, +». 
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boundary values. Indeed, for real solutions U of (2.3) we obtain an 
approximation formula 


(4.10) a] YA bale, D + BOY, »| 


Teo} 
analogous to (4.9). Here 
P, = Regn, Fan = Imon. 


Suppose now that U is regular in a simply connected domain B and 
that its values on the boundary b of B are given. We now determine 
the constants A™ and B® in (4.10) in such a way that the expression 
(4.10) approximates, on b, the given boundary values in the “best 
possible manner.” Under appropriate additional conditions it is pos- 
sible to show that the expressions (4.10) obtained in this manner will 
converge in B to thé required solution when m— œ. 
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ON SAINT VENANT’S PRINCIPLE 
R. v. MISES 


The so-called principle of statically equivalent loads, due to Saint 
Venant, has been referred to for the last fifty years in almost all texts 
on elasticity. The statements in different books vary only slightly. 
Let us quote A. E. H. Love’s Treatise on the mathematical theory of 
elasticity (4th ed., p. 132) : “According to this principle the strains that 
are produced in a body by the application, to a small part of its sur- 
face, of a system of forces statically equivalent to zero force and zero 
couple, are of negligible magnitude at distances which are large com- 
pared with the linear dimensions of the part.” In this form the state- 
ment is not very clear. Forces applied to a body at rest must be in 
equilibrium in any case. It would not make sense to speak of adding 
or subtracting a system of forces that is not an equilibrium system. 
What is meant may be correctly expressed in this way: If the forces 
acting upon a body are restricted to several small parts of the sur- 
face, each included in a sphere of radius e, then the strains and stresses 
produced in the interior of the body at a finite distance from all those 
parts are smaller in order of magnitude when the forces for each 
single part are in equilibrium than when they are not. If this state- 
ment is true, it must be capable of a mathematical proof, that is, it 
must be a consequence of the fundamental differential equations of 
elasticity theory. But no attempt is made in the usual textbooks to 
supply a demonstration. Most texts give Boussinesq as a reference 
for the proof. What Boussinesq really dealt with was the infinite body 
filling the half space z2>0 and subjected to normal forces at its bound- 
ary z=0. If the forces are applied to points £, 7, 0 where £-+7?Se?, 
Boussinesq proved that the stress at a point x, y, z is of order e when 
the sum of forces is zero and of order e? when their moments also 
vanish. It will be shown in the following that this is not the case, in 
general, if tangential components of the forces at z=0 are admitted. 
Moreover we shall consider a body of finite dimensions and see that 
there too Saint Venant’s principle in its traditional form does not hold 
true. The main result, from a practical point of view, is that Saint 
Venant’s principle can be applied if all forces involved are parallel 
and not tangential to the surface of the body, but not under more 
general conditions. No objection is raised in the present paper against 
using the principle in the case of bodies with one or two infinitesimal 
dimensions, like thin plates, shells or beams, although a proof of its 
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validity in these cases or even a precise statement has not yet been 
given. 


1. The infinite half space. If the force X, Y, Z is applied in the 
origin to the body z>0, the displacements u, v, w at a point x, y, Z 
can be expressed, as it follows from Boussinesq’s results,! in the fol- 
lowing way. We denote by U and V the harmonic functions 

xX + yY 
(1) TS: Pe Figg Gs) 
r+a 
where r? = x?-++-y?-+-2?, by x the value 1 —2e where a is Poisson’s ratio, 
and by u the shear modulus. Then the displacements are given by 


2 “ a\eu ő \ ðY 
4ruu = — X + emita) et) 
r ðz/ dx ðz/ Ox 





TE 2 y+ ( a Ne («+ aye 

v= — — z—)]—- —)—> 

coor" : as) dy \\ as ay 
2 a\ au a\ aV 
type (Sods) ae oe EE 
ls r +( ET =) ðz ( etre) ðz 


It can easily be shown that these values satisfy the differential equa- 
tions of elasticity theory : 


1 
âu +— — = 0, v+——=0, w+—-—=0; 
K Ox K OY K 
(3) 
ðu ðv dw 
ôx oy dz 


(4) = —— a. 


On the other hand, it follows from (2) if the strain-stress relations 
are introduced that the stress vector for an element parallel to the, 
x-y-plane is directed toward the origin and has the magnitude 


1 Boussinesq, J., Applications des potentiels å l étude de l' équicibre et du mouvement 
des solides élastiques, Paris, 1885. A. E. H. Love, Treatise on the mathematical theory of 
elasticity, 4th ed., Cambridge, 1934, p. 191, gives only the results for a force acting 
normal to the boundary. The complete expressions can be derived from the formulae 
developed by E. Trefftz in: Frank-Mises, Diferential- und Integralgletchungen der 
Mechanik und Physik, 2nd ed., vol. 2, Braunschweig, 1935 (Repriat, New York, 1944), 
p. 303. : 
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32 aX + yY + 2Z 


2r ri 


(5) 


Thus the stress is zero in all points z=0, x?-++-y?+0 and across each 
plane z=const.>0 the stresses are equivalent to a single force — X, 
—Y, —Z passing through the origin. 

The mean normal stress is given by 
3-k r K— 3 xX + yY +22 
e T r 

If the force attacks at £, 7, 0 instead of at the origin, the same 
formulas can be used, where only x, y have to be replaced by x—&, 
y—n, and r? by (x—£)?+(y—7)*+2%. Developing with respect to $, 
n we obtain for the mean normal stress due to a system of forces 





1 
(6) Ga set ort ea) = 





X, Y, Z, attacking at points &, 7,, 0 (v=1,2,3,-++): 
a re¢=2),X,+y>,¥,+2>,Z, 
Q + Ier- 9D 8X, + 30D oy, 
+ 342) EZ, + 3xyd) Xr ` 


+ By? — AE nY, + 32D mZ] + ++ 


and similar expressions for other stress values. 

If all £, and n, are of the order of magnitude e, we can conclude: 
The stresses (and strains) in a point x, y, z are of the order e, if the 
sums of force components >X», >. Y,, ».Z, are zero; they are of the 
order e?, if and only if the six linear moments DEX, D, Y,, DEZ, 
and > ,X>, >. Y,, 2 Z» also vanish. The case of a system in equi- 
librium, that is, J&Z, =2 nZ» =) (Ł, Y, —n,Z,) =0, is, in general, in 
no way distinguished. Only if ali forces are parallel to each other, 
either normal to the boundary surface or inclined under an angle 
different from zero, the three equilibrium conditions entail the other 
three conditions. In general, the order of magnitude of the inner 
strains is reduced to e? if and only if the external forces acting upon a 
small part of the surface are such as to remain in equilibrium when 
turned through an arbitrary angle (astatic equilibrium). 


[aa nee ~~. 
ee ($ ———— ee E’ nel 
ty $ ey wo 
(a) (b) e (c) (d) 
finite stress stress of order of magnitude e stress of order È 


Fic. 1 
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The results are illustrated in the four simple examples of Fig. 1. 
All forces are here parallel to the x-direction (¥=Z=0). In the case 
(a) we have a single force which provides a finite stress value accord- 
ing to the first term of (7). In both cases (b) and (c) the sum of forces 
is zero, but in (b) the sum of 7,X, and in (c) the sum of £,X, is differ- 
ent from zero. It follows from (7) that in either case the stress has the 
order of magnitude e. If the Saint Venant principle were correct, the 
stress should be small of higher order in the case (c) where all equi- 
librium conditions are fulfilled. In fact, in the case (d) only where the 
three forces form a system in astatic equilibrium with all linear mo- 
ments zero the stress has the order of magnitude e*. 


2. Circular disk. It may be doubted whether the infinite half space 
gives an adequate picture of what happens in the case of a finite body. 
Here one cannot speak of applying a single force to the body since the 
forces as a whole have to form an equilibrium system. It will be suffi- 
cient, however, for the present purpose, to analyze one particular 


shape of finite boundary. > 
Let us consider the two-dimensional stress distribution in a circular 
disk of radius R subjected to external forces Fy, Fz, © ++, Fa which 





FIG. 2 


attack at points P;, Ps, ++ + , Pa of the circumference. The stresses in a 
point P are determined by Airy’s stress function S(P). If (Fig. 2) r is 
the distance of P from the center C, 7, the distance between P and P,, 
#, the angle of F, with CP,, and 0, the angle of F, with PP,, the stress 
function is given by? ` 


1 n 2 
(8) S(P) =F, (ra FE RS z cos +,). 


T val 





* Cf. Love, loc. cit. p. 217. H. Hertz, Gesammelte Werke, vol. 1, p. 283. 
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The stress components with respect to an x-y-coordinate system 
can be expressed as follows, if 8, designates the angle of F, with the 
x-axis: 





1 2 cos @, 
GaS tgr- cos 6, cos? (6, — B,) — =|, 
: r, 2R 





1 2 COS oy 
(9) = — DF |— cos 8, sin? (8, — B,) = 2] 
= r, 2R 


1 2 ; ; 
t = — — )> F, — cos 8, cos (6, — B,) sin (6, — B,). 
© r 


, 


It can easily be shown that S(P) fulfills the differential equation 
AAS =0 and that the stresses on the boundary r =R are zero, except 
in the points P,(r,=0). In these points the stresses become infinite 
and combine so as to balance F,. 

In the center of the circle we haver, = R and 6,=¢, and introducing 
a,=$,~—,, the polar angle of P,, we find for the stress components 
in C 

O: = < > F, cos (8, — œ) (1/2 + cos 2e,), 
T 


1 
(10) oy = ary > F, cos (B, — a,)(1/2— cos 2a,), 
N. 


1 
r = — > F, cos (8, — ay) sin 2a,. 
wR 


Let us now assume that there are two groups of forces F, and Fy, 
forming angles 8, and 8; with the x-axis. The points of attack P, of 
the first group may lie close to a point Pe with polar angle œ and the 
points P; of the second group near to Pj with polar angle ag so as to 
have a, =ao+é,, af =a +E; (&, & small). If we develop the expres- 
sion for €; with respect to £ and $’, we find 
zRo: = (1/2 + cos 2a) >> F, cos (B, — as) 

+ (1/2 + cos 2a) $, F; cos (Bf — ad). 

— 2 sin 2a >, F,£, cos (B, — a9) 

— 2 sin 2a > Fle cos (Bf — ag) 

+ (1/2 + cos 2a0) >> F, sin (By — æo) 

+ (1/2 + cos 2a¢) DO F/& sin (B; — af) +-->. 
The first two terms vanish if in each group the sum of forces is zero, 
since 8,—a and B/ —ad are the angles the forces form with CP) and 


(11) 
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CPi respectively. In this case, therefore, the highest terms in the ex- 
pression for o, are of the order &, Ł'. i 


If the sums of moments in each group are also zero, we have 
iD: ` Š F,R sin (8, — a) = RÌ, F, sin (8, — ao — £) = 0, 
DFR sin (8; — of) = RY F; sin (8; ~ af — ¥) = 0. 


If these expressions are developed with respect to ¢ and &’, it is seen 
that with the resultant forces and moments vanishing the sums 


> Ff cos (By — a) and >) FE cos (8/— af) 


are zero except for quantities of higher order. In this case the third 
and fourth terms in (11) vanish, but the fifth and sixth still supply a 
quantity of the order of nitude £, &’. Only if the two additional 
conditions are fulfilled th x 


Lo Ff, sin (8, — a0) and >) F/£/ sin (B! — ad) 


vanish, except for terms of higher order, the development of oz will 
start with terms of the order £?, ££’, £72. 

Again the resulzs may be illustrated on four simple examples shown 
in Fig. 3. In the case (a) the two single forces of magnitude F produce 


M F, 





(a) finite stress (b) and (c) stress of order of magnitude e 





(d) stress of order & 
Fie, 3 
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in the center a finite normal stress 0. =3F/aR according to (11). In 
(b) we have two groups of parallel forces with ap=45°, aj =135°. 
If the angular distance of the two neighboring points of application 
is called e, one has &=#/{ =0, &=—e, &{ =e and with 61=f7 =180°, 
B.= By =0, equation (11) supplies g+= 5Fe/2"?rR. In the case (c) the 
two forces attacking in the points a,=90°—e, a.=90°+e form an 
equilibrium system. Equation (11) gives here the value ¢o.=Fe/aR 
which is of the same order as in (b). Were Saint Venant’s principle 
correct, the stresses in (c) should be small of a higher order. In fact, 
this is the case with the three forces in example (d) only which form 
an astatic system (up to terms of higher order). All terms written 
down on the right-hand side of (11) vanish in the case (d). 


3. Conclusions. In order to obtain a precise and sufficiently general 
‘statement let us consider a finite simply feo body, supported at 
an adequate number of distinct surfacepoints Si, Sz, S3,--°-. Let 
P, be a point of the surface where the load F; is applied and P 
an inner point of the body at finite distances from P, and from 
Si, Se, S3, °°. Let, finally, e be some well defined strain or stress 
quantity in P, for instance, the normal stress in x-direction, or any 
component of the distortion. Then, with constant Fi, this ø will bea 
function of the coordinates of Py. If Pi is a regular surface point 
(tangential plane, finite curvature) the function will have finite de- 
rivatives. That means, if Pı moves through a small distance e the 
change in o will be of the order of magnitude e. Consequently, two 
equal and opposite forces attacking at points of distance « will pro- 
duce a o-value of the order e. On the other hand, the load F; can be 
replaced by several loads that have the vector sum F,, all attacking 
at Pı. Each of them can be shifted to the neighborhood and then re- 
versed. The system of these reversed forces combined with the origi- 
nal F, will still produce a o-value of order e. Thus our first statement 
reads: 


(a) If a system of loads on an adequately supported body, all applied 
at surface points within a sphere of diameter <, have the vector sum zero, 
they produce in an inner point P, of the body a strain or stress value o of 
the order of magnitude e. 


To this statement we add the results reached in the preceding sec- 
tions by way of direct computation for two particular cases, the infi- 
nite half space and the circular disk. The general proof following the 
same lines can be given without difficulty. 


(b) If the loads, in addition to having the vector sum zero, fulfill three 


562 R. v. MISES 


further conditions so as to form an equilibrium system within the sphere 
of diameter e; the o-value produced in P will, in general, still be of the 
order of magnitude e. 


(c) If the loads, in addition to being an equilibrium system, satisfy 
three more conditions so as to form a system in astatic equilibrium, then 
the o-value produced in P will be of the order of magnitude e? or smaller. 
In particular, if loads applied to a small area are parallel to each other 
and not tangential to the surface and if they form an equilibrium System, 
they are also in asiatic equilibrium and thus lead to a o of the order e. 


In this whole argument the loads as well as the supporting reactions 
were supposed to be concentrated, finite forces acting at distinct 
points of the surface. No difficulty arises if, instead, continually dis- 
tributed surface stresses age assumed with the provision that all in- 
tegrals of such stresses ovelbinite regions (and the regions that tend to 
zero) remain finite. 

A final remark is in order about the legitimate application of St. 
Venant’s principle (or some equivalent statement) in cases of thin 
rods, shells, and so on. The only precise and consistent way to deal 
with thin elastic rods is the theory of the so-called one-dimensional 
elastica. In this theory the forces acting on the ends of the rod enter 
the computation only with their resultant vector and resultant mo- 
ment. This implies, evidently, a principle of “statically equivalent 
loads.” What Saint Venant originally had in mind was doubilessly 
the case of a long cylinder with infinite ratio of length to diameter. 
The purpose of the present paper was to show that an extension of the 
principle to bodies of finite dimensions is not legitimate. 
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METRIC PROPERTIES OF A CLASS OF 
QUADRATIC DIFFERENTIAL FORMS 


P. O. BELL 


Introduction. In the present paper a new invariant quadratic dif- 
ferential form Q is geometrically defined for a general pair of surfaces 
S, S’ whose corresponding points x, x’ determine the metric normal 
to S at x. The ratio of the form Q to the first fundamental form ds? 
of S, in which Q and ds? are defined for a common arc element of S 
at x, is found to be independent of the direction of the element if 
and only if the surface S’ is the locus of the center of mean curvature 
of S$; the ratio thus determined is the Gaussian curvature K of S at x. 
We introduce at a point x of S the concept of conjugate elements of a 
given arc element of a conjugate net and prove that the form Q for 
an arbitrary arc element is identical with the form Kds? for either 
conjugate element if and only if the surface S” is the plane net at in- 
finity. The principal directions at x of the tensor whose components 
are the coefficients of the form are the classical principal directions 
of S at x for an arbitrary choice of S’. Finally, we characterize the 
net of lines of mean-curvature of S and the mean-conjugate net of S 
as integral nets of equations of the form Q=0, in which the forms Q 
are defined with respect to certain geometrically determined trans- 
forms S’ of S. The method of the present paper employs dual systems 
of linear homogeneous equations of the first order in compact forms 
which facilitate the use of a tensor notation with homogeneous car- 
- tesian point and plane coordinates. 


1. The fundamental differential equations. The rectangular carte- 
sian coordinates of a generic point x of an analytic surface S are de- 
fined by single-valued functions of two independent parameters z}, u?, 


xt = xi(ul, u’), 4=0, 1,2. 


Let gag and g“* denote the covariant and contravariant metric tensors 
of S, respectively, and let dag denote the second fundamental covari- 
ant tensor of S. It is known [1, p. 220]! that the direction cosines z‘ 
of the normal to S at x and the functions x‘ are solutions of the differ- 
ential equations 


(1.1) 07x a Ox 44 dz G)= 8 1.2 
s z TR aff, ~_ = peer PY = 1, 4, 
awaue lap) ous 9 Jar Naja COY 
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tai 

ee 

are the Christoffel symbols of the second kind formed with respect 
to the first fundamental form of S and the functions 


(o) 


are components of the mixed tensor defined by 


B 
= = 8 
3 agg”. 


_ Homogeneous cartesian coordinates of a finite point of space may 
be obtained by adjoining to the three ordinary rectangular coordi- 
nates x°, x!, x? a fourth coordinate x*=1. For a point at infinity the 
homogeneous cartesian coordinates are of the form x°, x1, x?, 0. The 
point at infinity on the normal to S at x has homogeneous cartesian 
coordinates 2°, 27, s?, 0. As x moves over S this point at infinity de- 
scribes the plane net S, at infinity. We observe that the system (1.1) 
is satisfied by each pair of homogeneous coordinates x‘, zt, 1=0, 1, 2, 3. 
Thus the surface S and the corresponding plane nei S, at infinity gen- 
‘erated by the infinite point on the normal to S at x cre integral surfaces 
‘of the system (1.1). 
Let us define points xo, x1, %2, %3 by the relations 


where the functions 





(1.2) "4g = Xp, =%, a= 1,2, Z = %4. 


These relations enable us to put the system (1.1) in the form of the 
following system of linear homogeneous differential equations of the 
first order, 





Ox; h . 
(1.3) -()a- i i, k = 0, 1, 2, 3;a = 1, 2, 


(=è (9-a -e 
: ) 7 La Ca) meei (ia) = — dag, œb, y=1,2 


where 
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Let |x| denote the determinant whose elements are the functions 
x”) and let # denote the normalized cofactor of x$ in |x|, defined by 
the relations 


(1.4) fxn = 81, h,r = 0, 1, 2,3, 


in which the right members are the Kronecker deltas. The functions 
&,7=0, 1, 2, 3, form a set of homogeneous cartesian plane coordinates 
of the plane determined by the three points xa, hr. Differentiating 
(1.4) with respect to w* and making use of (1.3), we obtain 


(1.5) a) | =0 
Š Th ha j] = U. 


ous 





On forming the inner product of the left member of this equation with 
£ and dividing by | x| , we find that the plane coordinates & are solu- 
tions of the system of equations 





(1.6) = +e("\=0 sAd 
é aes = 0, a = 1,2. 


dus 
A relation of the form 
(1.7) xi =z + kx, 


where k is an arbitrary function of u1, u?, defines the general coordi- 
nates of a point x’ which is collinear with x and z and generates a 
surface S’ as u', u? vary. For the sake of convenience we denote the 
points x, x1, x2, x’ by Yo, Yı, Ya, Yz, respectively, so that the fundamental 
differential equations (1.3) may be written in the form 





ay; hN . 
(1.8) - ("Vo = 0; i,h=0,1, 2,3;a@ = 1,2, 


in which 
fo) a) a) ha Aaa) ae 
Oa aß aß aß. aß 3a ðu” 
a\' a 3\/ 3 3\/ 
(a) Pe) GG Ge eee 
BY’ (8 
o) = (a a, bp = 1,2, a £8. 


Let |y] denote the determinant whose elements are the functions 
y7, i, p=0, 1, 2, 3, and let n denote the normalized cofactor of 34 
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in | y| . The functions y, 7=0, 1, 2, 3, are homogeneous plane coordi- 
nates of the plane determined by the three points yy, kr. The differ- 
ential equations satisfied by the functions 7j are easily found to be 


(1.9) a + (e 
` Ouse a he, a 


2. The invariant quadratic differertial form. Let x’, X’ denote the 
points of S’ whose curvilinear coordinates are u!, u? and u-+-dui, 
u?+du?, respectively, and let r, p denote the corresponding tangent 
planes of S. Let J denote the line joining the points z’ and X’ and let y 
and Y denote the intersections of / with the planes r and p, respec- ` 
tively. We prove the following theorem. 





THEOREM 1. The principal part of the cross ratio (x', y, X', Y) is the 
quadratic differential invariant 


; Q = dgsdurdué, 
where Gag ts the tensor defined by 
dap = kdag — hap, 


in which dap is the second fundamental tensor of S and hag is the first 
fundamental tensor of the spherical representation of S. 


Except for terms of order at least two, the point coordinates of X’ 
and the plane coordinates of r and » are given by 


vansin (= 
= UF, =U, 
r 3a a 3a 


3 + 
r= 7, dice n (5) dus, 


and 


respectively. The homogeneous cartesian coordinates of y, except for 
terms of order at least two, are obviously given by the form 


= ($) sue > 
2E 3a satin 


The coordinates of Y are defined by a relation of the form 


such that the condition Y*;=0 is fulfilled. The function Q is, there- 
fore, the root of the equation 
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i hN i 8 3 A 2) ‘) 
Q d + ON d = U. 
( ito) a1 iG, u 0 


Since yin? = 6, multiplication of the factors of the left member yields 
3 i 


as a= (HY GY iwa, 


On making use of the relations between corresponding coefficients of 
(1.7) and (1.3) we obtain the form 


(2.2) Q = degdurduf, 


where Gag = kda — g°%dspdy2. It is known [1, p. 253] that the first fun- 
damental tensor of Gauss’s spherical representation of S is defined by 


(2.3) hag = 2° *dspd ya. 
The proof of the theorem is, therefore, complete. 


3. New geometric characterizations of the form Kds*. The plane 
at infinity is the surface S’ for which k=0. The associated tensor Gag 
is, therefore, defined by 


(3.1) Gap = — hag, 


and the invariant — Q is identical with the first fundamental form of the 
spherical representation of S. 

It is known that for a unique conjugate parametric net, namely, the 
mean-conjugate net, the first fundamental form of the spherical repre- 
sentation is expressible in the form ° 


d5? = o?(gu(du!)? — 2gudu'du? + goo(du?)*), 


Let us determine all of the parametric nets on an unspecialized sur- 
face S for which Q is expressible in the form 


(3.2) Q = $(gi1(du!)*? — 2gredutdu? + goo(du?)*). 
The conditions to be fulfilled are represented by the relations 
(3.3) hu/gu = — Mro/g12 = hhaa/ goo. 


It is known [1, p. 253] that the tensor tus may be expressed in 
terms of the first and second fundamental tensors by means of the 
relation 


(3.4) hap = dapKm — gapK 


in which K and Kn are the Gaussian curvature and mean curvature of 
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S defined by 
K = (dud — dis)/g, 
Kn = 2(girde2 A Z12d12)/g. 


Equations (3.3), if kag is replaced by the right members of (3.4), as- 
sume the forms 


(3.5) 


Kn(gzdi az £11020) = 0, 
(3.6) Ka(dugie + gudi) = 2K g11812, 
K m(do2g12 + g22d32) = 2K g 12800. 


On substituting the right members of (3.5) in equations (3.6) and 
simplifying, we obtain the relations 


£20011 = gudaz =0, 


(3.7) 
dyid12 = dyd = 0. 


These relations are satisfied if di=d2.=0, d0, that is, if the 
asymptotic curves of S are parametric. If, however, the asymptotic 
curves of S are not the parametric curves of S, the first of equations 
(3.7) is the condition that the parametric net be a duametric net 
[2, p. 308]; the second and third conditions insure that the parametric 
net be a conjugate net. Hence, in this case, the parametric net is the 
unique conjugate duametric net of S, that is, the mean-conjugate net 
of S. We have, therefore, that Q assumes the form (3.2) when S’ is the 
plane net at infinity if, and only if, the parametric net of S is either the 
asymptotic net or the mean conjugate net. For the case of the asymptotic 
parametric net ¢= and for the mean conjugate parametric net 
o=—K. 

The result described above in terms of the asymptotic parametric 
net leads to the following geometric determination of the invariant 
Kds?. Let Cy, C_, denote the curves which pass through x of the 
conjugate net defined by 


(3.8) (du)? — d*(du2)? = 0 


t 


whose directions at x are A, —A, respectively. Let x and P denote the 
points of S whose curvilinear coordinates are u!, u? and u!+du}, 
u?+du?, respectively. The u! and u? asymptotic curves which pass 
through P intersect the curve Cx in the points Q, Q’ whose curvilin- 
ear coordinates are u!—du!, u?+du?; and u'+du', u?—du?, respec- 
tively. We shall call the elements xQ and xQ’ the conjugate elements 
of xP. We are able now to describe our characterization of Kds? by 
means of the following theorem. 
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THEOREM 2. The form Q for an arbitrary arc element xP of a con- 
jugate net is identical with the form Kds? for either conjugate element xQ 
or xQ! if and only if the surface S’ is the plane net at infinity. 


An analogous characterization of —Kds? can obviously be formu- 
lated with reference to the mean-conjugate parametric net of S, but 
we shall not describe this result here. i 

Another geometric characterization of Kds? arises from the deter- 
mination of the surface S’ such that the invariant Q of S, S’ is ex- 
pressible in the form 


(3.9) Q = eds?, 
Just one such surface S’ exists since the equations 
(3.10) kdag — hap = Ogag j 
possess a unique solution (k, e). For, on substituting the right mem- 
ber of (3.4) for kag in (3.10) we find the equations 
(3.11) (k — Km)dap = (o — K) gap, 
which hold for an unspecialized surface S if, and only if, 
k= Kn, e= K. 
Hence, we have the following theorem. 


THEOREM 3. The differential form Q of S, S' and the first fundamental 
form of S, defined with respect to a common direction, are related by the 
equation 

i Q = gds? 
if and only if S' ts the locus of the center of mean curvature of S. The 
associated function o is the Gaussian curvature of S at x. 


4, The principal directions, the lines of mean curvature, and the 
mean conjugate net of S. Since we have 


Gag = kdag — hap, hag = dapKm — aK, 
we may write | 
(4.1) tas = (k — Km)dap + Kgas. 


It is obvious, in view of the form of (4.1), that if k~K,, the principal 
directions for the tensor dag are identical with the classical principal 
directions of S. 

Let us assume, for the sake of convenience, that the lines of curva- 
ture are the parametric curves of S. The results which we present are, 
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however, independent of the choice of the parametric net. The author 
[2, p. 309] has called a curve a line of mean curvature of S if at each 
of its points the normal curvature 1/p of S in the direction of the 
curve is equal to the arithmetic mean of the principal normal curva- 
tures of S at the point, that is, if 


From equations (6.5) and (6.6) of [2, p. 310] we find that if gr =dx 
=0, the lines of mean curvature of S are the integral curves of 


(4.2) A(gis(du!)? — goo(du*)?) = 0 


in which A=gud2—gadu. The significance of the presence of A in 
equation (4.2) is that the lines of mean curvature form a determinate 
net, except when A= g =d =0; in this exceptional case S is a sphere. 

We inquire if there exists a surface S’ for which Q is expressible in 
the form 


(4.3) Q = cA(gi:(du?)? — gao(du*)*). 


The affirmative answer is readily reached, for we find that the equa- 
tions 


kdu — hn = cAgu, 
(4.4) kdyz — hy = 0, 
kda — hn = — oågz 


can be satisfied simultaneously. The second equation of (4.4) is satis- 
fied identically in k, o since gu = dn =kn=0. The other two equations 
may be written in the forms 


‘ 2 
as Rdi — S22du1/g = oAgu, 
i kdi — gudn/g = — hga 


Solving, we find 


k= (diga: + guda)/ Elgndu + guda), 
© = dunda2/8(822d1 + £11092). 
Making use of the expressions 
K = dy1do0/g, 
Ke = (gudas + goadur)/g 


£ 


(4.6) 
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for the Gaussian and mean curvatures of S, we express k, o in terms 
of K and Kn as follows: 


(4.7) k=Kn—2K/Km 0 = K/gKm 
Hence we have the following theorem. 


THEOREM 4. If and only if S’ is characterized in relation to S by (1.7) 
with k expressed in terms of the Gaussian and mean curvatures of S by 
the relation 


k = Km — 2K/Km, 
the lines of mean curvature of S are the integral curves of the associated 
differential equation Q=0. 


Let us recall that a curve of the mean conjugate net is characterized 
by the property that at each of its points the radius of normal curva- 
ture of S in the direction of the curve is the arithmetic mean of the 
principal radii of normal curvature of S at the point, that is, 


p = (pı + p2)/2. 


Retaining the lines of curvature as parametric curves, the mean con- 
jugate net is the integral net of the equation 


(4.8) A(di1(da1)? — doo(du?)?) = 0. l 
It is not difficult to prove, by the method we have employed above, 


that a surface S’ exists such that the associated form Q is expressible 
by the relation 


(4.9) = oA(dy1(du!)? — doo(du*)?). 
In fact, we find that 
(4.10) k = K,,/2, o = 1/2g. 


We are now in a position to state our concluding result. 


THEOREM 5. If and only if k is the arithmetic mean of the principal 
normal curvatures of S at x, the integral net of the associated diferential 
equation Q=0 is the mean conjugate net of S. 
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SOME INVARIANTS OF CERTAIN PAIRS 
OF HYPERSURFACES 


CHUAN-CHIH HSIUNG 


Introduction. It is known [8, 9]! that if two surfaces in ordinary 
space have a common tangent plane at an ordinary point, then the 
ratio of their total curvatures at this point is a projective invariant, 
and the theorem holds true similarly for hyperspaces.? In connection 
with this theorem and the investigation of Bouton [2], Buzano [3] 
and Bompiani [1] have shown the existence of a projective invariant, 
together with metric and projective characterizations, determined by 
the neighborhood of the second order of two surfaces S, S* at two 
ordinary points O, O* in ordinary space under the conditions that 
the tangent planes of the surfaces S, S* at the poinzs O, O* be distinct 
and have OO* for the common line. Furthermore. the other case in 
which the tangent planes of the surfaces S, S* at the points O, O* are 
coincident? has been considered in recent papers of the author [6, 7]. 

It is the purpose of the present paper to generalize the results of 
the two cases mentioned above. 

Let Vn- Vati be two hypersurfaces in a space 5, of n dimensions, 
and tni tn the tangent hyperplanes of the hypersurfaces Via, Vata 
at two ordinary points O, O*. For the subsequent discussion it is con- 
venient to assume in Chapter I that the tangent hyperplanes ¢,-1, irai 
are coincident. We can (§1), as in ordinary space, determine a pro- 
jective invariant by the neighborhood of the second order of the hy- 
persurfaces Vn Vii at the points O, O*; and the projective and 
metric characterizations of this invariant are given in the next two 
sections. 

Chapter II treats of the case in which the tangent hyperplanes 
tnt, ina are distinct, and the common tangent flat space fp.» of 
tnt, #1 contains the line OO*. We first (§4) show by analysis the 
existence of two projective invariants determined by the neighbor- 
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virtue of the conception of density of dualistic correspondences. 

3 It should be noted that for two plane curves having a common tangent at two 
ordinary points no projective invariant can be determined by the neighborhood of 
the second order of the two curves at these points, See my paper [5]. 
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hood of the second order of the hypersurfaces V1, Vet. at the points 
O, O*; and then (§§5, 6) give them simple projective and metric char- 
acterizations. From the fact that one of the two invariants is reduced’ 
to 1 when the immersed space S, is of three dimensions, it follows 
that our result in this chapter stands actually for a generalization of 
that of Buzano and Bompiani. 


CHAPTER I. TWO HYPERSURFACES WITH COMMON TANGENT 
HYPERPLANE AT TWO ORDINARY POINTS 


1. Derivation of an invariant. Let Vn, Vits be two hypersurfaces 
in a space S, of n dimensions with common tangent hyperplane t,_4 
at two ordinary points O, O*. Let xı, + + - , %a41 denote the homogene- 
ous projective coordinates of a point in the space S,. If we choose the 
points O, O* to be the vertices (1,0, - -+ - , 0), (0, - - -, 0, 1, 0) of the 
system of reference, and the common tangent hyperplane ż„—ı to be 
the coordinate hyperplane x,4:=0 of the system, then the power se- 
ries expansions of the hypersurfaces Va, Vrta in the neighborhood 
of the points O, O* may be written in the form 








Xn+1 ud i Tk 
(1) Vai: = È laH, 
vı ika? Xi Yı 
—1 
- * n+l ja Xi XE 
(2) Vami: = Z mi — =t. 
Xn t kal Xn En 


In order to find a projective invariant of the hypersurfaces Vy_1, 
Vat the points O, O*, we have to consider the most general projec- 
tive transformation of coordinates which shall leave the points O, O* 
and the hyperplane f,. unchanged: 


n+l i 
Xi = D lirt; (G=1,:- 2), 
(3) r=] 
t 
Xnt1 = Engi n41%n+1; 

where 
(4) Ga, = +++ = On = 0, Gin = + = daim = O, 

22 a23 <t Gimi 

a32 Gas  *** G3,n-1 
(5) D= , * 0. 


Gn—-1,2 On=1,3 ° °° An—1yn—1 


The effect of this transformation on equations (1), (2) is to produce 
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two other equations of the same form whose coefficients, indicated by 
accents, are given by the formulas 


n 
+ . 
Q11än41,nyilik =$ > CrsGoxlee (4, k= 2, T NA n), 
fT,3m2 
(6) oa 
1 ` 
Enn dati nik = > OrsQskMre (4, k= 1, E E a 1). 
r,=1 


From equations (4), (5), (6) it is easily seen that the determinants 


laz das» + + Lon mir 7112 "ft Mimi 
lsz Ugg ++ + Lan m21 thee > + Man—1 

L = , M = yg 
lng las eae: lin My-1,1 Mn1.2 °° * Malni 


and their transformed ones L’, M’ are connected by the relations 


n—1 n—-1 2 
Gil Onpimti L' =. - OaaD L, 
2 n—l n-i 


Ann n+l aM = a aD yf. 


Further elimination of as from equations (6), (7) shows immediately 
that the quantity 


L muy (n$1)/8 
8) r=—(*) 
M \ lan 





is a projective invariant determined by the neighborhood of the second 
order of the hypersurfaces Vy1, Va at the points O, O*. 


2. A projective characterization of the invariant I. Let the polar 
spaces of the line OO* with respect to the asymptotic hypercones of 
the hypersurfaces Vi1, Vata at the points O, O* be respectively de- 
noted by taz, ino, which determine a space f,-3 of n—3 dimensions 
in the common tangent hyperplane x,,;:=0. If the n—2 vertices, 
other than O and O*, of the system of reference in the hyperplane 
%n41==0 be chosen in the space /,-3, then the invariant I may be re- 
duced to 


` Lan M11 (n2) 13 
9)- I = mo a” , 
( ) : Mu m=) 


where Lan, Mn are the minors of lan, mu in the determinants L, M 
respectively. 
For the purpose of finding a projective characterization of the in- 
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variant J we first observe the space Ss determined by the vertices 
(1,0,---,0), @,---,0, 1,0), ©,---+, 0,1) and any one, say for 
instance 02(0, 1, 0,---, 0), of the system of reference in the space 
tas. The space S; intersects the hypersurfaces V,1, Vets in two sur- 
faces S, S*. Since the tangent planes of the surfaces S, S* at the points 


O, O* are coincident we have a projective invariant, denoted by J, 


l 1/3 
(10) Jans =) 


Maa \lan 





’ 


whose projective characterization has been obtained [6]. 

Let Q (Q*) be any quadric in the space Ss which has OO: (O*0:), 
OO* (OO*) for generators and whose curve of intersection with the 
elemerit of the second order of the surface S (S*) at the point O (O*) 
has a cusp at O (0*). If the cone projecting from the point O: the 
curve òf intersection of the two quadrics Q, Q* be tangent to the com- 
mon tangent plane OO*0; along a line through the point Oz, then this 
line must be one of the lines (cf. [6]) 


1/4 
ty + (+ nu ( =H) x = 0, 


(11) 22'nn 

ges = My = Sap = 0. 

We may now uniquely determine a point P on the line OO* such that 
the cross ratio of the three points O, O*, P, and the intersection of the 
line (11) with OO* is equal to J“. On the other hand, the asymptotic 
hypercones of the hypersurfaces V,1, Vit.1 at the points O, O* de- 
termine a pencil of hyperquadrics in the hyperplane x,31=0, among 
which there exist n hypercones, two of them being the asymptotic 
hypercones. The line OO* intersects each of the other n — 2 hypercones 
in a pair of points. Let Q; @=1, - ++, n—2) be any one of each pair 
of these points and D; the cross ratio of the four points O, O*, Qa, P 
on the line OO*, then we may easily show that the invariant I can be 
expressed in terms of the n—2 cross ratios Di, Da, + + - , Dy-2as follows: 


(12) I = (+ 1)*-?(D.D,a- + - Dy_2)*. 


3. A metric characterization of the invariant J. It is deemed worth 
while to give in this section a simple metric characterization of the 
invariant I. For this purpose we choose an orthogonal Cartesian co- 
ordinate system in such a way that the point O be the origin, the 
line OO* be the X,-1-axis, and the common tangent hyperplane é,-1 
be the coordinate hyperplane X,=0. Then the power series expan- 
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sions of the hypersurfaces V,1, VŽ in the neighborhood of the 
points O, O* may be put into the form 


n=l 


(13) Vaa: Xa = DoMaeXiXet---, 
i, kml 
* n—2 n—2 
Vaai: Xn = Dy mseXeXe + 2 D5 meni Xi Xn — h) 
(14) ikal ial 
+ lni nX aa aad h)? + CAE | 
where k is the distance between the points O, O*. 
Let yo, 41, > + © , Yn be the homogeneous coordinates of a point de- 
fined by the formulas 
(15) X: = ys/ Yo (i = 1, ea | n), 


and let us consider the most general projective transformation of co- 
ordinates which shall leave the point O and the common tangent 
hyperplane nı invariant, and change the point O* into the vertex 
(0,- +--+, 0,1, 0) of the new coordinate system: 


yo = L URH ’ 


pI] 


(16) z y 

Yi = Do ty i= 1,- n— 1), 

tea] 

Yn = Gan Vn 4 
where 
(17) Qin = te = Ann =O, Gnatyn—-1 = Adon—1, 

ay Giz >te Gim- 

(18) Aia a21 Q22 <+ Gon—2 “0. 


An—2,1 On—2,2 °° * On—2,n—-2 


By transformations (15) and (16), equations (13), (14) shall be car- 
ried into two others of the form 














A Yn = yi ove 
(19) Vat -= 2 ta =H, 
Mo ikal Yo Yo 
(20) y In S : yi W 
ath oa os -— i 


, + 
Yn—ı +,k=0 Yn—-1 Yni 


where the coefficients psx, qax are given by the equations: 
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n=l 
(21) ; looännpik = >, arilar (i,k =1,---,n— 1); 
fal 
n—2 
(22) EnnG0,n—19sk = pay AriQekire (i, k= 0, 1, er / eee 2), 
fee 
mo hago, a0 = 0, Qos = anin T hao, Qr = Or, 


oo 
(23) 
Hoo = Mn-1n—1, Mor = Bro = Hn—i,r = Hr,n—l (i, TS 1, cde ie eee 2). 


Let 


Aun M Aint Hi Has Hint 
Pa Aer Ae Az,n—1 EN Bn Hae Ma,n—1 
An—1.1 Ani, ° An—1,n—1 Hn=1,1 Hn—i,.2' Hn—1,n—1 
Pu Pre Piyn—1 qoo qoi Jo,n—2 
p= $a Pao Domni Ee quo qii Qi n—2 
Pn—-141 Pn—1,2 ** t Pn—-tn—1 Qn—2,0 Qn—2,1 * * * Qn—2,n~2 


then from equations (17), (18), (21), (22), (23) we obtain 

(24) ao Onn P = Ontypth ®, Onn Ooni = h anA Y. 
Making use of the result obtained in §1 and observing equations 

(19), (20) we see that the projective invariant I associated with the 

hypersurfaces V1, Vit. at the points O, O* is 


P (n+1)/3 
(25) I= —(—*_.) : 
Q \ Pnr, 


Furthermore, substituting (21), (22), (24) in (25) and reducing by 
equations (17) it follows that the invariant I now takes the form 


B [in tn-1 \ Oth! 
(26) 2 z(=) , 
Y XAn—-i,n—1 


Let K, K* be the curvatures of the hypersurfaces Vi, Vets at 
the points O, O*; and R, R* the curvatures at the points O, O* of the 
plane sections of the hypersurfaces V,1, V~1 made by the plane of 
the line OO* and the normal to the common tangent hyperplane ty-1 
at any point on the line OO*. By a known formula it is easy to 
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demonstrate that 


(27) K/K* Ei /F, R/R* = An—1,n—-1/Hn—Ln—1s 
and therefore that 

EN (n+1)/3 
(28) f are = (5) 


Hence we have the following theorem. 


THEOREM. Let Vai, Vata be two hypersurfaces in a space Sa of n 
dimensions having a common tangent hyperplane ta at two ordinary 
point O, O*; K, K* the curvatures of the hypersurfaces Vn, Vit. at 
the points O, O*; and R, R* the curvatures at the points O, O* of the 
plane sections of the hypersurfaces Vi, Vit.» made by the plane of the 
line OO* and the normal to the common tangent hyperplane ta ai any 
point on the line OO*. Then (K/K*)(R*/R)+4 is a projective in- 
variant associated with the hypersurfaces Vr1, Vit» at the points O, O*. 


CHAPTER II. Two HYPERSURFACES WITH DISTINCT TANGENT 
HYPERPLANES AT TWO ORDINARY POINTS 


4. Derivation of invariants. Let V,1, Vt. be two hypersurfaces 
in a space S, of n dimensions such that the tangent hyperplanes 
tai taa at two ordinary points O, O* are distinct, and the common 
tangent flat space tn—2 of tps, ina contains the line OO*. If we choose 
the points O, O* to be the vertices (0, 1,0, - - - , 0), (0,---,0,1,0) 
of a homogeneous projective coordinate system of reference, and the 
tangent hyperplanes t,_1, tn to be the coordinate hyperplanes x=0, 
Xnqi =O eer ely, then the power series exparsions ‘of the hyper- 
surfaces V,.1, Va in the neighborhood of the points O, Of may be 
written in the form 








i x n+l Xi XE 
(29) Vai: E = >» liz as —_ + teeny 
%2 ik= Xo Xz 
T+ Tk 
(30) Vi: = eg ieee: 
Trn i kal En En 


Considering the most general projective transformation of co- 
ordinates which shall leave the points O, O* and the hyperplanes tai, 
t*a unchanged, we may easily show as in §1 that the quantities 


(31) I ELM antes J (= ) et cotati) “tl 
= — = | — re 
Latinpi V Hulns 
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are projective invariants determined by the neighborhood of ‘the second 
order of the hypersurfaces Va—ı, Vix. at the points O, O*, where Lnti,n41; 
Mnu are respectively the minors of ln4ijn41, Mu in the determinants 


Iss las RAS Ia nat Mi Miz >*t Mini 

las las eee lny Mer maz -** Man-1 
L= , M= , 

lat1,3 lati, LER latintl Mp1,1 Mn—-1,2 °° * Mn—-1n-1 


and L', M', Lhasna1, Mi are denoted by similar expressions. 


5. Projective characterizations of the invariants J, J. By suitable 
choice of the system of reference the invariants I, J of equa- 
tions (31) can be simplified. In fact, if we choose n—1 vertices of 
the system in the common tangent flat space f,-2, and the other two 
Oni(0, - ++, 0,1), O(t, 0, - - - , 0) respectively on the polars £, ¢* of 
the flat space t-z with respect to the asymptotic hypercones of the 
hypersurfaces V1, Vz at the points O, O*, the invariants J, J then 
take the simple form 


I= Linkntin+1iM22, 
(32) he (==) ( my, yo 5 
Mu Dati ntl lnn ' 

It should be noticed that the invariant J is reduced to 1 as. ”=3. 

The polars ż, * determine a space Ss, which intersects the hyper- 
surfaces Va- Vč in two surfaces S, S*. These two surfaces S, S* 
are evidently in the class considered by Buzano and Bompiani, and 
the corresponding invariant may be easily found from Bompiani’s 


note [1] to coincide just with the invariant J. i we reach the 
conclusión: 








The invariant I associated with the hypersurfaces Va, Va at the 
points O, O* is the invariant of Buzano at the points O, O* of the surfaces 
S, S* in which the hypersurfaces Vai, Vata are intersected by the space 
S; determined by the polars t, t*. 


To characterize projectively the other invariant J we consider any 
hyperplane Ta through the common tangent flat space t,-2: 


(33) ajl = Oxy (a = 0), 


which intersects the hypersurfaces V4, Vit: in two hypersurfaces 
Vn-2, Vite of n—2 dimensions. Since these two hypersurfaces Vy-2, 
Vata have a common tangent hyperplane at the points O, O* we may 
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determine an invariant, denoted by J., as in §1: 


ni 
(34) I= aromo Tetin (72) i 
Mn 


On the other hand, it is useful to consider the hypercones 
C, C* projecting respectively from the vertices Oi(1, 0,---, 0), 
On4i(0, +--+, 0, 1) the asymptotic hypercones at the points O, O* 
of the hypersurfaces V1, Vi. These two hypercones C, C* deter- 
mine a pencil of hyperquadrics in the space Sa, among which there 
exist n—1 hypercones, two of them being C, C*. The line O,Ona1 
intersects each of the other »—3 hypercones in a pair of points. Let 
Q, @=1, ---,2—3) be any one of each pair of these points, P the 
point of intersection of the line 010.4: with the hyperplane Ta, and 
D, the cross ratio of the four points Oi, Oni, Qu, P on the line 0,0,41; 
then it follows that the invariant J can be expressed in terms of the . 
invariant I, and the n—3 cross ratios Di, Dz, - -- , Das as follows: 


hes 


(35) J = 1,(DiD;+++ Daa). 


6. Metric characterizations of the invariants J, J. For the purpose 
of finding simple metric characterizations of the invariants J, J, we 
choose an orthogonal Cartesian coordinate system in such a way that 
the point O is the origin, the line OO* is the X.4-1-axis, and the tan- 
gent hyperplane tny is the coordinate hyperplane X;=0. Then the 
power series expansions of the hypersurfaces Vp, VX. in the neigh- 
borhood of the points O, O* may be put into the form 


(36) Vaa: Xi = Do MaX Xe bee, 


i ,k=2 


3 n—2 n—2 E 
Via: Xa = uX t D MaX Xit 2D mnaX(Xai — h) 
(37) tke t=] 


+ Hn—1n—1(Xn—1 az h)? + Seen: | 


where k is the distance between the points O, O*, and p=cot w, w 
being the angle of the tangent hyperplanes t,4, tts. 

In order to express the two invariants I, J in terms of the coeffi- 
cients of expansions (36), (37) we have first as in §3 to consider the 
homogeneous coordinates vo, Yu > * -, Yn Of a point defined by for- 
mulas (15) and the most general projective transformation of coor- 
dinates, which shall leave the point O and the tangent hyperplane 
ta invariant and carry the point O* and the tangent hyperplane 
t*, into the vertex (0,---, 0, 1, 0) and the coordinate hyperplane 
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yi=0 of the new coordinate system respectively. An easy calculation, 
which shall be omitted here, suffices to demonstrate the result as 
follows: 


PAn- m—Wn—1 n— y \ Pan n—1n— ntl 
G8) Popo pk (=) (=e) . 
Paa¥ 11 ® Widn—1,2—1 


where ®,,, Yu denote respectively the minors of Ann, un in the de- 
terminants 


Aaa Aoa’ te Aen Ku Bn tt Blm 

Age Asa e Aan Hn ug Med 
= 3 y = 

An2 Ans EES Ann Hn—1,1 Hn—1,2.* °° Bn—i,n—i 


Finally, we shall make use of the normals ON, ON* at the point O 
of the common tangent flat space t,-2 in the tangent hyperplanes 
in- ini Let Ke, KF be respectively the curvatures at the points 
O, O* of the plane sections of the hypersurfaces Vn, Vni made by 
the planes OO*N*, OO*N. Further, let Kan, K,* be the curvatures of 
the hypersurfaces Vz, Vn: at the points O, O*; and Kyu, K ča the 
curvatures at the points O, O* of the hypersurfaces V,_2, Vit. of 
n—2 dimensions in which the tangent hyperplanes ti, tn intersect 
the hypersurfaces Vas, Vit. respectively. Then 


K, = 24, K. = 211 + pY O+ y, 


* 


(39) Kye = 27-71 + BAD nn Kya = 2Y, 


Ke = 2(1 + Hw)? nds Ki = 2un—1n—l 


and hence we arrive at the following metric characterizations of the 





invariants I, J: $ 
hé K,Ke#KoKe KÈN [Kaa KFN" 

(40) I =— <, J= ——_) . 
16 Ky, 1K #1 sin? -Dw Kn KytiKe 
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REGULARITY PROPERTIES OF A CERTAIN CLASS 
OF SURFACES 


H. BUSEMANN AND W. FELLER 


Introduction. Convex curves in the plane and convex surfaces in 
space have many at first sight unexpected regularity properties.! The 
stringency of the convexity condition makes it desirable to find a 
geometric property of convex curves or surfaces which has similar 
analytical implications but applies to a wider class of geometrical 
objects. The first and most studied generalization of convexity is 
finiteness of the order: a curve or surface is said to be of order ” 
if its intersection with any straight line consists of at most » con- 
nected sets? (segments, points, or rays). However, this condition 
proves to be much too weak.’ On the other hand, the dual condition, 
finiteness of class, will turn out to be more restrictive than necessary. 

The present paper will show that for curves finiteness of the total 
curvature is an entirely satisfactory condition. It includes in particu- 
lar all curves of finite class, More generally, hypersurfaces in Æ” with 
finite total curvature seem to share the most important differentiabi- 
lity properties with convex hypersurfaces. 

The present results on curves with finite total curvature and the 
modern theory of functions of a real variable lead to the following sur- 
prising fact concerning surfaces in Æ’: If the paratingens* of ® at a 
given point p leaves out at least one line L, and if, locally, the plane sec- 
tions of ® parallel to L have uniformly bounded total curvature, then the 
following facts hold simultaneously at almost all points q of ®: the sur- 
face ® has a tangent plane TI at q. All plane sections (+11) of ® through 
p have a curvature’ ai p, and these curvatures satisfy the theorems of 
Meusmier and Euler. 


Received by the editors April 13, 1945. 

1 For curves compare Jessen [1], for surfaces Busemann-Feller [1], and for hyper- 
surfaces Alexandrov [1]. Numbers in brackets refer to the references cited at the end 
of the paper. 

? This formulation is due to Hjelmslev [2] and has the obvious advantage not to 
exclude polygons, polyhedrons, ruled surfaces, + «+. 

3 Compare Marchaud [1], Haupt (1], and §2 of the present paper. 

t This concept is due to Bouligand, see Bouligand [1]. The paratingens of # repre- 
sented parametrically by p(x, v} at (to, Yo) consists of all non-oriented lines G which 
are limits of sequences of non-oriented lines G(p(u;, 04), p(t», 2»)) with (uf, o) 
x (uty, D») and uy , upto, UF , Uy. For the definition of total curvature see the fol- 
lowing §1. 

3 More precisely the ordinary curvature as defined at the end of §1. 


583 


584 H. BUSEMANN AND W. FELLER [August 


It will be seen that the hypotheses can be somewhat reduced. Theo- 
rems (4.5) and (4.8) are believed to be of interest for the theory of 
real variables. 


1. Curves of finite total curvature. For aSisd let the point 
p(t) = (xlt), y()) of the (x, y)-plane describe a continuous curve C 
which is locally a Jordan arc: that is to say, for every że let there be an 
n(to) > 0 such that the mapping p(t)t is topological for |t— tol Sn(to), 
or @SiSa+n(a), or b—n(b) Si <b,’ respectively. 

The oriented straight line G is called a paralangent of C at fo if 
there exist sequences ff —%, t£’ —to with tf <té’ and such that the 
oriented line G(p(td), p(éd’)) =G(éd , td’) tends to G. If, in particu- 
lar, the two sequences can be chosen so that ¿g StpSt#’, then the 
paratangent G is called a tangent of C at to. If t¢’ Sty (t¢' =to), then 
G is called a left-hand paratangent (tangent) of C at to; right-hand 
tangents and paratangents are defined similarly.’ 


(1.1) The paratangent (tangent) of C at to is unique if and only if the 
one-sided paratangenis (tangents) of C at ty are unique and coincide. 


The statement is obvious, but it should be noticed that it holds 
only for oriented tangents and paratangents. 

The mean value theorem holds for these tangents in the following 
form: 


(1.2) If ti<t, and p(t) ¥p(te), then a value to between t and ty exists 
such that a suitable tangent of C at ta is parallel either to G+ =G(t, te) or 
to its opposite orientation G~.® 


A loop joining two points (far example, a strophoid) will show that 
a tangent parallel to G+ need not exist. The statement (1.2) is easily 
proved by considering the points of C for which the distance from Gt 
is maximal. 2 

For every ¢, 0S@<2z, define N(d) (possibly N(ġ)=œ) as the 
number of values ¢ for which a tangent of C at ¢ forms the angle ¢ 
with the positive x-axis. If N(@) is summable, x= [3"N(p)do is called 
the total curvature of C, otherwise put k= œ 

If the tangent T(¢) of C is unique for every ¢ and varies continuously 
with ż, then the end point of the unit vector with origin (0, 0) and 


5 The end points will frequently require similar obvious changes. but these will in 
general not be mentioned. 

7Qne-sided tangents or paratangents will be used as common word for right- 
hand and left-hand tangents or paratangents. 

7 iL curves given in the form y=f(x) this result (compare (3.1)) is due to Hjelm- 
slev [1]. 
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parallel to T(t) traverses a continuous curve on the unit circle whose 
(finite or infinite) length equals x.® This justifies the above nomen- 
clature. It will now be shown that curves of finite total curvature have 
an important property of convex curves. 


(1.3) THEOREM. A curve of finite total curvature has everywhere unique 
one-sided paratangents. 


Suppose that there exist two left-hand paratangents T” and T” 
at to Then at least one of the two angular intervals between T” and 
T’ has the property that to every line L contained in it there exist 
infinitely many chords of p(t) parallel to L. By the mean value theo- 
rem there exist therefore infinitely many points 4, such that a 
tangent at ¢, is parallel or opposite to L. Therefore, for every ¢ of 
one of the two angular intervals between T’ and T” either V(¢) = © 
or N(—¢)= œ so that N(ẹ) can not be finite almost everywhere. 

For any curve C let tọ be a value for which the one-sided para- 
tangents are unique. Then it is easily seen that the paratingens of C 
at fp, that is, the set of all paratangents at £to, is determined as fol- 
lows: Let Tı and-T2 be the two one-sided paratangents, TY and TZ 
their positive subrays with origin (to). Then either the angle be- 
tween Tj and TY has measure r, in which case the paratingens is the 
whole plane and we say that C has at ¢) a cusp; or Ty and T7 bound 
exactly one angle of measure w(é)) <r. This closed angle together with 
its vertical angle form the paratingens of C at tọ whose measure is 
defined as w(to). 

The importance of the last theorem is shown by the following. sim- 
ple facts: 


(1.4) If the curve C: p(t), aStSb, has everywhere unique one-sided 
paratangents then: 

(a) Every paratangent of Cis a tangent. 

(b) Lf t,t) —0 and T; is a tangent of C at t,, then T, tends to the left- 
hand tangent of C at to. 

(b’) If t,t, and the tangent T of C at to is unique, then T,->T. 

(c) For every n>0 the set of those values t for which w(to)> n is finite. 

(c’) The number of ts for which the paratangent of C is not unique 
ts at most countable. 


_ Tosee(a)let t? <t’ and t? —to, t!’ to, G , tf )G. Iki! Sty St,’ 
for infinitely many v nothing is to be proved. If 4 St/’ Sto, then 


5 This is a geometric formulation of a known theorem in the theory of real varia- 
bles; compare, for example, Saks [1]. 
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G(t/ , t’) tend by hypothesis to the same limit as G(t/ , to), so that C 
is a tangent. ' 

To prove (b) choose #) and #/’ with #7 St, Si <t) such that 
0 <4 —t/ <1/v and the smaller angle between G(t/, #/') and T, has 
measure less than 1/y. Then #/ —>t end G(t; , #/’) tends by (a) to the 
left-hand tangent of C at to. 

If (c) were not true, then a sequence #, with w{t,)>7 would exist. 
It may be assumed that 4,-f,—0. The two one-sided tangents of C 
at #, tend by (b) to the left-hand tangent of C at to, which contradicts 
the hypothesis w(t,) >n. If C has the finite total curvature x, the state- 
ment (c’) may be improved to > w(t,) Sx, where the t, are the values 
of ¢ where the paratangent is not unique. In particular, there are 
fewer than x/r cusps. 

The uniqueness of the one-sided paratangents allows us also to as- 
sociate with every tangent T of C at t an angle Y(t) between the tan- 
gent and the positive x-axis (f(t) not necessarily between 0 and 27) 
which, although multivalued, varies with ¢ in very much the same 
manner as when C has a continuous tangent; let 71<T2< +++ <T, 
denote the cusps of C; and put a =To, b=rry1. Then to<71, Te<7 p41. 
Consider a subare C;: r: St ST; of C. Define as tangents of C; at 7; 
and Tą the right-hand and left-hand tangents of C at r; and Tipu 
respectively. By (1.4b) there is for every T, 7:S7S7i4:1, a 8(7)>0 
such that the smaller angle between any two pzératangents of C for 
[r=] <8(r) (0Sr—r:<ô(r:), 0ST rT < 8(7541)) is less than r. A 
finite number of these intervals belonging to values h=T;<#< -> 
Lim=Ti} will cover the interval (Ti, 7.41) so that only consecutive 
intervals |ts—t| <6(r;) have common points. If we fix the value 
¥(r;)=Y(4:) arbitrarily, then the angle ¥(r) belonging to all ¢ in 

h —t| <ôlr:) is uniquely determined by the requirement that 
v(t) —(ri) | <x. The same requirement and the already defined 
value of ¥(#) for common points of |z: —ż] <6(t:), ¢=1, 2, determine 
W(t) uniquely for |i] <6(#). Continuing in the same way one de- 
fines Y(t) for all £ on C;. Notice that Y(r:+0)=¢(r;) and W(r.41—0) 
=W (Ti). i 

Now choose (a) so that 0 Sy (a) <2r. Then the angles (#) are de- 
termined for a St S7ı. As values Y (71) take those with Y (rı—0) SY (7) 
S(r —0)+r. As initial value on Cı choose ¥(r1—0)+7, then ¥(é) 
is determined on Cz, and so forth. A consequence of this determina- 
tion of Y(t) is that for any ¢ the limits ¥(¢—0) and ¥(¢+0) exist and 
that for any ¥(#) belonging to # either 


(1:5) y¢—0) sye) S¥(¢+0) or Y(E—0) SYD ZYE+0). 
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(1.6) If C has total curvature x, then for any a=h<h< +--+ <lin =b 
and any choice of the values Y(t,) 


> | Pia) — PE) | S x. 
For by (1.5) | "= 


> |v) — Kta) | s E| es tO — Yia — 0) 
+ D|¥G+0 — vi + OI. 


Now Y(t) takes on every value between ¥(#,+0) and (t;4;—0) at least 
once in (t; #441) and every value between y(¢;—0) and Y(t, +0) exactly 
once at f;, which proves (1.6). 

Let Ci, 7:StSriaz1, denote the same subarc of C as above. For 
every To the paratingens of C; at to leaves out at least one line L’. 
Choose the perpendicular L to L’ as an x’-axis and L’ as a y’-axis. 
Then for a suitable ô>0, the subarc |t)—¢| $6 has a representa- 
tion y’=f(x’), —6,:Sx’S6&, 6,>0, and the difference quotients 
(f (xt) —f (xd ))/ (xi —xz ) are bounded” in (— ô, 52), since the para- 
tingens of C at to is a closed set. Therefore the arc |t—t| $8 of C 
has the finite length f3 {1+’2(x’)}/%dx’. A trivial application of the 
Heine-Borel theorem yields that C; has finite length, so that C is 
also rectifiable. Introduce the arc length s as parameter on C, and 
let ¥(z) become the function ¢(s). Let ¢*(s) denote any of the values 
o(s). Then $*(s) has by (1.6) bounded variation so that 6*’(s) exists 
for almost all s. If $(s) denotes any other value of ¢(s), then because 
of (1.5), @’(s) exists and equals ¢*’(s) whenever ¢*’(s) exists. There- 
fore we shall simply speak of $’(s). Whenever ¢’(s) exists, the tangent 
T(s) of Cis unique. . . 

The geometric equivalent to the existence of #’(s) is this: Let x(s) 
be the normal to T(s) at p(s), and denote by »(s+) the normal to 
any tangent of Cat (s+h), and by d,(h) the distance (possibly œ) of 
the intersection of »(s) and v(s+h) from p(s). Then 1 /d,(h)—|$'(s) |, 
and |’(s)| is the so-called strong curvature of C at s. 


(1.7) A curve of finite total curvature has almost everywhere (with re- 
spect to the arclength s) a finite strong curvature. 


The (ordinary) curvature of C at a point s where C has a unique 
tangent T(s) is defined as follows: Let r,(k) denote the radius (pos- 
sibly ©) of the circle which has tangent T(s) at p(s) and passes 
through p(s+4). If 1/r.(z) converges, then the limit is the curvature 


10 Compare Bouligand [1, p. 123]. 
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of C at s. For any curve the existence of the strong curvature 
lim (1/d,(%)) implies the existence of the curvature lim (1/r,(h)); 
for convex curves the converse holds." This is not necessarily true 
for curves of finite total curvature. 


2. Examples. Before passing on to surfaces, we exhibit three ex- 
amples of curves. (a) We show that curves of finite total curvature are 
really essentially more general than convex curves. This will be ac- 
complished by constructing a curve with N(¢)<3 which is not the 
union of a countable set of convex arcs and a set of measure 0. (b) We 
prove the statement at the end of §1. (c) We show that finiteness of 
the order is not an adequate generalization of convexity. 

Let xı, Kọ +++ be any finite or countable number of closed disjoint 
subarcs of a semicircle x. Denote by «/ the image of Kk, under the re- 
flection in the line G(a,, b,) connecting the end points a,, b, of x,, and 
replace x, by «x, for every v. The curve C’ thus obtained from x has 
N($) <3. If the «, are chosen so that the set «x—) x, is a nowhere - 
dense subset of x with positive measure, C’ will not be the union of a 
countable number of convex arcs and a set of measure 0. 

It requires a little more to find an example for (b). With the same 
notation as before but arbitrary x, take a subarc «* of x/ whose end 
points ay and b; are close to but different from a, and 6,, respectively, 
and replace «* by its image x,’ under reflection in G(a,, b/). For the 
curve C” thus obtained from C’ the function N(¢) is at most 6. 

Now let x be the semicircle x20 of the circle x?+y?=1, and E 
any curve which passes through (0, 1) and lies except for (0, 1) en- 
tirely in the unit circle and has there y=1 as tangent, and curva- 
ture 1. Then any curve between x and E through (0, 1) will have 
curvature 1 at (0, 1). Now choose a,=(cos (a/2?~), sin (1/2?-})), 
b, = (cos (7/27), sin (/2”)) and a; and b; so close to c, and b, that 
the arc xy’ lies between «x and E. Then C” has curvature 1 at (0, 1). 
But it does not have a strong curvature at (0, 1); for a parallel P, 
through a, to the radius of x from (0, 0) to b, is a normal to C” at a. 
The equation of P, is y—sin (4/2”~!) =tan (9/2) (%—cos (7/2”—)), 
hence P, intersects the x-axis, which is the normal to C’’ at (0, 1), at 


sin (4/2?!) 
tan (1/2?) 


Curves of order 3 are the union of at most 4 convex arcs’? and 
have therefore all differentiability properties of convex curves. 


xy = cos (4/221) — 


1 See Jessen [1]. 
12 See Marchaud [1, p. 88, Théorème IV]. 
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Haupt”? constructed an example of a curve of order 4, where at a 
set u of positive measure the paratingens is the whole plane. The 
strong curvature can, of course, not exist at any point of p. An ex- 
ample of a curve of order at most 8 with the same properties can easily 
be constructed as follows: With the above notations choose the x, 
agairi so that x—)> x, is nowhere dense and has positive measure. 
Construct a semicircle % with two suitably chosen points ¢,, d, of x, 
as end points such that & is contained in the circular segment S, 
bounded by x, and the chord from a, to b,. Let Č be the curve obtained 
from x by replacing the arc from c, to d, by &. Since any straight line 
intersects at most two segments S,, and has at most 4 common points 
with the subarc of C in S,, it follows that C has at most order 8 (ac- 
tually it has order 6). The paratingens is the whole plane at every 
point of x—}_ «x. If the corners of Č at c, and d, are smoothed off by 
changes taking place in a sufficiently small neighborhood of c, and d,, 
a curve C’ is obtained, where the tangent exists and is continuous, 
hence the paratingens is everywhere a straight line, but the strong 
curvature exists at no point of x—)_>x,. The question whether a curve 
of finite order has almost everywhere an ordinary curvature is open. 


3. Auxiliary facts on real variables. The results of §1 can be applied 
to surfaces ®: p(u, v)=(x(u, v), y(u,v),2(u,v)), — © <u, v< %, ina 
Cartesian (x, y, 2)-space with the following properties: 

I. For every pair (ato, vo) there is a 8(uo, vo) >0 so that the mapping 
plu, v)—>(u, v) is topological for |u—uo| <ô and |v—v0| <ô. 

II. For every (tto, vo) there is at least one line L not contained in the 
paratingens'4 of $ at (uto, vo). 

Ill. There is a positive 6'<8 such that planes parallel to L intersect 
the part |u—uo| $8’, |v—v0| $8’ of $ in curves of uniformly bounded 
total curvature. 

Some observations to explain the content of conditions II and III 
are in order: 

There is a positive 6* < ô such that with L as 2’-axis and the plane II 
perpendicular to L as (x’, y’)-plane the part |u —uo| <8*, |v—v0| <d* 
of ® is represented in the form 2’=f(x’, y’), where (x’, y’) traverses 
some open set I in II containing x’=0, y’=0. Clearly the number 6* 
may in addition be chosen so that the difference quotients are 
bounded, that is, 


| flav, of) — fed, of) | {Cal — 28)? + Of — fp <M 


% See Haupt [1]. 
H See footnote 4. 
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for (xi, y! )ET. The planes parallel to Z intersect therefore for 5’ < 6* 
the part |u—uo| $8’, |o—v| $8’ of ® in Jordan arcs of the form 
p(u(t), v(f)) so that the concept of total curvature becomes applica- 
ble. The set |u—u| <8’, |v—vo| <ô’ corresponds to. an open set T” 
in If which contains x’=0, y’=0. Therefore an 7>0 exists such that 
the domain | x’| <n, | y’| <% is contained in T”; it corresponds to some 
open set A containing (wo, vo) in the (u, v)-plane. 

This leads to a function f(x’, y’) with the following properties: 

(a) f(x’, y’) is defined and continuous for | x’| <4, |y] <7. 

(b) [fel y) -F I| Gel —x£)°+ Of n M o. 

(c) All sections ax'+by'+c=0 with z’=f(x’, y’) have total curva- 
ture less than x< %, 

Before proceeding to prove the result mentioned in the introduc- 
tion, some facts on functions of a real variable will be recalled. Let 
f(x) be defined and continuous for a Sx <b. The mean value theorem 
(1.2) becomes then :° 


(3.1) If aSxi<x2Sb then an xo between xı and x, and a tangent of 
y=f(x) (tangent in the above sense) at xo exist whose slope f* (xo) satisfies 


the relation f*(x0) = {f (x2) —f(x1)}/{x2—m}. 


The first and second Schwarz derivatives D'f(xo) and D’’f(xo) of f 
at xo are defined by. 


Slave + h) — flao — 1) 
2h 
Dla) = lim Slao +h) + (mo — h) — 2f (mo) © 


a0 h? 


D'f(%0o) = lim 
a0 


If f’ (xo) exists, then D’f(x») exists, but not conversely. However," if 
D'f(xo) exists in a set of positive measure E then f'(x) exists almost 
everywhere (a.e.) in E. 

Let the difference quotients of f(x) be bounded by M and let the 
total curvature of y=f(x) be at most x. If f*(x) denotes the slope of 
any tangent of y=f(x) at x, it follows from §1 that f*(x) has variation 
Vsx(1+M?)"?, The derivative f'(x) exists a.e. in (a, b). At all points 
where f'(x) exists, the existence of /*’(*) for one function f*(x) im- 
plies the existence of the derivative for every other slope function, 
and the derivatives are equal; they will be denoted by f’’(x). 


18 This is a special case of the general and deeper theorern of Marcinkiewicz and 
Zygmund [1] that the existence of thekth Riemann derivative of f(x) in a set E of posi- 
tive measure implies the existence a.e. in E of the kth de la Valée Poussin derivative, 
because the &th Riemann derivative coincides for k =1, 2, with the Schwarz derivative. 
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If f’’(x) exists then D/’f(x.) and the so-called second de la Vallée 
Poussin derivative ' 


d' f(x) = lim Z pREP TAE taca. KO) 
h h 
exist and equal f’’ (x9). The existence of f’’(xo) and d'’f(xo) are equiva- 
lent to the existence of the strong and ordinary curvatures of y =f(x) 
at x! respectively. 
d’'f(%) may exist in a set E of positive measure, without f''(x) exist- 


ing anywhere in E." If d’’f(xo) exists, then D”'f(x,) exists but not 
conversely, however :'§ 


(3.2) If D''f(x) exists in a set E of positive measure, then d''f(x) 
exists a.e. in E. 


If f(x, y) is defined and continuous for |x| 3%, | y| S7 all these con- 
cepts can be applied to derivatives of f(x, y) in a given direction a 
and lead to concepts like fÆ (xo, Yo), fa (£o, Yo), Da f(%0, Yo), fa’ (£o, Yo), 
Dd’ f(x0, Yo) and da’ f(x0, yo), where, for example, 


A . 
Dé (x0, Yo) = lim rr {Czo + h-cos a, yo + ksin a) 

: — f(x — h+cos a, Yo — h-sin a) },' 

fe + h-cos a, Yo + k-sin a) — f(%0, yo) 


2 
dd S(xo, Yo) = lim p h 


— fd (a0, w} . 


For fixed « the set where any one of these derivatives exists is meas- 
urable. 
For any interval I: x’ <x <x”, y’<y<y" put 


AL, f) = fle, y) + fe" 9") — fle 9) — fle", 9’). 


The variation of f in the rectangle S: |x| <ô, |y] <ô is defined as 
V(f, S) =supu, 2-| AC, f)| where [Z] traverses all finite sets of non- 
overlapping intervals in S. To establish V(f, S) SM it suffices to show 
Vif, S’)<M for every rectangle S’: |x| <8’<6, |y| <6” <86. If 
V(f, S) is finite, f(x, y) is called of bounded variation in S in the sense 
of Lebesgue. According to a fundamental theorem of Lebesgue’® 
V(f, S)< œ implies that almost everywhere in S 

16 Compare Busemann-Feller [1, p. 7]. 

11 See Denjoy [1]. 

18 See Lebesgue [1] or Saks [1]. 
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(3.3) lim AU, f)/| I,| = F(xo, 90), | I,| = area of I, 


exists and is finite, provided (xo, Yo €T, and the sequence {r} is 
regular, that is, if k, and k, are the sides of J,, then 


© h h, 
(3.4) 0 < lim inf = < lim supz < ©. 
v L 


4. The existence of the second differential. After these prepara- 
tions we show first: 

(4.1) If f is defined and continuous for |æ] $4, |y] Sô and if for 
some a, 0<a<7/2, the slopes of the sections x sin a +y cos a=const. of 
z=f(x, y) have variation at most B, then f(x, y) has in S: |x| <6, 
|y] <ô at most variation 28B /cos a and z=f(x, yì kas a tangent plane 
a.e., that is, the derivatives fg exist simultaneously for all B and 


(4.2) fs = fo cos B + fin sin B. 


Proor. For given 6’, 6’’<6 choose a rational number r=p/q so 
that ô” Srô’-tan æ< ô. For any N that is divisible by g let 7% denote 
theinterval [(u—1)/N—1]6’<x<(u/N—1)6, {(v—1)/N—r} é‘tana 
<y<(vo/N—r)é’ tana, w=1,---,2N;v=1,---, 2Nr=N’. Then 
the diagonals of IX are along lines x-sin a-+y-cos a=const. Since 
f(x, y) is continuous it suffices to show that 


2N,N’ ` 
(4.3) E |A f) | S 2'B/cos æ for every N divisible by q. 


pral 


Let pw(s, #) denote the point x=6’[(2u—1—2N+s)/(2N)], y 
= 6’ tan a[(2v»—1—27N++#)/(2N) |] so that p,,(0, 0) is the center of 
IN. Then 


Allin P) = {Ulat 1) — Khal, 0))] — [fu.(0, 0) 
— Kal 1, — 1) — {elt — 1) — f(6,-(0, 0))] 
— [Apa0 0)) — f(du(— 1, 1)))}. 

Hence by (3.1) 


Allan f) = (8°/(2N cos a)) {Salpa 0) 
— fa(Pu— 6, — 6))} — (8’/(2N cos a)) 
{fr a(Pur( 6, — P) — falpu — 6, 69)}, 
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a 


where 0<6*<1 and the @* depend on y and v. Therefore 


= Alm f)| S @/QN cos a)) 5 DX | f(a, 0) 


Krol Awl p—rmà 


= fe oe , a 63)) | 
+ (8’/(2N cos a)) x E | fe*Pur(6, — e) 


Awd pred 
= Jë (Pur — 6, #)) |. 
Since the variation of ft, along the lines x-sin a+y-cos a=const. 
is at most B and w—v=) implies that p,,(@', 6) and p,»(—6?, —6?) 
lie on the line x-sin a—y-cos a= 6\—sin a—r-cos & the relation (4.3) 
follows. 

The derivative fa (x, y) exists a.e. along a fixed line x-sin æ 
—y-cos a=const. Since the two-dimensional set where fe exists is 
measurable, it follows that f/ (x, y) exists a.e. in |x| <8, |y] $8. De- 
note by N; the set of measure 0 in S where either f/ or f/. or the set 
derivative F(x, y) of f(x, y) does not exist. If (xo ys) ES— N, and 
k=h-cos a, /=h-sin a, then 


a Yo) = lim {fla + k, yo +D + f (x0, Yo) 
— fleo + k, y) + f(s yo + D } 


1 
= lim — {— f(z + k, yo — )) — f(xo, Yo) 
kl 
+ f(xo + k, Y) + f(x, yo — D}. 


Hence 1 


2F (xo, Yo) = lim (k sin a)" patani? ie 
h 
«Sf (#or Yo + 2) — flo Yo — ai 
E I yee AA SE SA 
2} 


. (4.4) 


The first two terms in the braces tend to fg (£o, yo) and f2.(%o, Yo) re- 
spectively, therefore the last term converges, that is, Dijf (£o Yo) 
exists. Similarly DdY(xo, yo) exists. It follows from the last section 
that fy and fly exist a.e. in S— N, so that fo , fi Jta and F exist in S 
except for a set No N; of measure 0. 
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Let (xo YYES—N:; 0<8<r, B*r/2, and put h-cos B=k, 
h-sin 8 =}. By transforming (4.4) it follows that 


i 
F(a yo) = lim (B+8in B cos p)~ £ EE E A A 


cos 8 





(f(x + k, yo) — f(a, Y0)) 


T — (f(x. Yo + 2) — f (eo, D : 


The last part in the braces tends to —cos Sf —sin bfi; hence the 
` first part converges and (4.2) follows. 

This theorem leads to the following main result on functions 
f(x, y) for the present paper. 


(4.5) THEOREM. If f is defined and continuous jor |x| <8, |y| £8, 
and if the slopes of the sections y =const. and x-sin aty:cos @=const., 
for some fixed a, 0<a<1/2, have variation at most B, then the following 
facts hold simultaneously almost everywhere in S (|x| <6, |y| <8). 

(1) The set derivative F(x, y) of f(x, y) exists. 

(2) 2=f(x, y) has a tangent plane. 

(3) dg’ f(x,y) exists for all B in the following strong sense: 


dg’ f(x0, Yo) 
(4.6) ii 2 {f(aot+h-cos B, yot h-sin B)—f(xo, yo) 
a ovat ot ge (£o, Yo) 


and 


(4.7) dg f = dy f cos? B + 2F-cos £ sin 8 + dijo sin? $. 


Proor. By (4.1) and previous remarks the following statements 
are true except for a set N; of measure 0: ff exists for all 8 and 
Jd =fé cos B+f2. sin B; the derivatives dj’f and daf exist. It is im- 
portant that in the first part of this proof only the existence of d'f 
is used and not the fact that the slopes of y=const. have variation 
at most B. Let (xo wo)GS—WNz. Put fols, )=f(xots, yot?), 
fo=f(0, 0) =f(xo, Yo) and k=h-cos a, /=h-sin a Then 


sin æ cos a F(x, yo) = lim W? folk, D + fo — folk: 0) — f(0, D} 
= lim {fo + fo(— k, — D 
— fo(— &, 0) — fol0, — D}, 


\ 
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hence A 


2-sin a cos a F(0, yo) = lim te folk, D +f k -D) — of) 
— k cos? a(fo(k, 0) + fol — k, 0) — 2fo) 
— I? sin? a(fo(0, 2) + f(0, D — 2fo)}. 


The first two terms in the braces tend to Dd f=d2'f and — cos? aDj'f 
= —cos? adj’ f, hence the last term converges, so that Dif (xo, Yo) ex- 
ists. By (3.2) the derivative d{/.f will exist except at the set NsD Ns 
of measure 0. 

Let (xo, vo) ES— N, and B—§6*, then by (4.2) 


félon yo) = fo cos Ë + frye sin Ë — far(z0, Yo). 


If k=h-cos 8, /=h-sin B, and 0 <8* <x, 6* 2/2, then the regularity , 
condition "A is satisfied for h—0 and B—8*. Therefore 


folk, Î) fo "i 
2 sin B. cos JE (zo, S Pis im G t. s) 


_2 =< (ees. — folzo, >») 
2 aie (e-r. fin (or sw) 


The last part of the terms in braces tends to d{’f(xo, Yo) cos? 6* 
-drp sin? B*, respectively. Therefore the first part has a limit, which 
proves (4.7) for all 6* and (4.6) for B*0, 2/2. The proof fails for 
these two values because the regularity condition (3.4) does not hold. 
- However, we now apply our result to the coordinate system 
=x sin a/2+y-cos a/2, 7=—x-cos a/2+y-sin a/2. The lines y 
=const. and x-sina+y-cosa@=const. have then the equations 
-sin a/2-+7-cos a/2=const. By hypothesis the slopes of these lines 
have variation at most B; moreover, it was proved that d’’f exists 
along the lines 7=const. As was pointed out in the beginning, the 
first part of the proof used only the existence a.e. of d’’f along 
y=const., hence it follows that (4.6) holds for all directions except 
those parallel to the $- or y-axis; (4.6) holds therefore in particular in 
the direction of the old x- and y-axes. This completes the proof of 
(4.5). A simple application of (4.6) and (4.7) yields 


(4.8) COROLLARY. Under the assumptions of (4.5) the function f(x, y) 
has almost everywhere a second differential in the sense of Stolz, thatis, 
the relation 
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Tato + hy yo + k) = fo, yo) + hfola, y) + hfa 
(9 + (kedo f + 2h-k-F + kèdinf)/24 o(h? + k) 
holds for almost all xo, Yo. 

Relation (4.9) implies that 


F(x, y) = om. {flo + k, yo + k) + f (x0, Yo) 
i — feo + h, yd) — (x0, yo + 2} 


without any regularity condition. If fi and ff. exist in a neighborhood 
of (Xo, Yo) it follows that the mixed partial derivatives 0°//dx-dy and 
Of /dy-dx exist at (xo, yo) and equal F(xo, yo). A similar interpretation 
can be given to F(%o, yo) in the general case, however this question 
is alien to the geometric purpose of the present paper. 

The theorem of Euler on the curvatures of the normal sections of 
2=f(x, y) at (£o, vo) follows from (4.2) and (4.7) alone.?® In the pres- 
ent case both the theorems of Euler and of Meusnier follow immedi- 
ately from (4.9). For it follows from II of §3 that the paratingens at 
(xo, Yo) does not contain the normal to the tangent plane H of 
z=f(x, y) at (xo, Yo). If (4, J, Z) are new coordinates with I as 
(ž, ¥)-plane and (x9, yo) as origin, then z=f(x, y) will in a neighbor- 
hood of (0, 0) = (xo, vo) be represented in the form #=f(#, 9). Then 
o((x—x)?+ (y —40)”) =0(4?+- 9). The relation (4.9) is equivalent to 
the statement that f(x, y).coincides, in a neighborhood of (xo, yo), ex- 
cept for o((x—xc)?-+(y—yo)”), with a paraboloid a; -+a:% +asy +a4x? 
+asxy-+agy?. This same paraboloid written in the new coordinates 
will approximate Z=f(#, 7) up to o((*—x)?-+ (y —yo)*) =0(#2+ 97). In 
the new coordinates (4.9) reads as 


(4.9) fle, 9) = (Edo f + 2-8-9-F + Pdr pf)/2 + of + 7) 
from which it follows that 
(4.10) ds f(0, 0) = cos? pda f + 2-cos 8 sin BF + sin? Bdzjof. 


But now dg’ f(0, 0) is the curvature of the section #-sin 8B-+4%-cos 8 =0 
with =f(#, 7), so that (4.10) is Euler’s theorem. 

Meusnier’s theorem can easily be derived from (4.9’) in the follow- 
ing form (cf. Bouligand [1, p. 120]): Suppose that the surface 
z=f(x, y) has a second differential in the sense of Stolz (cf. (4.9)) 
at P=(xo, vo, fixo, Yo)). Then any two curves on the surface with the 


E Compare Busemann-Feller [1, pp. 28-29]. 
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same tangent and same osculating plane at P have there the same curva- 
ture; and the circles of curvature of all plane sections with a given tangent — 
at P lie on a sphere. 

We apply these results to the neighborhood |x’| £7, |y’| Sa of 
(a), (b), (c) of §3. Because of (b) the Lebesgue area of the surface 
2! =f(x', y’) over | x’ rl Sn, |y | S7 is finite; it equals the area of the 
corresponding piece A of the original surface ®, where A is the closure 
of the open set A in the (u, v)-plane corresponding to Jæ] <n, 
|y’| <n. In order to avoid the known difficulties regarding the ad- 
ditivity of area, observe that ® is, according to Lindeléf’s theorem, 
covered by a countable number of sets A. This yields the result of the 
introduction, which may be stated more precisely as follows: 


(4.11) THEOREM. If the surface ® satisfies the hypotheses 1, II, III 
of §3, then ® is the union of a countable number of pieces A of finite 
area, such that for almost all points q of A the following statements hold 
simultaneously: ® has a tangent plane II at q. All curves on A through q 
which have an osculating plane, but different from m, have a curvature 
at q; and these curvatures satisfy the theorems of Euler and Meusnier. 
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INTEGRAL DISTANCES 
NORMAN H. ANNING AND PAUL ERDÖS 
In the present note we are going to prove the following result: 


For any n we can find n points in the plane not all on a line such that 
their distances are all integral, but it is impossible to find injinitely many 
points with integral distances (not all on a line).* 


Proor. Consider the circle of diameter 1, x?+y?=1/4. Let 
bu po, +++ be the sequence of primes of the form 42-++1. It is Well 
known that 


p= ath, a0, 3:0, 


is solvable. Consider the point (on the circle x?-+y?=1/4) whose dis- 
tance from (~—1,/2, 0) is b;/p;. Denote this point by (x;, y:). Consider 
the sequence of points (—1/2, 0), (1/2, 0), (xs, y), 1.2, +--+. We 
shall show that any two distances are rational. Suppose this has been 
shown for all 7<j. We then prove that the distance from (x;, y;) to 
(x3, y4) is rational. Consider the 4 concyclic points (—1/2, 0), (1/2, 0), 
(x, va), (x; yi; 5 distances are clearly rational, and then by Ptolemy’s 
theorem the distance from (x;, y.) to (x; y;) is also rational. This 
completes the proof. Thus of course by enlarging the radius of the 
circle we can obtain z points with integral distances. 

It is very likely that these points are dense in the circle x?++y?= 1/4, 
but this we can not prove. It is easy to obtain a set which is dense on 
x?-+-y2=1/4 such that all the distances are rational. Consider the 


Received by the editors February 20, 1945. 

1 Anning gave 24 points on a circle with integral distances. Amer. Math. Monthly 
vol. 22 (1915) p. 321, Recently several authors considered this question in the Mathe- 
matical Gazette, 
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point xı whose distance from (—1/2, 0) is 3/5; the distance from 
(0, 1/2) is of course 4/5. Denote (—1/2, 0) by Pi, (1/2, 0) by Pz, 
and let a be the angle P2P1X1. a is known to be an irrational multiple 
of r. Let x; be the point for which the angle PPX; equals ia; the 
points X; are known to be dense on the circle X?+-y?=1/2, and all 
distances between x; and x; are rational because if sin a and cos @ are 
rational, clearly sin jæ and cos 7a are also rational. 

To give another configuration of n points with integral distances, 
let m? be an odd number with d divisors, and put 


2 2 2 
m = i — Yi. 


This equation has clearly d solutions. Consider now the points 


(m, 0), (0, y:) i = 1, 2, Sey 


It is immediate that all the distances are integral. 

These configurations are all of very special nature. Several years 
ago Ulam asked whether it is possible to find a dense set in the plane 
such that all the distances are rational. We do not know the answer. 

Now we prove that we cannot have infinitely many points 
Pı, Pa, +++ in the plane not all on a line with all the distances P;P; 
being integral. i 

First we show that no line L can contain infinitely many points 
Q1, Qz, +++. Let P be a point not on L, Q; and Q; two points very 
far away from P and very far from each other. Put d(PQ;)=a, 
d(0,0;) =b, d(PQ;) =c. (d(A, B) denotes the distance from A to B.) 


(1) esat+6b-1. 
Let Q,R be perpendicular to PQ;. We have 


a < d(PR) + (d(Q:R))?/d(PR), b < d(Q;R) + (€@Q.R))?/d(Q;R). 


Thus from (1) 
1 


tp)! 
«PR IOR) 


which is clearly false for a and b sufficiently large. (d(Q:R) is clearly 
less than the distance of P from L.) This completes the proof. 

There clearly exists a direction PyX such that in every angular 
neighborhood of P:X there are infinitely many P;. 

Let Pe be a point not on the line P, X. 

Denote the angle XPP: by a, 0<a <r. Evidently the P; cannot 
form a bounded set. Let Q be one of the P; sufficiently far away from 





` 


owh 
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Pı, where the angle QP:X equals = (e sufficiently small). Denote 
d(P;, P2)=a, d(P1, 0)=b, d(P2, Q)=c. We evidently have 

c? = a? + b? — 2ab cos (a — €). 


a, b, c all are integers. From this we shall show that if b and c are 
sufficiently large, e sufficiently small, then 


(2) c = b — c cos a. 
Put 
c = b — acosa +ô, 6> 0. 
Then 


(b — a cos a + ô)? = b? — 2ab cos a + a? cos? a + 25(6 — a cos æ) 
+ 52 > a? + b? — 2ab cos (a — e) 


if b is sufficiently large and e sufficiently small. Similarly we dispose 
of the case ô <0. Thus (2) is proved. 
From (2) we have 


a? -+ b? — 2ab cos (a — e) = b? — 2ab cos a + a? cos? a 


or 
a? sin? a 
cos (æ — e) — cosa = 
2b 


Thus we clearly obtain 
e < 61/b. 


Thus clearly all the points Q; have distance less than cz from the line 
PX, Let Qi, Qz, Qs be three such points not on a line, where d(Q.0;) 
are large. Let QiQ3 be the largest side of the triangle 010203. Let QoR 
be perpendicular to 0:03. We have as before 

4(Q:03) S d(Q1, Oz) + 4(Q203) — 1; 


also 
d(Q102) — d(QiR) <e,  d(Q:0:) — d(QaR) < € 


an evident contradiction; this completes the proof. 

By a similar argument we can show that we cannot have infinitely 
many points in n-dimensional space not all on a line, with all the dis- 
tances being integral. 
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THE CONTROL OF AN ELASTIC FLUID 


H. BATEMAN 


1. INTRODUCTION 


1.1. Introduction. Mathematicians should pause periodically in 
their own work and peruse the progress in astronomy, biology, chem- 
istry, economics, engineering, and physics to see if recent advances 
in these fields suggest problems of mathematical interest. One reason 
why the Gibbs Lectureship was founded was, indeed, to facilitate a 
fruitful friendliness between mathematicians and other scientists. 

The subject of control is now very important and promises to be 
so in the future. Much has been written about the control of the air, 
the control of ships, airplanes, balloons, bombs, gliders, robots and 
torpedoes. The regulation of rotation became important in the early 
days of the telescope and steam engine. The related problem of sta- 
bility is important now for electric motors, marine engines, hydraulic 
turbines and the generating plants for the distribution of gas and 
electricity for there is generally an economical speed of operation. In 
radio telegraphy a certain speed may be needed in order to get a de- 
sired frequency. 

Controls are necessary in the chemical industries and in mining. 
They are useful in entertainment and were much needed when arc 
lights were used for illumination. Fountains which begin to play auto- 
matically at sunset are used at exhibitions. Appold’s home in London 
had many automatic devices to interest visitors. 

The control of conditions under which observations are made is of 
great importance to the astronomer, the physicist and the aeronauti- 
cal engineer. The designer of an engine plans to regulate the flow, 
pressure, temperature and composition of his working fluid so that the 
engine will run smoothly and economically. 

The control of combustion may be important not only for economi- 
cal reasons but also to avoid the production of smoke. On the other 
hand this production may be desirable sometimes when a smoke 
screen is needed. In such a case there should be flexibility of control. 
The subject of control is important also in refrigeration, air condi- 
tioning and the preparation of food. Great attention is being paid to 
human comfort. We are in an era of air conditioning on a large scale 


The seventeenth Josiah Willard Gibbs lecture delivered at Chicago, Illinois, 
November 26, 1943, under the auspices of the American Mathematical Society; re- 
ceived by the editors April 2, 1945. 
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and this requires the solution of many problems of control. It is now 
understood throughout the land that the provision of the proper at-., 
mospheric conditions for the comfort of workmen and the perform- 
ance of good work is even more important than the regulation of the 
supply of air and fuel to an engine. Precise weather is needed for 
precision work and for the manufacture of instruments of precision 
such as gauges. Proper air conditioning is needed for the production 
of quality fabrics. The proper temperature must be maintained when 
stained glass windows are being made. In small arms munition works 
where dry explosives are handled there is inevitably a certain amount 
of dust and for safety the amount must be regulated. A gas company 
must regulate the pressure of gas which it distributes and must also 
regulate the composition so that an escape of gas may be readily de- 
tected by the odour of the escaping gas. Controls are needed for the 
safety of miners and of workmen in many industries. In the purifica- 
tion of drinking water the rate of supply of chlorine must be regu- 
lated. 

The subject of control is clearly an enormous one and it is well to 
bear in mind that advances made in one branch of the subject are 
sometimes useful in another. A recent aerodynamical torque trans- 
mitter for the regulation of a marine engine! is based on a principle 
used in the Remarex carbon dioxide recorder in which there are two 
pairs of vaned discs, one pair running in air and the other in the flue 
gas to be tested for CO: content. The torque transmitter is intended 
to prevent the marine engine from racing when,.cwing to the pitching 
of the ship, the propeller leaves the water. 

Thus advances in marine and aeronautical engineering may depend 
on advances in chemical engineering. They may depend also on ad- 
vances in electrical engineering. In wind tunnel research it is impor- 
tant to be able to regulate the velocity of the air moving through the 
tunnel and one way of doing this has been provided by the extensive 
work on amplidynes made by the General Electric Company. A large 
adjustable-speed wind tunnel drive based on tke use of amplidynes 
is described in a paper by Clymer? 

In acoustical research it is often necessary to control the vibrations 
of air in a room. In reverberation work, for instance, the generator of 


1 Aerodynamic marine-engine governor, Engineering vol. 157 (1944) pp. 447-448. 

2 C, C. Clymer, Large adjustable-speed wind-tunnel drive, Transactions of the Amer- 
ican Institute of Electrical Engineers vol. 61 (1942) pp. 156-158. Many applications 
‘of the amplidyne in closed cycle controllers or regulating systems are described by 
F. E. Crever, Fundamental principles of amplidyne applications, ibid. vol. 62 (1943) 
pp. 603-606. 
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sound may be required to produce a pure tone for a certain length of 
time. If a loud speaker is used and the drive is furnished by an elec- 
tric current the frequency must be controlled. Sometimes a pure tone 
is obtained electrically with the aid of an electrical filter. The theory 
of acoustic and electric filters belongs to the larger subject of the con- 
trol of vibrations which is important also as it is desirable to eliminate 
as far as possible the noise and unpleasant vibrations associated with 
the use of machinery. Much attention has been paid in recent years 
to the problem of the muffler, the damping of the torsional vibrations 
of crankshafts and the avoidance of dangerous oscillations in hydrau- 
lic transmission lines. 


1.2. Quantities which it may be desirable to control.’ 
1. The temperature T. 
2. The total density, p, or its reciprocal the specific volume. 
3. The speed g or the component velocities u, v, w. 
4. The mass flow per unit area g. 
5. The pressure p. 
6. The heat content or enthalpy H. 
‘ 7. The rate of chemical action, evaporation or condensation. 
8. The coefficient of heat transfer. 


3 For the control of temperature reference may be made to E. Griffiths, Thermo- 
stats and temperature-regulating instruments, Griffin, London, 1943; Th. J. Rhodes, 
Industrial instruments for measurement and control, McGraw-Hill, New York and 
London, 1941; R. L. Weber, Temperature measurement and control, Blakiston, Phila- 
delphia, 1941. For the control of various physical quantities see M. Jakob, P. Gmelin 
and J. Kronert, Physikalische Kontrolle und Regulierung des Betriebes, Part I, Leipzig, 
1932, Lithoprint, Edwards Brothers, Ann Arbor, Mich., 1943. For matters relat- 
ing to heat transfer and evaporation see W. H. McAdams, Heat transmission, 
McGraw-Hill, New York, 1942; also A. Fono and C. H. Fielding’s papers in Engineer- 
ing vol. 149 (1940) pp. 79-82. In the theory of hydrogen cooling a mathematical 
theory of the shaft sealing system is given by D. S, Snell, The hydrogen-cooled turbine, 
Transactions of the American Institute of Electrical Engineers vol. 59 (1940) pp. 35- 
50. For the recent work on detonation and the physics of flames reference may be 
made to the book of Bernard Lewis and G. v. Elbe, Combustion, flames and explosion 
of gases, Cambridge, University Press, 1938, and to their paper, Stability and structure 
of burner flames, Journal of Chemistry and Physics vol. 11 (1943) pp. 75-97. For 
problems of control in the chemical industry reference may be made to the article 
by H. Seiferheld, Die Regeltechnik in der chemischen Grossindustrie, Zeitschrift fur 
Technische Physik, vol. 18 (1937) p. 409 and to a paper by M. Ruhemann, Equilib- 
rium of liquid and vapour in a rectifying pan, Physica vol. 4 (1937) pp. 1157-1168, in 
which use is made of some equations given by F. Bošnjaković. For the electrical pre- 
cipitation of particles and fumes in gases reference may be made to the work of F. G. 
Cottrell, Electrical dust and fume precipitation, Bulletin of the American Institute of 
Mining Engineers vol. 67 (1912) pp. 667-675, discussion, pp. 675-680. 
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9. The velocity of propagation of ignition, detonation or wave mo- 
tion. | 
10. The increase or rate of increase of the entropy. 


1.3. Types of motion which it may be desirable to produce or avoid. 

1. Motions characterized by a certain degree of turbulence such as: 

a. Laminar motion in which there is no turbulence. 

b. Flow that seems steady but is really turbulent. 

c. Tumultuous flow. 

d. Swirling flow which is desirable for efficienz mixing and good 
combustion. 

e. Flow in which the stream breaks away from the boundary at a 
selected place. 

f. A standard type of turbulence for comparable results in differ- 
ent wind tunnels. 

g. Pulsating flow. 

h. Flow in which there is a decided rotation about a fixed axis or a 
mean direction of motion. 

2. Motions in which there is a specified relation between p and p 
(barotropic flow) or between pg and q. 

3. Motions accompanied by regular vibrations which may or may 
not be audible. 

a. Regular vibrations may be desirable in experimental! work or in 
some types of engine. Thus in the Kadency engine’ the intake is 
timed to occur at the moment when the pressure in the cylinder has 
fallen below the atmospheric pressure. In the Constantinesco patents 
regular vibrations in a fluid are used for various types of control in 
which accurate timing is essential. . 

b. Both regular and irregular vibrations may be undesirable on ac- 
count of. the noise they produce or because they make a flame un- 
steady and lead to its extinction or to flash back. 


1.4. Methods of control. As the subject of control belongs largely 
to chemical and electrical engineering only a brief outline of methods 
can be given here and these will be restricted largely to cases of aero- 
dynamical interest. A few references are given to books from which 
the reader can obtain information on chemical and electrical methods. 

Some of the most important methods of control are: 

1. Clever design of fixed boundaries so as to produce desired re- 
sults with little attention. Thus diffusors, guide vanes and honey- 
combs may prcduce the desired type of flow in a wind channel. A 


4S. J. Davies, An analysis of certain characteristics of a Kadency engine, Engineer- 
ing vol. 149 (1940) pp. 515-517, 557-559, 617-620. i 
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spoiler may prevent the flow of air over a roof from injuring the roof. 
Stationary parts of an engine may be designed to produce a type of 
flow which is compatible with high efficiency. The wings, body and 
control surfaces of an airplane may be designed so as to provide low 
drag and good maneuverability. 

2. Devices for altering the form of the boundary of a fluid. Of these 
the valve is the most important and the design of a suitable valve is 
often one of the chief steps in the development of a new invention. A 
list has been formed of nearly eighty different kinds of valves. A 
valve is generally a device for regulating the rate of flow of a fluid 
but it may also be used to regulate the pressure or composition of a 
gas in an enclosure. Mathematically it is usually considered in connec- 
tion with the regulating device but there are some cases in which 
equations can be set up for the valve alone. In an attempt to elucidate 
the action of the throttle valve Joule and Thomson (Lord Kelvin) 
made their famous porous plug experiment which tests the accuracy 
of the thermodynamical assumption that the internal energy of a gas 
depends only on its temperature. Thomson’s discussion of the experi- 
ment brought into prominence the idea of heat content or en- 
thalpy. Valves may be regarded as including adjustable slots in 
wings® and devices for sucking air from the boundary layer or for 
blowing air into the boundary layer.* The ports of a bunsen burner 
are also valves. Another device for altering the form of the boundary 
of the fluid is the fan or blower which produces a forced draught. A 
modification of this is the windmill or air turbine. A steam turbine 
or turbine working with gas, mercury vapor or some combination of 
fluids is another modification. 

3. Devices for altering the thermal or electrical condition of a fluid 
at a boundary. The supply of heat at a boundary or the absorption 
of heat at a boundary is a most effective way of controlling the motion 
of a fluid. There are also many electrical devices by means of which an 
aerodynamic or hydraulic system may be coupled with an electrical 
system that is furnished with some means of control which may or 
may not be automatic. 

4. Devices for introducing solid particles or liquid in the form of 
a spray into the body of the working fluid. Gases in the form of jets 
may also be introduced as in the blowpipe torch and in furnaces. 
Overfire air jets have been found to be effective for smoke elimination 


5¥, Handley Page, The Handley-Page wing, Aeronautical Journal vol. 25 (1921) 
p. 363. ` 

80. Schrenk, Boundary layer removal by suction, National Advisory Committee 
on Aeronautics, Technical Memorandum No. 974, 1941. 
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as in a recent paper by Engdahl and Holton.” Davis’ has applied a 
theory of turbulent air jets developed by Tollmien to the problem of 
the furnace. The ignition of gaseous mixtures by hot moving particles 
has been studied by Silver’ and Paterson. The cooling of gases by 
sprayed water is cne of the methods employed in air conditioning; it 
has the advantage that the humidity of the air may thereby be con- 
trolled at the same time. A history of air conditioning is given by 
W. H. Carrier.!! There are cases in which a supply of heat may lead to 
large fluctuation in temperature. The stability of a simple thermal de- 
vice which has been called an “academic oven” has been considered by 
Turner.” The analysis depends on a transcendental equation involv- 
ing both exponential and trigonometrical functions. Oscillations in 
thermal regulators have been considered also by Himmler.” 

The problem of stability and of the avoidance of large oscillations 
becomes important whenever the working fluid is coupled with a me- 
chanical or electrical regulating device. The centrifugal governor in- 
vented by Huygens" as a possible means of regulating a clock was 
adapted for windmills and water wheels before it was used by James 
Watt for the steam engine. A theory of the governor of Huygens has 
been given by Poor,” the theory of Watt’s governor and related de- 
vices has an extensive literature beginning, perhaps, with the work of 


TR. B. Engdahl, Overfire air jets effective for smoke elimination, Heating, Piping 
and Air Conditioning, September 1943, p. 481. 

8 R. F. Davis, The mechanics of flame and air jets, Engineering vol. 144 (1937) 
pp. 608-610, 667-668; Proceedings of the Institute of Mechanical Engineers vol. 137 
(1938) pp. 11-72. 

? R, S, Silver, The ignition of gaseous mixtures by hot particles, Philosophical Maga- 
zine (7) vol. 23 (1936) pp. 633-657, 

u S, Paterson, The ignition of inflammable gases by hot moving particles, Philosophi- 
cal Magazine (7) vol. 28 (1939) pp. 1-23. 

n W, H. Carrier, Air conditioning, Encyclopedia Brittanica; see also W. H. Car- 
rier, R. E. Cherne and W. A. Grant, Modern air conditioning, heating and ventilation, 
Chicago, Pitman, 1940; C. O. Mackey, Air conditioning principles, Scranton, Pa., 
1941. Lord Kelvin is credited with a proposal for the use of mechanical cooling as a 
means of improving human comfort. William Appold devised apparatus for control 
of temperature and humidity. See J. P. Gassiot, On Appold’s apparatus for regulating 
temperature and keeping the air in a building at any desired degree of moisture, Proc. 
Roy. Soc. London vol. 15 (1867) pp. 144-146, 

2 L. B. Turner, Self-oscillation in a retroacting thermal conductor, Proc. Cambridge 
Philos. Soc. vol. 32 (1936) pp. 663-675. 

4 C. Himmler, Die Pendelungen bei warmetechnischen Regelvorgingen, Zeitschrift 
fur Technische Physik vol. 11 (1929) pp. 579-584. 

u C, Huygens, Horologii oscillatorti, Part 5, Paris, 1673; Horologium, 1658. 

18 V, C. Poor, The Huygens governor, Amer. Math, Monthly vol. 32 (1925) pp. 115- 
121, : 
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Navier and Poncelet.* For a survey of this literature reference may 
be made to the article of von Mises and to the book of Tolle." 


2. THE ALGEBRAIC PROBLEM 


2.1. Conditions of stability. In direct regulation the stability of the 
dynamical, electrical or hydraulic regulating device often can be dis- 
cussed by the method of small oscillations. The system is generally 
a compound one which is partly of one type and partly of- another. 
For instance, in the case of the steam engine, the compound system 
consists of the steam, the valve and the centrifugal governor and so 
the processes taking place are described by a system of differential 
equations. In indirect regulation the system is again compound. 
When a deviation from the norm (or rated value of the quantity to 
be controlled) passes out of the region of insensitivity, the indicator 
actuates a motor through the amplifier and a disturbance is produced 
which tends to annul the disturbance shown by the indicator. When 
the transient force is no longer operative, the most desirable type of 
motion of the system is a damped oscillation or a simple decay with- 
out oscillation such as is sometimes produced when a jet is used to 
control the speed of rotation as in Michelson’s'® measurements of the 
velocity of light by means of a revolving mirror. In the so-called exact 
regulation the indicator returns to the normal setting after a single 
swing past it. It is generally, but not always, advantageous to elimi- 
nate all the variables but one which may be denoted by x, then, if 
D=d/dt 


(D + pD +++ + pada = fl). 


The transient function f(é) may be different from zero only for 
0<t<T. Then, for ¢>T, x is a sum of terms satisfying the equation 
with f(£) replaced by zero but it is not certain that all possible solu- 
tions of the homogeneous equation enter into the expression for the 
particular quantity x. 


18 J, V. Poncelet, Cours de méchanique, appliquée aux machines, Cours de l'école 
d'application de Metz, 1826. R. v. Mises, Dynamische Probleme der Maschinenlehre, 
Encyklopddie Mathematischen Wissenshaften vol. 4, part 10, pp. 153-355. 

17M. Tolle, Die Regelung von Kraftmaschinen, 3d ed., Berlin, 1921. Tolle gives 
in particular a theory for the combination of a centrifugal governor and a relay. 
The theory is presented and amplified for the case of two relays and the effect of the 
steam by G. W. Higgs-Walker, Some problems connected with steam turbine governing, 
Proceedings of the Institute of Mechanical Engineers vol. 146 (1941) pp. 117-125. 

18 A, A. Michelson, Measurements of the velocity of light between Mount Wilson and 
Mount San Antonio, Astrophysical Journal vol. 65 (1927) pp. 1-14; A. A. Michelson, 
F. G. Pease and F. Pearson, ibid. vol. 82 (1935) pp. 26-61. 
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A regulator is said to be stable when, after a transient disturbance, 
the indicator returns to the region of insensitivity and does not go 
beyond this. In the case when the free motion invclves an undamped 
or growing motion, the regulator is said to hunt or to be unstable. A 
sufficient condition for stability is that the roots of the algebraic equa- 
tion 


(2.1) F(s) = poa” + pz +--+ +p, =0 


should have only negative real parts. This condition may not be quite 
necessary because it may happen that a root with positive or zero real 
part does not happen to give a term in the expression for x. This pos- 
‘sibility must be considered because something of an analogous nature 
seems to occur in some cases when the existence of a double root 
might make the sufficiency of the foregoing criterion seem doubtful. 

The mathematical theory of stability based on the theory of small 
oscillations may be hard to use on account of lack of knowledge of the 
constants of the dynamical or electrical system. These can be esti- 
mated in many cases as in the theory of airplane stability but it is 
wise to have means of checking the results or cf obtaining results 
when the computations are too difficult. 

An oscillograph for the analysis of governor performance was built 
by J. E. Allen,!® and the East Pittsburgh Research Laboratories 
have built an instrument for analyzing governor performance which 
satisfies the specifications that have been laid down. Instruments of 
this nature have been made elsewhere.” Dougill has devised an in- 
strument for testing regulators in operation and has used it to test 
the governors in the gas works.” 


2.2. Pseudo-negative roots. Liénard” calls a quantity pseudo-neg- 
ative when its real part is negative. The criterion for pseudo-negative 
roots of an algebraic equation is a special case of the criterion that 
the roots of an algebraic equation should lie within a specified ‘circle 
in the complex plane, a line being regarded as a degenerate circle. 
A line may also be transformed into a circle by means of a transfor- 
mation 


3 7. E. Allen, Osctlograph analyses governor performance, Power vol. 78 (1934) 
pp. 610-612, _ 

20 W, O. Oebon, A turbine governor performance analyser, American Institute of 
Electrical Engineers vol. 69 (1941) pp. 963-967. 

71 G. Dougill, Retort house and exhauster governing of gas works, Engineering vol. 
144 (1937) p. 697. 

22 A, Liénard, Signe de la partie reélle des racines d'une équation algébrique, J. Math. 
Pures Appl. (9) vol. 15 (1936) pp. 235-250. 
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= (Az + B)/(C2 + D) 


which does not change the degree of the equation 

Cauchy” devised a method for finding the criterion and Hermite” 
carried the analysis much further considering particularly the condi- 
tions that the roots should lie in the upper h half of the complex plane. 
He used a symmetrical polynomial : 


H(z', 2) = i[F(e’)Fo(z) — F@)Fo(2’)|/ ( =z’) 


associated with the function F(z) and an associated function F)(z) 
derived from F(z) by changing ż into —ċ in all the coefficients. The 
decomposition into squares of an associated quadratic form then indi- 
cated the number of pseudo-negative roots, this number being de- ` 
pendent in fact on the signature of the quadratic form. 

At a meeting of the London Mathematical Society” in 1868, James 
Clerk Maxwell asked if any member present could point out a way of 
determining in what cases all the possible parts of the imaginary roots 
of an algebraic equation are negative. He said that in studying the 
motion of certain governors for regulating machinery he had found 
that the stability of the motion depended on this condition, which is 
easily obtained for a cubic, but becomes difficult in the higher de- 
grees. W. K. Clifford said in reply that by forming an equation whose 
roots are the sums of the roots of the original equation taken in pairs 
and by determining the condition of the real roots of this equation 
being negative, we should obtain the condition required. 

Routh” used Clifford’s idea when formulating conditions for a 
quartic equation with real coefficients, 


(2.2) F(z) = azi + bs? + ox? + de+e=0 


He says: “Let us form that symmetrical function of the roots which 
is the product of the sums of the roots taken two, and two. If this be 
called X/a®, we find X = bcd —ad?—eb*. Suppose we know the roots to 
be imaginary, say æ +ip, 8+ig. Then 


X/a* = 4of[(a + 8)? + (6 + Dlie + 8)? + G- gl. 


23 A. Cauchy, Calcul des indices des fonctions, J. École Polytech. vol. 15 (1837) 

pp. 176-229, Oeuvres (2), vol. 1, pp. 416-466. 
_*C. Hermite, Extrait d'une lettre, Sur le nombre des racines d'une équation algé- 

brique compris des limites données, J. Reine Angew. Math. vol. 52 (1856) pp. 39-51. 

% See the discussion of the paper by J. J. Walker, On the anharmonic sextic, Proc. 
London Math. Soc. (1) vol. 2 (1868) pp. 60-61. 

2 E, J. Routh, Rigid dynamics, vol. 2, 1897, pp. 192-193; A treatise on the stability 
of motion, London, 1877; Advanced rigid dynamics, 6th ed., 1907, pp. 256-307. 
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Thus, af always takes the sign of X/a and a+ 8 always takes the sign 
of —b/a. The signs of both a and £ can therefore be determined; and 
if a, b, X have the same sign, the real parts of the roots are all nega- 
tive.” Routh also formed the equation G(s) =0 whose roots are the 
sums in pairs of the roots of F(z)=0 and in the case when the coeffi- 
cients p, in the general equation (2.1) are all real he came to the fol- 
lowing conclusion: 

In order that (2.1) may have all its roots pseudo-negative, it is 
necessary and sufficient that the equations F(z)=0, G(z)=0 should’ 
be complete with coefficients all of one sign. This means that no p 
should be zero and that if pao>0 then p,>0. If, moreover, the co- 
efficients of G(z) are g,, 7=0, 1,» +- , n?/2—n/2 then if qo>0, we 
should also have g->0. These conditions give n?/2+n/2 inequalities 
while the expected number of conditions is only n so the foregoing 
conditions are not all independent. 

In his work on governors in which he considered particularly the 
governors designed by Foucault and Lord Kelvin, Maxwell found 
that the stability depended upon the conditions for pseudo-negative 
roots of an equation of the fifth degree 2°+p24+-gz5-+-rz?-+ se+1=0. 
He found the necessary conditions pg>r, ps <t but could not prove 
that these conditions were sufficient. 

The simplicity of these conditions suggested that there might be 
necessary and sufficient conditions in the general case which could 
be formulated in a simple form. The subject of the stability of motion 
was soon afterwards proposed as a subject for the Adams Prize at the 
University of Cambridge and the prize was won by E. J. Routh of 
Peterhouse. He made use of the methods of Cauchy and Charles 
Sturm and a set of test functions was formed by a cascade process. 
Writing 


F(s) = E(z) + O(z) = A(z) + 2B(z”) 


so as to resolve F(z) into its even and odd parts, he made use of the 
functions so(y), s1(9), s2(9), ++, Sn(y), where 


Soy) = poy” — PaE H --+,i(y) = pry — pasy*F+---, 


se(y) is the remainder with sign changed when use is made of the 
process for finding the G.C.M. of so{y) and si(y), s3(y) is derived from 
si({y) and se(y) in a similar way, and so on. It is then clear as in Sturm’s 
theorem that when s,(y) =0, s,41(y) and s,4(y) have opposite signs. 
If E denotes the excess of the number of changes of sign from + to — 
in So(y)/si(y) over that from — to +, then by Cauchy’s theorem the 
whole number of radical points on the positive side of the axis of y is 
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(n+£)/2. If H=—n the roots are all pseudo-negative. The roots of 
the equations A(x) =0, B(x) =0 are in this case all negative and occur 
alternately. In the case of the biquadratic 


F(z) = 24 + p23 + g2? + ra + s = (2? + a)l? + x) + p2(2* + to) 
q=xi+ xz, 7=pXo, s =x% and Routh’s test functions are 
S, p, Pg — r = Plait xz — xo), rpg — r) — ps = p(x: — xo) (xo — a1). 


The third test function is positive when and only when xo lies between 
x, and xz. The test functions p and pg—r are both positive when p>0 
and xı +x2— {%9 is positive. Now if xı— xo is negative, x must be posi- 
tive. When s is positive, xı and xə must be either both positive or 
both negative, hence if x2 is positive so also is xı. Routh’s criteria for 
pseudo-negative roots imply then that xo, xı, x2 are all positive and 
that xo lies between x; and x2. When these conditions are all satisfied 
s is positive, r(pqg—r) — ps is positive, r(pq—r) and g—r/p are posi- 
tive. The ratio r/p of the two last quantities is positive and so g 
must be positive. If p is also positive r is positive. Routh’s conditions 
are all satisfied and the equation F(z)=0 has pseudo-negative roots. 
Liénard attributes this converse theorem to E. Jouguet and says that 
Chipart has extended it to an equation of any degree. A general proof 
is given in Liénard’s paper. 

Related polynomials such as A(—x), B(—x) occur naturally in 
Rayleigh’s theory of the driving point reaction in dynamics and in 
the theory of electric filters. 

About 1893 the Swiss engineer Aurel Stodola?” investigated the 
stability of regulating devices for turbines, particularly those used in 
hydroelectric plants. He referred to Thomson and Tait’s Natural 
philosophy?! for the relation between stability and pseudo-negative 
roots and on this account Corral?’ has called the question of pseudo- 
negative roots the problem of Lord Kelvin. Previously? he had 
followed Orlando* in calling it the problem of Hurwitz because 


27 A. Stodola, Uber die Regulierung von Turbinen, Schweizerische Bauzeitung vol. 
22 (1893) pp. 113-117, 121-122, 126-128, 134-135; vol. 23 (1894) pp. 108-112, 115~117. 

28 W, Thomson (Lord Kelvin) and P. G. Tait, Natural philosophy, vol. 1, 1879, 
p. 39. 

2J, J. Corral, Nueva solucion del problema de Lord Kelvin sobre ecuaciones de 
coeficientes reales, Revista de la Real Academia de Ciencias Exactas, Fisicas y Natu- 
rales de Madrid vol. 22 (1928) pp. 25-31. 

3 J. J. Corral, Nuevos teoremas que resuelven el problema de Hurwitz, Madrid, 
Imprenta Clasica Espafiola, 1921. 

31! L. Orlando, Sul problema di Hurwitz, Rendiconti Accademia Lincei (5) vol. 19 
(1910) pp. 801-805; Math. Ann. vol. 71 (1911) pp. 233-245. 
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Stodola’s compatriot Adolf Hurwitz? had investigated the subject 
and had succeeded in obtaining criteria in the determinantal form 





hi? na 
po>0, pi>O, , °| > 0, bs ps ti |>0, 
ps $: 
$s pa ps 
br fo 0 0 
Bas Px. ot 2s > 0, and so on. 
s psa fa pe 
Pr pe fs pa 


The equivalence of the conditions of Routh and Hurwitz was shown 
by Bompiani, and Orlando obtained a proof by induction of the 
necessity and sufficiency of Hurwitz’s conditions. 

The study of equations with complex coefficients is also useful as 
there are some cases in which the conditions of Routh and Hurwitz 
are not the simplest possible conditions for pseudo-negative roots. 
In Appell’s Mécanique rationnelle a discussion is given of dynamical 
equations such as - 


a” + pix + mx — poy’ — gay = 0, 

Y” + pry! + ny + pax! — qas = 0, 
in which there are gyrostatic terms. These equations are essentially 
those considered by Sir Horace Lamb in his work on kinetic stability?! 


and by E. Jouguet in his work on secular stability. The algebraic 
equation obtained in the usual way is 


(2? + pis + g)? + (z + gq)? = 0 


but if we put x«+7y=Z, as Lamb does, there is a single dynamical 
equation 


` 


Z” + (t+ ip) 2’ + q + ig = 0 


32 A, Hurwitz, Uber die Bedingungen, unter welchen eine Gleichung nur Wurzeln 
mit negativen reellen Theilen besitzt, Math. Ann. vol. 46 (1895) pp. 273-284; Werke, 
vol, 2, pp. 533-545. 

2 E, Bompiani, Sulle condizioni sotto le quali un equazione a coeficienti reale am- 
melte solo radici con parte reale negative, Giornale di Matematica vol. 49 (1911) pp. 33- 
39, y 

H. Lamb, On kinetic stability, Proc. Roy. Soc. London. Ser. A. vol. 80 (1908) 
pp. 168-177. 

3% E. Jouquet, Sur la stabilité seculaire quand les forces positionnelles n’admettent 
pas de potentiel, C. R. Acad. Sci. Paris vol. 207 (1938) pp. 267-270. 
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which gives rise to an algebraic equation 


2? + (pi + ipe)e + gi + ige = (2 + 1 + iyi) (2 + x2 + iy) = 0. 
The conditions for pseudo-negative roots are now 
y+ a42>0 and xxal(xr + x)? + (91 — y2)?] > 0 
while the corresponding conditions derived by considering the bi- 
quadratic equation are x1+%2>0 and 


sere [(a1 + a2)? + (y1 — yo)? ] [C41 + a2)? + (yn y) > 0 


‘and there is an extra factor in the expression used for the second 
criterion. 

The conditions for the quadratic may be expressed in terms of the 
quantities Jı, I2, Is which are invariant when the equation is changed 
into a new equation by a substitution of the form z=Z-+ia, where a 
is real. If 


(Z + ia)? + (Pi + ipa) (Z + ta) +g + iga 
= Z? + (Pit iPa)Z +'Q1 + iQ: 


then. Pi=p1, Pe=p2—2a, Qi=gitape—a*, Q2=g2—ap; and so there 
are 3 invariants 


h=Py=p, h=Q+Pi/4=qt p2/4, 
Is = Qe — PyP2/2 = qo — pip/2. 


If, in particular, we choose a so that P=0, the equation takes the 
simple form 


Z? + hZ + I: + ils = 0. 


If Zı, Z: are the roots of this equation and if 71, Tz are the roots of 
the conjugate equation - 


7 T? +AT +I — il; = 0, 
the equation whose roots are Z1+ Ti, Zo+To2, Zı+T2, Z2+T; is 


Sb 4S? + (STi + ADS? + O + 8IT2)S + 40a — 40s = O. 


This is also the equation whose roots are %+h, Ze+te, atte, Zeti 
where %, Z are the roots of the original equation and 4, tz are the 
roots of its conjugate equation. It should be noticed that the terms 
in the equation for S involve the invariants and S only, moreover, by 
using two of these terms expressions 


614 H. BATEMAN [September 


ti + xe = h, Xi %2[ (41 + £) + (yı — ya) ] = 4(LIs = I) 


are obtained for the quantities thart furnish criteria for the roots to 
be pseudo-negative. 
The quadratic equation may be reduced to a canonical form 


1 4 1 p 1 
z+ iw, stiwe stutia 


where w:, ws u and v are real quantities. The equation is then of 
stable type (with pseudo-negative roots) when u œQ for the roots are 
those of the derived function of the cubic 


(z + iw)(z + iwl + u+ iv) = 0 


and so by the theorem of Gauss* and Lucas* lie within the triangle 
formed by the points z= —iw, z= —iwe, z= —u—w in the complex 
z-plane. The roots are in fact the foci of the ellipse which touches the 
sides of this triangle at its middle points. 

The equations for determining #, v, Wı, We are 





3p1=2u, 3p: = (v + w + w), 3941 = — ww: — (wi + wy), 
3q = u(wi + we) 


and so wtw:=2g2/þ, wiw:= —3q1— (3pıp292—4g)/p1. The quan- 
tities w, w are thus the roots of the quadratic equation 


piw — 2gapıw + 4ga — Spipoge — 3pign =0 


which has real roots when #39:+f1b292—-@3>0 or I?J,—I3>0. When 
this condition is satisfied the sign of u is positive when [,>0. 

The extension of Clifford’s method which was used for the quad- 
ratic may be applied also to the cubic 


23 + (p1 + ipa)? + (qi + igo)z + rı + ira = 0. 


The 5 invariants are =f1, 3I2=p+3q, 3Is=3q2—2p1p2; 31,=9n 
— 3p: +3p2g2—2p7p3, 271g =2772— 92g: — 2p}. When a substitution 
z=Z-+ia is chosen so that in the new equation the coefficient of Z2 
is real, the new equation is 


Z3 + Z? + (Ia 4 dz + (at Tald)/3 + ils = O. 


3% C. F. Gauss, Oeurves, vol. 3, 1886, p. 112; vol. 8, 1900, p. 32. 

37 F, Lucas, Géometrie des polynémes, J. Ecole Polytech. vol. 29 (1879) pp. 1~33. 
See also M. Marden, The location of the zeros of the derivative of a polynomial, Amer. 
Math. Monthly vol. 42 (1935) pp. 277-286. 
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If the roots of this equation are Z1, Z2, Z3 and those of the conjugate 
equation T}, Ta, Ta the equation for S=Z+T may be readily found 
by elimination and its roots are the 9 quantities 234173, 2:+T7o, 
-Zit Ta, Zat Tu Zat+T2, Ze+Ts, Z3+T1, Z3+T2, Zs+T3. The prod- 
uct of the roots of this equation is particularly interesting as it fur- 
nishes a quantity 
R= IQh=J) = Ihi + DIT T = oh, 
J = I+ Th, 
which is positive when all the roots are pseudo-negative. The neces- 
sary ‘and sufficient conditions for pseudo-negative roots are I;>0, 
K>0, and J>0 where these quantities are such that when positive 
they imply that XytXet+Xs, XıX2X; and AoX3tX3Xk1+X41X9 are 
all positive. To find the invariant I it is helpful to use the notation 


Ui = Xi t7Y¥1, U2 = X2+i¥e, Us = X3+i¥3, Vi = Xi — 1¥i, 
Va = X: — Yon Vs = X3—iVs, Hy = Ur, + Vo. 
I = (HuHszs + Hzn + BuBa) (HHz + HsH 
+ HHz) (HsH i + HuHa + Hats) 
= 4(X2X3 + XXi + XX) | Hna + Hae + ArH |? 
The quantities U;, Ue, Us are identical with —Z,;, — Zand — Z3; also 


I = (W — W:)(W — W2)(W — Ws) 


where 
W, = UU; + U3U1 + UUs + VaVe + VaVi + ViVe 
+ (Ui + Ua + Us)(Vi + Vi + Vo), 
W, = UiVit UWV: + UsV3, We = UN: + UVa + UVa, 
Ws = UVa + UiVs + UNa 


These quantities Wi, W2, W3 and a second set of quantities W7, Wz, 
Wd obtained by changing the cyclic order of Vi, V2, Va to Vs, Va, Vi 
are the roots of a sextic equation 


(W: — AW? + BW — C} = DD’ 


where D is the discriminant of the equation for U and D’ is the dis- 
criminant of the equation for V. This form is indicated by the fact 
that when the equation for U}, Us, U; has equal roots or when the 
equation for Vi, V2, V3 has equal roots the two sets of three sums be- 
come the same. Also we have identically Wi + W: +W: =Wi+W. 
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+W:, Wi Wë +Wi Wi + Wi Wi = WaWa tH Wait Wis. 
To find d we put W=0 and note that WiW2W3— Wi Wi Ws 
== 2d(DD’)"?, But 
WiW.W3-WiWiWs ; 
= (U2—U3)(Us— U1)(U1— U2)(V2—Vs)(Va— Vi) (Vi-— V2) = TPRI 
consequently Qd=1. We also have the relation 
2C= Walaa Ws Wi wi 
= Wa (Vi +V VIEVV V(U U+ Us) +6 UUU VVV: 
+(UiUet UsU2+ UsU:+- Uist UU 2+ U20:)(VaV ot Vals 
FVV VNE ViVo+V2V1) 
= R(P?—3P’0’+3R’) +R (P?—3PQ0+3R)+6RR’ 
+(PQ—3R)(P’Q’—3R’) 
where P, Q, R are the coefficients in the equation for Z;, Ze, Za, 
P’, Q’, R' the coefficients in the equation for Ti, Tz, Ta. 
Hence 2C = RP"+ R' P?— 6P’Q’R—6PQR’+PQP'Q’+18RR’. Also 
B=W.W3+W3Wi4+WiW.= (Ui+ U3-+ UDV VHV Vit VaV) 
+(U2Us+U:U1 + UU 2) (VV a+ VV +V V+ Vit Vet Vs) 
=Q'(P?—20)+Q(P?—Q') = P?0'+P?Q— 300". 
Hence 
(W—-W1)(W—W.)(W—W;) = W?—PP'W?+-(P20'+P"0—300) W 
— (RP'+-R’ P?—6P'Q'’R—6PQR'+POP'O' + 18RR’)/2—(DD')/2/2, l 
With the value W=Q-+Q0'+PP' the expression for I is 
I=(Q+Q'+PP)'—PP(Q+0'+PP')? 
+ (P70 + P"Q—300) (0+ + PP) 
—(RP'3+ R'P?—6P'0! R—6POR'+POP'0’ +18RR’)/2—(DD’) "2/2, 


This is.the expression obtained in a former paper.** It is well known 
that 


- 


D = PQO? — 4P3R + 18PQR — 27R? 


while D’ can be expressed in a similar way in terms of P’, Q’, R’. It 
should be mertioned that the conditions for pseudo-negative roots for 


38 H. Bateman, Stability of the parachute and helicopter, National Advisory Com- 
mittee for Aeronautics, Report No. 80, 1920, 


1945] THE CONTROL OF AN ELASTIC FLUID ` 617 


the case of the cubic equation with complex coefficients should be 
derivable from the conditions given by P. Bohl’? that the roots of a 
trinomial equation may have moduli less than p. 


2.3. The case of equal roots. In the solution of linear differential 
equations with constant coefficients a double root of the associated 
algebraic equation indicates the existence of secular terms such as 
a sin (mt)+6t cos (mt) or (A+Bé)e-*! in the general solution. This 
fact was a kind of bogie in the theory of the small oscillations of a 
dynamical system because it was thought at one time that there was 
a kind of instability associated with the presence of repeated roots. In 
1858 Weierstrass” completed the theory of normal coordinates and 
showed that in some cases at least secular terms do not occur in the 
final solution of the equations of motion. Further remarks of interest 
were made by Somoff,# Routh® and Stokes.“ A review of the subject 
has been given recently by Melikov.“ 

Experience shows that it is better to work with the original system 
of differential equations than with the single equation obtained by 
eliminating all the variables but one. For instance, in the case of the 
well known system 


alx” + hx) = b(y” + k?y) = e(z” + k?z) = bex + coy + abz = s, 


say, the algebraic equation for m in an exponential factor e™ occurring 
in the solutions is (m?-+-k?)?(m?-+-h?) =0 where h? =k? —bc/a—ca/b—ab/c. 
The equation for s is, however, s” +hk?s=0 and so secular terms do 
not appear when s is calculated first and x, y, z derived from s. 


3° P, Bohl, Zur Theorie der trinomischen Gleichungen, Math. Ann. vol. 56 (1908) 
pp. 556-569, 

1 K, Weierstrass, Uber ein die homogenen Functionen zweiten Grades betreffendes 
Theorem, nebst Anwendung desselben auf die Theorie der kleinen Schwingungen, 
Monatsberichte der Akademie der Wissenschaft zu Berlin, 1858, pp. 207-220; Mathe- 
matische Werke, vol. 1, Berlin, 1894, pp. 233-246. See also F. Purser, Occurrences of 
equal roots in Lagrange’s determinantal equation, Report of the British Association for 
the Advancement of Science, 1878, pp. 463-464. 

u K, Somoff, Oscillations of systems of particles, algebraic problem, Mémoires de 
l'Academie des Sciences de Saint Petersburg (Akademiia Nauk), no. 14, 1879, 30 pp. 
The related paper of C. Jordan, Sur les oscillations infiniment petites des systèmes ma- 
tériels, C. R. Acad. Sci. Paris vol. 74 (1872) pp. 1395-1399, is reviewed unfavorably 
in Fortschritte der Mathematik vol. 4 (1872) pp. 471-472. 

2 E. J. Routh, Rigid dynamics, part 2, pp. 84, 190. 

48 G. G. Stokes, Explanation of a dynamical paradox, Messenger of Mathematics 
vol. 1 (1872) pp. 1-3; Mathematical and physical papers, vol. 4, pp. 334-335. 

“ K, V. Melikov, Uber das Theorem von Weierstrass und Routh, Annals of the In- 
stitute of Mines, Leningrad, vol. 10 (1936) pp. 71-76. 
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The case of equal roots is connected of course with the phenomenon 
of resonance and there are many cases in practice in which a number 
of identical dynamical systems are coupled together particularly in 
the construction of acoustical, electrical and mechanical filters. Much 
depends on the nature of the coupling and even when equal roots do 
not occur in the final analysis there are interesting phenomena. The ` 
use of symmetrical arrangements is sometimes advantageous on ac- 
count of the simplicity of the analysis. 

In gas producing plants in which there is one exhaust regulator for 
two coke ovens there seems to be an idea that symmetry must be 
avoided on account of a possible interaction or resonance between two 
coke ovens which would make the regulator unstable. Thus Dougill* 
remarks: “The interaction which so often occurred when two retort 
houses of equal size were connected to a common main which led to 
one exhaust governor could be remedied by provision of a time lag, 
preferably in the exhaust governor.” 

The question may be raised whether the troubles encountered can 
really be attributed to the equality in size and an answer to this ques- 
tion cannot be given without a careful analysis cf the precise setup. 
In the meantime, however, it may be of interest to examine some of 
the complications which arise when use is made of a time lag in dy: 
namical or electrical systems. 


3. THE TRANSCENDENTAL PROBLEM 


3.1. Time lag in control systems. Long ago the delayed action of a 
regulating system was recognized as one of the primary causes of the 
hunting of governed engines.“ The effect of time iag has consequently 
been studied by many investigators, particularly by D. R. Hartree, 
A. Porter, A. Callender, A. B. Stevenson,“ H. König,! J. G. Ziegler 


4 G. Dougill, Retort house and exhauster governing of gas works, Engineering vol. 144 
(1937) p. 144. 

48 See for instance, J. Swinburne, The hunting of governed engines, Engineering 
vol. 58 (1894) p. 247; Practice, The “hunting” of steam engine governors, Engineering 
vol. 71 (1901) p. 216. 

47 A, Callender, D. R. Hartree and A. Porter, Time-lag in a control system, Trans, 
Roy. Soc. London Ser. A. vol. 235 (1936) pp. 415-444. ID. R. Hartree, A. Porter, 
A. Callender and A. B. Stevenson, Time-lag in a control s}stem. I1, Proc. Roy. Soc. 
London Ser. A. vol. 161 (1937) pp. 460-476. A. Callend2r and A. B. Stevenson, 
Proceedings of the Society of the Chemical Industry (Chemical Engineering Group) 
vol. 18 (1936) p. 108. See also L. Nisolle, Sur la stabilité des régulateurs å impulsions 
retardies ou amorties, C. R. Acad. Sci. Paris vol. 211 (1940) pp. 762-765. 

48H. König, Periodische und aperiodische Schwingungen an empfindlichen Rege- 
lan ordnungen, Zeitschrift ftir Technische Physik vol. 18 (1937) pp. 426-431. See also 
D. Stein, Untersuchung der Stabilitatsbedingungen bei serzögerter Regelung, Elektrische 
Nachrichten Technik vol. 20 (1943) pp. 205-213. 
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and N. B. Nichols. Time lag was also considered by H. L. Hazen® 
in his work on servo mechanisms and by N. Minorsky" i in his study 
of control problems. 

The effects of time lag have been considered usually by three dis- 
tinct methods: 

(1) By the use of Taylor’s theorem and a neglect of AL terms so 
that linear differential equations are obtained. 

(2) By the use of differential difference equations or equations of 
mixed differences. 

(3) By the use of integral equations of the Poisson-Volterra type. 

The first method is explained in a general discussion of control 
problems by the editorial staff of The Engineer and by N. Minorsky 
who regards the differential equation as an asymptotic form and gives 
four different types. In a simple case a body is supposed to oscillate 
under the influence of a restoring force R(t—k) proportional to the 
body’s displacement at a previous instant and also under the influence 
of a damping depending partly on the body’s instantaneous velocity 
and partly on its velocity at a previous time t—h. The equation of 
motion is supposed, indeed, to be of the type® 


a” + Qe’ + Nf — h) + Pft— k) = 


where the time lags h and k are regarded as independent of ż. In the 
approximate theory f'(t—h) and f(t—&) are replaced by f’(é) —hf’’(t) 
and f(t) —kf’(®+k?f"'()/2 respectively and then x is used in place of 
J£). The resulting equation is 


(1 — Nh + PR/2)e" + (O+N — Phx + Px = 0, 


When Q=N=0 the lag in R gives a negative damping and so oscilla- 
tion with increasing amplitude may be expected to occur. When VN =0 
and Q#0 the negative damping may be overcome by positive damp- 
ing depending on Q. When N=0 both N and Q may tend to over- 
come the negative damping but if k is large the coefficient of x” may 
become negative’and completely alter the character of the motion. 
Minorsky® indicates an asymptotic form in which the apparent re- 


4 J. G. Ziegler and N. B. Nichols, Process lags in automatic-control circuits, Trans- 
actions of the American Society of Mechanical Engineers vol. 65 (1943) pp. 433-444. 

60 H, L. Hazen, Servo mechanisms, Journal of the Franklin Institute vol. 218 (1934) 
pp. 279-331, 543-580. 

si N. Minorsky, Control problems, ibid. vol. 232 (1941) pp. 451-488. 

32 Editorial Staff, The damping effect of time lag, The Engineer vol. 163 (1937) 
p. 439, 

8 N. Minorsky, Self-excited oscillations in dynamical systems possessing retarded 
actions, Transactions of the American Society of Mechanical Engineers vol. 64 (1942) 
pp. A65-A71, discussion by H. Poritzky, pp. A195-A196. 
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storing term is different from Px, but by the multiplication of the 
equation by a suitable factor this form may be reduced to the previ- 
ous ones in which only the coefficients of x’ and x” are affected by 
the lags. 

The indications of the approximate theory need to be checked by 
exact analysis but they are such as to make it Ppi that the effects 
of time lag may be quite serious. 

When there is a single time lag which is TE as constant some 
‘progress may be made with the aid of the known theory of linear 
equations of mixed differences. The particular equations discussed by 
Hartree and his collaborators are 


w(x) = f(x) + v(x) — cula), 
— v(x + 1) = pu(x) + qu'(x) + ru” (x) 


where p, g, r and c are real constants. When f(x) =0 the free motion 
is described by means of terms of type.u(x)=K exp (kx) where k 
is determined by means of the transcendental equation 


klk + 6) = elh + qk + rk’). 


This equation and some related equations are discussed chiefly by 
graphical methods but for the equation 


ste’ + a +a, = 0 


an approximate solution z=log (ao/b)+ib, b= (2n+1/2) r+" [log 
(ao/b) —@1/ao], is given for the value of z for a high harmonic on the 
supposition that b is large compared with a;/a, and the real part of 
z. This approximation may hold in some-cases for the fundamental 
and if it does it indicates that if the fundamental is positively damped 
the higher harmonics are more strongly damped. 

Transcendental equations of the form e*=rational function of z are 
of frequent occurrence. A simple equation of this type z=a—ce oc- 
curs in economics in the work of Kalecki, Frisch, Holme, James and 
Belz. It is a generalization of an equation considered by Euler® in 
1750. 

In his discussion of control problems König avoids the assumption 


* M. Kalecki, A macrodynamic theory of business cycles, Econometrica vol. 3 
(1935) pp. 327-344. R. Frisch and H. Holme, ibid. pp. 225-239. R. W. James and 
M. H. Belz, ibid. vol. 4 (1936) pp. 157-160. 

8 L. Euler, [nvestigatio curvarum quae evolutae sui similes producunt, Akademiia 
Nauk vol. 12 (1750) pp. 3-52. See also M. Alle, Ein beitrag sur Theorie der Evoluten, 
Akademie der Wissenschaften Wien (Ila) vol. 113 (1904) pp. 53-70. 
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of a constant time-lag and obtains an integral equation of Poisson’s 
type, i 
1 


x(t) +m f ‘At — TalT)AT = ald), 


where x(#) is the variable quantity to be regulated, x9(t) is the varia- 
tion of this quantity when there is no control, m is the factor of 
amplification and R(#) is a function of type I’(é), where I(t) is the 
influence function which electrical engineers call the transfer function. 
The function k(t) is generally zero up to time te, it then rises gradually 
in value until it reaches a peak value and then remains practically 
constant from a time 4, on. The graph of k(#) generally has a peak but 
in a simple case worked out by König, k(t) is constant for ip<t<h 
and is zero for other values of ż. In a stable kind of regulation the free 
motion with x9(#)=0 is damped. When undamped oscillations or 
growing oscillations can arise the system may be capable of spontane- 
ous oscillation. 

König seeks the condition that there may be a solution of type 
x(t)=A exp (twt—ht) and’obtains the conditions 


f k(u)e* sin (wu)du = 0, f R(uje* cos (wu)du = 0. 


The limit of stability is then given by h=0. The motion due to a 
transitory disturbance may be found by Poisson’s method of succes- 
sive approximations® in which x(#) is expanded in powers of m or it 
may be found by a method recommended by V. Pareto® and the 
present author! in which a relation is found between the generating 
functions 


X(z) = f aoas, K(z) = f eroas, 


Xo(z) = f oa 


%S. D. Poisson, Mémoire sur la théorie du magnétisme en mouvement, Académie 
des Sciences, Paris, 1826, 130 pp. (pp. 28-30). 

5&1 V, Pareto, Sur les fonctions génératrices d'Abel, J. Reine Angew. Math. vol. 110 
(1892) pp. 29-323, 

58 H, Bateman, Report on the history and present state of the theory of integral equa- 
tions, British Association for the Advancement of Science, 1910, pp. 345-424 (p. 394); 
An integral equation occurring in a mathematical theory of retail trade, Messenger of 
Mathematics vol. 49 (1920) pp. 1-4. 
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3.2. Feedback. An early use of feedback to regulate a water clock 
has been ascribed to James Watt who apparently used a pump to 
maintain the desired constant level in the reservoir from which the 
water flows. The rate of flow should be constant if the level of the 
water in a receiving vessel is to give a correct measure of time. A 
cascade system of reservoirs which kept this rate very nearly con- 
stant for a short time was adopted long ago in the design of a water 
clock of Canton, China, known as “Hon-woo-et-low” (copper jars 
dropping water). James Arthur® saw this clock in 1897 and was told 
that it had been in existence for over 3000 years, being known as ME 
clock of the street arch. 

A mathematical theory of a cascade system of reservoirs based 
upon the formula for the discharge of a weir was given by E. Maillet* 
about 1905. The system of differential equations is nonlinear but some 
interesting conclusions are drawn relating to the existence of a steady 
state and the manner in which it is approached. The problem of sta- 
bility of the steady state is considered and some attention is given 
also to the case in which water is fed into the reservoirs from an out- 
side source. When in addition feedback is introduced there are many 
mathematical problems to be solved. Maillet’s analysis is of some 
mathematical interest as it led him to researches on almost periodic 
functions. 

Feedback has been much used in recent years in systems employing 
vacuum tubes and amplifiers. In his description of stabilized feedback 
amplifiers H. S. Black® says: “By building an amplifier whose gain is 
deliberately made, say, 40 decibels higher than necessary (10000 fold 
excess on energy basis) and then feeding the outpct back on the input 
in such a way as to throw away the excess gain, it has been found 
possible to effect extraordinary improvement in constancy of ampli- 
fication and freedom from nonlinearity.” 

In the simplified mathematical theory which has been developed by 


5 See the discussion by Field of the paper by J. Woods, Exhibition and de- 
scription. of the chronometric governor, invented by Messrs E. W. and C. W. Siemens, 
Minutes and Proceedings of the Institute of Civil Engineers, London, vol. 5 (1846) 
pp. 255-265. 

80 James Arthur, Time and its measurement, Windsor, Chicago, 1909, 

& E, Maillet, Sur la vidage des systèmes de réservoirs, C. R. Acad. Sci. Paris vol. 140 
(1905) pp. 712-714; Sur les équations différentielles et les systèmes de réservowrs, ibid. 
vol, 147 (1908) pp. 966-968; Sur les systèmes de réservoirs, ibid. vol. 149 (1909) 
pp. 105-107. See also Bull. Soc. Math. France vol. 33 (1905) pp. 129-145; Annales 
des Ponts et Chaussées (1906) pp. 110-149; J. Ecole Polytech. (2) vol. 13 (1909) pp. 
27-56; J. Math. Pures Appl. (6) vol. 9 (1913) pp. 171-231. 

62H. S. Black, Stabilized feedback amplifiers, Bell System Technical Journal vol. 13 
(1934) pp. 1-18, 
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the electrical engineers® the effects of inertia or induction are neg- 
lected and the electrical system is supposed to be built up from simple 
delay elements and elements with a constant type of amplification 
over a limited range. The result of feedback is thus represented by 
an equation 


x= — Ox 
where x denotes the amplification factor which is the product 
mme +++ Mn of a number of individual amplification factors and Q is 


the product of a number of differential operators of type 


q=1/(1+7%) p= d/di. 


The differential equation for x is 


[+ rap)(1 + rap) +++ (A rnp) Hales - 


and when a particular solution is of form x =ae*t, z satisfies the alge- 
braic equation obtained by replacing p by z. A graphical method of 
finding the condition for stability has been given by H. Nyquist." 
It is clear from an algebraic standpoint that there is only one 
condition because u enters into only one of Hurwitz’s determinants 
and the others are automatically positive on account of the time con- 
stants r. For a given set of time constants the system will generally 
be stable when u lies below a certain critical value xo and unstable for 
=o. When p= there can be one or more oscillations with con- 
stant amplitude. In the graphical form of the criterion there is sta- 
bility when the point (—1, 0) lies outside a certain curve traced out 
by a radius vector representing the complex quantity „Q when p is 
replaced by iw. The graphical method has been discussed by others.® 
The differential equation for x can, of course, be replaced by an in- 
tegral equation which is of the type considered by Kénig or of a 


8 D. G. Prinz, Contributions to the theory of automatic controllers and followers, 
Journal of Scientific Instruments vol. 21 (1944) pp. 53-64. 

“ H. Nyquist, Regeneration theory, Bell System Technical Journal vol. 11 (1932) 
pp. 126-147; Annales des Postes, Télégraphes et Téléphones, Paris vol. 23 (1934) 
pp. 1010-1016. See also K. Kupfmuller, Uber die Dynamik der selbsttdgigen Verstark- 
ungsregler, Elektrische Nachrichten Technik vol. 5 (1928) pp. 459-467. 

% R, Feiss, Bestimmung der Regelungsstibilitat an Hand des Vektorbildes, Zeitschrift 
fur der Verein Deutsches Ingenieures vol. 84 (1940) pp. 819-824. E. Peterson, 
J. G. Kreer and L. A. Ware, Regeneration theory and experiments, Proceedings of the 
Institute of Radio Engineers vol. 22 (1934) pp. 1191—1210, Bell System Technical 
Journal vol. 13 (1934) pp. 680-700. D. G. Reid, Necessary conditions for stability (or 
self oscillation) of electrical circuits, Wireless Engineers vol. 14 (1937)'pp. 588-596. 
C, A. A. Wass, Feedback amplifiers, Nature vol. 150 (1942) pp. 381-382. 
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slightly more general type. In this connection it may be worth while 
to recall the investigations of P. Hertz® and G. Herglotz*? on natural 
vibrations of an electron. The integral equation considered was then 
of the form 


T 
<() = f w(t — T)q(T)dT ! 
0 
‘and the problem was to find the complex roots of the equation 
Y 
f eg(T)dT = 4. 
0 


The foregoing theory of feedback is based on linear differential 
equations with constant coefficients and is only approximate. Ac- 
tually the resistances and capacities may vary with frequency and 
may even vary with time. In radio-telephony the voice acts so as to 
modify the resistance of the oscillatory circuit or the capacity of its 
condenser. J. R. Carson® proposed a differential equation.with peri- 
odic coefficients as a basis of a theory of modulation and the theory 
has been worked out more fully by O. Emersleben,®® W. L. Barrow,”° 
and A. Erdélyi.”! Conditions of stability are obtained with the aid 
of the theory of integral equations and of asymptotic solutions of 
linear differential equations. Feedback is not always desirable. In a 
discussion of receivers and transmitters for demonstrating frequency 
modulation M. Hobbs” says that in order to avoid acoustical feed- 
back it is necessary to locate the signal generator and microphone in 
one studio and the receivers in another. 

When the differential equations of the system are nonlinear the 
theory of stability or of sustained oscillations is more difficult but 


8 P, Hertz, Die Bewegung eines Elektrons unter dem Einflusse einer stets gerichteten ' 
Kraft, Math, Ann. vol. 56 (1908) pp. 1-86. i 

6? G, Herglotz, Uber die Integralgleichungen der Elektronentheorie, ibid. pp. 87-106. 

88 J. R. Carson, Notes on the theory of modulation, Proceedings of the Institute of 
Radio Engineers vol, 10 (1922) pp. 57-64. 

® Q. Emersleben, Natural oscillation of circuits containing variable capacities and 
resistances, Physikalische Zeitschrift vol. 22 (1921) pp. 393-400. 

70 W, L. Barrow, Frequency modulation and the effects of a periodic capacity varia- 
tion in a non-dissipative oscillatory tircuit, Proceedings of the Institute of Radio 
Engineers vol. 21 (1933) pp. 1182-1202. 

n A, Erdélyi, Woer die freien Schwingungen in Kondensctorkreisen mit periodisch 
veranderlicher Kapazitat, Annalen der Physik (5) vol. 19 (1934) pp. 585-622. 

"2 M. Hobbs, A low-power transmitter for demonstrating F-M receivers, Elec- 
tronics vol, 14 (1941) pp. 20-23, 
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there is a large literature on the subject.” Nonlinear feedback oscilla- 
tions have been discussed by G. Hakata and M. Abe.” 


3.3. Transcendental equations in the theory of integral equations. 
With the abbreviations 


1 1 1 
(gy) = Í f w(s)g(s, y@)dsdt, (w) = f u(s)v(s) 


a brief study will be made of the linear integral equations 


Gy yee f * os DF dt A f ' hs, DF (dt + Ne f " a(s, DF (dl, 
0 0 v0 


(2) f(s) = F(s) + f "is; DF@dt + f "a(s, OF(Odt. 


When A is a complex quantity a+ib where a and b are real and f(s) 
is regarded as independent of d and real, the solution F(é) will also 
be a complex quantity u(t)+iv(t) with u(ż), v(t) real provided the 
kernels g(s, t), h(s, t), k(s, t) are real for real values of s and ¢ which 
lie between 0 and 1. The combination «(t) —iv(#) will be denoted by 
the symbol F*(¢) and for both equations the properties of the function 


OS f OON us f " (OF*(s)ds 


will be studied. If c is a real constant the zeros and poles of the func- 
tion w(A)—c¢ will be pseudo-negative when the same is true for the 
zeros and poles of the function w(\*) —c. 

In the important case in which g(s, t)=g(t, s), A(s, f)= ait, s), 
k(s, i) =k(t, s) it is readily seen that in the two cases . ~ 


w(d*) = (ugu) + (ogo) +a | (uku) + (ohu) ]+(a?— 5?) [(uku)+ (oko) | 
+ib | (uhu) + (oho) ]+2iab[(uku)+ (oko) ], 

w(d*) = (uu) + (wo) +a [(uhu)+ (vho) |4+-(a?—b?) [(uku)+ (vko) | 
tib [(uhu) + (vho) ]+-2iab[(uku) + (oko) |. 

The right-hand sides of these equations are zero when A is such that 


w(\*) =0 and also when A is such that F(é) exists when f(s) =0. In 
the important case in which the functions # and k are of positive type 


3 K, Heegner, The self-oscillating vacuum tube, Arkiv för Elektrot. vol. 9 (1920) 
pp. 127-152. 
~ “G. Hakata and M. Abe, Non-linear differential feedback oscillations, Nippon 
Electrical Communication Engineering no. 5 (1939) pp. 526-536. 


(1’) 


(27 
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the integrals (uhu), (vhv), (uku), (vkv) are all positive ard so when the 
imaginary terms on the right are equated to zero iz is seen that 
either a is negative or b is zero. When b is zero the equation obtained 
by equating the real part of the right-hand side to zero indicates that 
a is negative in case (2’) and this is true also in case (1’) if g(s, £) is 
also of positive type. If c is negative it is readily seen that a must be 
negative when w(A*) =c. 

When &(s, #)=0 and g(s, £), h(s, i) are of positive type it is known 
that the zeros and poles of the function wÀ) are all negative and occur 
alternately. The situation is analogous to that which occurs in the 
theorem of Routh, Jouguet and Chipart relating to the even and odd 
parts of an algebraic equation with pseudo-negative roots and so the 
function w(A) can be used quite often to construct a transcendental 
equation with only pseudo-negative roots. As an example of the first 
theorem we take equation (2) with 


hls, 2) = pst, R(s,t) = s(1—2 or ti —s) 
according as s S£; the equation for \ is then 
coth à = (1/d) — (1/9) 
when A is a pole. When the equation is written in the form 
ch (A) — (1/A) sh (A) + (1/4) sh (A) = EQ) + OQ) = 0 
it is seen that 
Ez) = ch (23) — z1? sh (31), o?O(gi2) = gl? sh (21/2), 


It is readily seen that the functions on the right are transcendental ' 
functions of z with negative zeros which occur alternately. 

In the second theorem if A(s, #)=s(1—#) or 1—s) according as 
s St it is found that if 


C(2) = f ch (Afd, S(2) = f ETATO 
then the equation 
0 = sh (z) + z sh (z) (ff) — 2 sh? (z)S(z)C(z) + sh (s) ch (2) [S(z) } 
has only pseudo-negative roots. 


4, THE SEPARATION OF VIBRATIONS 


4.1. Acoustical filters. The early work of Poisson on the propaga- 
tion of sound along a branched pipe was followed ty the inventions 
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of John Herschel and Quincke for the production of interference of 
waves by the rejunction of the divided branches of a pipe. The theory 
based on the idea of velocity potential and simplified boundary condi- 
tions was improved by Stewart and others and then replaced by a the- 
ory of lumped impedances so that the theory of acoustic filters could 
be developed along the same lines as the theories of mechanical and 
electrical filters. A good account of the theory from this standpoint 
is given in the book of Stewart and Lindsay. 

The filtering action of a regularly: spaced series of similar sheets of 
muslin was considered by Rayleigh” in the period 1887-1896 and is 
described in a passage inserted in the 1896 edition of his Theory of 
sound. He states that if a moderate number of such sheets be placed 
parallel to one another and at such distances apart that the partial 
reflections agree in phase, then a sensitive flame may be powerfully 
affected. With the aid of a device for adjusting the interval between 
two consecutive sheets it is easy to find how this interval depends 
on the wave length ` when the condition for effective reflexion is 
satisfied. Rayleigh states that with a =ħ/2 the condition is satisfied 
for normal incidence but in the actual experiment it is more conven- 
ient to use oblique incidence and the calculations necessary for this 
case are readily made. l 

In his mathematical investigations” Rayleigh considered the trans- 
verse vibrations of a stretched string periodically loaded, but the 
analysis is rather difficult as it depends on the properties of the solu- 
tions of differential equations with periodic. coefficients and use is 
made of infinite determinants as in the work of G. W. Hill. The vibra- 
tions of this type of string in which the density varies continuously 
have been studied further by Strutt’? but more progress has been 
made in the study of the older problem in which the density of the 
string varies discontinuously. This case will be considered later for 
both transverse and longitudinal vibrations. The former case is inter- 
esting on account of analogies with optical phenomena, the latter on 
account of the analogies with acoustical phenomena. 

The problem of the loaded string was much studied by the great 


% Lord Rayleigh, Iridescent crystals, Proceedings of the Royal Institute of London 
vol, 12 (1889) pp. 447-449; Nature vol. 40 (1889) pp. 227-228; Scientific papers, 
vol. 3, pp. 264-266 (see also pp. 1-14, 204-212); Theory of sound, vol. 2, p. 311. 

% Lord Rayleigh, On the maintenance of vibrations by forces of double frequency, 
and on the propagation of waves through a medium endowed with a periodic structure, 
Philosophical Magazine vol. 24 (1887) pp. 145-159; On the remarkable phenomenon 
of crystalline reflexion described by Stokes, ibid. vol. 26 (1888) pp. 256-265. 

n M. J. O. Strutt, Eigenschwingungen einer Saite mit sinusformiger Massenver- 
teilung, Annalen der Physik vol. 85 (1928) pp. 129-136. 
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‘mathematicians of the eighteenth century and many of their results 
are given by Routh in his Rigid dynamics. Routh also mentions that 
in April 1875 Lord Kelvin studied the vibrations and waves in a 
stretched uniform chain of symmetrical gyrostats connected together 
by universal flexure joints. His thoughts returned to this subject in 
his Baltimore lectures of 1884. 

The theory of the loaded string became definitely associated with 
the theory of mezhanical filters in 1898 when Godfrey and Lamb pub- 
lished their reseerches and when Campbell and Pupin became inter- 
ested in the properties of the ‘loaded electrical transmission line. 
Acoustic filters are much used as mufflers for internal combustion 
engines and as may be seen from the lists of patents in the Journal 
of the Acoustical Society of America baffles, holes and side branches 
in the exhaust pipe are among the devices used. Resonating side 
branches sometimes communicate with one another through parti- 
tions of absorbirg material. Even a long pipe has a filtering action as 
the attentuation is higher for sound of some frequencies than for 
sound of some cther ranges of frequency. Problems relating to pipes 
‘will be discussec in the section dealing with hydrodynamics in which 
some consideration will be devoted not only to the elimination of 
noise but also tke reduction of dangerous vibrations in hydraulic pipe 
lines. 


` 4,2, Passage of sound through a slab. Let p, v, and Z=pv be the 
density velocity. of sound and radiation resistance of a homogeneous 
slab of thickness a which is of infinite extent in any direction parallel 
to the plane faces. Let p, v’, Z’=p’v’ be the corresponding quantities 
for the medium outside the slab. For normal incidence of waves on 
the face x =0 the velocity potentials are 


$ = Dete(t-z/v’) + Eet lUz for x s 0, 
o= Bet (-zle) + Cet (ttx/) forO Ses a, 
gd = Aei(t-zie) for x 2 a. | 


The boundary conditions are 
pP'(D +E) = p(B +C),  p(Be-#* + Ce) = Aet, 
is(E—D) = is(C — B),  is(Ce — Be™) = — is Aet” 
where s =wa/v, s’ =wa/v'. Thus 
A/D = 2e / [21cos (s) + i(Z/Z’ + Z'/Z) sin (s)] 


and the coefficient of reflection is 
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r = (Z'/Z — Z/Z')[4 cot? (s) + (2'/Z — Z2/2’)2|-/2, 


This is the formula of Lord Rayleigh.” Interesting applications of 
this formula to the reflection and transmission of sound through parti- 
tions have been made by Boyle"? and Davis.® It is clear that r=0 
when sin (s)=0 and so there are certain critical thicknesses a for 
which there is no reflection of sound waves of the prescribed fre- 
quency w/2r. Davis regards the formula as applicable to the trans- 
mission of sound through light thin panels such as sheets of paper, 
sailcloth or fibre board. When a is very small there is a tendency for 
the reduction factor of the energy to vary as the square of the fre- 
quency f of the incident sound. With materials as light as paper a 
term due to air damping is important and there is less variation with f. 
For heavy panels such as two inch boards or brick walls the reduction 
factor is less than that given by Rayleigh’s formula. Davis has given 
a formula 


Reduction factor = (1/2R) ie + 2R) + (m/ w) (w — wo) | 


which indicates that resonances can account for a reduced insulating 
value. This formula is derived from a differential equation of type 


mg + (r + 2R)E+ SE = 2Réve*t, wi = (S/m) V2. 


To account for the behavior of actual panels it seems necessary to 
assume that there are several modes of vibration with which there 
can be resonance. This is in accordance with the general theory of 
the vibration of plates and with experiment as is pointed out by Davis 
and Littler. 

In the work of Boyle on the influence of the thickness of the plate 
on the transmission of sound, use was made of a high f(135000~, 
300000~ and 528000~). It was found that when a was a large multi- 
ple of \/4 (where A is the wave length in the plate) there was a maxi- 
mum of-energy reflected and a minimum of energy transmitted. When 
a was a few integral multiples of \/2 there was an almost complete 
transmission of energy. Thus in the latter case the plate acted as a 


7 Lord Rayleigh, Theory of sound, vol. 2, 1896, p. 88. 

"R, W. Boyle, Transmission of sonic and ultrasonic waves through partitions, 
Nature vol. 121 (1928) pp.'55-56. See also R. W. Boyle and D. K. Froman, Canadian 
Journal of Research vol. 1 (1929) pp. 405-424. 

8 A. H. Davis, Transmission of sound through partitions, Philospohical Magazine 
(7) vol. 15 (1933) pp. 309-316. 

8 A. H. Davis and T. S. Littler, The measurement of transmission of sound by parti- 
tions of various materials, Philosophical Magazine (7) vol. 3 (1927) pp. 177-194, 
vol. 7 (1929) pp. 1050-1062. 
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high pass filter and in the former case as a high frequency rejector. 
This work has been continued by Boyle and Sproule® with the aid of 
a torsion pendulum and the previous conclusion confirmed. 


4.3. Multiple partitions. The passage of sound through several slabs 
of different materials is of some interest but the analysis is rather 
complicated. The case of three different media was considered by 
Brillié and his work is discussed by Stewart and Lindsay. The 
case of five media two pairs of-which are alike in properties and are 
symmetrically related to a third medium in the middle is of much 
interest in relation td the sandwich type of radiator and receiver 
which was used at one time in underwater work. The natural vibra- 
tions of such a sandwich are of interest. 

The vibrations of a column of gas, one portion of which is at a tem- 
perature T; and the other at a temperature Tz have been studied by 
Lees*® in connection with some experiments on the vibration of trav- 
elling flames made by Coward and Hartwell. Lees considered 3 
cases: 1°. Tube closed at both ends. 2°. Tube open at both ends. 
3°. Tube closed at one end and open at the other. In the last named 
case the frequency of vibration is determined.by the equation 


(m1/F 1) tan (myr/2) = — (n2/F:) tan [(m2 — 1)(x/2)] 


where m is the fundamental frequency when the whole column is at 
temperature Tı, m2 is the corresponding frequency when the tempera- 
ture is Tz, Fı and Fz are the moduli of adiabatic elasticity for longi- 
tudinal displacements in the column at the two temperatures and 


mı = na/me, ma = nb/noe, a+b=c 


where a, b are the lengths of the two portions of the tube. 

Meyer observes that it is well known that the sound-damping ac- 
tion of a homogeneous wall increases with its thickness provided the 
exciting frequency is sufficiently higher than the natural frequency 
of vibration of the wall—a condition that is usually satisfied. When 
several such walls have air between them the composite wall acts as 
a mechanical damper because the layers of air form buffers if they are 
small compared with the wave length. If denotes the mass of the 


82 R. W. Boyle and D. O. Sproule, Transmission of sound energy and thickness of 
plate transmitter at normal incidence-ultrasonic method, Canadian Journal of Research 
vol, 2 (1930) pp. 3-12. > 

8 C, H. Lees, Free periods of a composite elastic column or composite stretched wire, 
Proceedings of the Physical Society of London vol. 41 (1929) pp. 204-213. 

% J. F. Coward and F. J. Hartwell, Extinction of methane flames by diluent gases, 
Journal of the Chemical Society vol. 129 (1926) pp. 1522-1532. 
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wall in grams per square centimeter, if / is the length of an air buffer, 
if v is the velocity of sound and if p is the density of the air, the 
fundamental natural frequency is 


Jo = (0/1) (ol/m)*!?, 


This formula has been confirmed over a frequency range from 400~ 
to 7000~. Meyer® states that in such composite walls the velocity of 
transmission decreases as the frequency increases but the damping 
does not seem to increase very rapidly. Investigations led to the fol- 
lowing rules for the design of composite walls. The dimensions should 
be such that fo is less than the practically important range of f’s and 
the cross vibrations in the air buffers should be damped. By following 
these rules sound can be effectively damped without the use of heavy 
walls. A four-fold composite wall forty centimeters thick (15 3/4 inches) 
weighing 50 kilograms per square meter (10.25 pounds per square 
foot) gave better insulation than a solid brick wall weighing 1000 kg. 
per sq.m. The effect of composite walls has been discussed by many 
other writers®* and the mathematical theory has been elucidated by 
Constable.®? For f >fe insulation is at first decreased as the separation 
of the walls is increased, but it afterwards increases continuously up 
to a point at which the separation is approximately \/4. After this 
point it decreases to a second minimum and thereafter minima occur 
at successive increases of \/2 in the separation of the walls. The first 
minimum at which the insulation can be less than that of one com- 
ponent alone can be attributed to the effect of air coupling. 

The properties of a double partition constructed from dissimilar 
components were examined by Renault?! and by Constable.§’? The 
latter found that at f’s for which the resonances of the components 


SE. Meyer, Die Mehrfachwand als akustisch-mechanische Drosselkette, Zeit- 
schrift ftir Technische Physik vol. 16 (1936) pp. 565-566; Uber das Schallschluckver- 
mögen schwingungsfahiger, nichtboroser Stoffe, Elektrische Nachrichten Technik vol. 
13 (1936) pp. 95-102. 

8 E, Wintergast, Theorie der Schalidurchlassigheit von einfachen und susammenge- 
selzten Wanden, Schalltechnik vol. 4 (1931) pp. 85-91, vol. 5 (1932) pp. 1-8. J. E. R. 
Constable and G. H. Aston, The sound insulation of single and complex partitions, 
Philosophical Magazine (7) vol. 23 (1937) pp. 161-181, E. Lubcke and A. Eisenberg, 
Zur Schallibertragung von dünnen Einfachwinden, Zeitschrift Technische Physik 
vol. 18 (1937) pp. 170-174. 

8 J. E. R. Constable, The acoustical insulation afforded by double partition con- 
structed from similar components, Philosophical Magazine (7) vol. 18 (1934) pp. 321- 
343; Acoustical insulation afforded by double partitions constructed from dissimilar com- 
ponents, ibid. vol. 26 (1938) pp. 253-259, 

8 L, Renault, La transmission du son à travers cloisons métalliques, Revue 
d’Acoustique vol. 6 (1937) pp. 69-101. 
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and the air coupling resonance can be neglected, the insulation to be 
obtained from a double partition for a given total weight and thick- 
ness is greatest when the componenis are similar. 

The transmission of sound by a series of equidistant similar parti- 
tions has been studied by Hurst? whose results are very similar to 
those of Lamb in his first example of a mechanical filter (§4.5). The 
method of indicating the regions of attenuation is also similar to that’ 
of Lamb. Hurst gives also a theory af transmission through a series of 
circular panels each of which is set into a rigid wall. In this theory 
effects of diffraction are taken into account. 


4.4, Results found by energy methods. The absorption of sound by 
a porous wall was studied theoretically by Rayleigh with the aid of a 
theory of the propagation of sound in a capillary tube which will be 
examined in §6.8% There are, however, some results which can be 
obtained by energy methods which may be mentioned here for com- 
parison with the other results. ` 

4.4a, The passage of energy through a single absorbing wall. By 
means of an extension of the analysis of Buckingham and Eckhardt,” 
Davis" has obtained the following equations for two rooms separated 
by an absorbing wall: 


AVI + vaSI = 4E + 0kWI,  4Vili + vS = vkWI. 


The first equation refers to the room containing the source of sound 
which is supposed to emit energy ata constant rate E while operative. 
W denotes the area of the wall used‘as a partition between the two 
rooms. V, V; are the volumes of the rooms; S, Sı are the respective 
total areas of the exposed surfaces of the walls of these rooms (includ- 
ing the partition); @, a; are the mean fractions of incident energy lost 
by the respective rooms at each reflection by absorption or transmis- 
sion to other rooms; v is the velocity of sound and & is a factor of type 
a for the partition. In the steady state 7=f,=0 so the maximum 
values of J and J; are J and J, respectively, where - 


82 D, G. Hurst, The transmission of sound by a series of equidistant partitions, 
Canadian Journal of Research vol. 12 (1935) pp. 398-407. 

8% References to §§5 and 6 refer to material which the author hopes will appear 
after the war. 

80, A. Eckhardt, The acoustics af rooms, reverberation, Journal of the Franklin 
Institute vol. 195 (1923) pp. 799-814. 

1 A, H. Davis, Reverberation equation for two adjacent rooms connected by an in- 
completely sound-proof partition, Philosophical Magazine (6) vol. 50 (1925) pp. 75-80. 
See also C. F. Eyring, Methods of calculating the average coefficient of sound absorption, 
Journal of the Acoustical Society vol. 4 (1933) pp. 178-192. 
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At time / after the source has been cut off 


I de _ 1 

— = emt + eet, 
J dem 1— Ag 

h = Re gMt + 1 et 
J Me- 1— M 


where 
A . i 
n = (v/8){N + Ni F [W1 — N)? + 4B W7/VVi 7}, 
2 


N= aS/V, Ni = aS1/Vi, Xo = AV hrdo/ (90181). 


4.4b. The passage of waves through a series of interceptors. The 
reflection of light from a pile of plates was discussed in a restricted 
form by Augustin Fresnel” and Franz Neumann, the formulae of the 
latter being quoted by Wild in 1856. In 1862 Stokes® treated the 
problem in a general way by means of the functional equations 


r(m + n) = r(m) + r(n) [e(m) }?/[1 — rQm)r(n)], 
t(m + n) = t(m)t(n)/[1 — r(m)r(x) | 


in which r(m) denotes the fraction of energy reflected from a pile of 
m plates, i(m) denotes the fraction of energy transmitted and 
a(m) =1—r(m) —t(m) is the fraction of energy absorbed in the plates. 
In the derivation of these equations the plates are, supposed to be all 
formed of the same material and to be all of the same thickness. The 
plates themselves and the interposed sheets of air are supposed to be 
so thick that the phenomenon of the colours of thin plates does not 
occur to any appreciable extent. The analysis deals only with intensi- 
ties of light or other wave motion. 
If r(1) =r, t(1) =f and quantities a, b are defined by the equations 


rcha+éichd = 1, rsh a — ish bJ= 0 


2 A. Fresnel, Calculs sur les intensités de lumière réfléchi par une, deux et quatre 
glacés, Oeuvres complètes, vol. 2, pp. 789-792. 

83 Sir George Stokes, On the intensity of the light reflected from or transmitted through 
a pile of plates, Proc. Roy. Soc. London vol. 11 (1862) pp. 545-556. J. Stirling, Note 
on a functional, equation treated by Sir George Stokes, Proc. Roy. Soc. London Ser. A 
vol. 90 (1914) pp. 237-239. 
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an appropriate solution is 
sh (nb) sh (a) 
—— tn) = —————- 
sh (a + nb) sh (c + nb) 
It should be noticed that . 
4 sh? (a/2) = (Y2 — r3)? — t/r, 4 sh? (b/2) = (42 — P)? — r?/t 
Since 1—r>¢ and 1—t>r the quantities a and b defined by these 
equations are both real. It should be noticed also that 
@=1-—2rche+r?, rP=1— 2chd+P, 
[é(n) ]2 = 1 — 2r(n) ch a + [r(n) ]?, 
Ir(x) |? = 1 — 2t(n) ch (nb) + [e(a]. 


Hence in.order to investigate the effect of frequency on r() and t(n) 
it is useful to have plots in the rt-plane of the two systems of hyper- 
bolas a = constant, b = constant. f 


rín) = 


4.5. Mechanical filters. A general theory of mechanical filters was 
given by Horace Lamb™ and Charles Godfrey% in 1898. In the analy- 
sis of Lamb dynamical systems of any degree of complexity but all 
exactly alike are supposed to be interpolated at regular intervals 
along a line which is regarded for simplicity as an infinite string ca- 
pable of longitudinal vibrations. The position and configuration of any 
one of these systems is imagined to be determinec by the coordinate £ 
of the point of the string where it is attached and by means of n other 
coordinates q. (s=1, 2,---, n). The kinetic energy T and potential 
energy V are, moreover, assumed to have the forms 


=E ai +2 E ati + PE, W= bg +2 Dd ptg + OË, 
ræœl ral r=1 yml 


so that the equations of motion are 


aü, + Bede + ak + BE = 0, r=1,2,---,2n, 
PE + QE + D (cede + Beg) = X 
: rol 


where X is the external force corresponding to the coordinate x repre- 


“H. Lamb, On waves in a medium having a periodic discontinuity of structure, 
Memoirs of the Manchester Literary and Philosophical Scciety vol. 42, no. 3, 1898, 
20 pp. s 
C, Godfrey, Discontinuities of wave-motion along a periodically loaded string, 
Philosophical Magazine (5) vol. 45 (1898) pp. 356-363. 


p 
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senting in Lamb’s model the difference of tensions on the two sides 
of the gap into which the dynamical system is introduced. 

When all quantities contain the time factor exp (kct) the first n 
equations of motion give the relations 


kca, — Br 


= , r=1,2,---,n, 
kca, — b, 


z qr T {| 
and the last equation gives 
{wor — 0 — D5 (kea, — B,)?/(Re2a, — bbe =—X, 
fel 


The successive dynamical systems may be distinguished by suffixes 
(D,) and may be pictured as particles at intervals of length a. If 2r/k 
is the wave length for a disturbance with the same time factor on the 
unloaded string, the motion to the right of D, is of type 


E = £, cos (kx) + [m1 — & cos (ka)] sin (kx) csc (ka) 
while on the left it is 
E = £, cos (kx) + [E, cos (ka) — & 1] sin (Rx) csc (ka). 
The tensions of the string on the two sides of D, are 
E(dt/dx)s. = kE csc (ka) [fin — & cos (Ra) |, 
E(dt/dx)_ = kE csc (ka) [€, cos (ka) — &~1], 
so 
X, = kE csc (ka) [Enya — 26 cos (ka) + §_1] 
and there is a difference equation 
p41 — 2[cos (ka) — f(k) sin (Ra) lé, + & 1 = 0 
where l 
2kE-f(k) = kP — Q — 2 ae 


The solution of the difference equation has different forms according 
as the coefficient of 2& does or does not lie between the limits +1. 
The critical values of k are determined, by 


C(ka) = cos (ka) — f(k) sin (ka) = +1. 


The roots of this equation give the ranges of frequency within which 
there is total reflection or partial transmission. 
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When C(ka) lies between +1 there is a real angle @ such that 
cos 0 = C(ak) 
and then the solution of the difference equation is 
E = Petr 4. Qeit 


where P and Q are suitable constants independent of r. The wave- 
length \ in the loaded medium may be defined tc be 


A = (20/6) = (ka/0)No 


where \o=(27/k) is the wave length in the unloaded medium. The 
wave velocity in the loaded medium may also be regarded as given by 
the equation 


v= (Akc/2r). 
The group velocity is then 
w = v — ddv/dd = — (dc/2na) [d(ka)/d0|(d6/dd) = — [c/C’(ak)] sin 0. 


i 
Unless C’(ak) =0 for the critical values of k the group velocity will 
be zero when & has a critical value.and sin 6=0. When 6 lies between 
0 and r the group velocity is positive when C'(ak) is negative. The 
behavior of v may be found by Lamb’s graphical method in which use 
is made of the curves 


y = cor (x/2), y= — tan (x/2), y= f(x/a), 


and the points of intersection of the last curve with the first two. With 
many forms of the function f the intervals of partial transmission are 
represented by intervals beginning respectively at r, 2r, 3r, - -+ , and 
the intervals of total reflection by intervals ending at these points. 
There may also be an interval of partial transmission between 0 and r. 
In Lamb’s first example f(k)=ypka/2, where p= M/pa. The dy- 
namical system then consists of a mass M and pa is the mass of the 
portion of the string between two consecutive masses. When the 
string is infinite in both directions there is transmission only for cer- 
tain values of k below a certain limit. When ke is large @ is given 
approximately by 6?=ka?(1-++u) and the refractive index N is 


| N = OP) = (1 + p)", 
The effect of the loads is to increase the average density of the me- 
dium. a 

In Lamb’s second example the mass M is urged towards its mean 
position by a spring and so 
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f(D) = = (ia es —). 


cka 





The chief diference between this case and the last is that there is an 
interval of total reflection beginning at ka =0 which is separated by 
an interval of partial transmission from the interval of total reflection 
which ends at ka =r. Lamb regards this as remarkable. 

In Lamb’s third example f(k) = (uka/2)(1 —k?c?/o*). The chief dif- 
ference between this case and the first is that as the frequency increases 
the intervals of partial transmission become wider and wider instead 
of shorter and shorter so that the medium is transparent for short 
waves of high frequency. This example was offered by Lamb to illus- 
trate the transparency of a medium to Röntgen rays, a phenomenon 
which Stokes® had endeavoured to explain in his Wilde lecture of 
1897, 

In Lamb’s model there are a number of equal light rigid circular 
frames each of which is attached to the string at opposite ends of a 
diameter and has in its interior a particle M connected with the frame 
by means of similar springs so that the particle is at the center of the 
frame when the springs are equally extended. If £, denotes the dis- 
placement of the point of the string to which one of the frames is 
‘attached and if 7, denotes the displacement of the associated particle, 
the equation of motion of this particle is 


Mi, + Mo*(n, — §) = 0 
while there is a balance of tensions if 
0 = kE[Ei1 — & cos (ka)] — REE, cos (ka) — & 1] 
+ Mo(n, — £) csc (ka). 
These equations give the relation between s41, £a and £. of the type 


mentioned. 
Lamb’s model furnishes a particular type of high pass filter. 


4.6. Selective reflection. In Lamb’s work the string is unloaded 
to the left of 0 and on the right has masses M at the points 
x=0, @,-++, na and is unloaded beyond the point na. For x <0 it 
is assumed that 


E m= gik(ot-z) 4 f gik(ette), 


%8 Sir George Stokes, On the nature of the Röntgen rays, Memoirs of the Manchester 
Literary and Philosophical Society vol. 41, no. 15, 1897; Mathematical and physical 
papers, vol. 5, pp. 256-277. 
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For 0 <x <a it is assumed that 


Er = Ceitlket-r9) + Det(kett+r4) 


and for x>na 
{= -Bett tete), 


The kinematical conditions at x=0 and x =a are 
1+4=C+D, Berka = Ceint4. Deind 
while the dynamical equations are 
1 — A = Ci csc (ka) [cos (ka) — e] + iD csc (ka) [cos (ka) — e], 
Berke = iCe-i* csc (ka) [e — cos (ka)] 
+ iDe**® csc (ka) [e — cos (ka) } 

and from these equations it is found that 
enc sin 0 sin (ka) exp [(n + 1)ika] 

sin 6 sin (ka) cos (n + 1)@ + i[1 — cos 6 cos (ka)] sin (n + 1)0 
ims ¿(cos 8 — cos (ka)) sin (n + 1)be** 

sin 8 sin (ka) cos (n + 1)@ + i[1 — cos 9 cos (ka)] sin (n + 1)0 
The intensities of the reflected and transmitted waves are respectively 

l R = [(cos 8 — cos (ka))? sin? (n + 1)0]/H, 
T = [sin? 6 sin? (ka) ]/H, 

where H =sin?@ sin? (ka) cos? (n+1)6+(1 —cos 6 cos (ka))* sin? (n+-1)6. 
When 7 is large slight changes in ka and @ will make cos (n+1)0 and 
sin (n+1)@ vary considerably. Mean values of R and T for values of A 


close to 2r/k may be found by integration as in Kirchhoff’s Optik 
(p. 165) and in Lamb’s paper by using the well known formula 








={2 dẹ 
f —— = r/2. 
o a cos? ẹọ + p? sin? ¢ 
Consequently 
a sin 6 sin (ka) = = 
T= | g R=1-T, 
\ 1 — cos 6 cos (ka) 

— i-e S 2g? 
Tse 4 Rac 

i+ ge 1+ q 


where 
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7 sin (ka/2 — 8/2) 
4 | sin (ka/2 40/9 | 


This quantity g is the coefficient of reflection obtained by Lamb in 
his analysis of the case in which waves travelling towards 0 along the 
unweighted portion of the string are reflected from the weighted por- 
tion on which weights evenly spaced extend to infinity. This case is 
similar to the problem considered by Godfrey. 

An interesting variation of the present problem is one in which the 
unweighted portions of the string are replaced by weighted portions 
in which the weights are evenly spaced but at intervals differing in 
length from the intervals in the intermediate portion of the string. 
If the intervals in this intermediate portion are greater than in the 
rest of the string the problem is analogous to that of waves passing 
from a dense medium into a plate composed of a light substance. This 
problem is of interest for both longitudinal and transverse vibrations. 


4.7. The reactance theorem and its generalizations. In 1886 the 
late Lord Rayleigh’ gave a dynamical theorem which in modern 
terminology, is a theorem relating to the driving point impedance in 
a chain like dynamical system. Applications to electrical networks 
were. considered. In 1908 the theorem was extended by the present 
author® to a linear integral equation 


1 
u(s) = Uls) — 2 f kls, \U (dt 
0 , 
in which R(s, ¢) is a real symmetric kernel. If 
1 
w(d) = f u(s)U(9)ds 
0 


the theorem then states that the zeros and poles of the function w(\) 
are all positive when the kernel is such that for any real nonvanishing 
function x(s) the double integral 


(xke) = f i f * (O(S, H xlidsdt 
o Yo 


9? Lord Rayleigh, The reaction upon the driving-point of a system executing forced 
harmonic oscillations of various periods, with applications to electricity, Philosophical 
Magazine (5) vol. 21 (1886) pp. 369-381; Scientific papers, vol. 2, pp. 475-485. 

28 H, Bateman, The reality of the roots of certain transcendental equations occurring 
in the theory of integral equations, Trans. Cambridge Philos. Soc. vol. 20 (1908) pp. 371- 
382; Notes on integral equations III, the homogeneous integral equation of the first kind, 
Messenger of Mathematics vol. 39 (1909) pp. 6-19. 
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is positive. The derivative w’(A) is then positive for all real values of A, 
becoming infinite, if at all, only at certain values of > at which the 
homogeneous integral equation (with u =0) can have a nonvanishing 
solution. 

It is the analogue of this theorem for a system of linear algebraic 
_ equations 


Up =U, — XZ, bres, r=1,2,-++,m, 
sal 
which is essentially the theorem given by Rayleigh. The real con- 
stants k,,, are then supposed to be symmetric (k,,.=k.,+) and such 
that the quadratic form 


r 


(xkx) = Z Xp Ry oe 
r,s 
is positive for all nonvanishing sets of real quantities x,. The function 
w(A) is then defined by the equation 


w(d) = 2 u,U, 
rol 


and its derivative is positive for al! real values of A. This indicates 
that the zeros and poles of the rational function w(A) occur alternately. 

In 1922 G. A. Campbell” gave an expression for the driving-point 
impedance Z of a non-dissipative reactance network 


2 2 2 m 
zorye m ETD a 


n — fi 

, (i aa fp sean on E a i 
in which M is a positive constant, fo, fa ++ - are constants represent- 
ing resonant frequencies, fi, fs,--- are constants representing anti- 


resonant frequencies and the exponent m of the last factor in the 
numerator is 1 or 0 according as a resonant or antj-rescnant frequency 
is the last member when the frequencies f, are arranged in order of 
increasing magnitude 


OSfti<fe<fa<fa-+-. 


This type of arrangement is possible because dX/df>0 and so the 
zeros and poles of X occur alternately. The theorem may be derived 
from the previcus theorem for a system of algebraic equations by 


8 G, A. Campbell, Physical theory of the electric wave-filter, Bell System Technical 
Journal vol, 1 (1922) pp. 30-31. 
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taking all but one of the quantities u, to be zero. There is a corre- 
sponding theorem for the more general set of linear equations 


n n 
ty = >> hraUs — A D, bran r=1,2,--:,%, 
gen] geal 
where the coefficients h,,., kr,« are real symmetric quantities such that 
the quadratic forms (xhx), (xkx) are positive for nonvanishing sets 
of quantities x,. There is also a similar theorem for the integral equa- 
tion of the first kind 


uls) = f h(s, DU (dt — af k(s, DU (Ðdt 
, 0 0 


in which h(s, t), R(s, £) are real symmetric kernels such that (xhx) and 
(xkx) are positive for any nonvanishing real continuous function 
x(z’). In all these theorems the function w(A) increases continually 
with but if the conditions imposed on the function k or the coeffi- 
cients k,,, are relaxed so that k is merely real and symmetric then the 
function Aw(A) increases with \ and there are zeros and poles of this 
function which occur alternately but are not all positive. The theo- 
rem that w(A) or Aw(A) increases with \ may be proved in many ways 
but one way is to use partial fractions. A number of theorems may be 
proved in this way, some of them are well known in the theory of 
algebraic equations and some have found useful applications in the 
theory of electric filters. 

The reactance theorem has been proved by many writers. Zobel! 
gives a proof by induction while Foster!” bases a proof on dynamical 
theorems of Routh, Rayleigh and Webster. Foster also calls atten- 
tion to a connection with algebraic equations whose roots are all 
pseudonegative (that is, with negative real parts). In Routh’s work, 
for instance, such an equation F(z)=0 is expressed in the form 
F(z) =E(2)+0(2)=A (2*)-+2B (2?) where E(z) is an even function of z 
and O(g) is an odd function of z and it is found that the roots of the 
equations A(x)=0, B(«)=0 are all negative and occur alternately. 
The converse of this theorem has already been considered in section 2.2. 

Foster also considers the driving-point impedance of a general net- 
work and connects it with a theorem associated with three positive 
definite quadratic forms which may be generalized as follows: 


100 O, J. Zobel, Theory and design of uniform and composite electric wave-filters, 
Bell System Technical Journal vol. 2 (1923) pp. 35-36. 
101. R, M. Foster, A reactance theorem, ibid. vol. 3 (1924) pp. 259-267; Theorems 
` regarding the driving-point impedance of two-mesh circuits, ibid. vol. 3 (1924) pp. 651- 
685. 
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Consider the system of linear algebraic equations 


n 
Ur = > (Er, -+ hes + Akr) Wey r= 1, 2,°°°,%, 

8al 
in which the coefficients g, 2, Mr,s, kr. are real symmetrical quantities 
such that £-,.=2e,r) hr,s = Her, kr, = ka r and that (xgx), (xhx), (ckx) are 
positive for any real nonvanishing set of quantities x. Then the zeros 

and poles of the function wA) = 7-1 W, are all pseudo-negative. 

When A is a complex quantity e +ir and W,=U,+V,, where o, 7, 
U, and V, are all real, the conjugate complex quantity to W,, namely 
W,* = U,—4V,, arises when A is replaced by A* =o —ir and the zeros 
of w(d) will be pseudo-negative when the zeros o? ‘ 


wN) = SW = (Wg) EWR) + WERT) 
Tal 


are all pseudo-negative. When, however, the right-hand side is re- 
solved into its real and imaginary parts and each of these equated to 
zero it is seen at once that o must be negative and a similar argument 
is applicable when u=0 and the possible values of \ are, perhaps, 
poles of w(\). The theorem may be extended to the zeros and poles 
of the function #(A)+P where P is a positive constant and may also 
be extended to certain integral equations of type 


u(s) = f [e(s, 2) + Akls, D + As, DIW(Àdt 7 


where g(s, t), h(s, t), k(s, £) are real symmetric functions such that 
(xgx), (xhx), (xkx) are positive for any nonvanishing function x(s) 
continuous in the range 0 <s <£c. 

Proofs and extensions of the reactance theorem have been given by 
Cauer,! Baerwald,!® Epheser and Glubrecht!“ and many other writ- 


102 W, Cauer, Die Verwirklichung von Wechselstrom Widerstanden vorgeschrieben 
Frequenzabhängigkeit, Dissertation, Technische Hochschule, Berlin, 1926, Arkiv för 
Elektrot. vol. 17 (1926) pp. 355-388; Ein Reaktanziheorem, Sitzungsbericht der 
Akademie der Wissenschaften, Berlin, 1931, pp. 673-681; Hin Satz uber zwei zusam- 
menhangen Hurwitzsche Polynome, Sitzungbericht der Berlin Mathematische Gesell- 
schaft vol. 27 (1928) pp. 25-31; Wechstromschaltingen, Akademie der Wissenschaften, 
Leipzig, 1941. 

103 H, G. Baerwald, Ein einfacher Beweis der Reaktanzthzorems, Elektrische Nach- 
richten Technik vol. 7 (1930) pp. 331-332. 

1 H. Epheser and H. Glubrecht, Die Grundlagen der Siebschaltungstheorien, ibid. 
vol. 17 (1940) pp. 169-192. See also K. Franz, Eine Verallgemeinerung des Fosterschen 
Reaktanztheorems cuf beliebige Impidanzen, Elektrische Nachrichten Technik vol. 20 
(1943) pp. 113-115. 7 
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ers. There are also extensions to the case in which the quadratic 
forms (xgx), (xhx), (xkx) contain an infinite number of variables and 
to the case in which the range of integration 0 to c is infinite in the 
last mentioned theorem. Extensions to the case of Hermitian forms 
are also to be considered. 


4.8. The sorting of vibrations by means of filters. It is often im- 
portant to separate desirable vibrations from the undesirable ones 
particularly in electric and hydraulic transmission lines, but the prob- 
lem of separation is important in acoustical and mechanical systems. 
In acoustics sound waves of a particular frequency or range of fre- 
quencies may be needed for experimental work as in the determina- 
tion of times of reverberation in an auditorium. The elimination of 
noise is an important requirement in some buildings and laboratories. 
The absorption of the vibrations produced by engines and heavy ma- 
chinery provides many mechanical problems. 

The filtering properties of a system are generally examined by first 
finding the behavior of the system in a sinusoidal type of vibration, 
the so-called steady state, but it is important to know also the some- 
what different response of the system to transient disturbances. This 
second problem is generally much harder than the first. Transient 
oscillations in electric wave filters were, however, studied by John 
Carson and Otto Zobel’ in 1923. The building up of sinusoidal cur- 
rents in loaded electric lines had been investigated by Carson! in 
1917 and by Clark!’ and Kupfmiiller!* in 1923. Carson’s analysis is 


108 J, R. Carson and O. J. Zobel, Transient oscillations in electric wave filters, Bell 
System Technical Journal vol. 2 (1923) pp. 1-52. 

106 J, R. Carson, Theory and calculation of variable electrical systems, Physical Re- 
view (2) vol. 17 (1921) pp. 116-134; General expansion theorem for the transient oscilla- 
tions of a connected system, ibid. vol. 10 (1917) pp. 217-225; Theory of the transient 
oscillations of electrical networks and transmission systems, Transactions of the Ameri- 
can Institute of Electrical Engineers vol. 38 (1919) pp. 345-427, discussion by M. I. 
Pupin and A. H. Cowles, pp. 462-464, See also T. C. Fry, The solution of circuit prob- 
lems, Physical Review (2) vol. 14 (1919) pp. 115-136; J. R. Carson, The building up of 
sinusoidal currents in long periodically loaded lines, Bell System Technical Journal 
vol, 3 (1924) pp. 558-566; F. Pollaczek, Theory of the switching-on process of multi- 
mesh artificial lines, Elektrishe Nachrichten Technik vol. 2 (1925) pp. 197—226. 

107 Alva B. Clark, Telephone transmission over very long cable circuits, Transactions 
of the American Institute of Electrical Engineers vol. 42 (1923) pp. 86-97, discussion 
by J. J. Pilliod. 

108 K, Kiipfmiiller, Free oscillation, echo effect, and influence of temperature in 
telephony over long Pupinised cables, Telegraphen- und Fernsprech-Technik vo]. 12 
(1923) pp. 53-60; Uber Beziehungen zwischen Frequenzcharakteristiken und Ausgleichs 
vorgingen in linearen Systemen, Elektrische Nachrichten Technik vol. 5 (1928) pp. 
18-32, 459. 
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based largely on the use of Fourier integrals. For the simpler problem 
of transients in mechanically loaded lines when use can be made of 
partial differential equations or of differential difference equations 
with constant coefficients there is a powerful method of influence 
functions which has been used effectively by Koppe, Havelock, 
Schrödinger, Pollaczek and the present writer. Effective use can 
also be made of the inverse Laplace transformation as suggested by 
‘the writer in 1910.4 In 1921 at the present writer’s suggestion,“ 
this method was adopted by Carson for work in electrical theory in 
which the so-called Duhamel integrals and operational methods of 
Heaviside were being used. 


4.9. Transverse vibrations of an infinite light string uniformly 
loaded at regular intervals. The advantages of the methods men- 
tioned in the last section may be seen by considering the function 


£n = IEA — s) ]/(s}ds 


in which the integrand of this Poisson-Duhamel integral involves the 
‘influence function for the infinite loaded line. When x is a positive 
or negative integer it is readily seen that x,(t) satisfies the homogene- 
ous equation 


(A) tn! ( = [enal + tnli) — 2an(t)] 
but when z =0 it satisfies the nonhomogeneous equation 


xi (ù = LO + e(z + x1 — 2%) 


1% Some references to the literature are given in a paper by the author, Some 
simple differential difference equations and the related functions, Bull. Amer. Math. Soc. 
vol. 49 (1943) pp. 494-512. 

uo H. Bateman, The solution of a system of differential equations occurring in the 
theory of radio-active transformations, Proc. Cambridge Philos. Soc. vol. 15 (1910) 
pp. 423-427; The solution of linear differential equations by means of definite integrals, 
Trans. Cambridge Philos. Soc. vol. 21 (1909) pp. 171-196; Report on the history and 
present state of the theory of integral equations, Report of the British Association for the 
Advancement of Science, 1911, 80 pp.; An integral equation occurring in a mathematical 
theory of retail trade, Messenger of Mathematics vol. 49 (1919-1920) pp. 134-137. 

11 See a letter written by the author to J. R. Carson after the appearance of the 
latter’s paper in Physical Review (1921). The method of the inverse Laplace trans- 
formation was recommended alse by the author to M. D. Hersey in answer to a letter 
written during the last war regarding some equations occurring in the theory of 
recording instruments. The method has been taught by the writer for nearly forty 
years. Simeon Denis Poisson was probably the first man to use the method for the 
treatment of differential difference equations in his memoir Sur la distribution de la 
Chaleur dans les corps solides, J. Ecole Polytech. (1) vol. 12 (1923) pp. 1-144, 249-403 
(especially pp. 29-34). 
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and so the motion of the particle numbered 0 is forced while the mo- 
tion of the other particles is free. . 

Following the lead of A. E. Heins!! who has used the method of the 
inverse Laplace transformation for the classical equation we form 
(A) the function 


X,(z) = f "emeld 


and a difference equation for X,(z) can be readily found. In the par- 
ticular case when f(#) =sin (2at) the multiplication theorem for inte- 
grals of Laplace’s type gives the relation 


Xn(z) = 2a(z? + 4a%)-1(2? + 4c2)-1/2[T(z) ]!201 
where 
2cT(z) = (2? + 4c%)1/2 — z. 


From this expression for X,(z) the behavior of x,(é) for large positive 
values of ¢ may be derived by the method of Mellin and Haar ex- 
plained in my paper in this Bulletin. Except for a damped initial 
motion the motion is eventually the steady state of periodic oscilla- 
tion given by 
tnli) ~ (a2 — c2)1/2[ e2iat { T(2ia) } 20 + eaf T(— 2ia) } 23], 

When a>c the right-hand side is real when the + sign is used, when 
a<c the negative sign must be taken to make the right-hand side real. 


Another interesting example is that in which the pth particle differs 
in mass from all the others so that 


= CF Enyi + Xn- T 2%n); n = Pp; 
xy! = @(Xy41 + Xy-1 — 2%), ar C, P > 0. 


A solution for the case in which xo(0) =1, x,(0) =0, 7340, «7 (0) =0 is 


vt 
Xn 


Xn(é) = Jon(2ct) + A — ejay f Tm alzel — s) |æ (s)ds 
and 


{T(@)} 2 


Xd) = ay uyn G ea 


w A, E. Heins, On the solution of linear difference differential equations, Journal of 
Mathematics and Physics, Massachusetts Institute of Technology, vol. 19 (1940) pp. 
153-157. 
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The resulting estimate of x,(é) for large positive values of ¢ is for 
C>2a? 
a?(c? — a?) T 2a*t 
£l) ~ ——— (1 — 20?/c*)—!?! ex |- =| 
z(t) ele — 2a?) ( 10!) P le? — 2a?) 

When c?>2a? the motion ultimately decays according to an expo- 
nential law. When c? < 2a? the function X,(z) is infinite for two imagi- 
nary values of z and x,(é) is ultimately periodic. When c?=2a? the 
solution is simply 


p(t) = (1/2ct) J \2p141(2ct). 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


BOOK REVIEWS 


Mathematical statistics. By S. S. Wilks. Princeton University Press, 
1943. 11+284 pp. $3.75. 


The aim of this book is to present, for advanced undergraduate 
or for beginning graduate students, a summary of the mathematical 
theory of statistics developed during the twenty years prior to April, 
1943, with a minimum of excursions into applied mathematical statis- 
tical problems. Aside from this book and the author’s Statistical infer- 
ence published in 1937, most of the theory covered still exists only in 
the original contributions widely scattered in scientific literature. A 
reference list of literature for supplementary reading, which is ap- 
pended, includes these contributions as well as some text books and 
several articles more than twenty-years old. It is of interest to note 
that the author himself is responsible for nine of the 123 references. 

As a matter of fact, the material summarized is not limited to de- 
velopments since 1922, since a good many accepted principles and 
formulas are necessary to lead up to the newer developments or serve 
as particular illustrations. For the purpose in hand, this method of 
treatment seems desirable, but it is worth noting that the point of 
view is not historical and the book does not attempt the difficult task 
of tracing in detail the growth of understanding of new principles. 

Subjects covered are a discussion of distribution functions, includ- 
ing the Stieltjes integral, regression, partial and multiple correlation, 
the normal distribution, the Pearson system, and the Gram-Charlier 
series; sampling theory, sampling from a normal population, including 
a discussion of the x? distribution, the “Student” t-distribution, and 
Snedecor’s F-distribution; the theory of statistical estimation, includ- 
ing confidence intervals and regions, point estimation and maximum 
likelihood estimates, and tolerance interval estimation; tests of statis- 
tical hypotheses; normal regression theory and its application to the 
analysis of variance, including the case of incomplete layouts; com- 
binatorial statistical theory, including some discussion of the theory 
of runs, matching theory, independence in contingency tables, and 
sampling inspection; and an introduction to multivariate statistical 
analysis. : 

As would be expected from the author and sponsorship, the book is 
an important addition to available statements of mathematical statis- 
tical principles. The exposition follows accepted standards of general- 
ity and precision. The mathematical theorist will find and enjoy the 
consistent development of advanced mathematical theory based for 
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the most part on concise mathematical formulation of the hypotheses 
used. Material that does not lend itself to precise mathematical state- 
ment is avoided and the steps which are not pertinent to a straight- 
forward mathematical development of the subject are thrown out. 

These latter procedures will not appeal to the practicing statis- 
tician who must often use material of a less precise sort and support 
his arguments by a presentation of alternative points of view. The 
practicing statistician will also regret that the description of the 
Pearson and Gram-Charlier distribution functions does not include 
any judgment as to how well these curves work in actual practice, 
or how much they reflect physical law rather than merely provide 
equations, one of which will describe fairly closely nearly any par- 
ticular case. It will also be regretted that no problems are included in 
the text as published, although it is indicated that when revised and 
issued in permanent form, certain problems will be inserted at the 
ends of sections and chapters. 

The reviewer would like to suggest a shift in point of view in order 
to make the book more helpful to applied statisticians, especially 
those working in the social sciences. It would seem desirable for the 
final form of the book to go even further than the author promises in 
assigning a place of importance to problems. Principles, especially 
in the field of applied mathematics, get their orientation from the 
problems to which they apply and the historical, as well as the psy- 
chological, approach begins with problems. It might also be desirable 
to adopt a broader view as to what are the problems of the statistician 
in which mathematical methods may be helpful. In the first paragraph 
of the introduction, modern statistical methodology is divided into 
two broad classes: first, routine collection, tabulation, and description 
of large masses of data, and, second, making predictions or drawing 
inferences from a given sample of observations about a larger popula- 
tion of potential observations. It is suggested that a three-fold divi- 
sion into description, analysis, and testing of results would more 
nearly fit the daily work of many practicing statisticians, and that 
their ordinary processes of analysis and testing might be greatly im- 
proved by use of more of the type of statistical reasoning developed in . 
this book if the connecting links between abstract theory and practice 
were properly forged. 

It is conceded that any author has a right to prepare his book to 
fit the need as he sees it and as he, believes he can fill it. The above 
suggestions are offered in order to explore the possibility of such ad- 
justments in point of view as might enable the advancement of knowl- 
edge to proceed without half a dozen layers cf books between the 
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theoretical mathematical statistician and the run-of-the-mine work- 
ing statistician. 

As the book stands, it fits the more important findings in the field 
of advanced mathematical statistical theory into their proper places 
in a unified treatment providing uniform notation and terminology. 
Such a treatment will clearly prove of great value to college and uni- 
versity students, and also will facilitate important technical statistical 
work. 

The reviewer wishes to acknowledge gratefully the assistance of 
Dr. Bradford F. Kimball of the New York State Public Service Com- 
mission. It is to be noted, however, that Dr. Kimball does not neces- 
sarily agree with all of the conclusions. 

R. W. BURGESS 


A treatise on the theory of Bessel functions. By G. N. Watson. 2d ed. 
Cambridge University Press; New York, Macmillan, 1944. 6+-804 
pp. $15.00. 


The first edition of this book was published in 1922 and was re- 
viewed by Professor R. D. Carmichael (Bull. Amer. Math. Soc. vol. 
30 (1924) pp. 362-364). At that time the book constituted an almost 
encyclopedic account of results concerning Bessel functions which 
had been obtained by various mathematicians during the previous 
century. Furthermore, it was written in such a manner as to be com- 
prehensible for those readers in possession of the fundamentals of 
modern analysis. 

The present edition makes no attempt to take account of additions 
to the literature during the period since 1922, and the changes are 
for the most part limited to correction of minor errors. However, the 
- book still remains a very comprehensive account of the bulk of the 
literature on the field in question. It will undoubtedly be of great 
service to workers in pure and applied mathematics who have occa- 
sion to make use of the various formulas and theories connected with 
Bessel functions. à 

There exists, however, one rather curious gap in the original edition 
which has not been filled in the current one. The original investigation 
by Fourier of a problem concerning the flow of heat in a cylinder, 
which led to the development of an arbitrary function in a series of 
Bessel functions of order zero, is outlined in §1.5. Reference is there 
made to Chapter 18 for a discussion of the validity of the ex- 
pansion. But in order to show that the solution which Fourier gave 
for his problem is really valid, it is necessary to establish the uniform 


650 BOOK REVIEWS 


convergence or the uniform summability of the cevelopment in the 
neighborhood of the origin. In Professor Watson’s book the uniform 
convergence of the development in this neighborhood after multipli- 
cation by the factor x"? is established, but since this factor vanishes 
at the origin, this result throws no light on the uniform convergence 
of the development itself in the neighborhood in question. 

As far as the reviewer is aware, the only proofs in the literature 
that Fourier’s solution is mathematically valid are to be found in 
three papers published by him in 1909, 1911, and 1920 (Trans. Amer. 
Math. Soc. vol. 10 (1909) pp. 391-435; vol. 12 (1911) pp. 181-206; 
vol. 21 (1920) pp. 107-156). The second paper furnishes a proof based 
on uniform convergence; the first and third combined furnish a proof 
based on uniform summability. Professor Watson refers to these pa- 
pers in his Chapter 18 but fails to point out that results of this sort 
are essential as a justification of Fourier’s solution. 

CHARLES N. Moore 


NOTES 


Of those attending the recent celebration of the two hundred 
twentieth anniversary of the founding of the Russian Academy of 
Sciences were these American members of the Society: J. W. Alex- 
ander, Harlow Shapley, M. S. Vallarta. 


A note has been received from Hans Freudenthal, privaat-docent at 
the Municipal University of Amsterdam, stating that he is well and 
that he has recently seen Professor J. F. Koksma of the Free Univer- 
sity of Amsterdam, Professor D. van Dantzig of the Technical Uni- 
versity of Delft, and some other mathematicians. He adds that 
Professor G. Schaake of the University of Leiden died some weeks 
ago, and that Professor Julius Wolff of the University of Utrecht, 
M. J. Belinfante of the University of Amsterdam, and Robert Remak, 
formerly of the University of Berlin and later a refugee in Holland, 
were deported to Germany or Poland. 


The Case School of Applied Science held an all day symposium on 
mathematical analyzers and their applications in industry on June 6, 
1945. 

A symposium on mathematical statistics and probability was held 
at the University of California at Berkeley, August 13-18, 1945. 


Associate Professor R. S. Burington of the Case School of Applied 
Science has received the Meritorious Civilian Award from the United 
States Navy. 

Dr. J. W. Calkin of the Illinois Institute of Technology and Dr. 
Edwin Hewitt, Operations Analyst, Army Air Forces, have been 
awarded Guggenheim fellowships for postwar work in science. 


Professor L. L. Dines of the Carnegie Institute of Technology has 
retired with the title professor emeritus. 


Dr. D. G. Humm has received an honorary Doctor of Science de- 
gree from Bucknell University. \ 


Professor Arthur Korn of the Stevens Institute of Technology has 
retired with the title professor emeritus. 


Professor C. J. Rees of the University of Delaware has received a 
citation for his work in a civilian capacity with the 14th Air Force 
Headquarters. 

Professor C. F. Thomas of the Case School of Applied Science has 
retired with the title professor emeritus. 
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Associate Professor Edith I. Atkin of Illinois State Normal Uni- 
versity has retired. 


Associate Professor E. F. Beckenbach of the University of Texas 
has been appointed to an associate professorship at the University of 
California at Los Angeles. 


Associate Professor T. C. Benton of Pennsylvania State College 
has been promoted to a professorship. 


Assistant Professor Herbert Busemann of the Illinois Institute of 
Technology has been appointed to an assistant professorship at Smith 
College. ‘ 


Professor Theodosia T. Callaway of Stephens College has retired. 


Associate Professor R. H. Cameron of the Massachusetts Institute 
of Technology has been appointed to a professorship at the Univer- 
sity of Minnesota. 


Professor A. R. Congdon of the University of Nebraska has retired. 
Dr. Frances R. Dewing of Bennington College has retired. 


Assistant Professor H. W. Eves of Syracuse University has been 
appointed to an assistant professorship at the College of Puget Sound, 
Tacoma, Washington. 


Assistant Professor C. H. Fischer of the University of Michigan has 
been promoted to an associate professorship. 


Assistant Professor A. L. Foster of the University of California at 
Berkeley has been promoted to an associate professorship. 


Assistant Professor R. H. Fox of Syracuse University has been ap-’ 
pointed to an assistant professorship at Princeton University. 


Assistant Professor Beatrice L. Hagen of Pennsylvania State Col- 
lege has been promoted to an associate professorship. 


Dr. J. L. Jones of the University of Akron has retired. 


Assistant Professor J. L. Kelley of the University of Notre Dame 
has been appointed to an assistant professorship at the University of 
Chicago. 


Professor C. G. P. Kuschke of the University of Puerto Rico has 
retired. 
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‘Professor J. H. McDonald of the University ot California has re- 
tired. 


Dr. Margaret P. Martin of Columbia University has been ap- 
pointed to an assistant professorship in biostatistics at the Univer- 
sity of Minnesota. 


Professor L. E. Mehlenbacher of Arizona State Teachers College 
has been appointed to an associate professorship at the University of 
Detroit. 


Dr. W. A. Mersman of the College of Agriculture of the University 
of California has been promoted to an assistant professorship. 


Dr. R. v. Mises of Harvard University has been appointed to a 
professorship of aerodynamics and applied mathematics. 


Associate Professor C. B. Morrey of the University of California 
has been promoted to a professorship. 


Dr. W. K. Morrill of Johns Hopkins University has been promoted 
to an assistant professorship. 


Professor C. C. Morris of Ohio State University has retired. 


Miss Dorothy J. Morrow of Bryn Mawr College has been appointed 
to an assistant professorship at George Washington University. 


Associate Professor C. W. Munshower of Colgate University has 
been promoted to a professorship. 


Assistant Professor E. P. Northrop of the University of ore 
has been promoted to an associate professorship. 


Dr. Helen B. Owens of Pennsylvania State College has been pro- 
moted to an assistant professorship. 


Associate Professor H. H. Pixley of Wayne University has been ap- 
pointed assistant dean of the College of Liberal Arts. 


Assistant Professor Helen G. Russell of Wellesley College has been 
promoted to an associate professorship. 


Assistant Professor K. C. Schraut of the University of Dayton has 
been promoted to an associate professorship. 


Dr. R. H. Sorgenfrey of the University of California at Los Angeles 
has been promoted to an assistant professorship. 


Dr. R. R. Stoll of Williams College has been promoted to an assist- 
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ant professorship and has been granted a year’s leave of absence to 
study at Indiana University as a National Research Fellow. 


Dr. L. H. Swinford of the University of California az Berkeley has 
been promoted to an assistant professorship. 


Dr. Alfred Tarski of the University of California at Berkeley has 
been promoted to an associate professorship. 


Dr. A. R. Turquette. of Cornell University has been appointed 
visiting assistant professor of philosophy at the University of Illinois. 


Assistant Professor Alexander Weinstein of the University of To- 
ronto has been promoted to an associate professorship. 


Dr. Max Wyman of the University of Alberta hes been promoted to 
an assistant professorship. 


Professor Antoni Zygmund of Mt. Holyoke College has been ap- 
pointed to a professorship at the University of Pennsylvania. 


` The following appointments to instructorships ere announced: Uni- 
versity of Arizona: Dr. H. S. Kieval; University of Illinois: Dr. J. S. 
Stubbe; University of Michigan: Dr. George Piranian; North Caro- 
lina State College: Mr. C. W. Williams; Rutgers University: Mr. 
E. P. Churchill, Dr. Katherine E. Hazard; Vassar College: Miss 
Winifred A. Asprey; Wellesley College: Miss Miriam C. Ayer; Uni- 
versity of Wisconsin: Mr. R. V. Andree, Mr. R. A. Good. 


Professor P. J. da Cunha of the Beery of Lisbon died on Febru- 
ary 4, 1945. 


Professor K. S. K. Iyengar of the University of Mysore, Bangalore, 
India, died June 23, 1944, at the age of forty-five vears. He had been a 
member of the Society since 1935. 


The death of Professor Stefan Mazurkiewicz in Warsaw in July, 
1945 has been reported. 


President Emeritus W. A. Bratton of Whitman College died in 
June, 1945. He had been a member of the Society for a ae 
years. 


The death of Professor Emeritus H. C. Moreno of Stanford Uni- 
versity has been announced. He had been a member of the Society 
for twenty-nine years. 


ABSTRACTS OF PAPERS , 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
_the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


145. A. T. Brauer: A problem of additive number theory and tis ap- 
plication in electrical engineering. 


A set S of non-negative integers is called a basis of order 2 with regard to addition 
for the integer n if each non-negative integer t&n is the sum of two elements of S. 
Denote by k =ka(n) the smallest number of elements in any such basis for n, and for 
given k by n=7,(k) the greatest number for which a basis of k elements exists. Rohr- 
bach [Math. Zeit. vol. 42 (1937) pp. 1-30] proved Schur’s conjecture that ka(m) 
=0 (n3). Moreover he proved that .4992 k?>19(k) >k?/4-+-11k/6 —237/12. Similarly 
a basis with regard to subtraction is defined. For a basis with regard to addition and 
subtraction Rohrbach proved that na =k?/4+4/2—1. In this paper, it is proved that 
for every ka basis with regard to subtraction can be determined for which ,2:22/4 
-+7k/6 —53/12. For the construction of a special resistance, it was of interest to de- 
termine the exact value of k,(30). It is proved in this paper that k,(30) =10. Similarly 
k(n) may be determined for every given n. (Received July 19, 1945.) 


146. F. L. Brown: A simplification of the postulates of tri-operational 
algebra. 


The author retains the postulate 10=1 (juxtaposition denoting substitution) 
which is independent of the other assumptions of tri-operational algebra (cf. Reports 
of a Mathematical Colloquium, nos. 5-6, p. 13) and introduces the postulate 0f=f 
for each f. Then the postulates concerning 0, 1, and —f (that is, 0+-f=f/, 1-f=f, 
f+(—/f) =0 for each f) can be replaced by the weaker assumptions 0-+-j =j}, 1-j=/, 
and the existence of an element n such that j-+” =0 where 7 is the neutral element with 
respect to substitution (f=f7=f). The postulate 0f=0 is independent of the other 
assumptions. While Of is never equal to 1 or j, there does exist an algebra with five 
elements for one of which one has 0k=h 0. One may replace 0f=0 by 1f=1 in con- 
junction with 01=0. (Received June 23, 1945.) 


147. A. H. Copeland and Paul Erdés: Note on normal numbers. 


D. G. Champernowne proved that if all of the positive integers are expressed in 
the base ten and arranged in order, the resulting sequence of digits when regarded 
as an infinite decimal constitutes a number which is normal in the sense of Borel. 
He conjectured that if the sequence of all integers were replaced by the sequence of 
primes, the corresponding decimal would be normal. In the present paper it is proved 
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that a normal number can be produced in this manner by any sufficiently dense in- 
creasing sub-sequence of the positive integers. The validity of Champernowne's con- 
jecture then follows from the fact that the primes are sufficiently dense. The same 
property holds for the sequence consisting of every integer which is the sum of two 
squares, These results are based on a concept of Besicovitch called (e, k) normality. 
The paper concludes with two additional conjectures. (Reczived July 10, 1945.) 


148. C. J. Everett: Two representations for real numbers. 


Ideas on iterated functions due to B. H. Bissinger (A generalization of continued 
fractions, Bull, Amer. Math. Soc. vol. 50 (1944) pp. 868-876) are applied to increasing 
functions to obtain two quite different representations for reel numbers with remark- 
able algebraic properties. (Received June 13, 1945.) 


149. Bjarni Jónsson and Alfred Tarski: On direct products of alge- 
bras. 


Consider algebras 4 closed under an operation + and having a zero. A closed 
set BCA with 0EB is a subalgebra of A. The notion of a (weak) direct product of two 
or arbitrarily many subalgebras, BXC or []:erBi, is assumed to be known. Bis a 
factor of A, BE Ga, if A=BXC for some C. The center A° is the set of all elements 
@CA with (i) a+ (x+y) =(¢+x)+y=x«+(a+y) for any x, yEA, (ii) a+a=0 for 
some dGA. Theorems: I. If (i) ais a Boolean algebra under set inclusion, then (ii) A 
hastherefinement property: A =| |,e7B: =] J, erC,implies Bs=[LeDu, G= heu 
for some subalgebras Dj; and all 4, j; hence, (iii) A has at most one representation 
A =[fieB; where B,’s are indecomposable. Conversely, I (ii) implies I(i). I{i) holds 
in all A where x@A‘*—x=0 (examples: centerless groups, semigroups with «-+y 
=0—-x=y=0, and lattices); also in algebras whose homororphic images with two 
distinct elements are never commutative semigroups (examples: groups coinciding 
with their commutator groups, and A with awG@A such that rE 4—x-+-u=u). II. If 
I(i) holds and the union of an increasing sequence of factors is always a factor of A, 
then A has just one representation I (iii); and conversely. II applies to all finite alge- 
bras satisfying I(i); also to algebras whose elements satisfy a finite chain condition. 
(Received July 27, 1945.) i 


150. Bjarni Jónsson and Alfred Tarski: A generalization of Wedde- 
burn’s theorem. 


Using the terminology of the preceding abstract it is noted that A¢ is always an 
Abelian group. Theorem: Let A be an algebra in which A1 is finite (or, more generally, 
in which every decreasing sequence of subgroups of A= is finite, that is, where A¢ 
is a torsion group of finite rank). Then (i) A has the excharge property: if A=BXC 
=[TieD,, then A =B XIen where D{ is a certain subalgebra of D: for iE I. 
Hence, (ii) A has the weak refinement property: if A =lexB, =[L evC;, then, for some 
subalgebras By, and Cy, Bs=[],evBi, C,=[].erG,,, and B= Cy; for i€ and jE J. 
Consequently, (iii) if the factors B, and C, in (ii) are indecomposable, then they are 
pairwise isomorphic in a certain order. Corollary: Every finite algebra A (and, more 
generally, every algebra in which every decreasing sequence of congruence relations 
is finite) has, up to isomorphism, a unique representation as a direct product of 
finitely many indecomposable factors. (Received July 27, 1945.) 
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151. A. N. Milgram: Cyclotomically saturated polynomials and iri- 
operational algebra. 


Let f(x) be a polynomial whose coefficients are integers mod p where is a prime 
number. Call f(x) cyclotomically saturated if it has the property that for each ir- 
reducible polynomial ¢(x), if [¢(x) P| f(x), then also (xP"—x)?| f(x) where n is the degree 
of ¢(x). In tri-operational algebra (cf. Reports of a Mathematical Colloquium, nos. 
5-6, p. 5) Menger raised the question: What polynomials with coefficients over 
the integers mod p have the property f(x) | F(g(x)) for each polynomial g(x)? 
The answer is: fw fel) for each g(x) if and only if f(x) is cyclotomically satura- 
ted. (Received June 23, 1945.) 


152. J. M. H. Olmsted: Transfinite rationals. 


As suggested by the treatment of ratios by Eudoxus, two cardinal number pairs, 
(a, b) and (c, d), are defined to be equivalent if and only if for every pair of cardinal 
numbers, m and z, ma and nb have the same order relation as mc and nd. Addition, 
multiplication, division, and ordering are defined among the equivalence classes of 
cardinal number pairs, the resulting system being a lattice with familiar algebraic 
laws (for example, multiplication is distributive over addition, joins, and meets). 
This system is an extension of both the positive rational numbers and the cardinal 
numbers. Furthermore, it is the smallest extension subject to certain conditions. (Re- 
ceived June 4, 1945.) 


153. Gordon Pall: Hermitian quadratic forms in a quasi-field. 


Let F be a quasi-field, B, and B, nonsingular hermitian matrices of order n ~=1 in F, 
and let a be a nonzero scalar. Let there be given a transformation of #,¢xo+4’Bix 
into foaxo-+#/Box. Then explicit transformations are constructed which replace By 
by Bz. This is an extension of a similar result due to Witt for fields. (Received July 23, 
1945.) 


ANALYSIS 


154. E. F. Beckenbach: On a characteristic property of linear func- 
tions. 


Let there be given a class of real functions {f(x)}, defined and continuous in a 
closed and bounded interval, such that there is a unique member of the family which, 
at arbitrary distinct x1, %2 in the interval, takes on arbitrary values +1, yz respectively. 
The class of linear functions is an example. It is shown that a real function g(x), 
defined and continuous in the interval, is a member of { f(x)} if and only if for each 
xo interior to the interval there exists an ko=/o(xe) with xo+ ho in the interval such 
that the member of { f(x) } coinciding with g(x) at xo + ho coincides with g(x) also at xo. 
(Received June 21, 1945.) 


155. Stefan Bergman: Pseudo harmonic vectors and their properties. 


The author applies the operator $(f, Q, T) introduced in Bull. Amer. Math. Soc. 
(vol. 49 (1943) p. 164) to complex functions f=s(x, y)+is@(x, y), for which 
sO = S sn —s? U(x) holds. Here sO (as /ax), +++ and ix) is an analytic 
function of a real variable x, B(s+is@, Q, T) yields a three-dimensional vector 


GX, Y, Z)=SO++iGM=P 7 (SDS) for which curl G®=0, se 
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+(SP+S2"]e)=0 and SP =S, SP =S, Sp =P, div SG=0 
holds. So? =(aS0)/aX),--+, da(S)=[Se»ax —Sen¢g Y—S0gZ] +i[ (X)S0MX 
_ —S@2¢¥Y—SC24Z] is a complete differential. Let f=f(x, y: t), EQ, be a family 
of functions whose components satisfy the above system of equations. For every f 
there exists a subdivision of X YZ space into parts Ax, such that when T= (Xo VoZo) 
GA, the operator BU, Q, T) yields another vector Sz. However the ©; are related 
to each other. Let J= iie J= NA, be a closed curve in the XYZ space. 
Then under suitable assumptions >>}, fd0(G;) = (2r) fReff]dr, where the integral 
on the left is taken over +, the integral on the right over $, and Re[f] denotes the 
sum of the “residues” of f =f(x, y; ¢) in a certain domain. (Received June 6, 1945.) 


156. Arnold Dresden: An extension of the equation of Lagrange, 
y =a +4f(y). Preliminary report. 


In this paper the equation F(y)-+xG(y) =0 is considered. Under suitable conditions 
on the functions Fand G, a solution y=¢(x) exists, which assumes the values yo=o(0), 
where yo is a fixed root of F(y)=0, and which possesses derivatives of all orders in 
the vicinity of x=0. The general form of ¢)(0) is found in terms of derivatives of 
the functions F and G. A final explicit formula is conjectured, but not completely 
proved. Applications to the solution of algebraic equations, in particular to trinomial 
equations (compare the papers of Mellin), are immediate. The method of attack 
is entirely elementary, it can be applied also to equations of the form F(y) +21G,(y) 
+ +++ -xGe(y) =0, in which x, +++, xg are independent parameters. (Received 
July 31, 1945.) 


157: Evelyn Frank: On the zeros of polynomials with complex coeffi- 
cients. 


Let P(s) =2*+-4y2*1+4-Agzn 2+ +--+ +An, Ap=p;tig, and form Q(z) =p" 
igs” *+- pss" -Higg t-t +--+. In general, Q/P has the continued fraction ex- 
pansion 1/c)3-+-b;-+1+1/co2-+de+ + + + +1/cag+bn, where the c; are realand the b; are 
pure imaginary. If k of the c are positive and (n—k) negative, then P(z) has & zeros 
with negative real parts and (x—) with positive real parts. This extends a theorem 
of Hurwitz (Werke, vol. 2, p. 533 ff.) with a method analogous to that of Wall (Amer. 
Math. Monthly vol. 52 (1945) pp. 308-322) for polynomials with real coefficients, 
Simultaneously, determinants analogous to the Hurwitz determinants are obtained 
for P(z) with complex coefficients. If the partial denominators do not have the above 
form, the algorithm can be modified in several ways to obtain the number k. Bounds 
for the moduli ‘of the zeros of P(z) are found by Wall!’s method for real coefficients, 
Simple methods are given for expanding rational functions into continued fractions. 
These facilitate the use of the above theorem. There are important applications in 
electrical networks (Cauer, Archiv fiir Elektrotechnik vol. 17 (1926) pp. 355~388). 
(Received July 28, 1945.) 


158. Josephine M. Mitchell: Some properties of solutions of partial 
differential equations given by their series development. 

Let U=SlasnnoDan8"2* (Dan= Dam, s=xtiy, Z=x—iy) be a real analytic 
function of the two real variables x and y. Let U satisfy a linear partial dif- 


ferential equation L(U)=U2+2 Re [(Somn-odmn27*) Us] 4 O mnam”) U =0 
(U,=(0U/ax—iaU/ay)/2, Uz=AU/4). The ama and Cnn (m, 2=0,1,2,---) 
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are given. Then U is completely determined by the subsequence {Damo} since the re- 
maining Dn, can be calculated by means of the ama and cmn. Using results on a class 
of complex solutions of L introduced by Bergman [Trans. Amer. Math. Soc. vol. 57 
(1945) pp. 299-331] and certain of his methods, the author gives sufficient conditions 
in terms of the {Dao} and {amo} that U be continuous on the circle C: 2¢-+-y?=con- 
stant. (These conditions depend neither on the remaining amn nor on the Gan.) Suffi- 
cient’ conditions that U have a jump on C as well as the size of the jump are given 
in terms of the same subsequences. These results are extended to other closed 
curves. By means of a theorem of Bergman [Duke Math. J. vol. 11 (1944) pp. 617- 
649] similar results are obtained for functions which satisfy differential equations of 
the fourth order. (Received July 28, 1945.) 


159. A. F. Moursund: Non-summability of the conjugate series of the 
Fourier series. 


In this paper it is shown that at a point x where fi feu) —f(x—u)|du= Od), 
as £0, the divergence to +% [—] of the Cauchy integral fS [Fetu 
—f(x—u)] cot u/2 du isa necessary and sufficient condition for the divergence in 
the same sense of the conjugate Fourier series ) n=1(bn cos nx—dn sin nx). (Received 
July 30, 1945.) 


160. M. E. Munroe: A note on weak differentiability of Pettis in- 
tegrals. 


An example is given of a function defined to the space C; the function is Pettis 
integrable, but its integral fails to be weakly differentiable on a set of positive measure. 
A method is given for the specific construction of such a function to the space of con- 
tinuous functionals over any compact metric space containing a homeomorph of the 
Cantor set. (Received July 13, 1945.) 


161. Raphael Salem and Antoni Zygmund: eee power series 
and Peano curves. | 


Let f(z) =} 201012" be a lacunary power series of radius of convergence equal 
to 1, with n/n ZA >1, and >| az{ < œ. If à is larger than a certain absolute con- 
stant, and if the convergence of >. arl is slow enough, the boundary values f(e'*) 
fill completely a certain square. (Received July 17, 1945.) 


162. Robert Schatten: The cross-space of linear transformations. 


Let Bı, Bı denote two Banach spaces, and %,*, G:* their conjugate spaces. The di- 
rect product Bı @a%2 (Trans. Amer. Math. Soc. vol. 53 (1943) pp. 195-217) depend- 
ing naturally on the norm æ determines uniquely an “associate space” Bë Qe VĂ 
(æ' denotes the norm associated with a) and a conjugate space (Bı @_%2)*. Let y 
denote the greatest crossnorm, and d the least crossnorm (whose associate is also a 
crossnorm). Then y'=). Furthermore, (81®%:)* is the Banach space of all linear 
transformations from 8, into BF (from Bz into B*), while 6" @)B+ is characterized 
as the Banach space of all linear transformations from $; into B (from $: into B”), 
which may be approximated in norm by a sequence of linear transformations with 
finite-dimensional ranges. It is shown further, that for any reflexive crossnorm 
a(a!’=a), the following statements are equivalent: (1) 81@.%: is reflexive, (2) 
B1* @a' Bs is reflexive, (3) (Bı @.B2)* = BF @a BF and (Be Wa’ B#)* =Bi Qa Ba (Re- 
ceived May 29, 1945.) 
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163. C. F. Stephens: Systems of linear difference equations contain- 
ing a parameter. 


The author considers the system of equations +i(x-+-1) =). jarh(x, Ny (2) 
-+-g:(x, A), where k(x, A) and g:(x, A) are analytic in A and continuous in x for Jal sr 
and |x| ZR. One considers three cases: (1) h(x, 0) £0, gs(x, A) =0; (2) he, (x, 0) #0, 
gs(x, 0) =0; (3) hes(x, 0) =0, gs(x, 0) =0. In cases (1) and (2) it is shown that there 
exist many solutions and in case (3) a unique solution. These solution functions are 
continuous functions of x and analytic functions of A. The problems considered are 
shown to be special cases of more general problems treated in the author's doctoral 
thesis, (Bull. Amer. Math. Soc. abstract 50-5-148). (Received July 12, 1945.) 


164. W. J. Trjitzinsky: Theory of functions of iniervals and applica- 
tions to functions of a complex variable. 


This work generalizes theorems of Ridder and Besicovitch, relating to conditions 
under which an additive function of intervals is the integra] of a suitably defined 
derivative of this function. These generalizations, together with certain other consid- 
erations, based on the author's earlier work in this field, lead to conditions for analyt- 
icity, as well as to a number of theorems on representation of certain general (non- 
analytic) classes of functions of a complex variable in terms of “double Cauchy 
integrals.” (Received July 5, 1945.) 5 


165. S. M. Ulam and John von Neumann: Randem ergodic theorems. 


The strong ergodic theorems are generalized from the case of a strictly determined 
flow to a process consisting of a combination of deterministic and random processes. 
The generalization may be illustrated by the following theorem constituting a special 
case: Let S(p), T(p) be two given but arbitrary measure preserving transformations 
of a measure space E into itself. Form all the combinations of the transformations: 
S, T, S(S), S(T), T(S), T(T), S(S(T)), S(T(S)), + + + . The ergodic limit exists then 
for almost every point p of E and almost every choice of the infinite sequence obtained 
by applying S and T in turn at random, for example, S(p), T(Sip)), T(T(S(p))), + + - 
The metric transitivity of a given pdir (or a given finite number) of transformations 
is studied and established for almost every pair of transformations in various special 
cases, These include the case where E is a compact connected group and 5, T are, 
say, left translations (by elements s, ¢ of the group E). (Received August 1, 1945.) 


166. C. W. Vickery: Concerning the notion of measure in metric 
Spaces. 


The author has obtained two treatments of measure applicable to any metric 
space: (1) a generalization of the notion of measure of Jordan; (2) a generalization 
„of the notion of measure of Borel-Lebesgue. Properties of spaces D*, metric spaces of 
uncountably many dimensions, previously defined by the author (Bull. Amer. Math. 
Soc. vol. 45 (1939) pp. 456-462) are employed. Using treatment (2) the notion of a 
generalized Lebesgue-Stieltjes integral, applicable to real-valuzd functions defined on 
any metric space, is defined and properties of such an integral are studied. (Received 
June 21, 1945.) ` 


167. H. S. Wall: Analytic functions with positive real paris. 
Let gu g ga'-- be any complex numbers such that |gp—(1/2)|<1/2, 
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p=, 2,3,--+,and put Gp = | gp] ?/R(gp), tp=1(gp)/R(gp). Let W denote the open 
region exterior to the cut along the real axis from —1 to — ©, and let (1-+z)4/? be the 
branch of the square root which is 1 for z=0. The continued fraction 
1/14-Gy2/(1 —in(1 +2)4*) + (1 — Gi) Gae/ (1 —ira(1 +2) + (1 — Ge) Gaz / (1 —ara(1 +2) 4?) 
+ +++ converges uniformly over every bounded closed region in W. The class of func- 
tions F(z) which are analytic and have positive real parts in W, and equal 1 for z=0, 
is coextensive with the class of functions (1-+z)/?f(z), where f(z) is the value of a 
continued fraction of the above form, or of a terminating continued fraction of that 
form in which the last Gp may equal 1. (Received July 12, 1945.) 


168. H. S. Wall: Theorems on arbitrary J-fractions. 


Let 1/(b:+2) —ai/(b2-+2) —a2/(bs+2)— + + - (ap0) be an arbitrary J-fraction. 
Let xp=X',(2), Xp = Y p(s) be the solutions of the system —a@p_y%p1t+ (bp +2)%p—GpX par 
=0, p=1, 2,3,+++ (@o=1) under the initial conditions xo= —1, xı=0 and xo=0, 
x=1, respectively. The indeterminate case or the determinate case holds according as 
both the series >), | X (0) | 2,5, ¥,(0) | 2 converge or at least one diverges, respectively. 
It is shown that in the indeterminate case, if the J-fraction converges for a single 
value of z, it converges for every value of z to a meromorphic function. If the J-frac- 
tion is positive definite, the associated J-matrix has one or infinitely many bounded 
reciprocals for I(z) >0 according as the determinate or the indeterminate case holds, 
respectively. Let kı, ka, ka, +++ be numbers different from zero such that J. | Rop4| 
and $ | Ropyi(ko+Ra-+ + + + +kap)?| converge. If limpon| kołka + + + +hap| = œ, the 
continued fraction 1/Ais-+1/ko+1/h32-+1/Ri+ +--+ converges for every z to a mero- 
morphic function or else to the constant œ. If the above limit does not exist, or is 
finite, then the continued fraction diverges by oscillation for every z. (Received June 
8, 1945.) 


APPLIED MATHEMATICS 


169. Stefan Bergman: The integration of equations of fluid dynamics 
in the three-dimensional case. 


The author describes methods for the determination of potentials of three-dimen- 
sional flow patterns which are of interest in the theory of turbines. In order to ob- 
tain an approximate potential of an axially symmetric flow of a given type defined in 
the domain D, he determines the complex potential g(z), z=*x-+7y, of a two-dimen- 
sional flow in the meridian plane of D, that is, in the region which is the inter- 
section of D with the plane ¢=const. (r, 6, @ are the polar coordinates), Applying 
to g(z) the operator introduced in Math. Zeit. vol. 24 (1926) pp. 641-669 he obtains 
a function which approximates the potential of the desired flow: (See, for example, 
the above paper, p. 655, where the potential of an axially symmetric flow in a turbine 
is given.) Using more complicated processes, potentials of general (not necessarily 
axis symmetric) flows can be obtained. These potential functions are used as first 
approximations to solutions of nonlinear equations of fluid dynamics. (Received 
July 30, 1945.) 


170. Herbert Jehle: A new approach to stellar statistics. 


A wave equation of the Schroedinger type, [(#2/2)V?+(¢/1)3/at—2—U] 
. fix] exp (iS/7) } =0, where ¢ is a constant, c the velocity of light and U the po- 
tential field, is known to admit a hydrodynamical interpretation : It splits into two real 
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equations, —rv(|y 2V,S)-+(a/at)|y|2=0, a continuity equation with density ly? 
and streaming velocity —V,5, and (62/2\y|)v2| yp +aS/at—c?— U—>_(V,5)2/2 =0, 
a Hamilton-Jacobi equation or Bernouilli equation with an assumed pressure func- 
tion (62/2| y|)v2| y| . An analysis of the motion of stars in a stellar system, treated 
as a hydrodynamical! problem, shows that the above assumption about pressure func- 
tion is plausible and fits the observed facts. Discrete effects (like quantum effects) 
cannot show up in this astronomical theory because observed hydrodynamical quan- 
tities in a stellar system are to be understood as averages taken over volumes con- 
taining many statistically independent elements (stars or star clusters), and they 
have to be confronted with a y function which is a superposition of many stationary y. 
Because of its mathematical simplicity this theory provides for an approach to prob- 
lems such as transient solutions of the wave equation, selfconsistent steady and tran- 
sient fields (that is, Poisson equation and hydrodynamical! equations combined). 
(Received August 1, 1945.) 


171. Arturo Rosenbluth and Norbert Wiener: Mathematics of 
fibrillation and flutter in the heari. 


The known facts about the continuation and refractory period of a muscle fiber 
are used to explain zhe phenomena of flutter and fibrillation in the vertebra heart. 
A geometrical discussion is given of the flutter problem while the fibrillation problem 
is reduced to a statistical form. (Received July 20, 1945.) 


172. H. E. Salzer: Table of coefficients for repeated integration with 
differences. 


For functions tabulated at a uniform interval, formulas for k-fold integration, us- 
ing advancing or backward differences, are obtained by integrating the Gregory-New- 
ton advancing-difference interpolation formula or the Newton backward-difference 
formula. The quantities G® = (1/n!) Xfi - - - JEJE p(p—1) - - - (b—n-+1)(dp)* and 
HP =(1/n)Xfo +++ A pb+1) «+ + (b-+n—1)(dp)# are the coefficients of the nth 
advancing and backward differences respectively in the formulas fz) + + Sa Jaf) dx} 
= hk [fek HEG Vf (so) | + Rm =f (%0)/kI+ De Ae Vf (vo) ]+-Ra, where 
%,—%o==4 =the tabular interval. Previous tables (A. N. Lowan, H. E. Salzer, Journal 
of Mathematics and Physics vol. 22 (1943) pp. 49-50, and W. E. Milne, Amer. 
Math. Monthly vol. 40 (1933) pp. 322-327) furnish exact values for k=1, n=1 (1) 20 
and k=2, n=1 (1) 7. The present table has exact values for k= 2, n=1 (1) 20 and deci- 
mal values for k=2_(1) 6, n=1 (1) 22—&. The quantities G7 » and H? ” are expressed 
in several ways as functions of B(x), Bernoulli polynomials of order and degree v, 
where tne**/(e'—1)"=)_,_f”B,” (xc) /v!, and were checked in terms of previously tabu- 
lated values of B(x). Also a simple recursion formula fcr GP in terms of GED 
and Gla ” (and similarly for H” », valid for k22, was used for computation when 
k>2. (Received Juty 7, 1945.) 


GEOMETRY 


173. P. O. Bell: Power series expansions for the equations of a variety 
in hyperspace. 
For the study of the local properties of an arbitrary variety Vm in a linear space Sa 


a moving reference frame F(xo, x1, ©- *, Xn) may be selected whose vertex xo is a 
generic point of Va. The general projective homogeneous coordinates x? of the points 
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X, J=0, 1, 2,-+», n, are solutions of a system of m(n+1) partial differential equa- 
tions of the form 0x;/du%=Cignx*, a=1, 2,- ++, m, in which k is a dummy index. 
Local nonhomogeneous coordinates 2‘ with respect to F of a point X of Vm (near to xo) 
are defined by the vector relation X =z'x,, in which 2°=1. The present paper is con- 
cerned with the calculation of power series expansions for n—m coordinates 2", 
r=m+1, m+2, » - - , n, in terms of the remaining m coordinates of X. On differen- 
tiating with respect to u“ the coordinates z” and their power series representations 
with undetermined coefficients and replacing the derivatives of z* by their values 
obtained from the conditions of immovability of the point X, the author obtains two 
power series for each derivative of z". On equating corresponding coefficients of these 
series, the author derives recursion-relations among the required coefficients. The ease 
with which these relations may-be applied is exemplified by new determinations of 
certain power series expansions. (Received May 19, 1945.) 


174. N. A. Court: On a skew quartic associated with a tetrahedron. 


Associate with a tetrahedron (T) the three orthogonal hyperboloids of one sheet 
which have for their axes the three pairs of opposite edges of (T). The three surfaces 
belong to the same pencil of quadrics. The hyperboloid (H) determined by the alti- 
tudes of (T) also belongs to this pencil. The vertices of (T) and the feet of its altitudes 
lie on the skew quartic (C4) common to the surfaces of the pencil of quadrics. The 
skew quartic which is thus associated with (T) is the locus of points from which the 
vertices of (T) are projected by an orthocentric group of lines. The tangents to (C4) 
at the vertices of (T) are the orthocentric lines of the respective trihedral angles of 
(T). The osculating planes of (C4) at the vertices of (T) are the tangent planes at 
those points to the hyperboloid (H). If the tetrahedron (7) is isosceles, the skew 
quartic associated with (T) is also the skew quartic associated with the twin tetra- 
hedron of (T): the common circumcenter of the two tetrahedrons is a center of sym- 
metry of the skew quartic. (Received July 25, 1945.) 


175. John DeCicco: Equilong maps of the œ? circles. 


The author obtains theorems in equilong geometry analogous to those considered 
by Kasner and DeCicco in the paper Families of curves conformally equivalent to circles 
(Trans. Amer. Math. Soc. vol. 49 (1941) pp. 378-391). Upon applying any equilong 
transformation to the totality of 3 circles, there results a set of œ curves, which is 
termed an w family. The magnilong group is the totality of all line transformations in 
the plane carrying every w family into an w family. A general, affinilong, or magnilong 
transformation carries at most 20%, œ, or œt curves of a given w family into curves 
of the same family. The focal locus of the osculating parabolas of the œ? curves of 
an w family which pass through a lineal element Æ is a cissoid with the cusp at E. 
The envelope of the directrices of the osculating parabolas is a parabola with vertex 
at the point P of E and the line E as the axis. The envelope of the œ! circles defining 
the focal cissoids constructed along a given line L consists of two straight lines sym- 
metrical to L. Finally the envelope of the œ? directorial parabolas constructed along 
a given line L consists of two straight lines symmetrical to L. (Received June 25, 
1945.) 


176. Edward Kasner: Neo-Pythagorean triangles. 


In contrast to right or Pythagorean triangles, defined by a?+-b?—c*=0, the author 
introduces the class of triangles defined by a?+b?-+-c?=0, which he terms neo- 
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Pythagorean. One property of these imaginary or complex triangles is cos A cos B cos C 
= —1, It is shown that the medians are proportional to the opposite sides, the ratio 
being 324/2. The only other triangles with such a proportionality are the equilateral, 
with the ratio 32/2. Many other properties are found. (Received June 21, 1945.) 


177. Edward Kasner: Null hexagons. 


The author definesa null hexagon as one in which each of the six sides is of length 
zero; the slopes are alternately -+i and —i. There are three main diagonals and six 
minor diagonals, all distinct from zero. All the interrelations of the nine diagonals are 
found. In particular, the square of a main diagonal is equal to the sum of the squares 
of two minor diagonals. Certain real covariant diagrams are found. (Received June 25, 
1945.) ' 


178. Edward Kasner and John DeCicco: Multi-isothermal systems. 


The authors extend to euclidean space Ron of 2” dimensions the results already 
considered in the paper Bi-isothermal systems (Bull. Amer. Math. Soc. vol. 51 (1945) 
pp. 169-174), A multi-isothermal system of 227-1 curves in fon is any system which 
is pseudo-conformally equivalent to a parallel pencil of %27 straight lines. Any such 
system consists of 29-9 isothermal families of 1! curves, each such family lying 
upon a conformal surface. A multi-isothermal system of œ: hypersurfaces Si,; in ` 
Ro, is any system which is pseudo-conformally equivalent to a parallel pencil of œ! 
hyperplanes. Any such system may be defined by placing a multiharmonic function 
equal to an arbitrary constant. The pseudo-angle between any multi-isothermal sys- 
` tem of hypersurfaces and any multi-isothermal system of curves is a multiharmonic 
function. If a surface is intersected by every multi-isothermal system of hypersurfaces 
in an isothermal system of curves, then the surface is conformal. Finally if a given 
system of «1 hypersurfaces is intersected by every conformal surface in an iso- 
thermal system of curves, then the given system of œ? hypersurfaces is multi- 
isothermal. (Received June 25, 1945.) 


179, J. W. Lasley: On the classification of collineations in the plane. 


This paper reduces nonsingular collineations of the plane into itself to a common 
canonical form, that of Jordan. The basis of the classification is a pair of absolute 
invariants: the multiplicity of the roots of the characteristic equation and the rank 
of the characteristic matrix arising from the multiple root. Considerations of incidence 
of double elements is limited to the proof of a single theorem. In adjusting the refer- 
ence frarhe to meet the needs of the several cases a full use of duality is made. The 
effect of the adjustments of the reference frame upon the analytic representation of 
the collineations is kept in the foreground. The essential geometric features of the 
collineation are permitted to emerge unhampered by needless algebraic complications. 
The essential unity present in the diverse patterns appears in the Jordan canonical 
form, by means’ of which one is able readily to distinguish one class of collineations 
from another. (Received July 19, 1945.) ‘ 


180. J. W. Lasley: Ox the equations of certain esculants. 


Abel Transon in 1841 provided by means of his theory of aberrancy a visualiza- 
tion of the derivatives of the third and fourth orders. Since then Cesaro, Wilczynski, 
the Mukhopadhyayas and others have dane much toward. welding isolated bits of 
osculant theory into a cohesive whole. This-paper obtains the equations of all osculat- 
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ing conics of a plane curve when referred to a general reference frame. The method 
employed makes possible a unification of types of osculants which are seemingly 
quite diverse. (Received July 19, 1945.) 


181. H. P. Pettit: On the generation of certain algebraic surfaces. 


A surface of order 2mm is the locus of the curve of intersection of two cones in 
which the intersections of a plane of a pencil with a base surface of order m and a base 
surface of order n are projected from two fixed points. These fixed or base points are 
mn-fold points on the generated surface, the tangent cones consisting, respectively, 
of m cones of order n and cones of order m. The surface contains a plane n-ic as an 
m-fold curve and a plane m-ic as an n-fold curve. For m=n=1 the method is the ordi- 
nary projective generation of the ruled quadric. For a particular choice of the base 
points relative to the base surfaces certain degeneracies take place in the generated 
surface, In a plane through the base points, the process produces the method of gen- 
erating plane curves which was discussed by the author in The projective description 
of some higher plane curves, Tohoku Math. J. vol. 27 (1926). (Received May 26, 1945.) 


LoGic AND FOUNDATIONS 


182. Garrett Birkhoff: Universal algebra. 


An unpublished result of Bruce Crabtree is extended to show that, if A is any 
algebra with finitary operations, and G is any subset and S any subalgebra of A, 
then there is a Maximal subalgebra T satisfying GO TSS. If the lattice of subalgebras 
of A is distributive, then it must satisfy X \ U Ya= U(X C\Y,). Hence not every 
complete lattice is the lattice of all subalgebras of a suitable universal algebra. (Re- 
ceived July 5, 1945.) 


183. R. M. Robinson: Finite sequences of classes. 


This note discusses the definition of a finite sequence of classes, in an axiomatic 
set theory in which “sets” and “classes” are distinguished, only sets being allowable 
as elements, (Received July 23, 1945.) 


STATISTICS AND PROBABILITY 


z 


184. Isaac Opatowski: Direct and reverse transitions in Markoff 
chains. 


The author considers stochastic processes consisting of successive transitions be- 
tween n+ 1 states EAH according to the law dP,/dt=k;P, -1 —kiyPi tgi Piy gibi 
P,(0) =1, P,(0)=0 for 721, where P;(#) is the probability that the system be in the 
state ¢at the time tif it is at the time /=0 in the state 0. The constants k; and g; repre- 
sent respectively the “intensities” of the direct and reverse transitions (¢—1—7) 
Gi+1 7). kı >0, #20 for any 7, except ko=g,=0. It is shown that if Raya =gn1=0, 
and consequently >>", P:=1, the process is equivalent, as far as the probability Pp(?) 
is concerned, to a new process of the same type, between the same number of states 
consisting, however, of direct transitions only with intensities TA The main part 
of the proof consists in showing that {Í — =k: Jp which are the poles of the Laplace 
transform of dP,/df, are all real and negative. They are roots of the determinant 
llasalln where aii =x- Riss + gii Giit = g Gii- = ki with all the other a;,,’s zero. The 
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paper is a part of an article to be published in the December 1945 issue of the Bulletin 
of Mathematical Bioghysics. (Received July 26, 1945.) 


X 
TOPOLOGY 


185. R. H. Bing: Collections filling up a simple plane web. 


It is shown that the compact continuum W is a simple plane web provided there 
exist an upper semicontinuous collection of mutually exclusive continua filling up W 
and another such collection H filling up W such that if g and Aare elements of Gand H 
respectively, then the common part of g and 4 exists and is totally disconnected. It is 
proved that if W has a bounded complementary domain and each of the collections 
Gand H is a dendron with respect to its elements, then each is a non-equicontinuous\ 
collection, (Received June 25, 1945.) 


186. R. H. Bing: Generalizations of two theorems of Janiszewski. 


Janiszewski proved that if H and K aré continua neither af which cuts the plane, 
then the sum of H and K cuts the plane only if the common part of H and K is not 
connected. The present paper gives generalizations of this result by considering more 
general sets than continua. It is shown that if H and K are two sets of which neither 
cuts the point A from the point B, H-K is connected, H—H-K is compact and 
H-H-K and K—H-K are mutually separated, then H+-K does not cut A from B. 
Also, if H and K are connected sets one of which is compact, H is countinuumwise 
connected and H: K+H. K is the sum of two mutually separated sets each containing 
a point of H, then H+-K cuts the plane. (Received July 23, 1945.) 


187. J. C. Oxtoby: Invariant measures in groups which are not lo- 
cally compact. : 


In any complete separable metric group which is dense in itself it is possible to 
construct a left-invariant measure, defined for all Borel sets and zero for points; 
but such a measure cannot be locally finite, nor can every compact set have finite 
measure, unless the group is locally compact. This result is proved independently of 
Haar’s theorem, and the measure constructed may have properties quite unlike Haar’s 
measure. Other constructions, based on the idea of extending a Haar measure from a 
subgroup, or introducing a new topology, are considered and their limitations dis- 
cussed. The results throw light on Weil’s converse of Haar’s theorem by giving ex- 
amples of measures that fail to satisfy Weil’s postulates, and by showing that there 
is a class of groups in which no Borel measure can satisfy them. (Received July 23, 
1945.) 


188. Moses Richardson: On weakly ordered systems. Preliminary re- 
port. 


A weakly ordered system is a system of elements a, b,+++ with a binary rela- - 
tion > such that (1) 2>b implies a><b, and (2) a>b implies b not greater than a. 
Transitivity is not assumed. Such a system can be represented by an oriented t-com- 
plex or linear graph in an obvious way. J. von Neumann and C, Morgenstern (Theory : 
of games and economic behavior, Princeton, 1944) prove the existence of “solutions” 
for the case of a strictly acyclic system, and give a method of constructing such solu- 
tions. The main result of the present note is the existence end construction, by a 
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different method, of solutions in the non-acyclic case provided all unoriented cycles 
are even. (Received August 1, 1945.) 


189. A. D. Wallace: Another fixed point theorem. 


The author adheres in part to the notation of a recent paper (A fixed point theorem, 
Bull. Amer. Math. Soc. vol. 51 (1945) p. 414 et seq.). It will not be supposed that P 
is a topological space and (i) will be replaced by (io): Each A-simple set has a maximal 
element in P. Assume that (io), (ii), (iii) and (iv) hold in P. Theorem: If T is a one-to- 
one transformation of P onto itself such that both T and T+ preserve the relation A 
then there is an fe such that both fATf and TfAf hold. (Received July 9, 1945.) 


190. A. D. Wallace: Dimensional types. 


Let H, S be topological spaces. The space H is said to be of dimensional type S 
if for each closed set X in H and mapping f:X—>S there is an extension f:H—S. 
When S is an 2-sphere and H is separable metric then H is of dimensional type S 
if and only if it is of dimension at most v, a result of Hurewicz. Let H be normal and 
let S be an ANR. If H is the union of a countable family of closed sets of dimensional 
type S then H is of dimensional type S. The finite case of this theorem follows with 
no assumptions on H and S except that they are topological spaces. (Received July 9, 
1945.) 


191. G. T. Whyburn: Boundary alternation of monotone mappings. 


Let R be a bounded plane region with connected boundary A and let f(R) =B be 
any monotone mapping. In this paper it is shown that if (a) for each «CA, f(x) 
intersects every crosscut in R both of whose regions have x on their boundaries, f is 
non-alternating on A. Further, if B is a dendrite and R-f-!{y) is connected for each 
y€B, then (a) is satisfied and hence the same conclusion holds. Also in case A is 
locally connected, it is noted that this same conclusion follows provided (b) the 
mapping fg(E) =B is monotone, where E is a 2-cell and g(Z) = R is the extended in- 
verse of the relative distance mapping on R. In this latter case it is shown that condi- 
tions (a) and (b) are equivalent. (Received July 16, 1945.) 


192. G. T. Whyburn: On monotone retractability into simple arcs. 


In recent work on the area of surfaces Radó has had occasion to use the following 
properties as applied to locally connected continua A: (r): Every simple arc in A is 
a monotone retract of A; (II): Every monotone image of A has property (r). Radó 
has noted that (I) implies (r) and that the sphere and 2-cell each have (I). In this 
paper it is shown that (1) property (II) is equivalent to unicoherence for locally con- 
nected continua in general, (2) property (r) is equivalent to unicoherence for plane 
locally connected continua, and (3) every closed 2-dimensional connected manifold 
has property (r). (Received July 16, 1945.) 


193. G. S. Young: The introduction of local connectivity by change of 
topology. 

Let G be a collection of subsets of a space, S. A point P will be said to be a G-limit 
point of a subset M of S if every neighborhood of P contains an element of G which 
intersects P and M— P. Under certain conditions on G (for example, if G is the collec- 
tion of all arcs of S), in the topology for S thus defined, SS is locally connected and still 
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has a topology much like before. Thus, if S were originally metric, it would remain 
metric. This concept permits use of known properties of non-compact continuous 
curves in certain problems concerning non-locally connected spaces. Several examples 
of this technique are given, one of which is the following: Lec M b2 a set which con- 
tains no arc, let D’be a dendrite, and let G be a minimal collection of arcs such that 
each point of M is joined to D by an arc of G. Then if M+D-+G* contains no simple 
closed curve, it has the fixed-point property. In order to obtain this last, a study is 
made of the properties of a type of generalized dendrite. (Received July 30, 1945.) 
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ON SURFACES OF CLASS K, 
J. W. T. YOUNGS 


The purpose of this note is to make a comment bearing upon the 
remarkable results of Radó on the semi-continuity of double integrals 
in parametric form. 

The essence of the situation, without at first attempting precision, 
is this. A continuous surface is of class K, if and only if it has a repre- 
sentation for which the classical double integral area formula has 
meaning. (It is understood that the integration is in the sense of 
Lebesgue.) This class of continuous surfaces is variously employed 
in Radé’s paper. The primary object of this note is to show that every 
surface is of class Ky. ` 

In putting things more precisely it is both convenient and economi- 
cal to treat the matter in its true light; namely, as a corollary to 
Radé’s paper. Thus the notation and terminology here follow that of 
Radó, and numbers in parentheses refer to the appropriate para- 
graphs in his paper. 

To preserve a certain measure of continuity a few of the salient 
concepts are here reviewed. 

A continuous surface S (1. 21) is, by definition, a an equivalence class 
of triples of continuous functions (1.6). If the definition of the equiva- 
lence relation is strengthened by the addition of an orientation re- 
quirement, then any one of the resulting equivalence classes is known 
as an oriented continuous surface S (1.23). In each case any triple in 
the equivalence class is known as a representation of the surface. 

The notation (T, B) i is used generically to denote a continuous triple 
of functions. 


T: xi, 4), (w, 1%) E B, i= 1, 2, 3, 
where B is the closure of some Jordan region in the plane. The ab- 


breviated notation 
T: glu), uE B, 


is also employed (1.6). 
If a continuous triple (T, B) is such that the six partial derivatives 
exist almost everywhere in B°, then the Jacobians are denoted by 


alax? x? a r 
X (a, u”) - Xu, u?) = oe 


Presented to the Society, November 27, 1943; received by the editors June 2, 1945. 
1 Tibor Radó, On the semi-continuity of double integrals in parametric form, Trans. 
Amer. Math. Soc. vol. 51 (1942) pp. 336-361. 
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O(a}, 2?) 


ara Rake rey 
? 


and, of course, also exist almost everywhere in B®. 

If, in addition, the Jacobians are summable then the continuous 
triple (T, B) is said to be of class K, (1.8). (It is to be noted that this 
class K, refers to continuous triples and zot to continuous surfaces.) 

A continuous surface S (oriented continuous surjace ,S) is said to be 
of class K; in the event it has a representation which is of class Ky 
(1.26). 

The whole matter can be viewed from another point of view. In 
the classical theory of area, the term “area” is applied to what is 
here called a continuous triple (T, B), and the well known expression 


ff f [(x3? + (X3)? + (X3)? |H 2autdu? 
B 


is employed. It is obvious that the classical discussion applies only to 
those continuous triples for which the radical [(X*)?+(X?)?+ (X°)? ] 42 
exists, and is in some sense integrable. In the evant the integration is 
understood to be that of Lebesgue, however, the classical area formula 
above can be applied to all continuous triples of class Ky. Indeed, the 
continuous triples of class K, are precisely those for which the ex- 
pression 


|x| = (X + (X42 + (Xj 


is summable over B°. 

If we represent the classical area formula by I(T, B, |x ll), the state- 
ment can be made in the following form: 3 

A continuous triple (T, B) is of class K, if and only if I(T, B, || XI) 
exists. 

It is now possible to state the theorem. 


THEOREM. Every continuous surface, wheiher orienied or not, is of 
class Kı. Alternately, every continuous surface S (oriented continuous 
surface oS) has a representation (T, B) suck that I(T, B, x ll) exists. 


ProoF. Suppose S (a5) is a continuous surface (oriented continu- 
ous surface) with a representation 
T: aa), ae B, 
There is clearly no lack of generality in assumirg that B is the closed 
unit square 0S@'S1,08@'°S1. 
To prove the theorem a representation 


1945] ON SURFACES OF CLASS Ki 671 


T: x(u), ue B, 


of S (a5) must be found which is of class Ky. 

Suppose y(t) is the familiar Cantor function. The properties of this 
function here employed are: dy/dt=0 on the open set of unit length 
which is complementary to the Cantor set, 7(0) =0, y(1) =1. 

Consider the triple (T, B) where 


B: 08481, Osvst. 
T: x(u, u?) = (ylw), y(w)), i= 1,2,3. 
If we define the transformation #=y(u) by the couple 
a! = (ul), w= y(u’) 


the triple can also be defined in condensed form by 


T: x(u) = #(u(x)), ue B. 
It is easy to see that 
Ox* Oxt . 
— = 0 = —; i= 1,2,3, 
ðu! ðu? 


almost everywhere in B°. Therefore the Jacobian 
Xi(u!, u?) = 0, , i= 1, 2, 3, 


almost everywhere in B°. Thus I(T, B, ||X||) exists, and in point of 
fact is equal to zero. 

It remains but to show that (T, B) is, indeed, a representation of 
S (o5). In other words it must be shown that for any e>0 there is a 
topological transformation 


ü = rhu) 
such that the distance 
ar) — sdl) = Er) — eD] e wEB. 


The required transformation #=7,(z) is selected in the following 
fashion: i 

Since £(#) is a continuous triple there is a 6>0 such that the dis- 
tance ||#(#) —£(a)|| <e for ||a—al| <ô. 

Let y*(4) be a continuous and strictly monotone function such that 


O = 0, y*(1) =1, |ly*@) — || < 8/2 for 0 sisi, 
Now consider the transformation #=7,(u) defined by the couple 


W = y*(w), a = y*(w’). 
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This transformation is topological, since y* is strictly monotone in 
addition to being continuous, and 


lru) — n(x)|| < a, , uE B. 
Hence : 
lætr.) — #(u(u))|] < e, u€ B. 


On observing that 7, is sense preserving (1.18) the proof is complete. 

It has been noted that the special representation (T, B) has the 
property that the Jacobians vanish almost everywhere in B®, This 
proves the following corollary. 


COROLLARY. Every surface S (oS) has a representaiion (T, B) for 
which B as the closed unit square, and, in addition, I(T, B, |x D =0. 


In a sense this shows the complete unreliability of the classical area 
formula if it is applied at random to any representation of a continuous 
surface (oriented continuous surface) for which the formula has mean- 
ing—there is always a representation yielding the value zero. As a matter 
of fact, two of the most elegant thearems of Radó concern a criterion 
by which it is possible to select precisely those representations of a 
continuous surface (oriented continuous surface), if any, to which the 
classical formula can be applied so as to obtain the Lebesgue area 
(3.14, 3.18). ‘They are here condensed to read as Follows: 


THEOREM (Rap6). If S (oS) is a continuous surface (oriented con- 
tinuous surface) af class Kı, and (T, B) is a representation of S (oS) of 
class Kı, then the Lebesgue area i 


L(S) = I(T, B, |x|) (E49) = KCT, B, ||XID). 
The sign of equality holds ¿f and only if (T, B) is of class Ke (1.19). 


In virtue of the remarks in this note the statement can now be 
somewhat strengthened. 


THEOREM (Rapé). Any continuous \surface S (oriented continuous 
surface oS) has a representation (T, B) of class Kı and 


L(S) = I(T, BX) 5) & KT, B, |x). 
The sign of equality holds if and only if (T, B) is cf class Ke, 


Several questions arise as a natural consequerce of the fact that 
every surface has a representation for which the classical area is zero. 
Though these questions will have to await somewhat quieter times 


, 


a 
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for personal investigation they are presented here in the hopes that 
they will interest others. 


QUESTION 1. Are those representations (T, B) of S (oS) for which 
I(T, B, |X ll) =0 of the second category in the collection of all representa- 
tions of S (oS) which are of class Kı? 


For any continuous surface S (oriénted continuous surface S) let: 

I*(S)=sup I(T, B, |x ll) for all representations (T, B) of S which 
are of class Kj. 

(I*(,S) =sup I(T, B, |X|) for all representations (T, B) of oS which 
are of class K.) á 

The theorem of Radó guarantees that 


LS) = IS) | (£65) = I*(S)). 


QUESTION 2. Does I*(S) (I*(.S)) share an important property of the 
Lebesgue integral; explicitly, is I*(S) (I*(oS)) a lower semi-continuous 
function of S (oS)? ; 


QUESTION 3. Is I*(S)=L(S) (I*(.S) =L(S))? 


An affirmative answer to the last question would be of compelling 
interest. 


PURDUE UNIVERSITY AND 
Tue EIGHTH Arr Force 


COLLECTIONS FILLING UP A SIMPLE PLANE WEB 
R. H. BING 


A web has been defined [2]! by R. L. Moore. A compact plane con- 
tinuum W is said [1] to be a simple plane web if there exist an upper 
semicontinuous collection G of mutually exclusive continua filling up 
W and another such collection H also filling up W such that (1) G is 
a dendron with respect to its elements and so is H and (2) if g and k 
are elements of G and H respectively, the common part of g and k ex- 
ists and is totally disconnected. It has been shown [1] that we have 
an equivalent definition if we substitute for (1) in the above definition 
the condition that (1’) G is a dendron with respect to its elements 
and H is an arc with respect to its elements. The present paper shows 
that an equivalent definition is obtained if condition (1) is omitted. 

This paper gives conditions under which the collections filling up 
a simple plane web are non-equiconiinuous. A collection of mutually 
exclusive continua is said to be equicontinuous if for every positive 
number e, there is a positive number 6, such that if P and Q are points 
of an element g of G at a distance apart of less than 6., there is an 
arc from P to Q in g of diameter less than e. If a ccllection is not equi- 
continuous, it is said to be non-equicontinuous. If there exists a point 
P belonging to the limiting set of G such that every subcollection of G 
whose limiting set contains P is non-equicontinuous, then G is said 
to be hereditarily non-equicontinuous at P. 

I wish to thank Professor R. L. Moore for his valuable suggestions 
in the preparation of this paper. 

A simple plane web is a continuous curve [3]. In establishing some 
of the following theorems, we shall make use of the fact [1, Theo- 
rem 1] that a necessary and sufficient condition that a continuous 
curve be a simple plane web is that it remain connected and locally 
connected on the omission of any countable set of points. 


THEOREM 1. A necessary and sufficient condition that a compact plane 
continuum W be a simple plane web is that there exist an upper semi- 
continuous collection G of mutually exclusive continua filling up W and 
another such collection H filling up W such that if z and h are elements 
of G and H respectively, the common part of g and k exists and is totally 
disconnected. 


Presented to the Society, September 17, 1945; received by the editors June 25, 
1945, 
1 Numbers in brackezs refer to the references cited at the end of the paper. 
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Proor. The necessity of the above condition follows from the defi- 
nition of a simple plane web. To demonstrate its sufficiency, we shall 
show that if Z is a countable subset of W, W—Z is connected and 
locally connected. The argument is similar to that used in proving 
the necessity of Theorem 1 of [1]. 

Let M be the sum of all elements of G that do not intersect Z and 
let N be the sum of all elements of H that do not intersect Z. As 
M-+N is connected and dense in W, W—Z is connected. 

Assume that W—Z is not locally connected. Let d be a domain con- 
taining a point P of W—Z such that any domain d’ containing ‘P 
contains points of an infinitude of components of (W—Z)-d. An 
infinitude of such components contain points of M-d’. Let Ci, Co, Cs 
be circles in d such that Cı encloses P, Cz encloses Ci, and C; encloses 
Cz but no element of G or H. Then C, encloses a sequence of points 
Pı, Po, +++ of M such that (1) no two of them belong to the same 
component of (W—Z)-d and (2) if ga is the component containing 
P,, of the common part of d and the element of G containing Pa, 
then gı, ge, -- + has a sequential limiting set. There exists a sequence 
of points Qı, Qz, - - + of N converging to a point of Cz such that Q, 
is a point of a continuum in gm (m2) irreducible from C, to C3. 
Let h, be the component containing Q, of the common part of d and 
the element of H containing Q,. It follows [2, pp. 391-392] that some 
nondegenerate continuum F is a subset of the common part of the 
limiting set of gı, ge, +--+ and the limiting set of fi, kz, +--+. As G 
and H are upper semicontinuous collections, F is a subset of the com- 
mon part of an element of G and an element of H. This is contrary 
to the hypothesis of this theorem. 


THEOREM 2. If x is the closure of a connected set which is the sum 
of a countable number of poinis and complementary domains of a simple 
plane web W, the common part of W and x is a continuous curve.* 


Proor. It has been shown [1, Theorem 6] that x is locally con- 
nected. As W is a continuous curve, for any positive number e there 
are only a finite number of complementary domains of W of diameter 
more than e. Since W-x is equal to x minus the sum of a set of com- 
plementary domains of W, then W-x is a continuous curve. 


2 Indeed, W-x may be shown to be heredztarily a continuous curve. Furthermore, 
it may be shown that in order that the compact point set K should be the boundary 
of the closure of a connected point set which is the sum of a countable number of 
points and complementary domains of some simple plane web W it is necessary and 
sufficient that K should be a continuous curve such that (1) every nondegenerate 
cyclic element of K is a simple closed curve, (2) K does not have uncountably many 
cut points, and (3) no cyclic element of K encloses a point of K. 
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THEOREM 3. If x is the closure of a connected set which is the sum of 
a.countable number of points and complementary domains of a simple 
plane web W and R is a nondegenerate connected subset of the common 
part of W and x, then R is arcwise'connected.* P 


Proor. Let A and B be two points of R and let AB be an arc in’ 
Wx. If AB contains a point P not of R, there is an arc AOB in 
W-x—P. There is a simple closed curve which is the sum of arcs 
A’PB' and A'QB’ of AB and AOB respectively. It has been shown 
[1, Theorem 8] that each point of W-x is a limit point of the con- 
nected set W—W-«x. Therefore, no subset of W-x contains a simple 
closed curve plus an arc having only its end points on the simple 
closed curve. Using this fact and the fact that there is an arc from 
A to Bin W-x minus a finite number of points not belonging to R, 
we find that A’QB’ is a subset of R. By replacing A’PB’ and other 
subarcs of AB by arcs which are subsets of R, we may obtain an arc 
from A to Bin R. 


THEOREM 4. If x is the closure of a connected set which ts the sum of 
a countable number of points and complementary domains of a simple 
plane web W and AB is an arc lying in the common part of W and x, 
then AB contains an arc lying on the boundary of some complementary 
domain of W. i . 


Proor. Since AB is [1, Theorem 7] the sum of a countable number 
of points and closures of individual complementary domains of W, 
the boundary of some one of these domains contains a subarc of AB. 


THEOREM 5. Let G be an upper semicontinuous cellection of mutually 
exclusive continua filling up a simple plane web W and let H be another 
such collection filling up W such that (1) H is a dendron with respect 
to its elements and (2) if g and hare elements of G and H respectively, 
the common part of g and h exists and is totally disconnected. Let gı and 
g2 be two elements of G belonging to x, and x, respectively where x; 
(¢=1, 2) is the closure of a connected set which is the sum of a countable 
number of points and complementary domains of W. Then g1tge is a 
subset of the boundary of a complementary domain af W. 


Proor. By Theorems 3 and 4 there is a complementary domain d 
of W such that gı and the boundary of d have an arc in common. 
The boundary of d intersects two elements hı and hs of H and as ge 
intersects each of them, each element of H that separates hı from he 
in W also disconnects both ge and W- x2. : 


3 In fact, R is locally arcwise connected. 
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Let Z be a countable set of points such that Z plus the sum of a 
set of complementary domains of W is a connected set whose closure 
is xa. Then each element of H that separates A from hz intersects Z 
or contains a point of xz belonging to the boundary of d. As Z is 
countable and as there are uncountably many elements of H each of 
which separates hı from ks in W, the boundary of d contains uncount- 
ably many points of go. 

Assume that g; @=1 or 2) is not a subset of the boundary of d. 
By Theorems 3 and 4 there is a complementary domain d’ of W other 
than d such that some arc is a subset of the common part of g; and 
the boundary of d’. Both gı and gs intersect the boundary of d’ and 
by Theorem 3 there are two mutually exclusive arcs in W-x, and 
W x2 respectively such that each has an end point on the boundary 
of d and an end point on the boundary of d’. This is impossible, for 
no subset of W-x1+ W -xz plus the boundaries of d and d’ is a simple 
closed curve plus an arc having only its end points on the simple 
closed curve. 


THEOREM 6. Suppose W is a simple plane web with two complemen- 
tary domains. Suppose that G is an upper semicontinuous collection of 
mutually exclusive continua filling up W, that H is another such collec- 
tion also filling up W, that G ts a dendron with respect to its elements 
and so is H and finally that if g and h are elements of G and H respec- 
tively, then the common part of g and h exists and is totally disconnected. 
Then there is an element of G which does not separate W and which is 
not a subset of the closure of any connected set which is the sum of a 
countable number of points and complementary domains of W. 


Proor. Those elements of G that do not separate W are called end 
elements of G. Assume that each end element of G is a subset of the 
closure of a connected set which is the sum of a countable number of 
points and complementary domains of W. Then by Theorem 5, if gı 
and ge are end elements of G, there is a complementary domain d 
of W whose boundary contains g; and ge. 

Suppose that gz is an end element of G other than gı or gs. As the 
boundaries of two complementary domains of a simple plane web 
have no more than a point in common, it follows by Theorem 5 that 
g; is a subset of the boundary of d. However, if it were a subset of the 
boundary of d, no two elements of H could intersect each of the sets g1, 
£2, and ga. 

Suppose that g, and ge are the only end elements of G. If d’ is a com- 
plementary domain of W other than d, its boundary is a subset of an 
element of H, for no three mutually exclusive continua in W could 
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intersect the boundary of d’ as well as both gı and ge. Likewise, the 
boundary of d’ is a subset of an element of G, for no three mutually 
exclusive continua in W could intersect both the boundary of d and 
the boundary of d’. This is impossible as no element of G intersects 
an element of H in a nondegenerate continuum. 


THEOREM 7. Let W be a simple plane web with two complementary 
domains. Let G be an upper semicontinuous collection of mutually ex- 
clusive continua filling up W and let H be another such collection filling 
up W such that (1) Gis a dendron with respect to its elements and so is H 
and (2) if g and h are elements of G and H respectively, the common part 
of g and h exists and ts totally disconnected. Then the collection G is 
non-equicontinuous. 


Proor. Let X be a set such that x is an element of X only if x is 
maximal with respect to being the closure of a connected set which 
is the sum of a countable number of points and complementary do- 
mains of W. By Theorem 6 there is an end element g, of G which is 
not a subset of an element of X. There is [1, Theorem 8] an arc AB 
in W which contains no point of an element of X and which has only 
its end points in common with g,. 

Let d be one of the complementary domains of ¢,4+-AB which has 
AB as a subset of its boundary. If F is a point of W in d and E isa 
point of W belonging to neither d, AB, nor ge, then there is an arc 
EF in W which contains no point of AB, Let C be the first point of 
the closure of d on EF in the order from £ to F. If p is one-half the 
distance from C to AB, we shall show that for any positive number e 
there exist points P and Q belonging to an element g of G such that 
the distance from P to Q is less than e and the diameter of any sub- 
continuum of g containing P and Q is of diameter more than p. 

There exist points P, and Pz such that each can be joined to C by 
an arc in W of diameter less than the minimum oi p and €/2 and such 
that P, belongs to d and Pz belongs to neither d nor ge. As g. is an end 
element of G, there is an element g of G which separates g. from 
Pi+ Pein W. There exist on g points P and Q at a distance from C 
of less than the minimum of p and ¢/2 such that P belongs to d and 
Q does not. Every subcontinuum of g that contains P and Q inter- 
sects 4B and therefore is of diameter more than p. 


THEOREM 8. Let W be a simple plane web with two complementary 
domains. Let G be an upper semicontinuous collection of mutually ex- 
clusive continua filling up W and let H be another such collection filling 
up W such that (1) G is an arc with respect to its elements, (2) His a 


> 
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dendron with respect to its elements, and (3) if g and h are elemenis of G 
and H respectively, the common part of g and h exists and is totally dis- 
connecied. Then W contains a poini at which G is hereditarily non- 
equicontinuous, 


Proor. Obtain g., AB, C, p, and g as in Theorem 7. Of every count- 
able sequence of different elements of G having a subset of g as a 
limiting set, all but a finite number separate g from ge. Hence G is 
hereditarily non-equicontinuous at C. 
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DIMENSIONAL TYPES 
A. D. WALLACE 


Let H and S be topological spaces. We say that H is of dimensional 
type S (symbol: Ds) if for each closed set X and mapping f:X—>S 
there exists an extension f: HS. 

It is clear that (from a result due to Hurewicz [1, p. 83]) when H 
is separable metric and S is an 2-sphere, then H can be of dimensional 
type S if and only if dim Hsn. For simplicity we write Da for Ds 
when S is an a-sphere. It is, of course, possible to define dim H as 
the least integer n for which H is of type D, even when H is not sepa- 
rable metric. But this seems to be open to objection except in certain 
cases (cf. (d) below). 

It is at once clear that we have: 

(a) If H is of type Ds then so also is any closed subset. 

(b) If the closed sets H, and H; are of type Ds then so also is the set 
H, +H}. 

As a matter of notation we may suppose that H=H, +H}. Let 
f:X—>S, Several cases may arise of which we shall consider only the 
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onein which X - H,-H»isnot empty. By (a) themappingg=f| X- Hy: H: 
may be extended to a mapping #8: Hı: Haz—5. Let g;= % on Hy: H: and 


- gi=f on X-H, i=1, 2. Then gi: (Hy HatX. -H;)—S and so by as- 


sumption may be extended to a mapping fr: HS. Since fa =f on 
H,- H, we may combine these mappings into a transformation f carry- 
ing H into S. 

With the aid of (b) and additional hypotheses we can extend (b) to 

(c) Let H be a normal space and S an absolute neighborhood retract. 
If H=H,+He-+ «++ where each H; is closed and of dimensional type S 
then H is of dimensional type S. 

From (b) there is no loss of generality in supposing that HCH? 
CH;3---.Let f map the closed set X into S. We may assume that 
X meets Hı. Let f=f; so that (since S is an ANR) there is an exten- 
sion f, of fı mapping a neighborhood U; of X into S. From the normal- 
ity of H it follows that there exists a neighborhood V; of X whose 
closure is contained in U;. Let X1= V; and set gi=fi| Hr X By as- 
sumption gı admits an extension #,:H,—S. Let fo= 3, on Hı and fa=fı 
on X; so that fz is a mapping of Hi+ X, into S. We may extend fz 
to fz: Uz—>S, where U2 is a neighborhood of Hi+X1. Let Vz be neigh- 
borhood of H, +X; for which X:=V,C Us. Suppose that n exceeds 2 
and assume that fa: Un—>S is an extension of f,:(HnatVaa)-S 
and that X =V, C Un where V, is a neighborhocd of Haai tV n-i 
Let gn =f,| Hn -Xn and then denote by 2, an extension of g, to Hn. 
Define fayı as En on H, and put fayı =f, |. X, so that fag. maps Ha +Xa 
into S. Extend fayı to a transformation fay: of Uny1 into S where Upp 
is an open set containing H,+X,. Let Vag. be a neighborhood of 
this set with Xay = VagiC Un. 

It follows that: 

O VWiCveCVsC - 

(ii) fayı is an extension nal fn defined on Vay, fi being an extension 
of f. 

(iii) H=} re Va 

If <CH aan for some 2, x€ V, and we may write He) =f,(x) 
=fap (x) = . That f is continuous follows from the fact that the 
sets V, are open. 

‘Other generalizations of the classical sum-theorem have been given 
by P. Alexandroff, E. Cech, and other mathematicians. 

To validate the definition suggested earlier it seems necessary to 
restrict the class of spaces to which it is intended to apply. A space H 
will be said to have property V provided that for any two closed sets 
41, X there exist closed sets Ai, He such that H=H, +H, 
Hy He (Xi +X) =X1 X: and X,CH;. This is a well known property 


t 
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of metric spaces but we have no reference to its formulation in the 
literature as an axiom. ; 

(d) If H és of type D, and has property V then H is of type Day. 

Following a line of argument used by Hurewicz [2, p. 144] let f 
map the closed set X into Sn} We may assume that Sayı is given 
by the equation y+ - + + +yni2?=1 and let 41, Az denote the sub- 
sets of Sayı given by (Ya+2 20), (¥n420). Then A; and Ag are (n+1)- 
cells which meet in the Sy: (y+ ++ - +4n41?=1)-(yn42=0). We 
may clearly suppose that f(X) meets both A: and Az so that 
X:=f (A: f(X)) is not empty. Since H.has property V we have 
H=H, 4H: where X;CH,=H;, and Ay: He X =X; Xz We consider 
only the case where this latter set is not vacuous. Denote by g the 
mapping f restricted to X1-X2so that g has values lying in S,. By (a), 
H,- H is of type Da and so we may extend g to a mapping 8: Ho 
—S,. Then (by Tietze’s extension theorem) we may extend 7 to a 
mapping g, of H; into A;. Since gı=g, on Hı- H; we combine these 
mappings to secure an extension f of f taking H into Sayi» 


< 
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ON THE EQUATIONS OF MOTION IN A RIEMANN SPACE 
l M. S. KNEBELMAN 


Introduction. The object of this note is to give a geometric inter- 
pretation to the conditions of integrability of Killing’s equations? and 
to the similar equations for collineations? in an affinely connected 
space. This is done by considering the more general problem of map- 
ping a space upon itself, the mapping preserving some differential 
invariant. We shail be concerned with purely local properties so that 
the functions involved are assumed to have continuous derivatives 
of any necessary order and the groups are assumed to be infinitesimal. 


1. Infinitesimal mapping of V, upon itself. By an infinitesimal 
mapping of VY, upon itself we understand a correspondence generated 
by a vector field £?(x); that is, to a point P(x) corresponds a point 
P(z) where 


(1.1) zi = at + E(x) de. 


In order to see the effect of such a mapping or. a differential in- 
variant, we consider—merely to be specific—a tensor field of compo- 
nents T‘;(x). Such a tensor field is mapped into one whose compo- 
nents are 


which for the mapping (1.1) gives 
/ 
ðt! ð i 
£ g ) ôt. 





Te, — — Ti 
axe ? Oat j 


(1.2) T2) = T'a) + ( 


By the variation of T(x) we shall understand lims:.o(T*;(#) 
— Ti,(z))/5¢ and shall denote it by 6T,(x)/6z. Then (1.2) gives 
6Ti oT‘; og ag 
ST) = ie as £ Tap E Tin 
òt axe xt Ox? 





(1.3) 


with a corresponding expression for any scalar or tensor field. If a 
tensor field is to remain invariant, it is necessary and sufficient that 
its variation be zero. From (1.3) it is obvious that a zero tensor field 
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is invariant under an arbitrary mapping; it is also evident that the 
variation is a differential invariant. Hence if the space ‘V, is affinely 
connected, partial differentiation may be replaced by covariant differ- 
entiation. 


2. Affinely connected V,. Denoting covariant differentiation by 
T., we have from (1.3) 


ôT , f ! 
) ae E°T* 5 ak + £1. T* 56 + ES jkT ak 
>k 


ôt 
— Baal g — Ei aT ge + EST ak 
and i; 
5(T* jx) f y i 
a ET jka F ES, jT a t ET ha Sek “Eh 


subtracting and using Ricci’s identities we get 
Haa 
(2.1) ôi J.k bt 
= Talt, ie + PR ng) — T" lE an + PR ang), 
where R is the curvature tensor of the V,. We recall? that 
(2.2) Erge + PR ip = 0 


are precisely the differential equations of an affine collineation. Hence 
we have the following theorem. 


THEOREM 1. A necessary and sufficient condition that a mapping must 
satisfy so that variation and covariant differentiation be commutative is 
that the mapping be an affine collineation. g 


The conditions of integrability of (2.2) may be written? as 
ECR pra — R jtt, a + R'aritt, + Riata + R'jkatt,t = 0, 
ESR’ ikt, m,a ga R* iktmk' a + Rart, mt", j + Gris = 1 


and from (1.3) it follows that they may be written as 
(2.3) Ri ixi/ôt = 0, SR jxtme/5E = O,- ++. 
Hence we have the following theorem. ' 


THEOREM 2. A necessary and sufficient condition that an affinely con- 
nected space must satisfy to admit a group of collineations is that it admit 


` 
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a group of mappings leaving the curvature tensor and its successive co- 
variant derivatives invariant. 


_ From the theory of differential equations of the form (2.2) and from 
(2,3) it is evident that 


THEOREM 3. The group of affine collineations is a subgroup of map- 
pings preserving the curvature tensor and tis successtve covariant deriva- 
tives. ` 


That the two groups are not necessarily identical can be seen from 
the case of an affinely flat space. Since R’, =0 in this case the group - 
of mappings is the group of analytic transformaticns while the group 
of collineations is (equivalent to) the group of linear transformations. 
On the other hand if G,, the group of collineations, is of generic 
rank r, then, as can be shown, the group of mappings is also G,. 


3. Motion in a Riemann space. If in a metric space, with metric 
tensor g;;, we require that the mapping preserve this tensor, we get 
according to (1.3) 


(3.1) Biaé™,3 + Zajk = 0, 


” which are the equations of Killing for an infinitesimal motion. If they 
hold then (2.2) and (2.3) necessarily follow.1 We consider a space of 
constant (nonzero) curvature. In this’ case 


Ripr = cig — dg ix) 
and since R‘jz2,n=0 in this case, (2.3) reduce to 
(3.2). Bie(garé*.3 + Biata) — SEak i + Biat) = 0 
which by contraction give (3.1). Hence we have the following theo- 
rem. 


THEOREM 4. In a space of constant (nonzero) curvature a mapping 
preserving curvature is a motion. 


Since the group of motions in any case is a subgroup of the group 
of collineations it follows as a corollary of Theorem 4 that in a space 
of constant nonzero curvature the group of motions and the group of 
affine collineations are the same. A little more than this can be easily 
proved; this corollary is true for an Einstein space V, (%>2) which 
is not flat. 


4. Motions as a subgroup of collineations. Suppose that a Rieman- 
nian V, admits a group @, of affine collineations (r<n?+7). This 
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means that (2.3) admit 7 linearly independent solutions £(.), 
o=1, 2,---, 7. Let the variation of gj; corresponding to fie) be 
denoted by h;; (cf. (3.1)). Then the question is whether there exist r 
constants c) such that c£*,,) is a motion; that is, such that 


(4.1) cOn@;; = 0. 

Obviously a necessary condition is that the matrix of n(n-+1)/2 
rows and r columns whose elements are #‘),; be of rank less than r. 
We shall show that this condition is also sufficient. For suppose this 
rank is s<r; then (4.1) admit r—s linearly independent solutions 
o@,(x), a=1,2,-++,7—s, so that 
_ (4.2) POA = 0 
are identities in «. Hence 

Pahit GO WhO 35% = 0 
and because of (2.2), ki, =0. Hence «x, is also a solution of (4.1) 
and hence’ 
(4.3) OM an = APar hg, 


If there is to be a solution c then a set of —s functions p* must 


exist such that 
co = $79 0, 


from which it follows that 
abe + PAP = 0. 
Hence, since ġa are linearly independent we must have 
(4.4) Pont pAr = 0. 
From (4.3) and the linear independence of #%g it follows that 
Atak — Alaik + Abad tex — Afar tg, = 0 


and these are precisely the conditions of complete integrability of the 
differential equations (4.4). Hence (4.4) admit a set of r—s linearly 
independent solutions; thus we have the following theorem. 


THEOREM 5. If a Riemann space admits a group @, of affine collinea- 
tions a necessary and sufficient condition that it admit a group of motions 
is that the matrix ||h©,,|| be of rank less than r. If this rank is s, then 
the group of notions is of order r~s. 
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UNION CURVES AND UNION CURVATURE 
C. E. SPRINGER 


Introduction. A rectilinear congruence in ordinary three-dimen- 
sional Euclidean space may be defined by specifying the direction of 
a unique line at each point of a giver surface. A union curve! on the 
surface relative to a given congruence has the property that its oscu- 
lating plane at each point of the curve contains the line of the congru- 
ence through the point. It is well known that the union curves relative 
to the congruence of normals to a surface are the geodesic curves on 
the surface. The principal aim of this paper is to generalize for union 
curves certain known results concerning geodesic curves. 

The analytical representation of the congruence in §1 is followed 
in §2 by the derivation of the differential equations of the union 
curves referred to an arbitrary system of coordinates on the surface. 
From the definition of the union curvature vector in §3, it is seen that 
a union curve on a surface may be defined as a curve for which the 
union curvature vector is a null vector at every point of the curve. 
Finally, there appears in §4 a geometric interpretation of the union 
curvature of a curve on a surface which agrees with the definition of 
geodesic curvature of the curve for the particular case of the congru- 
ence of normals to the surface. 

The notation of Eisenhart? will be employed for the most part, al- 
though Tg, will be used here as the Christoffel symbol of the second 
kind. Greek indices will always take the range 1, 2, and Latin indices 
the range 1, 2, 3. The summation convention of the tensor analysis 
will be observed. 


1. Analytical representation of the congruence. Let the surface S 
be defined analytically with reference to an orthogonal cartesian sys- 
tem of coordinates by 


(1) at = x(n, u?) (i = 1, 2, 3), 


where the functions x‘ and their partial derivatives to the second 
order are understood to be continuous at any point P on S. Let the 
line / of the congruence at P have direction cosines given by 


(2) M = AK(ul, u”), DAP= 1, 


Received by the editors April 19, 1945. 
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2 Eisenhart, Differential geometry, Princeton University Press, 1940. 
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where the functions \' are continuous at P. If X° denote the direction 
cosines of the normal to S at P, the direction cosines of } at P may be 
written in the form 


(3) N = pte + 9X" (q > 0), 


where, for convenience, the notation of the covariant derivative a 
of x* with respect to the first fundamental tensor (gag =2*ax's) of S 
is used instead of dx‘/du*. By virtue of the second of equations (2), 
there results 


(4) NN = (pale + Xe ts + gX) = wat"? +q =1 


If 8 is the angle between / at P and the normal to S at P, it is seen 
from equation (3) that 


(5) cos 0 = NX? = q, 


and from (4) that the magnitude of the vector with contravariant 
components p“ is sin 6. It may be noticed also that if C is any curve 
on S through P represented by u*=w*(s), where s denotes arc length, 
then the cosine of the angle ¢ between / and the direction of the 
tangent to C at P is given by 


i dx duf du? 
(6) PE TEE E e. + 9X29 = gab — S 
ds ds 
2. Differential equations of the union curves. The osculating plane 
to the curve C: u*=u(s) on S at P has the determinantal equation 


R i dxi dagt 
7 i ia aes ate 0, 
(7) bin(& — 2) as ast 


the #* being current coordinates. On writing 
dai iow d?* k pnr AE aa Fig 1B 


8 —= 46" , —— = gru 
(8) ds 7 ds? ðu “ðu? 





? 


where the primes indicate differentiation with respect to s, and, in 
turn, the Gauss equations of the surface S, namely, 
gyt y k k 
9 —— = Pasty + dapX 
( ) Burgu agt, y pA s 
we see that equation (7) takes the form 


re Bk 


(10) inla — au eee te + deu u" X") = 0, 


z 
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where p’, the components of the curvature vector? of C at P, are given 
by : 

(11) p =e + Tieu u". 
If the osculating plane to C at P contains line J, the coordinates 
xit i=l prs +¢X*) must satisfy equation (10) for all ¢. Thus, 
the condition - f 


£. 
(12) PCA ty + gX )(u' EAG a + dagu” u ‘ x’) = 0 
must obtain. Use of the facts “that ix act od ack es =0 (because Yy, o, T 
cannot all be different) and aX tx’,X*=0, together with a change 
of umbral indices, sligwetaciation (12) to take the form 
. 123 

(13) (nX siete) (9 u dagu” w" "+ qu"p) = 
It is to be noticed here that dagu’z’? is the normal curvature K, of 
the curve C with direction u’* (2=1, 2) on the surface S. 

Summing on ø and 7 in equation (13), and neglecting the nonzero 
determinant dj¢X ix, we obtain 


(14) Corl pw Kn + qu”) = 0, 


where! €12 = 1, y= 1, ĉi = ey =0, 

Equation (14) is the differential equation of second order of the” 
union curves on the surface S through any point P on S, the para- 
metric curves being any whatever. Lane® has given the differential 
equation of union curves on a metric surface for the case in which the 
lines of curvature on the surface are taken as parametric. 

From equation (14) one may conclude that if g=0 (which means 
that / lies in the tangent plane to S at P), then the only union curves 
are those in the directions given by p'du?—p%du}=0 and by K, 
= dagu’ tu’ 8 =0, the asymptotic directions. Suppose, henceforth, that 
q0, and Jet /° be written for p*/g. Then, if e and r be interchanged 
in the second term of equation (14), the differential equation of the 
union curves on S through P becomes 


(15) ` bertt!*(p? — Kt) = 0. 
If the components p" of the curvature vector of the curve are zero, 


the curve is a geodesic. From equation (15), it can be seen that the 


3 Eisenhart, loc. cit. p.. 187. 

4 Eisenhart, loc. cit. p. 135. 

5 Lane, Projective differential geometry of curves and surfaces, University of Chicago 
Press, 1931, p. 240. 


+ 
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geodesics and union curves on a surface coincide in the three directions 
given by p°du'—p'du®=0 and the directions of the asymptotic curves on 
the surface. Moreover, it may be seen from equation (15) that if the 
congruence is normal to the surface (’=0), the union curves are 
geodesic curves on S. 


3. Union curvature of a curve on a surface. Equation (15) is a 
single differential equation of the second order. It will be shown to be 
equivalent to a pair of differential equations of the second order. 

The curvature vector with components p* is orthogonal to the di- 
rection w’* of Con S. Hence! 


(16) Zappu? = 0. 


If equation (16), multiplied by u’!, and equation (15), multiplied by 
gogu’®, are subtracted, there results, by use of gagu’*u’8=1, the first 
of the following differential equations of the union curves on S, 

P q! = p — Kagat- enlu" = 0, 

(17) 
g? = p? + Kagigu’®-e,,]°u't = 0, 

and the second equation is obtained in a similar manner. The vector 
with components 4% given by (17) liés in the tangent plane to S at P. 
It may be called the union curvature vector of the curve C on S at P. 
It may be concluded from equations (17) that the union curvature 
vector is a zero vector at each point of a union curve. 

The geodesic curvature’ K, of the curve C at P is given by 


(18) Ky = eag“, 


where €,g=g'/e,.g. Therefore, it appears appropriate to define the 
union curvature K, of C at P by 


(19) K, = Eagt %n?, 
which may be written, by use of equations (16) and (17), in the form 
(20) Ku = entl (0 — Kyl") = Ky — Knew t. 


It may be observed from equation (20) that the geodesic curvature 
along a union curve (K,=0) is given by 
(21) Ky = Knet V. 
From equation (15) it is seen that the coordinate curves on the sur- 
face are union curves if, and only if, the congruence is specified by 


® Eisenhart, loc. cit. p. 171. 
7 Eisenhart, loc. cit. p. 187. 
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(22) T= The/ doa, P= Pry di. 


For this particular congruence, the geodesic curvature of any union 
curve on S at P is given by 





2 1 ; 
(23) K, = gi? (= u — Ta v?) dagu’ "ub. 
du daz 

If K,,, K,, denote the geodesic curvatures of the curves through P 
represented by du?=0, du!=0, it can be seen from equation (23) that 
the sum of the geodesic curvatures of the coordinate curves on a sur- 
face is given by 

71.3 *], 


(24) Ent Ko =g [Duu — Tau’) 


When the asymptotic curves are taken as parametric, the directions 
of Segre? at the point P on the surface are given by I'j,(u’!) — T} (u?) 
=0. Hence, it can be concluded that the directions of Segre are those 
in which the geodesic curvatures of the asymptotic curves differ in sign. 
This may be compared with the result? that the torsions of the asymp- 
totic curves through any point differ in sign. 


4, Geometric interpretation of union curvature. The geodesic cur- 
vature of a curve C at P on the surface is the curvature of the curve 
obtained by projecting the curve C orthogonally onto the tangent 
plane to the surface at P. Let the curve C be projected onto the tan- 
gent plane to the surface at P in the direction of the line / of the con- 
gruence. It will be shown that the curvature of the plane curve C’ 
thus obtained is given by the expression in equation (20). 

Let the cylindrical surface of projection of curve C onto the tangent 
plane at P in the direction of line Z at P be denoted by S’. If 1/R is 
the normal curvature of C as a curve on S’ at P, and g is the angle 
between the principal normal to C at P and the normal to the plane 
of J and the tangent line to C at P, then, by the theorem of Meusnier, 


(25) e/R = pcos a, 


where e= +1, and 1/p is the curvature of C at P. Further, if 1/r is 
the curvature of the curve C’ at P, and if 8 is the angle between the 
tangent plane to S at P and the plane through the tangent line to C’ 
normal to the plane of Z and this tangent line, then, again by the theo- 
rem of Meusnier, 


8 Lane, loc, cit. p. 77; also Springer, Bull. Amer. Math. Soc. vol. 48 (1942) pp. 901~ 


` 906. 


? Eisenhart, loc. cit. p. 248. 
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(26) e/R = r cos B. 
Therefore, by equations (25) and (26) 
(27) efr = cos aj (p cos 8). 


Substitution of the analytical expressions for cos œ and cos ĝ into 
equation (27) yields, after some simplification, 


efr = Eert’ (p7 k K4), 


which is the union curvature K, given in equation (20). Therefore, 
the union curvature of a curve C at a point P on a surface S relative to a 
given congruence is the curvature of the curve obtained by projecting C 
onto the tangent plane to S at P in the direction of the line L of the con- 
gruence at P. 
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A NEW CHARACTERISTIC PROPERTY OF 
MINIMAL SURFACES 


EDWARD KASNER AND JOHN DscCIcco 


1. Isothermal families on a surface È defined by the Monge equa- 
tion z =f(x, y). We shall present a new characteristic property of mini- 
mal surfaces (Theorem 3). We also discover an extensive class of sur- 
faces (Theorem 1), including minimal surfaces and surfaces of revolu- 
tion.! It is shown that the minimal surfaces are the only ones such 
that every set of parallel planes intersects the surface in an isothermal 
family (except for the obvious case of a sphere). 

In our preceding work,? we have obtained an extension of the theo- 
rem of Lie concerning isothermal families in the plane. We have found 
that a family of curves: g(x, y)=const., on a surface Z where any 
point is defined by general curvilinear coordinates (x, y), is isothermal 
if and only if the angle 6=6(x, y) between the family and the para- 
metric curves «=const. satisfies a certain partial differential equation 
of the second order in (x, y), and therefore if and only if g(x, y) satis- 
fies a certain partial differential equation of the third order in (x, y). . 

_ Of course, if (x, y) are isothermal parameters an 2, then our condition 
reduces to Lie’s theorem which states that 0 is a harmonic function 
of (x, y) if and only if the given family of curves is isothermal. 

We have applied our result to the case in which the surface 2 is 
given by the Monge equation: z=f(x, y), where (x, y, z) denote car- 
tesian coordinates of space. The condition is : 


1 2 ad wI LAARS 1 2 ae 
atA Uhs tithe, . 
wth tI [0+ iena 


1 2 og 80 2 2 1/2 
© BERII [Zt] EEA Eo 
x ay 


a a Fdz — Sff + (1 a = 
ay CFG Eis. i 


Presented to the Society, February 24, 1945; received by the editors March 2, 
1945, and, in revised form, May 14, 1945. 

1 The work of the present paper is concerned not only wizh real euclidean space 
but also with the complex euclidean space. 

2? Kasner and DeCicco, An extension of Lie's theorem on isothermal families, Proc. 
Nat. Acad. Sci. U.S.A. vol. 31 (1945) pp. 44-50. 
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where @=6(x, y) is the angle between the family of curves defined by 
the differential equation dy/dx =p = p(x, y) and the parallel plane sec- 
tions «=const. The angle @ is given by the formula 


e+ fi) + hehe 
(+ f+ spi 


The two preceding formulas possess some symmetry but not total 
symmetry since the surface È is defined by z=f(x, y) and @ is the in- 
clination to the parallel plane sections x =const. These formulas may 
be put into totally symmetric form by letting @ represent the angle 
between the given family of curves defined by the differential equa- 
tion of first order dj/dx=p=p(x, y) and the parallel plane sections 
z=const. Then formula assumes the form 


ape 


(2) 6 = arc cot 





+h 2 - 2 obo 
-++ Slas +See — HoN +O + fol 
2 ar ð ð 
JZ +f wltati+e e-r] 
fe + fife — Saffat (1 ae a 
HIU l 


The angle @ is given by the expression 


(3) 


2. 1/2 


(fo + BNE fe+ fy) 
Ju — Pfs 


2. Application to minimal surfaces and spheres. Minimal surfaces 
may be defined as those for which the mean curvature is identically 
zero. Thus the surface 2 defined by the Monge equation, z=f(x, y), 
is minimal if and only if f satisfies the partial differential equation of 
the second order 


(5) HSY = Safuan + (1+ ffe = 0. 


By means of (1) or (3), and (5), it follows that a family of curves on 
the minimal surface 2 is isothermal if and only if the angle 0 between 
the given family and any one of the parallel plane sections x =const., 
y=const., or z=const. satisfies the partial differential equation of 
second order 


(4) 6 = arc tan 
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(6) dep Sy ep = 
JY. ax? EEN J= ay? . 


If the condition (1) or (3) is independent of the first order partial 
derivatives of 8, then 2 must be a minimal surface. If in addition the 
coefficients of the partial derivatives of 6 in (6) are proportional to 
real constants, then È is a plane. For 8 to be a harmonic function of 
(x, y), we find that = must be a plane parallel to the (x, y)-plane. 

Let us apply the result (3) to the sphere x?-++ y?+-2? =r”. A family of 
curves defined by the differential equation dy/dx =p = p(x, y) on this 
sphere is isothermal if and only if the angle @ between the family and 
the circles of latitude z=const. satisfies the partial differential equa- 
tion of the second order 


(7) (r — op 28 = Piece (2 — Fai zi 2(z a + y)=0. 
ax? Oxdy oy? ox ay 
The angle 6 is given by 
r(x + py) 
GO page= x yi 


If Sis a minimal surface or a sphere, then every system of parallel 
plane sections is isothermal. 


(8) > 0 = arc tan 


3. Surfaces with an isothermal system of parallel plane sections. 
By equation (3), it is observed that the system of parallel plane sec- 
tions z=const. is isothermal if and only if 


AFISo — YSafofar + AHIS _ 
x INESATTA oe 


Let Km denote the mean curvature of the surface È and let y denote 
the angle between the normal of = and the common normal of any 
system of parallel plane sections. From (9), we deduce the following: 


THEOREM 1. A given system of parallel plane sections of a surface X is 
isothermal if and only if the product Km cot y csc y is the same at all 
points of any one of the plane sections. 


` Upon the plane sections of Theorem 1 we impose the additional 
condition that K,, be the same at all points of any one of these sec- 
tions. In the first place Km may be identically zero, in which case 2 
must be a minima! surface. Next let Kn0. Then y must be the same 
at all points of any one of these plane sections. Upon letting these 
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plane sections be z=const., then y=y(f). Thus tan?y=f27+f7 =V(/). 
We find from this that 


(10) Saf cz + fof zv T Yifz/2, Jf zy + fafu = Yifyl 2. 


Multiplying these by fz and fy respectively and adding the resulting 
products to the equivalent form of equation (9), obtained by clearing 
of fractions, we find 


(11) (1 + Y) (fee + Suv) = oy (1 + Y) + Wy,/2. 


From this it follows that (fz2+fyy) must be a function of f alone 
since y= —1. Since f2+/2=y(f), these results mean that the orthogo- 
nal projections of the parallel plane sections upon the (x, y)-plane 
must be a parallel and an isothermal family. These projections are 
then either concentric circles or parallel straight lines. From this we 
deduce that 2 must be either a surface of revolution with axis per- 
pendicular to the (x, y)-plane or a cylinder with elements parallel to 
the (x, y)-plane. We have thus completed the proof of the following 
proposition. 


THEOREM 2. If the mean curvature Km ts the same along all the points 
of any one of a given isothermal system of parallel plane sections, then the 
surface È is either minimal, or it is a surface of revolution with axis 
perpendicular to the parallel plane sections, or it is a cylinder with ele- 
ments parallel to the parallel plane sections. 


For the discussion in the remainder of our paper, it will be found 
convenient to introduce the quantity A defined by the expression 


_ Gt Mfes Sofon + A +S 


12 
(12) $ 1+fith 


The mean curvature Km of the surface 2 is given by the formula 
K,,=A cos y, where y represents the angle between the normal to 2 
and the z-axis. Since Km and y are invariant under any motion in the 
(x, y)-plane, it is found that A remains unchanged under any motion 
in the (x, y)-plane. 

For the surface È defined by the Monge equation z=/(x, y), it is 
found from (1), (3), and (12) that the system of parallel plane sections 
x=const. is isothermal if and only if Af./(1+/f) =#(x); or the sys- 
tem of parallel plane sections y=const. is isothermal if and only if 
Af,/(1+/2) =6(y); or the system of parallel plane sections s=const. 
is isothermal if and only if A/(f2+%) =). 
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4. Surfaces for which every system of parallel plane sections is 
isothermal. As indicated in §2, if È is any minimal surface (including 
the plane) or any sphere, then every system of parallel plane sections 
is isothermal. We shall show that this property is characteristic for the 
class of minimal surfaces and spheres. The following result is obtained. 


THEOREM 3. If a surface’ = possesses more than four distinct tsother-- 
mal systems of parallel plane sections, all the planes of which are parallel 
to a given rectilinear direction L, then Z is a minimal surface or a sphere, 
and therefore every system of parallel plane sections is isothermal. 


The proof will occupy the next few paragraphs. 

Let us choose the given rectilinear direction L as that of the 
z-axis. Then any system of parallel plane sections of the surface Z de- 
fined by the Monge equation z=f(x, y), all of which are parallel to the 
given rectilinear direction L, is given by the equation y=mx-+const. 

In the (x, y)-plane, let us apply the rotation 


(13) (G +mYPX = -miet y, Utm)?PY=a“4£+my. ` 


The system of parallel plane sections y =mx-+const. in the new co- 
ordinate system (X, Y, z) is given by X =const., and the surface 2: 
z=f(x, y) is defined by the equation z=f(X, Y). i 

Thus if y=mx+const. is an isothermal system of parallel plane 
sections of z=f(x, y), then X=const.'is an iscthermal system of 
parallel plane sections of z=f(X, Y). Therefore it follows by (1) that 
Afx/(1-+f7), where in the definition (12) of A the small letters (x, y) 
are replaced by the capital letters (X, Y), is a function of X alone. 
That is, we must have 


2fxfrf- = 
i++ 

By means‘of (13), we can express the partial derivatives of f and A 

with respect to X and Y in terms of those with respect to x and y. Of 


course A remains unchanged under the rotation (13). Eliminating the 
capital letters (X, Y) from (14) by means of (13), we obtain the result 


[a + fm? + 2pafym + (1 +f) |[Ofey + feds 
(15) — {Ay — feds) + Alfos — fez) }m — (Fyd + Afer) | 
© = DAL fafa’ + fs film — fafel foam’ fam + fas] = 0. 


This is an equation of the fourth degree in m. Therefore, for any 
surface 2, corresponding to any rectilinear direction L, there are at 
most four distinct isothermal systems of parallel plane sections, all of 
which are parallel to L. 


(14) fxdy = a|- fer + 
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Let a surface 2 possess more than four such distinct isothermal 
systems, all parallel to the given rectilinear direction L. Choosing L 
as the 2-axis, it is seen that the preceding equation must be an identity 
in m. Hence the coefficients of the various powers of m must be zero. 

In the first place if A=0, the equation (15) is identically zero, and 

_ the surface 2 is a minimal surface. Henceforth we may assume A #0. 

Upon setting the coefficient of m4 and the term independent of m 

equal to zero, we find 





2fafufyy a 
1+f? 1+ 2} 


These two equations state that x =const. and y=const. are both iso- 
thermal systems of parallel plane sections. 

Neither fz nor fy can be identically zero. Let us suppose that f,=0. 
Since A0, we find fr20. Also Ay=0. Under these conditions, the 
identity (15) in m leads to the conditions fA, +Afz:=0, Af?fr2=0, the 
last of which is impossible. Hence f, can not be identically zero. A 
similar argument can be presented to show that fs can not be identi- 
cally zero. ; 

From the above discussion, it is seen that we need to consider only 
the case where A0, fz 0, and f0. Also in the imaginary domain, 
it is seen that fžx—1 and f?*—1, for otherwise these would give 
imaginary minimal surfaces. 

For the remainder of our proof, we shall find it convenient to intro- 
duce the quantities S and T defined by 
Sez - fey Suv fey 


= a, T 
i+fe fay 1+f fA 


We shall proceed to prove that, if A0, the identity (15) will lead 
to the equations S= T'=0, which are the partial differential equations 
defining any sphere in space. 

Upon eliminating the partial derivatives of A from (15) by means 
of (16) and then setting the remaining coefficients of m in (15) equal 
to zero, we obtain 


(16) fås = a|- fey + | fiA: = af- fat 


(17) 


OHIE fot SSAS I1 fa Ifa — fa + YT = 0, 
A= fatt L- fet YT =0, 

(1+ 2ft fy + fs — 2fefys 
Lh 7 3f BT = O. 
Multiplying the middle of the above equations by —(1+/2) and 


(18) 


y 
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adding the result to the first of the preceding equaticns, we find 


(19) (fa + fs + SSDS + fs — fy — AT = 0. 


Again multiplying the middle of equation (18) by — (1+?) and add- 
ing the result to the last of equations (18), we abtain 


(20) (fo = fa +I — fe + Yale + YT = 0. 
Subtracting (20) from (19), we discover that 
(21) EHS- T) =0. 


We shall prove that S=T. For otherwise we can get only the imagi- 
nary case of f= —f?7£0. Substituting this into (18), we find 


(1+ 2f2 — 3fs)S + (—1—3f)T = 0, 
(22) (1 — 3f)S + (—1-3f)T = 0, 
(1+ 3f)S + (—1— Ife + 3f)T = 0. 


Adding the first and third equations and dividing the result by 2, we 
find (1+f2)(S—T)=0. This is impossible since f24—1 and SÆT. 
This proves that S=T. 

Next we shall show that S=T=(. If that is noz the case, the equa- 
tions (18) lead us to the fact that f,=f,=0. Since this is impossible, 
it follows that S=T=0. Hence if the surface È is not a minimal sur- 
face, its equation s=f(x, y) must satisfy the simultaneous partial dif- 
ferential equations 


Sez Sey Jos 





(23) 


These are the partial differential equations of a sphere in general 
position. Thus the proof of Theorem 3 is complete. 


5. A property of the sphere. The geodesics of a sphere are all great 
circles which are plane curves. We inquire if there are any other sur- 
faces whose geodesics are all plane curves of nonzero curvature. In 
fact we prove the following precise result. 


THEOREM 4. If a surface È possesses more than 21 plane non- 
rectilinear geodesics, then È is a sphere. 


The proof of this result is as follows. The œ? geodesics of the sur- 
face X defined by the Monge equazion z=f(x, y) are defined by the 
differential equation 
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(24) (1+ f+ flo” = (— fut YIA z+ 2y'fov + Ifon), 


whereas the œ? plane curves of 2 are defined by the differential equa- 
tion? 


(fae + 2y' fey + Vf yl 
= (fase + 3Y fasy + 3V Sayy + Y Soudy” + 3er + fev) 9”. 


Upon substituting (24) into (25), it is found that the geodesics 
which are plane curves must satisfy either the equation 


(26) yf, wt 2y'fay + fs, = 0 


or the equation 


(27) IIA + fife — Safafa) + yA +f fee -— A+ fw 
+ [fefifee — (1+ fer] = 0. 


Those geodesics which satisfy (26) must be straight lines. The sur- 
faces which have exactly the 2%! straight lines defined by (26) are 
the ruled surfaces. If the roots of y’ in (26) are equal, then only @! 
straight lines are in 2 and È is developable. Of course if X has more | 
than 20! straight geodesics, it must bea plane. 

If the geodesics are plane curves but not straight lines, they must 
satisfy the differential equation (27). Thus any surface È has at most 
21 plane non-rectilinear geodesics. 

If X has more than 21 such plane geodesics, then (27) must be 
an identity in y’. Setting the various coefficient of y’ equal to zero, 
we obtain the partial differential equations (23) for a sphere. This 
completes the proof of our Theorem 4.4 


(25) 
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3 Kasner, Dynamical trajectories and the œ? plane sections of a surface, Proc, Nat. 
Acad. Sci. U.S.A, vol. 17 (1931) pp. 370-376. 

4 Compare this Theorem 4 with the near-collineation problem. See Kasner, The 
characterization of collineattons, Bull. Amer. Math. Soc. vol. 9 (1903) pp. 545-546, 


THE STRONG SUMMABILITY OF DOUBLE FOURIER SERIES 
HAI- -rgpy ASE 


1. Introduction. Corresponding to the well known theorem of 
Fejér-Lebesgue, we have for the double Fourier series the following 
proposition : 


If f log*| f | is Lebesgue integrable on the square (—rSxSn, 
—r Sy Sr), then the Fejér mean om,n(x, y) of f(x, y) tends to f(x, y) 
almost everywhere as m and n independently increase indefinitely. More- 
over, for every increasing function O(t) satisfying the conditions 


t 
f SO) =0, tim int 22 
t>o t log ¢ 





there is a function f(x, y) such that (| fl) is integrable and that 
Om n(x, Y) does not converge almost everywhere.* 


The latter half of this theorem shows that the analogue, in double 
Fourier series, of the Fejér-Lebesgue theorem is not a trivial exten- 
sion of that of a function of a single variable. : 

The purpose of the present note is to discuss the strong summabil- 
ity? of double Fourier series. A double series J amn is said to be 
strongly summable with the positive index 2 if there exists a constant 
s such that the expression 


1 
a ETETA! l 


has the double limit zero as m and n increase without limit, where 


Sma = Dy D Gpr. 
pal pad: š 
It is easily seer. from Hélder’s equality that the summability says 
more for larger k. X 
Suppose now that f(x, y) is integrable in the ebege sense over 


Received by the editors May 16, 1945. 

1 B, Jessen, J. Marcinkiewicz and A. Zygnmund [5]. The first example of a function 
f(x, y)EL with Fejér mean divergent everywhere was given by A. Zygmund; see 
S. Saks [8]. Numbers in brackets refer to the Bibliography at the end of the paper. 

2 A notion first introduced in Fourier series by G. H. Hardy and J. E. Littlewood 
[1]. For subsequent researches, see Hardy and Littlewood [2, 3], J. Marcinkiewicz 
[6] and A. Zygmund [12]. 
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the square Q (—r, —7; r, T) and is doubly periodic with period 2r 
in each variable. The Fourier series of f(x, y) is 


Ao] 


x Nas [@m,n COS mx cos ny + bm,n Sin mx Cos ny 
(1 . 2) m n=0 . . : 
+ Cmn cos mx sin ny + dmn sin mx sin ny], 


where 
1/4 for m=n=0; 
bean fi for m=0,n>0 or m>0,n=0; 
0 for m>0,2%>0; 
and 
1 
ann = =f fie y) cos mx cos nydxdy, 
x Q 
and so on. 
On writing 


dolu, 0) = dey(ts, 1) = fæ + ty y+) + fetm y — 9) 


+ f(x — u, y +2) + fle u, y — 0) 4s, 
and 


a? (u, 0) = Í Í | b(€, 1) |e (p 21) 


the theorems obtained in this paper are as follows: 


THEOREM I. If f(x, y) EL’, p>1, then the double Fourier series (1.2) 
is strongly summable to s for every positive index k whenever? 
(1.3) be (u, v) = ofun). 

THEOREM IT. If f(x, y)EL?, p>1, then the Fourier series of f(x, y) 


ts strongly summable almost everywhere to f(x, y) for every positive in- 
dex k. 


The question whether the hypothesis in Theorem II may be re- 
placed by f logt | f| EL is unsettled in this note. Corresponding ques- 
tions in Fourier series of a single variable have been answered affirma- 
tively by Marcinkiewicz [6] and Zygmund [12]. Indeed, the theorem 
holds under the weaker hypothesis fEL. We content ourselves with 
establishing the following theorem. 


3 We use the symbol o(uv) to denote a function of u and v such that limu, 1.0 o (u0) /u0 
=0. 
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THEOREM III. If f(x, y) logt | Tx, y| EL and omn(x, y) denotes 
the (m, n)th Fejér sum of the Fourier series of f(x, y), then the relation 


da ph Ll voles) -fial 0 


holds true almost everywhere, where k>0. 


2. Lemmas. Before proving our theorems, we proye a number of 
lemmas: l 


Lemma 1. If f(x, aon p>, then 


zeth 
lim = > J” E Cm 


- at almost every poinè ne Yo). 
This theorem is due to Zygmund [11]. Comparealso [5] and [9]. 
Lemma 2. If f(x, y)EL?, p>1, then at almost every point (x, Y), 


f i f ie ait E T) 


as h, kR-0. 


Proor. Let a ibe a rational ae on E, the set of points (x, y) 
such that 


eaaa 


does not tend to | Tle, y)-a| ? ash, k-0. In virtue of Lemma 1, Ea is 
of measure zero, and so also is the sum £ of all Ex. Let (x, y) be not 
a point of E and let 8 be a rational number, then, by Minkowski’s 
inequality, 


tid, J, | fet m y £0) > rao} " 
s {if f [fe £ u 9 + 1) — plrdndoh Ip 


JE +4 f° ST le- ies ia, 


which tends to 2| T(x, y)—B| as k, k-0. As 8—f(x, y), the result 
follows. 
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Lemna 3. Let f(x, y) EL’, 1<p2,1/p+1/q=1, and let the Fourier 
series of f(x, y) be given in the complex form: 


ao 


f(s, y) os 2 5 Cu pe Eat), 


po PeO 


then 


(2.1) {> 3 fast < {ff lre lizis} 


This is a double series analogue of the Young-Hausdorff theorem, 
and may be proved by the method of M. Riesz! with an obvious 
modification. 

We also require the following formula of integration by parts: 


f i du f ” pw’ (uw (a) dudv 


(2.2) = pi(d2, b2) (tz, ba) — f p pilu, bo)Yulu, be)du 


a 


be a2 be 
= f pilo, D)Yo(tz v)dv + f du f P ud0, 
bi . ay by 


where 
Hu) = Vw"), a) = f ‘ae f "plo, ide. 


This formula is valid if p is integrable on (a1, b1; @2, b2), Y” is absolutely 
continuous on (a1, a2), and W’’ is absolutely continuous on (b, be). 


3. Proof of Theorem I. Without loss of generality, we may assume 
that x =0, y=0. So that 


ż ~-af T oj sin at Du sin (2 + 1/2)v Tidi. 
in 4/2 sin 0/2 
We have to deduce 
(3.1) È DEI Sur — sè = ol) 
from (1.3). 
Write 


1 M. Riesz [7], see also A. Zygmund [13]. 
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T z M 1/2 j 12 
m*(Su,» — S) =f f olu, v) sa Sia lila z i dudv 
o Jo sin #/2 sin 0/2 





© pF u u 
= f f olu, 2) (sin pE st sin vv + sin pu coti cos py 
0 0 


v 
+ cos uu sin w cot ey -+ cos uu cos ) dudv 


= Ilu, v) + Ilu, x) + Ilu, v) + Ti(u, v), 
and for 0<u Sm, 0<v Sn, 


Ble, ”) Í, Í, E Í, i R Í, Í, F f., Ji 


= Ialu, v; m, n) + Iil, v3 m, n) 
+ Iislu, v; m, n) + Tile, v; m, n), 


where î=1, 2, 3. For brevity, we also write I;;(u, v) for In (u, v; m, n). 
Accordingly, 


8 4 
T(S ~ 5) = 2 2 Ti3(u, v) + Ile, »). 


fal j=l 


It follows from Minkowski’s inequality that 


WS Datel 231 a naw” 
í } 


(3.2) chs f=1 gol \ p=0 »=0 
man 1/k 
+ {È Èl no nah ; 

pep yl 


In the first place, by the analogue of the Riemann-Lebesgue theo- 
rem® J,(u, v) tends to zero as u, v— œ. Hence 


m n ‘ 1/k 
(3.3) 2 Di Ilu, ») R = o(mn)™F. 
p=0 r=0 P, 
Secondly, let us consider the integrals Iu, Izn and Isı. Write 
K(u, 0) = K(u, v; p, ») = sin pu cot u/2 sin vv cot v/2, 
then for 0<u Sr and 0<v Sr there is a constant A such that 


(3.4) uvmax (| K|, u| Eal o| K|, o| Kul) SA. 





We also write 


5 W, H. Young [10, p. 138]. 
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(u, 2) =f f ol, )dédn, 
0 0 
which is o(uv) by (1.3). Then on applying (2.2), 


Ilu, ») = f i elu, v=) K(u, v; p, v) dude 


Blu, a) Km, n?) 


(3.5) — f ğü (u, wn) Kulu, nda 


-f Sa 0) Ky(m—, v)dv 


+f af” -aia 0) Kypdo. 


Since 0<pSm, 0<vSn, it is easily seen from (3.4) and (3.5) that 
(3.6) Tu(p, v) = o(1). 


In a similar manner, we can prove Ia(u, v)=o(1), Zsi(u, v) =o0(1). 
Hence we obtain 


m n 1/k 
(3.1) {È Dl tae | vee GRLA: 


Thirdly, we consider the integrals Iu, Ing and Iz. We have 


z r u a 
Ilu, ») = f f f l elu, v) sin pu otz sin vv cot or dudv 
T g u 
= f sin pu ler du 


‘a v/ð f” : 
. f cot — (=f sin vyp(u, sds) dv 
a 2 \duJ o 


x u 1 pr 
= f sin pw cot Ž du( — cot -=f sin vyo(u, y)dy 
m-l 2 2 2n 0 


E p 
+— f csc? = dv f sin vyp(u, sjy) 
2 Jp 2 0 


= Iu + Im, ; ‘ 


say, where I], is equal to 


(3.8) 
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1 T 4 d u aT! 
— cot — ake. J sin ux sin ryd(x, s)dady) du 
2n du 


= otz = o =f T sin n ps sin vyọ(x, yjdzdy 


r 


1 1 “@ > 
— — cot — csc? — du Í. m a ux sin vyd(s, yjdxdy. 
2 2nd = 2 o Yo 


Let ¢,,,(a, 8) denote the (u, v)th Fourier coefficient of the odd-odd 


function x(x, y) which is equal to @, y) in the rectangle (0, a; 0, 8) 


and to zero elsewhere. Then we may write 


r? 1 
Ku = = cot -> cot > aC >) 
(3.9) 4 2m 
' r? 2 ees. ( a 
— — cot — csc? — c, — } du 
8 mdmi PN T 


and I{j may be written as 


r 


u ; 
— cot — du 
2 


ff. csc? — (=f J sin ux sin sila, s)dady d 


(3.10) = = j ia Se csc? 7 Ca, v(t, nde) du 


moa 


2 


T v i 
= — — SR E a o e) dv 
8 2m 2 m 


EST f ae” cse = oule, dud 
DEE csc* —— csc* —¢, B, I v. 
16) ma J at 2 i 


It follows from (3.8), (3.9) and (3.10) that 


(SD tate D 


ped rod 


7 1 
as cot—— cot — 
= 2m 2n (2d 





EDD” 
TOE 


+A cot f eset $ S > 


-=0 p= 
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m n kN Lk 
Hoar csc? — +(2z ac o) ) dy 
m 


HeaQ y= 


v 
+ A cot — cot — S f. ese? = — csc? — 
2m —1 2 


: (33 È| coats 0) |) dudo 


p=0 y=0 








Now we assume, without loss of generality, that k>2, k’=k/(k—1) 
<p, so that by Lemma 3, 


EDE 
S | o(z, plaa) m 


= a 


since the condition (1.3) is satisfied a fortiori when p is replaced by 
the smaller index k’. Therefore 


m n 1/k r fk’ d 
ESTRE I) S Amno(mn)s™ + An f (5 = 


pad ysl m~l n u? 


uk dy 2 
+ Am e (= S) 
-1 \m v 
(ae) 1 
+ af f dudv = o(mn)™*. 
mi Y yl wu? 


The integral Je4(y, v) is equal to 


r u d u = 
f cot HES ax f $(x, y) sin ux cos rsd) du 
mal 2 \du 0 n 
Fae els? A i] 
= — cot — | cars| —> T) — cu —: — 
4 2m m m n 
wet uf, 7 1 
-— f csc? ZJ colt T) — Cap 4, =) du, 
8 J mi 2 n 


where the c,,(a, 8) (u, v=0, 1, 2,---) denote the Fourier coeffi- 
cients of the odd-even function x'’(x, y) which is equal to @(x, y) in 
the rectangle (0, æ; 0, 8) and to zero elsewhere. In virtue of Minkow- 
ski’s inequality and Lemma 3, it is easily seen that 


1 
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Par wk 
( > 2] Izle, ») l+) = o(mn) >. 


B30 pal 


The integral Jz, can be treated in the same manrer as Iu. We omit 
the details. Collecting the above results, we obtain 


m n 17k 
(3.11) (x >| Zea, ») l) = o(mn) (i = 1, 2, 3). 


B=0 pO 


Fourthly, we estimate the integrals Iie, Is and Iz} We have 


“1 
m k u Fj] 
Ilu, ») = f f o(u, v) sin uu cot pi sin vo oi dudy 
0 awl 
-1 


m u i 
= f cot — sin pudu 
0 2 


(3.12) - J cots |= f ou y) sin rst | dy 


ao y, T 1 Z 1 
-f cot Z sin pud — — cot — c! “m>) 
0 2 2 2n \ an 
+f csc ctun oa ha 
— csc? — ¢,(u, v)dvp du, 
4 Jp 2 
where ¢,(a, 8) denotes the vth Fourier coefficient of the odd function 
y(u, B) which is equal to ¢(u, v) for 0 Sv <£ and to zero for 8 <u <T. 
It follows from Young-Hausdorff’s inequality that 


( al ee DE E =f plu, y) pas) 


= (+ f | dw, 3) OR 


so that 


(Simm 


1 m7) nt 1/k' 
(3.13) < Á cot -f (f | plu, y) jay) du 
2n 0 —n 1 


mt r v v Uk 
+A f pau f set f | olu, y) ras) dv, 
0 n ~? 


Hélder’s inequality gives 
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1 


m` v 1k 
f ( f | glu, 3) Iras) du 
0 -0 
m po Uk gp \ Uk 
s miw-a( f f | olu, y) |[”aydu) = m" vao(2) ; 
o —v m 


Hence (3.13) is reduced to 
n Wk 
( L | Ziler) I") 
pus) 


1 x g \ HK 
s u cot — mF lo (mn) + pm!! k- f vo (=) dv 
2n m 


nl 


= o(n)k. 


` Thus we obtain Os ae Delp, v)| F) 1k = o(mn)!!¥. The integrals Iz 
and Iz may be treated in a similar manner as above. The following 
relations are thus established: 


m n Wk 
(3.14) (È È| tats n+) = 0(mn) 1k (i = 1, 2, 3). 


pal peo 


Finally, we have to consider the integrals Ths, Iz3 and Iss. The dis- 
cussion of Jy is the same as J, and the integral Iz has been treated 
implicitly in the discussion of I. It remains therefore only to deal 
with Iss. Regard the integrals 


r not y 
Is3(u, v) = f cos pudu f (4, v) sin pv cot S du 
ml 0 


(u = 0,1, 2,--+) 


as the Fourier coefficients of the function of u which is equal to 
-1 


n v 
f plu, v) sin vv e do formi Ssusr, 
0 


and to zero for —7 Su <m~1, then by Hausdorff’s inequality, 


{Zl tal ne 


1 r 
(3.15) < (5 W 


s a(S (So | olu, ») | w) du) 


-1 


n v 
f sin vv cot — o(u, v)dv 
0 2 


BONE 
in) 
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It follows from Hölder’s inequality that: 


ni n i 1k’ 
f? lem atars meal" Jomo (var) 
0 


so that 


r a7} 1/k' . : 
ppl! k~ (f du f | elu, 2) |*é) = yn O(n) = o(1). ; 
m 8 


Hence from (3.15) it results that { 0, aol Isly, v)|* } Uk = o(mn) YF. 
The si relations are thus proved : 


(3.16) . {È E | Ja, ») phe = 0(mn)1!* (i = 1, 2, 3). 


Collecting the results (3.2), (3.3), (3.7), (3.113, (3.14), and (3.16) 
‘we obtain (3.1). Theorem I is thus proved. 


4. Proof of Theorem II. On account of Theorem I, it suffices to 
show that the condition (1.3) is satisfied almost everywhere when 
s=f(x, y). Observing 

„4| zalm 2) | STE u yt) — fle, y) 
+| fet u y= a) fle, y) | 
+|fe- u, 9+) — fla, y) | 
+I m y = a) — fle, y), 
and employing Minkowski’s inequality, we immediately obtain the 
desired result from Lemma 2. 


5. Proof of Theorem III. The proof depends upon the following two 
lemmas: 


LEMMA 4. Theorem III holds good when f(x, y) is bounded. 


Since a bounded function belongs to L?, p>1, the lemma follows 
from Theorem 1I. 


Lemma 5. Let h(x) be a function such that h logt | | EL (|r, T). 
Let Bn=Bm(x, h) (m=0, 1, 2, -+ - ) be the Fejér sums of the Fourier 
series of h(x), and B*(x)=supn | B(x) | , then 
f Pads s 4 f | a| logt | h| de +28, z 


' where A and B are absolute constanis. 
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This lemma is due to Hardy- and Littlewood [4]. See also [13, p. 
248]. > 

Before proving the theorem, we extend Lemma 5 to the case of two 
variables. Let, for fixed y, 


g(x, 3) = sup Sm (z; TADA 


Integrating this equation with respect to y, we obtain 


f i f "g(a, y)dxdy 
(5.1) 9° re : 
< 2A ff | sey) Hogt | f(a 9) | dxdy + 278. 


‘Writing K,(x) for the Fejér kernel, we have 
Om,a( By if) = =f f Ta )K n(x — u)En(y — o)dudv. 
It follows that . 
| om nla, Y; f) |< = f "Ky — v)g(x, o)dv. 


In virtue of Lebesgue’s theorem, the last expression tends to g(x, y) 
at almost every point (x, y).. Therefore the relation 
o*(x, y; f) = lim sup |. omn(x, 9)| S g(a, 9) 
m,n. - 


holds good almost everywhere. Combining this result with (5.1) we 
obtain . 


, J five y; idxdy 


(5.2) ae - 
< 2A f SOIA] lost | s(x, 9) | dedy + 278. 


> 
Let à be a positive constant. Substituting Af for f in (5.2), we obtain 
ff oe i pizay 


T —T 


(5.3): ` 
r T B 
< amA f SUIE] loot | fle 9) | dady + 28 
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Let e be a positive number; we take à so large that 2r B/^ <e/2. Let 
f(x, y) = AEZ y) + J” (x, y) 
be such that f’ is bounded; 


(5.4) JS [Pæ 2 | aady <6 


r z B 
(5.5) QnA f f | Fæ y) | logt | Af" (<, y) | dxdy + 2r ~> 


Applying the inequality (5.3) to the function f’’ (x, y), we obtain 


f f o*(x, y; f")dady < e 


by observing (5.5). Combining this relation with (5.4), we see that 
the set E(e) of points (x, y) such that either | (æ, y)| >e? or 
= ho y;f)>e? is of plane measure less than 2e/*, Now let oj, and 

‘, denote respectively the (u, v)th Fejér sums of the Fourier series 
ee and f’’, then 


(È Èlm) (È Èl- 


p=0 v=0 p=0 ¥=0 


m n 1/k 
+(È Èl- rt) 


B= y=0 


The first term on the right-hand side is o(mn)* almost everywhere, 
by Lemma 4. And 


(EE lu - rh)" 
5 (EE leet) (È Sre)" 
< [m+ 1m + o*l, y; f +47"). 


Hence, outside the set E(e), 


ji | : 1/k 
oe > em Fer DEE diag sist 
< *(e, yi f+] 7" | S 2e 


Since e is arbitrary, the theorem follows. 
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THE CONTIGUOUS FUNCTION RELATIONS FOR ,F, 
; WITH APPLICATIONS TO 3ATEMAN’S J, AND 
RICE’S Halt, p, 2) 


EARL D. RAINVILLE 


4 . Introduction. If in the generalized! hypergeometric function 
i 2 (m)ala)n +> (Apn 2% 
an 2, e » api Bi, Ba ttt aBa 2) = e aa SS Sa 
Po a arte j 2 (B1)n'B2)n “aes (Ba)n a! 


(a)n = ala + 1)--> (a+n-— 1), (a)o = 1, 


one, and only one, of the parameters is increased or decreased by 
unity, the resultant function is said to be contiguous to the pF; in (1). 
We restrict ourselves to the case p $a-++1, in order to insure a nonzero 
radius of convergence for the series in (1), and note that no £ is per- 
mitted to be either zero or a negative integer. 

For the ordinary hypergometric function F; Gauss? obtained 
fifteen relations each expressing oF; linearly in terms of two of its 
six contiguous functions and with coefficients pclynomials at most, 
linear in x. Instead of the fifteen relations, it is often convenient to 
use a set of five linearly independent ones chosen from among them. 
The other relations all follow from the basic set. 

Throughout this study the parameters stay fixed and the work is 
concerned only with the function ,#,-and its contiguous functions. 
Hence, we are able to use an abbreviated notation illustrated by the 
following : 


F= pfa, Q2 e ı p; Bi, Ba, an” » Bo; x), 
Fla +) = Flai + 1, Aa "t t s Ap; Bi Bo, ar aN » Bei x), 
F(Bı —) = Falan Qz tS » &p; Br za 1, Ba ai » Bai %). 


There are, of course, (2b-+2q) functions contiguous to F. Corre- 
sponding to Gauss’ five independent relations in the case of F; there 
is for F a set of (2-+q) linearly independent relations, which we shall 
obtain. The canonical form into which we put this basic set may be 
described as follows: 7 

First, there are (6-+q—1) relations each containing F and two of its 
contiguous functions. These will be called the simple relations. Each 


Received by the editors April 13, 1945. 

1 For an extensive treatment see W. N. Bailey, Generalized hypergeometric series, 
Cambridge Tract No. 32, 1935. 

2 Gauss, Werke, vol. 3, p. 130. 
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simple relation connects F, F(ai+), and F(az+) for k=2,3,+--,p, 
or it connects F, Flat), and F(8;—) for j=1, 2, -+ + , q. The simple 
relations are immediate extensions of two of Gauss’ five relations and 
are not novel in any way. 

Second, there are (+1) less simple relations each containing Fand 
(qg+1) of its contiguous functions. In our canonical form we shall 
select these so that one of them connects F, F(ai+), and all the func- 


tions F(8;+) for j=1, 2,---+, q. Each of the other # relations will 
contain F, all the functions F(8;+);7=1, 2, +--+, q, and one of the 
functions F(a,—) for k=1, 2,--++, p. The less simple relations are 


generalizations of three of Gauss’ five relations but differ from them 
in one essential aspect in that each relation contains F and (g¢+1) 
of its contiguous functions. For Gauss’ case g+1=2 and the less sim- 
ple relations contain: the same number of contiguous functions as do 
the simple ones. 

Since we shall actually exhibit the (2+) relations, it will be evi- 
dent upon looking at them that, just as in the case of the ordinary 
hypergeometric function, the coefficients are polynomials at most lin- 
ear in x. 

As examples of ‘the use of the contiguous function relations, we 
shall obtain recurrence relations (not all previously known) for Bate- 
man’s? J," and for Rice’s‘ Halt, p, v). 


2. The number end type of relations. It is not difficult to deter- 
mine, by a standard procedure’ used in the case of the ordinary hyper- 
geometric function, precisely how many contiguous function relations 
to expect and how many contiguous functions should appear in each 
relation. That procedure appears, however, to be ill-adapted to the 
actual determination of the coefficients. Hence, granted in advance 
the number and type of relations to be obtained, we shall get them 
by a simpler process. 


3. Notations and preliminary formulas. It is convenient to use the 
following notations: i 


m k-1 m 
(2) TI 4. = I4. II 4, 
sl, (k) s=1 s=k+1 


a symbol denoting a product with a particular factor deleted, 


3H, Bateman, Two systems of polynomials for the solution of Laplace's integral 
equation, Duke Math. J. vol. 2 (1936) pp. 569-577. 

4S, O. Rice, Some properties of :F2(—n, n+1, t; 1, p; v), Duke Math. J. vol. 6 
(1940) pp. 108-119. 

5 E. G. C. Poole, Linecr differential equations, Oxford, 1936, pp. 92-93. 
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Wes) 
(3) U; = — 5, 
Bs H (Bs — g) 
Mase 
(4) Wir = = -—__ , 
6; II 6-8) 
s=1,(3) 


D (æi)n(æa)n spa (ap)n 





o aden Es 
6) 7 (oa + n)an +) + (en + 0) 
"(Bi + 2)(B2 + n) +++ (Ba +n) 
Sa 
7 Tak = > 
0) © ae bn 
(8) A= È asn 
(9) B= > by 
An examination of (5) and (6) shows that 
(10) nyl = Sain. 


The relation a(a+1),=(a+2)(a),, together with the definitions 
of the contiguous functions, yields the formulas: 

















Cnx™ 
F = ? 
n=O n! 
= +H Cng? 2 “apm 1 Cnx” 
(11) Flar +) = >39 — » Fla,—-) = > prs aa cami 
n=0 ak n! n=l ar +H n — 1 a! 
S Br Cnt © BytHn— i cng” 
F(6, +) = —— F(B, —) = —— . 

OD aga a ee od. al 


4. The (p+g—1) simple relations. Using the operator 8 =x(d/dx), 
we see that 
Cnt” 





(6+ aF = > (a, + n) 


nl 
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Hence, with the aid of (11), 
(12) (0 + a)F = aF (ar +); E E OTE T 


Similarly, it follows that 
(13) (0 + Br — 1)F = (Br — 1)E(8; —); k= 1,2,-++,9. 


The (p +q) equations (12) and (13) lead at once by elimination of 
OF to (p+q—1) linear algebraic relations between F and pairs of its 
contiguous functions. Let us use F(ai+) as an element in each equa- 
tion, The result is the set of simple relations, 


(14) (a1 — aE = a (a, +) — oF (ax +); k=2,3,+++,, 
and 


(15) (a1 — Br + 1)F = aF (ar +) — (Br — I)E (Bz —); 
ee eee 


5. A relation involving (q+1) contiguous functions. From 





it follows that 


n C-) 
=z}, —— 


n=l nl nal n! 


Thus, because of (10) and (6), 





=. Cnx™ 
OF = «>, Sa 
nal n! 
E (ai + )(a2 + 2) +++ (ap + n) 

"(Bi + n)(B2 + n) (By + 2) 
Now, if p <q, then the degree of the numerator of Sa is lower than 
the degree of the denominator and the elementary theory of rational 
fraction expansions yields 





J 


where 





g U 
Sa = > Bs j y p < q; 
ei By +n , 
in which the U; is as defined in (3). 


- 


Therefore, 


oo q U; Cnt” 
Fey ip ea cae 
aad jor By +n n! 
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which in view of (11) becomes 
PEEL § 
(16) OF = £2, U;F(B; +). i 
fal ; 
The elimination of @F using (16) and the case k=1 of (12) leads to, 


(17) aF = oF (oe, +) — «>> UFB; +), <q 
pa : 


If p= q, the degree of the numerator of .S, equals that of the de- 
nominator. However, when p=q, 


Ú (+ ») — TT E+ n 


S= 15m 
IT @. + n) 


in which the fraction on the right has the desired property that its 
‘numerator is of lower degree than its denominator. Thus 


= B,U; 
n=l 
Poa 


and it is easy to see that in this case 





’ i $=q, 


4 . 
OF = zF + x), U;F(8, +): 
jl 


4 


so that (17) is replaced by the relation 
q 
(18) (a1 + 2)F = aF lar +) — £) U;F(6; +), p= 4. 
jel 
If p=q+1, then with the notation of (8) and (9) we may write 


Pp g 
JI (e +n) — (n+ A -— B) II (B +n) 
ee ee ee se Doo j 
JI (Bs + n) 
=l 
in which the fraction on the right has the desired rational fraction 
expansion, so that i 


4 B;U; 
=n+4—B : 
: tE En 
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Thus we conclude that, when p Fari, 
š g 
OF = x0F + (A — BaF + «>> U;F(B;-4), 
., e i 


so that (17) is this time to be replaced by the relation 


[(1 — r)a: + (A — B)g]F =- (1 — s)aF (oœ +) 
19 q 
me — s2, UFB: +); #=g+1 
j=l z 
' 6. The remaining p relations. Since 
(ar — 1)(ær)n 





— i) = 
Se a 
it is possible to write . 
o` a, — 1 Nn x” 
lar -—) = >> 


na Oe +n—-I1 an! 
or 
OF (a, —) = oy Reece a 
nad Oh +n’ n! 
Now, with the notation of (7), 


ar +t n 


where Ta, has, for Sq, its numerator of lower degree than its de- 
nominator. Thus i i 


= CnTn,ky 








i 3 badly nx” 
OF (ax —) = (ax — D% Tn,k , 
n=O n! 
where 
a W 
Tak F > a es 
joi By +n 


in which the W;,, is as defined in (4). ° 
We now have 


OF (ox —) = (ax — 1) WFB); S958 =1,2,+-+, 2. 
= 
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But, from (12), 
OF (ax —) = (ax — 1)[F — Flex —')]. 


The elimination of 6F(a,—) from the above two formulas yields the 
$ relations: 


(202) F=Flor—-) +22, WFG t) eS ok =1,2,+-+, 2. 
jal 


When p=g-+1 the fraction 7,,, has its numerator and denomina- 
tor of equal degree. Then we write 


RING pn Ihe. +a) 


Tak = 


I (8. + n) 


aml 


and conclude in the same manner as before that 
Plas =) = (on — DaF + (ou — DE È WraPlB, 4). 
l Therefore, for p =g+1, (20) is to be replaced by 
Qt) (1a) =Fe-) +22 Wat; B= Lp 


7. Summary of contiguous function relations. We have shown 
that for i 


Flarn ag.. , Qp; Bu Bos © + + s Bas 2) 


in which no two f’s are equal and'no 8 is a nonpositive integer, a 
canonical set of (2p-+-g) contiguous function relations is as described 
below. 
If <q, (14), (15), (17), and (20) hold, with 
P 


II (a — Bj) 


sel 


and 
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If p=q, the relations are (14), (15), and (20) above together with 
(18) to replace (17). 

If  =q-+1, the relations are (14) and (15) above together with (19), 
in which : 


Pp a 
A= È as B = È Ba 
ace] aml 


and (21). 


8. Application to Bateman’s J,“-*. Bateman? has discussed the 
polynomials x-“J,":* defined as 


Tio + u/2+ n+ 1) 
nit (u + Dro + 4/2 + 1) 
Since a 1F2 is involved, we may write down four relations using (15), 
(17), and (20) above with a: = —n, By=u+1, Be=v+u/2+1 and with 
x replaced by x?. These four relations may be translated into recur- 


rence formulas for the J,%:*. When a redundancy is eliminated, the 
contiguous function relations are seen to be equivalent to the set 


Ja? rae J n—1"” + Int}, UT p”: 912 = aJ, the + Jat, 
and 
(22) (n + aI? = (n 4 v + uD) TJn? + Jat, 
Bateman gives the first two of these relations, but (22) seems to be 
new. 
The Ja”? satisfy a pure recurrence relation, 
nln + u)? = [(n + v + 4/2)(n + u) 
+ (n — 1)(2n + v + 3u/2 — 1) — 2), 1" 
(23) — (n + 1 + u/2 — 1) (3n + 0 + 34/2 — 3)Ja-2"? 
+ (n4 v + u/2 — i)n 40 4 u/2 — D)Jn3, . 


which may be obtained from the three relations given above it or, 
more easily, directly from the series expression for J,":?. 


9. Applications to Rice’s H,(f, p, v). S. O. Rice? has studied the 
polynomials 


F(— n;uti1,0+ u/2 + 1; x3. 


FAAS, $, D) = F(—a,n+ 1,5; 1, B; v). 
Here a 3F» is involved so that eight contiguous function relations ap- 
pear. Since in the ¿Fz one parameter is fixed and two others are related, 


ê Loc. cit. p. 575. 
7 Loc. cit. p. 108. ` 
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some of the relations are not pertinent; that is, they relate H, to 
other functions. All that comes out of the eight relations is the set 
of four: 


(¢ — p+ DHS, p, ») 
= $H,(f + 1, $, 1) — (6 — 1A, p — 1,9), 
(6 + n) ALS, p, o) + (E — 2) Aa-alf, 2, 2) 
= CHAS + 1, p, 0) + Hna t H 1, 4, 2), 
pla —1— (t+ p — 10] H.C, pro) 
(26) = pol — Hag + 1, 4,2) + o(6 DA, p,a) 
. + (n + p(n — p + 1H, p + 1, 9), 
(26a) pHa (f, p, 2) + Hnakk, p, 2) 
= (p +n) Hal, p + 1,0) + (b — 2) Hana, p + 1,0). 
The polynomials H, satisfy the pure recurrence relation 
n(n — 3) + n — 1)A, 
= (2n — 1)[(n — 2) (p — n + 1) + 2(n — 1)(2n — 3) 
— 2(2n — 3)(f + n — 1)o]En 
— (2n — 3) [2(n — 1)? — n(p — n+ 1) 
+ 2(2n — 1)(¢ — n + 1)o]En 
— (n — 2) (27 — 1)(p — n + 1H, 


as can be verified directly. 


(24) 


(25) 


(27) 


10. A set of relations alternative to those in $6. There are times, 
as in treating Rice’s H,, when it is desirable.to have contiguous funt- 


tion relations which, omit some one of the F(6;+). Such a set is ob- ° 


tained by making the following replacements, in which 
Vin = (Ba — Bi) W 5,4 
If p<q, ene (20) by 


(28) (2a4 — BoF = oF (ax +) + (ax — By)F(ox —) — >? ViP; +); 


Peas 
If p=g, replace (20) by 


(2ar — Ba + DF = al (ar +) + (ar — BaàFlar —) 


- 29 gi 
= — #2) Vie (Bs +); k=l, 2., Dp 
HI 
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If p=g-++-1, replace (21) by 
[(2en — B,)(1 — x) + (A + B)a]F 


0 Se ee reer) 


ql 
— a2 > Vik(Bs+); k=l, p. 
jel 


UNIVERSITY OF MICHIGAN 


- ON THE GROWTH OF THE SOLUTIONS OF ORDINARY 
DIFFERENTIAL EQUATIONS 


A. ROSENBLATT 


In a recent paper,? N. Levinson gave four theorems concerning the 
behaviour of the solutions of the differential equation of elastic vibra- 
tions . 


(1) . de/d + ox =0 


as ¿>+ œ. It is the purpose of this note to give generalizations of the 
Theorems I and III of Levinson by making use of certain inequalities 
concerning homogeneous equations of the first order 
dx s ` - 
(2) + Scam =0, i=l, e,m 
dt kel ‘ eB. ete 
Theorems I and III of Levinson run as follows: 


THEOREM I. If (t) denotes the integral 


(3) a) = f lo - elas, 

then . i : 

(4) ‘ w(t) = Ofexp (a(2)/2c)}. 
THEOREM III: If a(t) is O(¢) then 

(5) lim $ sup | x(é) exp (a(#)/20) | > 0. 


Received by the editors January 4, 1945. 
1 The growth of the solutions of a differential equation, Duke Math. J. vol. 8 (1941) 
pp. 1-11. t 
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The Polish mathematician Z. Butlewski in a paper written in Pol- 
ish? sets 
n 2 1/2 
(6) r= ( 2 á) , 
1 
Lily 


(7) (i) = > Gii (=)+ 3 (tir + Gri) a 


1 r s,kol 





where ik, 1<k, and obtains immediately from (2) 


l (8) r = C exp (- J sar). 


Setting 


t t 
(9) a = f | ai: |.dr, Bu = f | ai; + aj | dr, 
to to 
we have 
n 1 a 
(10) rscap( Dat 2L B) 
1 2 ajani 
and from this we have the following theorem. 


THEOREM XVIII or BUTLEWSKI. If œi < -+ œ and Bi; < + œ, all the 
systems %;,4=1,+++, n, of solutions of (2) are bounded. 


With the designation 


t 
(11) M(h) = max f | ais) dr, 
to 
we have 
(12) r < C exp (nM (8). 
We can complete Butlewski’s theorem by remarking that 
n 1 n 
(13) rz Cexp(— È as- pa ps), 
1 2 i jalii<j 
and 
(14) ` r 2 C exp (— »M(d). 


2 O calkach rzeczywistych równań różniczkowych zwyczajnych, Wiadomości Mate- 
matyczne vol, 44 (1937) pp. 17-81. 
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In the particular case n =2 Butlewski introduces polar coordinates 
(15) %1=pcosd?, *2=psing 


and obtains 


: t 
p = C exp (- f {on cos? @ + (a12 + a21) sin ẹ cos } 
t 


(6) + az sin? d) jär). 


1 


The maximum of F(@)=— fan cos? ġ + (antaa) sin @ cos d 
+a sin? o} is 


2-1{ — an — an + ((an — a2)? + (G12 +.021)2)1/?}, 
so that 


1 t 
p S C exp GS {= an — az + ((an — ax)? 
t 


7 0 
a7) + (an + on)}dr). 


Thus we obtain the following theorem. 


THEOREM XIX oF BUTLEWSEI. 41, X2 are limited if 
1 t 
(18) -f {— an ~ an + ((an — aa)? + (12 + an)?) 2} dr) 
to 


is limited. 


In the same manner we obtain 


1 t 
p 2 C exp GS {— an — az — (lan — a2)? 
\ t 


z + (ox + on)!)"}ar), 


completing Butlewski’s results. 
The linear differential equation 


(20) x” + v(x’ + df) =0 


with continuous ¢ and y can be transformed into a system (2) by 
setting i 


(21) x! = data, x= t, 
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+0, continuous in ¢. We obtain the system 
Gi: yey. Sete e +y)æ=0 
l a ae ae es 


@1,=0, an= —A, Gu =G/X, an=N /A+Y. 
The inequalities (17), (19) now take the form 


recom Eff ee (Cry 

E-D 

EEREN) 
E- 


Taking A=c, Butlewski obtains 


(28)  p<Cexp G f l f- v+ (v +: (= S yy" bar) 


and we can add the inequality 


1 t $ 2\ 1/2 
(26) p= Comp (— f {-v- (#4 (%-<)) har). 
2 to G 
We shall now generalize Levinson’s Theorem III for the equation 
(20). 


We can suppose x >0, x’<0, otherwise we should have an infinite 
number of values i=1;,7=1, 2,-- - ; iœ, with 


(27) | ælt) |2c exp G f. {-v-(v+(2- yy" bar). 


Consider the intervals n StSn+1. We have 


(23) 


a(n + 1) — a(n) = f Dd, 


and denoting by x; the maximum of x'(ż) in (n, n+1)}, 
a(n) 2 — t, En = X(n) nSt,Sn+1. 
We have 
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xin) — af = f rou =— f “te + px')dt, 
t tn 


éil 


7 n+l 
| 2m) | hn) + an) MACEIO 


wet 
_ sadit f [olat Yles} - 
Y| max is the maximum of EA inngisn+i. 
We obtain 
1 t $ 2\ 1/2 
sæli fitre- 
244 c 


1 n+l 
1+5 (itve f ||) 


The result is the following theorem. 


(28) x(n) 2 


THEOREM. There exist infinite values of t=t;, ©, for which we 
have (27) if the following conditions are satisfied : 

1. a(t) is of order O(t). 

2. |p| is bounded. 


University oF SAN Marcos 


SOME REMARKS ON THE MEASURABILITY 
OF CERTAIN SETS 


PAUL ERDOS 


The present note contains some elementary remarks on sets defined 
by simple geometric properties. Our main tool will be the Lebesgue 
density theorem. ; 

First we introduce a few notations: d(a, b) denotes the distance 
from a to b and S(x, r) the open sphere of center x and radius 7. A 
point x of a set A is said to be of metric densizy 1 if to every e there 
exists a 6 such that AMS(x, 7), 7<6, has measure greater than (1—e) 
times the volume of S(x, r). A denotes the closure of A. 

” (1) Let E be any closed set in n-dimensional euclidean space. De- 
note by Er the set of points whose distance from E is r (r>0). We 
shall prove that Æ, has measure 0. 

The set E, is clearly closed and therefore measurable. If it had posi- 
tive measure it would contain a point of metric density 1. Let x be 
any point of E, and yCE£ be one of the points in E at distance r 
from x. Then S(y, r) cannot contain any point of Z,. Thus x cannot 
be a point of metric density 1, which completes the proof. This proof 
is due to T. Radó. 

(2) Let A be any set of measure 0 on the positive real axis. Denote 
by E1 the set of points whose distance from Æ is in A. We shall show 
that E4 has measure 0. As is well known A is contained in a Gs, say 
G of measure 0. Thus it suffices to show that Z, has measure 0. E, is 
clearly a G; and thus measurable, so that again it will suffice to show 
that E, has no point of metric density 1. Let x be any point of E, 
and y any one of the points of E closest to iz. Denote by C.(m, 72) 
the half cone defined as follows: z€@C.(m, na if d(z, «)<1 and the 
angle swy is less than 72. Let R be any ray in Ca from x. Denote by za 
variable point of R. We assert that if m and 72 are sufficiently small, 
d(z, E) is a decreasing function of d(z, x) for which the upper limit 
of the difference quotient with respect to d(z, x) is less than — 6, with 
some 6>0. Let y, EE be one of the points closest to z in E. We assert 
that d(y, yı) is small if y2 is small. Clearly by definition yı is contained 
in { S(z, d(z, y))} but not in S(x, d(x, y)). Since d(x, z) <m the differ- 
ence of these two spheres has small diameter if m2 is small, which 
shows that d(y, yı) is small. Now it is geometzically clear that for 
sufficiently small m, 72 there exists a ô>0 such that the upper limit 
of the difference quotient of d(z, y:) with respect to d(z, x) is less 
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than —6. A fortiori the upper limit of the difference quotient of 
d(z, E) with respect to d(z, x) is less than — 6. Thus it follows that 
the set of points on R for which d(z, £) is in A is of measure 0. Thus 
by a trivial modification of Fubini’s theorem we obtain that C-E, 
has measure 0. Thus x could not have been a point of metric density 1, 
which completes our proof. 

Let S be any measurable set on the positive real axis; it is easy to 
see that E's is also measurable. For S can be written as F-++-A where F 
isan F, and A is of measure 0. Now clearly Es=Epr+Ey. Ep is meas- 
urable since it is also an F, and Ey, is of measure 0. Therefore, Eg is 
measurable. 

(3) Denote by M the set of those points for which there is more 
than one closest point in Æ. It is known that the necessary and suffi- 
cient condition for Z to be convex is that M be empty. We shall prove 
that M has measure 0. 

For x€ M, denote by ¢(x) the set of points closest to x. Clearly the 
set of points M. for which the diameter of ¢(x) is not less than c is 
closed, thus M is an F, and thus measurable. It suffices to show that 
M, has measure 0, or that it can have no point of metric density 1. 
Let y€¢(x) be arbitrary (¢(x) is of course closed). Define C.(m1, 2) 
as in (2). We shall prove that no point of C.(m, 72) (except x) belongs 
to M. and this will show that x cannot have metric density 1. If 
2EMVC.(m, 42) there exists a sphere S(z, r), rSd(z, y), such that 
S(z, r) contains no points of Æ in its interior and {S(z, r)} contains 
two points u and v of E with d(u, v) 2c. But u and v cannot be in the 
interior of S(x, d(x, y)). Hence they must be in [Comp (S(x, d(x, ))] 
A) {S(z, r) } (Comp A denotes the complement of A), but for 72=72(c) 
small enough the diameter of this set is less than c, which is a contra- 
diction. This completes the proof. 

The problems in (1) and (3) were suggested to me by Deane Mont- 
gomery. 

(4) Let x be any point in the complement of E. As before we denote 
by (x) the set of points in E closest to x. We shall prove that 
dieE sh (x) has measure 0. 

It will be sufficient to prove that no point 26) teh (x) has upper 
metric density 1.1 If z€@(x) then S(x, d(x, z)) contains no point of E 
in its interior (and Doeeh(x) CE), which proves our theorem. 

(5) Denote by M, the set of points for which (x) contains k 
points not all in a (e—2)-dimensional euclidean subspace. In (3) we 
proved that Mz has n-dimensional measure 0. I conjecture that Mp 


1 Let E be any set. Then the upper metric density is 1 at almost all points of E. 
(See, for example, Hildebrandt, Bull. Amer. Math. Soc. vol. 32 (1926) p. 451.) 


730 Hag PAUL ERDÖS [October 


has Hausdorff dimension »-+-1—k. At present I can prove this only 


‘for k =n-+-1. In fact we shall prove that M,41 is denumerable. For the 


sake of siniplicity we shall restrict ourselves to 7 =2. The proof for 
the general case is not an easy Aa of the case n =2, but we 
omit details. - ; 
Suppose then that M; is PE EE Then it must contain a 
point of condensation, x say. Put 7 =d(x, E). There exist nondenumer- 


’ ably many points s such that r—e<d(z, E)<r+e, and S(z, d(z, E)) 


~ 


+ 


contains at least three points of E on its boundary. S(z, d(z, EZ) NE 
is closed. Denote by t; the maximum of the smallest side of all possible 
triangles formed from points of S(z, d(z, E))OE. By a well known 
argument there exists a constant c>0 such that for every 6>0 there 
are uncountably many points z satisfying 


(1) - d(z, x) < e; cst,<ctsh. 


Choose ô small, and ‘consider U,S(z, d(z, E)) with z satisfying (1). 
Denote the boundary of this domain by B. Let p be any point of B 
and denote by C,(y) the half cone whose vertex is at p and whose 
center line is the extension of the line from x to p. It is easy to see 
that for sufficiently small e there exists an 7>0 such that for any 
point p on B, C,(y) does not contain any point of B other than $.. 
From this it can be shown by straightforward methods that B is a 
rectifiable curve? and hence can contain only countably many arcs of © 
circles. This we shall show to be false. Let zı be any point satisfying 
(1). Denote by (a, b) the arc on S(z1, d(zı, Z)) determined by the side 
of length éa. Since we can choose zı in uncountably many ways, we 
can assume that zı has been chosen so that the arc (a, b) does not lie 
on B. But since a€ B and bEB there must exist a point z satisfying 
(1) such that 5(ze, (d(ze, E)) intersects S(z, d<z:, E)) in two points 
u and v on the arc (a, b). Therefore if ô is a sufficiently small fraction 
ofc, 

la <c 
which owa that z does not satisfy (1), an evident contradiction: 
This completes the proof. 

(6) In (1) we proved that E, has n-dimensional measure 0. Let 
us now assume that Æ is bounded, then we shall sketch a proof of the 
fact that E, has finite (n—1)-dimensional measure. 

Let D be the diameter of E. Assume first that 7 is large. Let x bea 
fixed point of E and p any point of E». Then it is easy to see that C) 


2 Pauc, J. Reine Angew. Math, vol. 185 sas pp. 127-128. Paue proves a more 
general theorem. 
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does not contain any point of E, other than p. C,(n) is defined as in 
(5). From this it can be shown that E, has finite (n —1)-dimensional 
measure. Let us not assume now that 7 is large. We then write 
E=UfL,E™ where the E*’s are closed and their diameter is less than 
e. Then, by what has been shown before, if e is small enough E® 
has finite (n—1)-dimensional measure. Clearly E,CUZ,E™. But E, 
is closed, therefore its (#—1)-dimensional measure exists, and it 
clearly can not be 0, since it separates the space. Thus E, must have 
finite (n —1)-dimensional measure. 

Added in proof. The author has recently discovered that the follow- 
ing two theorems have been stated by C. Pauc, Revue Scientifique 
vol. 77 (1939) no. 8: Let the set E be in the plane then Mg is contained 
in the sum of countably many Jordan curves and Ms is countable. 


UNIVERSITY OF MICHIGAN 


REMARK ON TAYLOR’S FORMULA 


PHILIP HARTMAN 
Taylor’s formula 


nol 


(1) Hla) = Def O)ak/k! + f-"(Har/nl, 0<i<a, 
k=O 


is usually proved under the assumptions that 

(I) f(x) is continuous on the closed interval [0, a]; 

(II) f(x) possesses »—1 derivatives on the half closed interval 
[0, a); 

(III) f(- (x) is continuous at x =0; and 

(IV) f(x) has an nth derivative on the open interval (0, a). 

In the case n=1, the assumption (III) that f(x)=f(«) be con- 
tinuous at x=0 is essential but is contained’ in condition (I). In the 
case #>1, it will be shown below that the assumption (III) is en- 
tirely superfluous, so that (1) is valid whenever (1), (I1) and (IV) hold. 

The proof of (1) is usually reduced to an application of the mean 
value theorem to the (7—1)th derivative of f(x) on an interval [0, c], 
0<c¢<a. Thus, to‘prove the italicized statement, it is sufficient to 
show that if f(x), defined on the interval [0, a], is the derivative of a 
function and f(x) itself possesses a derivative on the open interval 
(0, a), then there exists a number £ such that 
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Ka ~ O) = af) and 0<E<a. 


Without loss of generality, it may be supposed that f(a) =f(0) =0. 
It must then be proved that there exists a number $, 0<&<a, such 
that f’(£) =0. Now if f(x) is identically zero, nothing remains to be 
proved. Suppose, therefore, that for some 7, 0<n <a, f(y) #0. Since 
the function f(x) is a derivative and, Consequently, assumes every 
value between 0 =f(0) and f(y) #0 at least once on the interval (0, 7), 
there exists a number x1, such that 


f(a) = f()/2 and 0< a <4. 
Similarly, there exists a number x2 such that ' 
f(a) = f(n)/2 and n<m <a. 


Since f(x) possesses a derivative on (0, a), it is continuous on the in- 
terval [x1, x2], and so by the mean value theorem, there exists a num- 
ber £ such that 


O = f(a) — f(x) = (z2 — f(A) and 1 <& < g 
This completes the proof. 


QUEENS COLLEGE 


THE COEFFICIENTS OF UNIVALENT FUNCTIONS 
M. S. ROBERTSON 
1. Introduction. Let the function 
(1.1) T(z) = co + coz + cg? + +++ ter Heee, Cn Teal, 


be regular and convex in the direction of the imaginary axis for 
|z] <1. Thus each circle |z| =r, 0<7r <1, is mapped by f(z) into a 
contour C, which has the property that straight lines parallel to the 
imaginary axis cut C, in at most two points. Since the coefficients are 
all real, C, is symmetric about the real axis. For 


S(re*) = U(r, 0) + iV(r, 0) 


we have ð U(r, 0)/30 <0 for 0 <<@<r. In other words, zf’ (z) is typically 

real for |z| <1. It is well known [1, 2]! that the coefficients ca are 

bounded, |ca| S|ci|, #=1, 2, » + +, and [3] have the representation 
C1 7 sin 20 


(1.2) Cn = — - 
nrJo sinb 





da(@) 
where a(@) is a nondecreasing function of 6 in (0, 7) normalized so that 
1 T 
` -f da(6) = 1. 
tT Jo 


A sufficient condition that f(z), given by the series (1.1), be regular 
and convex in the direction of the imaginary axis for |z] <1 is that 
the sequence fca} be monotonic of order 4, a theorem due to 
L. Fejér [4]. A sequence {ca} is said to be monotonic of order p 
if each of the differences 


(1.3) A™eé, = Cn — Ck, 16n + Crotnt2 — °° e + (— 1) Cr kintk 


are non-negative for k =0, 1,2,- -, p; n=0, 1,2,- -. This suff- 
ciency test implies, among other inequalities, that 0S$¢,—¢na 1. This 
suggests the problem of finding an upper bound for c,—¢n41 for func- 
tions f(z) given by (1.1) which are convex in the direction of the imag- 
inary axis for |z| <1.'The example c2(1+2)—! shows that the upper 
bound 2|c:| is sharp. However, if we consider the differences 
Cn-1—Cn41 We obtain an inequality which is not so immediately 
obvious. This inequality is stated in the following theorem. 
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THEOREM A. Lei the function 
JE) = 2+ ce? +--+ tenet" +--- 


be regular and convex in the direction of the imaginary axis for |z| <1 
and be real on the:real axis. Then the coefficients cn satisfy the inequalities 


Cat — Cai S An(n? —1)-1(1—len|), 2=2,4,6,°°-3a=1; 
| ca-i — Capi | S4n(n® — 1)" 1 — ca), n= 3,5,7,++°. 


The factor 4n(n*—1)—* cannot be replaced by a smaller one and the 
equality signs are atiained for the function 2(1—s)7. 


2. Some trigonometric inequalities. For the proof of Theorem A we 
need the trigonometric inequality to follow. 


`~ LEMMA 1. If n is a positive integer then for cll real values of 8 


in (n — 1)0 A Do 
pty EEM gg EEE 
sin 6 sin @ 





Proor. We consider first the case where n is an odd positive integer. 
(n—1) [2 no t p 
8.>> [ cos — cos (2k — 1) 2] 


kal 


/ 


no nb (DIZ 6 
= (4n — 4) cost — 16 cos >, cos (2k — 1) 7 


(a—1)/2 f; : 

+8 >> cos?(2k— 1)— 

2 

no sin ((a — 1)0/2) 
2 sin (6/2) 


a | 
4 4 sin 6 


à no 
= (dn — 4) kes — 8 cos 





= (2n — 2)(1 + cos #6) = ear = 1| 


sin (x — 1)6@ 
+ 2n — 2 + 2 —_—_—_ 
sin 0 
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E 4n + (2n — 2) cos #0 + [a “= D ap | 


1945] 


j sin (n — 1)6 
sin @ 
sin 28 sin (n — 1)6 
ddn a COs ne er — 2 —_—_—— 
sin 6 ? 
sin a 1)0 sin (n + 1)@ 
+ (n= 1). 


= 4( oan) (a+ 1) 
E 4 sin 6 sin 8 sin 6 


Again, if 7 is an even integer we have 


2 (n—-2)/2 no 2 
a(1 = cos 2) + 8 2 [cos Z — cos | 


no 
-= (4 — 8 cos -+ 4 cos? *)+ (án — 8) cos? — 
(n=2)/2 


no (w72)/2 
— 16 cos ri > cosk6+8 >> cos? ke 
1 1 








n . 
=4—8 oe + 2(1 + cos n8) + (2n — 4)(1 + cos n0) 


nô 1 sin ((n — 1)8/2) 
Ba zi 2 2 sin (6/2) | 





ip [= sin (z — a 
4 4 sin 0 
Djp _ > ae on ((2 — 1)6/2) 
7 4n — 4 + (2n — 2) cos nê — 8 cos 3 sin 0/9 


sin (z — 1)6 


+2 : 
sin @ 
= a(n- =") -o +92e E RE se ca sk 
sin 0 sin 0 


Hence, in either case we have, as required, 








in ng i ‘ 
s(a- E )+@- 19 aes 1)0 
sin 6 sin 6 
(2.2) De 
: sin (n — a 


— (n T ee 
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LEMMA 2. If n is a positive integer then for all real values of 6 


sin 26 sin 30 sin (n — 1)@ 
afi +— - pis — 
sin 8 sin @ sin 6 








(2.3) 





Lemma 2 follows easily from the identity 
sin n9 > sin k8 (= (n8/2) y 
sin (8/2) 








(2.4) 


in 0 kal sin 0 7 
and the inequality A,(0)20 where 
sin n8 e (n8/2) J. 

in 0 sin (6/2) 
To prove the inequality A,(@)20 we observe first that 41(@) =A2(@) 


==0. We prove next that An41(0) 2A n-1(0) whence A,(@) 20 by induc- 
tion. 


Ansi(0) - An-1 (9) 


(2.5) ALl =n tn 





S 


PAE ET sin at 1)6 iat) sin = 1)6 








sin (# + 1)@ — sin =] 
2. = 4 — 1)} ——_ 
(2.6) n+ =D: =. 
i 1)é in nO 
gee ag (1 + cos 6) 
sin 6 sin 6 
in 76 i 1)@ 
=4(1-2 )t a- petm ) 
e sin ĝ sin ĝ 
sipo ee i 
sin 0 


by Lemma 1. 
3. Proof of Theorem A. From (2.1) we have 
1 T si — 1)8 
(3.1) — f sip te i 
z o 


(n — 1)r sin 6 
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1 f sin (n + 1)0 
—— da(6) 


E (n+ I)r sin 6 


0 
n 1 fF” 1 f7 sin #6 
=f da(@) — -f z date |; 
iLer 9 ANTY 96 sin 8 


From (1.2) and (3.1) we have immediately 


(3.1) 











4n 
(352) Cni — engi S (1 — cn), n= 2,3, 
n?— i1 
Since 
(3.3) — f(— 2) = z — c? + caz? — cast 


is also regular and convex in the direction of the imaginary axis for 
|z] <1 it follows that (3.2) may be replaced by the inequalities given 
in Theorem A. 

The function 


(3.4) =È LEN g 





is regular and convex in the direction of the imaginary axis for |z| <1 
since zf’ (z) =2(1—2z cos 0+2?)-} is typically real, indeed univalent 
and star-like for |z| <1. For this function 


i n=l 7 Cnt 
lm —————— 
60 1 — n 


( n j= 1) sin (n — 1)@ — (n — 1) sin (n + 1)6 
n?— 1 
= 4n- (n? — 1). 


As a consequence of Theorem A we easily obtain the following theo- 
rem. 


n sin @ — sin n6 


THEOREM B. Let the function 
F(z) = z + ag? +e + anz 
have real coeficients and be regular and univalent for |z] <1. Then 
(n + tana — (n — lan S 4(n — | an|), n = 2,4,6, - 
| (n + Ijana — (n — Danr| S Aln — an), 2 =3,5,7,+ 


The equality signs are attained by the function 2-(1—2)—* which is uni- 
valent in the unit circle. 


(3.5) 
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4, Some additional inequalities for the coefficients. From the in- 
equality (2.3) by an argument similar to that used in the proof of 
Theorems A‘and B we obtain the following theorem. 


THEOREM C. With the same hypothesis as in Theorem B, the following 
inequalities for the coefficients of F(z) hold: 


(4.1) A(1 + a + a + +++ + aa) — (n — 2)a, S w. 


In a somewhat similar way by using the trigonometric inequality 


(n? = 1)(n + 2) (2 _ ==) > 2(n — 1)(n + 2) ae 
‘ sin @ sin 0 


(4.2) sin (x + 2)6 s 


sin 6 
+ (n + 3)(n + 2) — + (n? — 3n — 2) 0 
sin @ 


sin 6 
we may obtain another set of inequalities for the coefficients of f(z) 
of Theorem A: 


(4.3) 2(n? — 1)(1 — G2 — Gags) + (n? + 3n)on + (n° — 3n — enya 2 0, 
We omit the details of the proof. 
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RUTGERS UNIVERSITY 


NOTE ON APPELL POLYNOMIALS 


I. M. SHEFFER 


An interesting characterization of Appell polynomials by means of 
a Stieltjes integral has recently been given by Thorne.! We propose 
to give a second such representation, and to extend the result to the 
case of sets of polynomials of type zero, of which Appell sets form a 
subclass. 

Appell sets may be defined by either of the following equivalent 
conditions: { P.(x) },n=0,1,+--+, is an Appell set (P, being of de- 
gree exactly z) if either 

(i) P, (x) =Pra(x), m=1,2,°°-, 
or 

(ii) there exists a formal power series A (£) =) "a," (a00) such 
that (again formally) 


A(ie* = 5 P,(a)e". 


The function A(é) may be called the determining function for the set 
{P,(x)}. The essence of Thorne’s result is the following: 


THEOREM OF THORNE. A polynomial set {P,(x)} is an Appell set 
if and only if there exists a function a(x) of bounded variation on (0, ©) 
with the following properties: 

(i) The moment integrals 


Ln = f x"da(x) 
0 
all exist. 
(it) wo ¥0. 
(iii) fe P© (@)da(x) = Snr, Sar =1 for n=r, Sar =O for nær. 
And for the set {P,(x)} the determining function A(t) is given by 


‘The Stieltjes integral characterization that we now give will be seen 
to be essentially different from that in (iii) above. 
l 


THEOREM 1. A polynomial set {P,(x)} is an Appell set if and only 
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if there is a function B(x) of bounded variation on (0, ©) with the follow- 
ing properties: 
(i) The moment constants 


1 ee aes 
(1) f a"dBla) 
all exist. 
Gi) box0. 
(iii) Forn=0,1,--+-, 
o t n 
2) Pala) = f° S*™ apo, 


If (i) and (ii) hold, then P,() as given by (2) exists for each z, 
and is a polynomial of degree exactly n. Moreover, differentiation 
under the integral sign is permissible, so that P? (x) =P,1(x); that is, 
{Pa(x)} is an Appell set. 

Now suppose { P,.(x)} is an Appell set, and let A (£) be its determin- 
ing function: A (£) =} cant”. Define the sequence {ba} by 


bn = nlan. 


By a theorem of Boas? there is a function B(x) of bounded variation 
on (0, ©) whose moment constants are fbn} ; and since a0, there- 
fore b)0. If we denote the right side of (2), which exists, by Q,(x), 
then {Qn(x) } is an Appell set. Since (formally) 


hi n = as u(z+HdB(zf) = eux z uld BE ; 
Eola = f eag = oe f “era 
the determining function for {Qn(x) } is 
x = ut = n — = e 
æt = f eao Èd f OE Da 


= J, au” = A(u). 
It follows that {Q,(x)} = {P.(x)}, so that (2) holds. 


COROLLARY. The determining junction for { Pata) } is 


W 


Ce] bn 
(3) AS Í eva) = D we 


2 Widder, The Laplace transform, p. 139. This result of Boas is stated for real se- 
quences, but it extends immediately to complex sequences. 
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Let {I n(x)} be the Appell set 
(4) T,(2) = 2"/nl; 


then (2) can be written 
© Pala) = f Tae + Da0. 


Note that I)(0) =1, 7,(0)=0 (n>0); it is this property that makes 
the determining function A(¢) so simply expressible in terms of the 
moment constants {b,}. It is easily shown that in relation (5) the 
polynomials I,,(«) can be replaced by any other Appell set, by a suit- 
able change in the function B(¢). However, the determining function 
A(t) is now not so easily expressed through the moment constants 
{ba}. In fact, if {Q,(x)} is the Appell set defined by 


© Qala) = f "Ile + DaD, | 
then 
(7) Pale) = f Qala + Dat), 
Š 0 
where the function A (z) for { P,(x)} is given by 
(8) roe f “3 f ” eredy(u)dBt) = F ant", 
with 
(9) EE AE E aww BEC. 


Here {bn}, {cn} are given by 
(10) bn = Í x"dB(x), Cn -Í a"dy(zx), n=0, 1, 
0 o 
We turn now to sets of type zero. The polynomial set {Pa} is 


of type zero? if either of the following equivalent conditions holds : 
(i) Formal series 


w% ¢ © 
(11) A =J ai (a00), Al) = È ht” (hi = 0) 


27. M. Sheffer, Some properties of polynomial sets of type zero, Duke Math. J. 
vol, 5 (1939) pp. 590-622. 
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exist for which (formally) 


(12) A(de#® = È Paar 
(ii) An operator L[y()] of form | 
(13) L] = È bay) | ex 0) 
' exists such that 
(14) LIPA] = Pala), n= 1,2, 


If L(t) is the series 
a5 ` LÒ = he, 
1 


then H(t) and L(t) are (formally) inverse functions: 
(16) L(H(ġ) = H(L(@) = t. 


All polynomial sets satisfying (14) will be said to be Associated 
with the operator L. Sets associated with a given L are distinguished 
one from another by their determining function A (t) appearing in (12). 
Associated with a given Z there is a unique set B,= {B,(x)} for 
which B,(0) =1, B,(0) =0 (n>0). This set we call the basic set for L; 
its determining function is A(#)=1. 


THEOREM 2. In order that the polynomial set {P,(x)} be a set asso- 
ciated with the operator L it is necessary and suficient that there exist a 
function B(x) of bounded variation on (0, ©), wich ihe following proper- 
ties: i 
(i) The moment constants {bn} for B(x) all exist. 
(ii) bo. 

(iii) Forn=0,1,---, 


(17) P,(2) = Í "Bale + DBO, 


where {Ba (x) } is the basic set for L. i 


COROLLARY. The determining function A (£) for {P,(x)} has the ex- 
pression 


(18) A) = f erod), 
Q 
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which is equivalent to 


(19) aC) = f ego = È a 

f 0 o ml 
If conditions (i), (ii) hold, it is clear that {P.(x)} as given by (17) 
is a set associated with the operator L. Now let f Pa(x) } be a set rela- 
tive to an operator L; to show that (i), (ii), (iii) hold. Let A (£) be the 
determining function for { P,,(x) } , So that we have relation (12). Since 
A and L are given, the function A(Z(z)) is known; let its (formal) 
power series be 


(20) A(L(z)) = 3 až z”, 


Now define {b,} so that b,=z!a*, and let B(é) be the function of 
bounded variation on (0, ©), guaranteed by the Boas theorem, whose 
moments are {bn}. With this B(¢), the right’ side of (17) defines a 
polynomial set { Qn(x) }, associated with L, whose determining func- 
tion is seen to be the function A(t) given by (18). As (18) is carried 
into (19) by the transformation =H(¢) (and therefore ¢=L(z)), it 
follows that {Pa}, {Qn} have the same determining function A (¢), 
and are therefore the same set. Hence (17) holds. 
In Theorem 2 the representation (17) can be replaced by 


(21) Pala) = f Qala + Dap, 
` 0 
where {Qn(x) } is any polynomial set associated with L; but in this 


case the determining function A (#) for {P,(x)} has a more compli- 
cated representation than (18) or (19). In fact, if we write 


(22) Qa(2) = f “Bala + ddyl), 

it is readily shown that i 

(23) AQ) = f f “eormnvay(ayascu), 

or, what is equivalent to this, 

OD AL) = f f eeraa) = Date 


where 


(25) Gn = (1/n) {cabo + Cn16n—101 ++ Ca,nCobn}. 
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Here {bn}, {ca} are the moment constants for 644), y8) respectively: 
We close with two observations. 
REMARK 1. The Thorne theorem carries over to polynomial sets of 
type zero; we have only to replace the condition (iii) of that theorem 
by 


a [20 Leste) a2) = ber 


where LO =L, L, +--+ are the iterates of L..Also, the determining 
function A (f) for { P.(x)} is given by 


(27) A) = | Í "amoda |, 


or, by the equivalent expression, 


gs) AED =[ f eaa] [È eT. 


n! 


REMARK 2. Throughout this note we have nort hesitated to use 
formal power series. This does not invalidate the results obtained; it 
has permitted the results to be gotten faster. As to how we could have 
reasoned without the use of these formal series, we refer to the refer- 
ence in footnote 3, where there is to be found on page 596 a note of 
justification. 


THE PENNSYLVANIA STATE COLLEGE 


PERMUTATIONS WITHOUT 3-SEQUENCES 
JOHN RIORDAN 


1. Introduction. The enumeration of permutations of x distinct 
elements without rising 2-sequences 12, 23,---, n—1 n, is given 
by Whitworth [1],! who gives also the enumeration when m1 is added 
to this set of sequences. More recently, Kaplansky [2] and Wolfowitz 
[4] have enumerated permutations without rising or falling 2-se- 


quences, thatis, without 21,32, ---,22—laswellas12,---,n—ix. 
An addition to these results, the enumeration of permutations with- 
out 3-sequences, 123,-++,%—2 n—1 n is given here. This case, 


aside from its general interest as a natural extension of its predeces- 
sors, has a particular interest because it is a relatively simple example 
of failure of what Kaplansky has called quasi-symmetry. In the 
method of inclusion and exclusion, or its symbolic equivalent, a case 
is said to be quasi-symmetric when the number of permutations hav- 
ing k of the given properties is either zero or a function of k alone. 


`. 2. The enumeration setting. Employing the symbolic method, with 
dix the probability that elements 7, j and k are consecutive, the proba- 
bility of finding a permutation without any of the 3-sequences in 
question is 


(1) Po = (1 = ques) (A = Gass) ee (1 — n—2 n—1 3): 


The meaning of this is that on expansion a product of g’s represents 
the probability of permutations having a particular set of 3-sequences 
denoted by subscripts of these q’s. 

It is evident that the sequences chosen do not conflict; that is, it is 
possible to have any k of the n —2 simultaneously. 

For a single g the number of permutations is (n—3+1)!, for 3 ele- 
ments are required for the corresponding 3-sequence which may 
be permuted as a single entity; the corresponding probability is 
(n—2)1/n}. 

For a product of two q's however, the case is otherwise. If the two 
are immediately adjacent, like 123, 234, the number of permutations 
is (1 —4-+1)! or (1 —3)!; if not, like 123, 345 or 123, 456, the number 
is either (n—5+1)!or (n—6+2)!, in either case (n —4) !. If sequences 
are denoted by their initial numbers, the number of permutations is 
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(n—3)! or (2 —4)! according as the two initial numbers in rising order 
area 2-sequence or not. _ 

In the same way, for three q’s, the number of permutations with 
the corresponding three 3-sequences is (n—4)!, (n—5)! or (n—-6)! 
according as the set of three initial numbers ir rising order has 2, 1 
or 0 2-sequences, with a 3-sequence counting as two 2-sequences. 

In general, for a product of k q's, the number of permutations with 
k corresponding 3-sequences is (7-—-2k+1)! when the set of k initial 
numbers in rising order has 7 2-sequences or for euphony successions, 
a j-sequence counting as j7—1 successions. 

The enumeration is then completed by determining the number of 
combinations k at a time of the given n— 2 3-sequences which corre- 
spond to 7 successions in the set of their 2 inizial numbers in rising 
order, as given by the following theorem : 


THEOREM. The number of combinations of n ihings k at a time such 
that each combination in rising order has i suzcessions, a j-sequence 
counting as j—1 successions, is 


f(n, k) = Cki, iCa—na eee 


3. Proof of the theorem. The proof depends essentially on the re- 
currence in the following lemma :? 


Lemma. fin, B)=fin—1, B)-+f.(n—2, F—-1)+fialn—1, k-i) 
—fii(n—2, k—1). 


The combinations may be subdivided into those which do not con- 
tain n and those which do, and the latter in turn into those which 
do not contain 2—1 and those which do. The number without n is 
ji(n—1, k). When v is present and n—1 absent, n is not in any suc- 
cession, and the corresponding number is f;(n—2, k —1). When both 
n and n—1 are present, there must be i—1 successions among the 
combinations of n—1 elements k—1 at a time which contain »—1. 
The combinations of »—1 elements k—1 at a time with 7—1 succes- 
sions is f,.1(#—1, k—1), the number of these which do not contain 
n—1isf;1(1—2,—1), hence the number which do isf,1(n—1, k—1) 
—fali— 2, k—1). 

Then the formula in the theorem may be derived, step by step, 
for successive values of 4. The case + =0 has been given by Kaplansky 


2 This lemma replaces a succession of lemmas, for successive values of 7, in an 
earlier version, the change being a response to suggestians from Irving Kaplansky, 
S. O. Rice, and C. E, Shannon, To Dr. Kaplansky I owe also a simplification of the 
procedure for verification of the formula in the theorem as well as the correction of an 


error in the variance formula (6) below. 
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[3]; the recurrence 
fo(m, k) = fo(n — 1, k) + fo(n — 2,k— 1) 


which follows from. the lemma with f-1=0, and boundary conditions 
Joln, 1) =n, folk, k)=0, k>1, lead to the formula in the theorem. In 
the general case the formula of the theorem must be checked for the 
lowest values of the other two variables of the induction, n and k. 
The lowest value of n is k and the corresponding boundary relation 
is f,(k, k)=1, i=k—1, and zero otherwise. The lowest value of & is 
t+1 and f:(z,i+1) =n—-7. 


4, Completed enumeration. These results may now be used to put 
(1) in an explicit form, as follows: 


n—2 


= R EE 
(2) P=) (F), Baan  e . 
kaĝ i=0 


n! 
Note that in the present application of the theorem z is replaced by 


n—2, the number of 3-sequences in question. 
Another writing of this result is 


n—2 
(2.1) Po = Do (=) ne 
m0 
with 
kol n—2k+2)! 
ün,k = A EIT te 
i=0 i n! 
$i er ran Peay 
Soe E 
330 n! 


This is a convenient form for writing the more general result for the 
probability that a permutation has x 3-sequences of the specified kind, 
which is 


n-2 
(3) Pz = Dy (—)*°Ch, on, 
$ kal 


with Cy,2=0, k <x, by a known process (Kaplansky [2]). Also the co- 
efficients @a,x are related to kth factorial moments (m); of the dis- 
tribution P+ by 


(4) klan, =i(m) x 


Hence the expected number of sequences (m) is 
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(5) (m)1 = Mi = Ginn = 


and the variance is 


V = (m) + m — m = 2@n,2 + On — Ont 
(6) _ i 
(12)2(n)s 


where (n); is the factorial n(n—1) - - - (a—i+1). 
A short table of numbers n! P, follows. 





[n —3n-+n —6n+8], 


PERMUTATIONS WITH x 3-SEQUENCES 
NUMBERS 2! P, 


n/x 0 1 2 3 4 5 
3 5 1 
4, 21 2 1 
5 106 11 2 1 
6 643 62 12 2 1 
7 4547 406 71 13 2 1 
8 36696 3046 481 80 14 2 
9 332769 25737 3708 559 §9 15 
10 3349507 242094 32028 4414 640 98 
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BELL TELEPHONE LABORATORIES 


A NOTE ON SYSTEMS OF HOMOGENEOUS 
ALGEBRAIC EQUATIONS 


RICHARD BRAUER 
1. Introduction. Consider a system of algebraic equations 
fils, Hay °c Xn) F 0, 


Jtn Xa ety Xn) = 0, 


(1) 


falan attt, Xn) = 0, 


where f; is a homogeneaus polynomial of degree r; with coefficients 


belonging to a given field K. We interpret x1, %2, - +--+, x, as homo- 
geneous coordinates in an (n —1)-dimensional projective space. When 
n>h, the system (1) has non-trivial solutions (x1, x2, --°,%n) in an 


algebraically closed extension field of K, but there may not exist any 
such solutions in K itself. It is, in general, extremely difficult to de- 
cide whether adjunction of irrationalities of a certain type to K is 
sufficient to guarantee the existence of non-trivial solutions of (1) in 
the extended field. However, the situation is much simpler, when 1 is 
very large, in the sense that lies above a certain expression depend- 


ing on the number of equations # and the degrees 71, 72, ++ ° , Yn 
We shall show: 
THEOREM A. For any system of h positive degrees r1, Ta, ++ + , tn there 


exists an integer B(ri, r2, <*> , rh) such that for n=P(ri, 72, ++, Tr) 
the system (1) has a non-trivial solution in a soluble extension field Ky 
of K. The field Kı may be chosen such that its degree N, over K les be- 
low a value depending on Ti, Ta, + + + , ra alone and that any prime factor 
of Ni is at most equal to max (ri, fa, © + ©, Tn). 


This Theorem A is evidently contained in the following theorem. 


THEOREM B. For any system of positive integers ri, ro, + °°, rn ond 
any integer m20, there exists an integer (ri, ro, +++, ra; m) with the 
following property: For n=®(rı, -- - , ra; m), there exists a soluble ex- 
tension field K2of K such that all points (1, £2, + + + , Xn) of an m-dimen- 
sional linear manifold L, defined in Ko, satisfy the equations (1). Here 
Kı may be chosen so that its degree Nz over K lies below a bound depend- 
ing on fı, ra >- *, ra and m and that no prime factor of N exceeds 
max (71, 72, + * +, Ta) 


Presented to the Society, September 17, 1945; received by the editors July 17, 
1945. 
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At the same time, we shall prove the theorem: 


THEOREM C. Assume that the field K has the following property: 
(*) For every integer r>0, there exists an integer V(r) such that for 
n2 V(r) every equation 


(2) ait, + asta t ee + ene, = 0 


with coefficients a; in K has a non-trivial solution in K. 

Then, for every system of positive degrees ri, Tz, -© ++ , Yn and every 
integer m=0, there exists an expression Q(r1, f2, °° * , taj m) with the 
following property; For n= Xr, ra, ++ «7a; m), there exists an m-dimen- 
sional linear manifold M, defined in K, whose points satisfy the equa- 
tions (1). 

We shall prove Theorem C in §2. The changes necessary in order 
to obtain Theorem B are obvious. In §3, some applications are given. 
One of them is concerned with Hilbert’s resolvent problem. We prove 
here a recent conjecture of B. Segre. 


2. Proof of Theorem C. 1. Assume that Theorem C is not true. 
We choose a system 71, Ta, + + + , ra; m for which no Q(r, + + > , 723m) 
exists. We select this system such that max (rı, - + - , fs) =s has the 
smallest. possible value, and that for fixed s the number k% has the 
smallest posible value. If rf, 7¢,-°°,7s/ is any System of positive 
integers and m’ a non-negative integer, then Q(ri, a pitty tes m") 
exists, if either 


(3a) max (ri, T°? ry) <s 
or if 
(3b) max (ri, Taea Tv) = S, h'<h. 


Assume first that k>1. We may assume that 7,=s. It follows that 
Q(r:, re, +, Ta; m) exists (cf. the conditions (3a) and (3b)) 
and also that Q(s; m'’—1) exists for any integer m’>0. We set 

m'=Qn, +++, taj m). If 22Q(s; m'—1), the equation f,=0 is 
satisfied by all points of an (m’—1)-dimensional linear manifold My. 
If we restrict ourselves to points of Mi, we may express *1, --*, £n 
linearly and homogeneously by m’ parameters 71, * + * , Ym with co- 
efficients in K. Then f,(x1, - + > , ¥n) becomes a homogeneous polyno- 
mial g; of 41, °° +, Ym. The degree of g; is r;; the coefficients of g; 
belong to K. In particular, g, vanishes identically. In order to solve 

1B. Segre, Ann. of Math. vol. 46 (1945) p. 287. Added'September 10: In the mean- 


time, I learned from Mr. Segre that he also found Theorem A from which the proof of 
the conjecture can be derived. 
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(1), we have to solve 
\ 
(4) gı = 0, g2 = 0," >, gy = 0. 


Since m’ =Q(ri, + + + , 7-137), the equations (4) will be satisfied by all 
points of an m-dimensional manifold M2 of the (yı, © + * , ¥m-)-space. 
This then gives an m-dimensional linear manifold of the (x1, - + « , ¥n)- 
space for which the equations (1) hold. But this shows that the ex- 
pression Q(rı, - + > , 7a; m) exists; we may take 


Qrun + sram) = Otmax (ri, + ++, a) Ara, + + + ram) — 1). 


Hence the case h > 1 is impossible. 
2. We now consider the case h=1. The system (1) consists of only 
one equation 
f&n araea Xn) = 0 


of degree rı =s. 

From the way the i bee s was chosen it follows that As; m) 
does not exist while for every system rý, rf, -° -, ra with ri <s, 
rd <S, ++, <s and all m’ the existence of Q(r{, 727, +++, 71/3’) 
may be seme 

We first discuss the case m =0. Denoting the point (%1, X2, ++ * , Xn) 
by r, we write f(x, X2, © - + , £n) =f(r). 

If ti, £2, © + +, Zn are n points whose coordinates are independent i in- 
determinates and if u1, #2, +++, Un are n further independent inde- 
terminates, we may set 


(5) (uiti + mate + +++ F Uatn) = D> mime s+ + Unfureeer(Ery En + Ens 


where the sum on the right side extends over all systems of n non- 
negative integers (u, v, +++ ,7) with 


(5a) utrte tres. 


The expressions fa,»,.--,r (Zt, f2 © °°, In) (the polar forms of f) are 
homogeneous polynomials in the coordinates of each z;. As is easily 
seen, fav,- -or (Eu I2, © + * , Ln) is of degree u in the coordinates of 41, of 
degree v in, the coordinates of f2, - - - , of degree 7 in the coordinates 
of fa. ; 
Let a o be a fixed point.? Choose x —1 points @1, €z, > + + , @n—1 Which 
together with a, form a full linearly independent system, and set 
Y =y Hy «°° Ynn- Where the coefficients Yi, ye, © * +) Yn 
are indeterminates. 
Consider the system of equations 


2 We denote by o the row (0, 0, - ot 0) consisting of z numbers 0. 
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So-1,1,0,-++,0(G1, Y, 0, °°, 0) = 0, 
Fr—2,2,0,-++,0(1, Yoe 9) = 0, 


(6) 


Sie—t.o,---,0(01, J, 0,°°*, 0) = 0. 


These equations are homogeneous in 41, Y2y* * * , Ya—1; the degrees are 
1,2,-++,s—1 respectively. 

From the remarks above it follows that the expression 2(1,2,-- +, 
s~—1; 0) exists. Hence for sufficiently large? n the equations (6) will 
have a non-trivial solution. Let »=«a2 be the corresponding point 4. 
Then a; and a are linearly independent. 

Let ef, ef, ++, €W be a system of points which together with a 
and ft form a full linearly independent system and set 


, d 
3 = ziti F ee o- + Enotne 


with indeterminate coefficients 21, Z2, +--+, 2,-2. Consider next the 
equations 


(7) Susv.0,0,-++,0(G1y Qo, s Dte, 0) a 0, 
where u, v, p range over all systems of non-negative integers with 
upetvtpe=s, O<p<s. 


Again, O(r/, +++, 7}; 0) exists for the degrees rý,- +, r of 
these equations in 21, 22, °+- , 2n-2. It follows for sufficiently large n 
that the system (7) has a non-trivial solution (#1,-°+, 2,2). Let 
z= a3 be the corresponding point. Then t, de, a3 are linearly independ- 
ent. 

Set ¢=W(s).4 Assuming that » is sufficiently large we continue 
with our procedure until we obtain # linearly independent points 
Mi, M2, + ++, a such thatë 


Tove, +e (Oty Ga,°** My Dete, 9) =0 


for every system of n non-negative indices (u, v, +++, 7) with p+» 
+ +++ +r =s in which the first ¢ of our indices are all less than s. 
For tr=a1, te=e, -* +, Le Ge, Ter =9,°°°, tn=0, the identity 


2 In part 2 of the proof we mean by “sufficiently large n” all values of n which 
lie above a suitable lower bound A(s) depending only on s- 

4In the case af Theorem B, we take $=2. The equation (8) will have a solution 
if we extend the field K by the adjunction of an sth root. 

5 If one of the last n—t indices in (x, v, © ++, r) does not vanish, this equation 
is trivial, since the left side then contains an x, 0 to a positive degree. 
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(5) gives a relation 


t 
fluor + ua +--+ + ua) = > litin 
iol 


where a, is a certain number of K. Actually, a;:=f(a:). 
Since ¿=¥Ẹ (s), the equation 


t 
(8) E ma = 0 
t=] 
has a non-trivial solution (u1, u2, +--+, u+) in K. The corresponding 


point t= Doms ;a; then yields a non-trivial solution of the equation 
(xr) =0 in K. 
This argument shows the existence of Q(s; 0). 
3. We assume that the existence of m’=Q(s; m—1) has already 
been shown. If n is sufficiently large,® the result of 2 shows that we 
may find a point a10 such that 


(9) f(a) = 0. 
Consider again the equations (6) where y has the old significance. 
Again, Q(1, 2,--+ , s—1; m’—1) exists. If mn2Q(1, 2,---, s—1; 


m'—1), it follows that there exists an (m’—1)-dimensional linear 
space Mo such that the equations (6) hold for all points y of Mo, 
and that Mo does not contain a. 

The identity (5) for m=, Y=}, £3 =0, © * , 1a =0 yields 


(10) Jln + un) = nafl), 


on account of (6) and (9). Restricting the point y to the linear mani- 
fold Mo, we may consider the coordinates of y as linear homogeneous 
functions of m’ parameters 21, 22, °° * , Za. Since m’=Q(s; m—1), it 
follows that there exists an (m—1)-dimensional linear subspace Mı 
of Mo such that f(y) =0 for all points y of Mı. But (10) shows that a; 
and Mı together span an m-dimensional linear space M which con- 
sists entirely of solutions of f(r)=0. This proves the existence of 
Q(s; m) which contradicts the assumptions made above. 

This finishes the proof of Theorem C. The same method yields the 
proof of Theorem B, and hence the Theorem A. 


` 


3. Applications.” Consider the general algebraic equation of degree 


6 In part 3 of the proof we shall gay that 2 is sufficiently large if it lies above a 
suitable lower bound M(s, m), depending on s and m only. 

1 For Hilbert's resolvent problem, see the paper by Segre quoted in footnote 1 
and the literature mentioned in this paper, also A. Wiman, Nova Acta Uppsala (1927). 
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n in one unknown ‘ 
: f(s) = et met +---+a,=0. 


If the roots are w, œz, °° + , Wn and if we set 


n=l 


0; = uo + wiwi tts F Unii 
then the 6; are the roots of an equation 
gla) = xt + bat t+ --- +5, = 0 


and it is well known that the coefficient b; of this Tschirnhaus trans- 
formation is a homogeneous polynomial Bi(uo, Zi, ++ * , Un) of de- . 
gree zin the wo, Ui, © - + , Un—1. For a fixed k, we determine the quanti- 
ties #9, ui, * * + , Un-1 2S a non-trivial solution of the equations 


Bi(uo, uUyrrt, Uni) = 0, 


Balto, Uis ->+ Unt) = 0, -00 , Belts, Un e , Uni) = O. 


It follows from Theorem A that for sufficiently large n it is possible 
to take wo, ui, © © * , Un in a field obtained from the field of the ra- 
tional functions of a1, @2, + + + , @, by adjunction of a finite number of 
radicals. The equation g(x) then has the form 


` an + beani fo $B, = 0. 


Its roots then may be considered as algebraic functions of n —k quan- 
tities bru bere, * -© * bn. Since w; can be expressed in terms of 0;, it ' 
follows that the solution of the general equation of mth degree can be 
expressed in terms of the coefficients if we use radicals and one alge- 
braic function of «— arguments.’ Here k was a fixed number and n 
was to be taken sufficiently large. 

Hilbert’s resolvent problem deals with the question of finding the 
smallest number J, for given n such that the roots of the general equa- 
tion of degree n:may be expressed in terms of the coefficients by means 
of algebraic functions of at most J, parameters. Our above remark 
shows that /,3n— for fixed k and sufficiently large n. In other 
words, we have shown that? f 


8 Since we can make 6,=1 through a simple transformation, we could replace the 
last function by one depending on n —k —1 arguments, 

? This result shows that in Segre’s notation an infinite series of theorems H; exists. 
The same is true for the theorems B,, if in the statement beside the adjunction of 
square roots and cube roots the adjunction of a finize number of other radicals is 
admitted. On the other hand, icosahedral irrationalities are superfluous. The existence 
of these infinite series of theorems H; and B; had been stated as a conjecture in 
Segre’s paper. 
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lim (n — h) = œ, 

fno 
Hilbert’s observation that l sn—5, at least for n29, and Segre’s 
observation that 1, Sn—6, at least for nz 157, can be supplemented 
by an infinite number of analogous observations. The method of §2 
would allow us to find explicit values ną such that J, Sn —k for nÈ nz. 
However, the values obtained would probably be far too large. 

As an example of a field which satisfies the assumption (*) of Theo- 
rem C, we may take any field K which is closed with regard to forming 
radicals a/™, a in K, m=2, 3, 4, - + +. We have here V(r) =2 for all r. 
In particular, any homogeneous equation f(x, x2, © + - , #n) =Q of de- 
gree r has a non-trivial solution, provided that z lies above a certain 
number depending on r only. 

An example of a somewhat less trivial nature is obtained by con- 
sidering a p-adic field K. As is well known the multiplicative group 
of all at (a0, œ in K) is of finite index in the group of all a (a0, 
ain K). From this it follows at once that the assumption (*) of Theo- 
rem C is satisfied, and the statement of Theorem C holds for K. In 
particular, a homogeneous equation f(x1, +++, Xn) =0 of degree r in a 
p-adic field has a non-trivial solution (x1, x2, + + + , £n), if nis sufficiently 
large, say n= N(r).U 


UNIVERSITY OF TORONTO 


10 The somewhat rough method of our proof does not allow us to derive this result. 
The bound obtained for would be much larger. 

1 E, Artin has remarked that it follows at once from the existence of normal divi- 
sion algebras of rank r? over K that N(r) >r?. 
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ON SIMPLE GROUPS OF FINITE ORDER. I 
RICHARD BRAUER AND HSIO-FU TUAN ; 


1. Introduction. Using the theory of representations of groups we 
have obtained a number of results for simple groups of certain types 
of orders. In the present paper, we shall prove the following result: 
If © isa (non-cyclic) simple group of order g=q'g*, where p and q 
are two primes and where b and g* are positive integers with g* <p—1, 
then either GŒ&LF(2, p)! with p =27 +1, p>3, or GLF(2, 2”) with 
p=2"+1, p>3; conversely, these groups satisfy the assumptions. 
As an application, we determine all simple groups of order prq’, where 
Pp, r, qare primes and where b is a positive integer. The only simple 
groups of this type are the well known groups of orders 60 and 168. 


2. Some known results concerning representations of groups. 1. In 
this section, some known theorems are given without proof. Most of 
these results, which are needed in the following, have been obtained 
in the theory of modular representations of groups. However, all the 
statements are concerned with the ordinary group characters.” 

2. If © is a group of order g containing k classes Ki,--+-, Ky, 

. ++, Ky of conjugate elements, then there exist exactly k distinct 
irreducible characters (1(G), ++ +, &(G), © + - ,&,(G), where G denotes 
a variable element of Œ. If we restrict G to a subgroup W of order m 
of ©, then each ¢,,(G) may be considered as a (reducible or irreducible) 
character of M. From the orthogonality relations for the characters 
of M, it follows that 


(2.1) Du'Su(G) = 0 (mod m), 


where the sum extends over all elements.G of Dt. More generally, the 
same congruence holds, if ¢ is a linear combination of the ¢,’s with 
coefficients which are algebraic integers. 

3. Let p be a prime number and let p be a prime ideal divisor of p 
in the algebraic number field generated by all [,(G). Denote by A(G) 
the number of elements in the class K, containing G. If ¢, has de- 
gree 2,, the number h(G)¢,.(G)/z, is an algebraic integer. Two charac- 
ters ¢, and ¢, belong to the same p-block, if 


Presented to the Society, September 17, 1945; received by the editors March 27, 
1945, 

1 We use the notation of L. E. Dickson, Linear groups, Leipzig, 1901. 

2 The fundamental properties of group characters are given in a large number of 
books. Here we mention only: W. Burnside, The theory of groups of finite order, 2d ed., 
Cambridge, 1911. 
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(2.2) hG)f.(G)/z = WG)f,G)/z (mod p), 


for all G in ©. In this manner, the k characters are distributed into a 
certain number of p-blocks Bi(p), Ba(p), - - - . The first p-block Bi(p) 
will always be taken as the block containing the 1-character ¢1(G) =1 
(for all G). If for all characters ¢, of B,(p) the degree z, of ¢, is divisi- 
ble by a power p* while at least one of the degrees z, is not divisible 
by pet!, then B,(p) is a block of type a. In particular, B,(p) is of the 
lowest type if a=0. 

An element G is p-regular, if its order is prime to p; and G is p-sin- 
gular in the other case. For every p-block B,(p) we have? 


(2.3) ; D fa(P)§.(Q) = 0, 


where f, ranges over all characters of B,(p) and where P is any 
p-singular element of © and Q any p-regular element. ‘ 

If we let [, range over all the k characters of G, then the orthogonal- 

ity relations for group characters show that the sum in (2.3) vanishes 
for any two elements P and Q for which P and Q~ are not conjugate. 
If P and Q~! are conjugate, the sum does not vanish. 
- 4. If we assume that the prime p divides g to the first power,‘ we 
can make more definite statements. It will be sufficient to restrict our 
attention to the first p-block B,(p). There exists a divisor ¢ of p—1 
such that B,(p) consists of w=(p—1)/# “non-exceptional” characters 
lG), + + +, fo(G) and ż “exceptional” characters Cm41(G), + © +, Sw4e(G). 
The latter have all the same degree 2.41. To each of these characters 
6G), there belongs a certain sign 6;= +1 such that the following 
relations hold: 


(2.4) 2; = ô; (mod $) fori = 1,2,+++,w; 
(2.5) tzo} = Se41 (mod $); 
oti 
(2.6) E Suza = 0 ; (61 = 4 = 1). 
pel 


Moreover, for p-singular elements P of G, we have 
(2.7) OCP) = 6: (¢=1,2,---,w). 


There exist elements of order w= (p—1)/é in ©, hence 


3 R. Brauer and C. Nesbitt, University of Toronto Studies, Mathematical Series, 
No. 4, 1937, Theorem VIII, p. 21. 

4 For the results quoted in this part, cf. R. Brauer, Amer. J. Math. vol. 64 (1942) 
pp. 401-420, especially p. 420, §8, and p. 417, Formula (47a). 
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(2.8) g = 0 (mod w). 


5. If © coincides with its commutator subgroup ®’, in particular 
if © is simple and non-cyclic, then {:=1 is the only character of de- 
gree 1. It follows that the number w above must be larger than 1. 
Indeed, if we had w=1, the equation (2.6) would read 21+ ô:22 = 0, 
and as 6:=1, d2= +1, 2:=1, it would follow that the positive umber 
z, must be 1 which is impossible. Thus, in particular, p 2. 

6. Finally we quote the following results obtained in previous pa- 
pers which yield characterizations of certain groups LF(2, m). 


THEOREM AS If a non-cyclic simple group © has an order which 
contains the prime p to the first power and if the exceptional degree 241 
inthe first p-block Bi(p) satisfies the condition tui15(p+1)/2, then . 
GXLF(2, p) (p¥2, 3). 


THEOREM B.¢ If a non-cyclic simple group © has an order g of the 


form 
g = ($ — DE + mp)/-, 


where p is a prime and where t and m are non-negative integers such that 
r divides p—1 and m<(p+3)/2, then either @=LF(2, p- 1) and p 
is a prime of the form p=2'4+-1>3, or OLLFQ, ?) and p is any prime 
larger than 3. 


3. Proof of the main result. We now begin to prove the following 
theorem. f s . 


THEOREM 1. If © is a simple group of order 
(3.1) g = pgg*, 
where p and q are two primes and where b and g* are positive integers 
with l 
B.D #<ż-1, 
then either GXLF(2, p) with p=2"+1, p>3, or GXLF(2, 2”) with’ 
p=2"+1, p>3. Conversely, these groups satisfy the assumptions. 
REMARK. It may be added that for both alternatives we have g=2 


and m is the highest exponent of g dividing g. 
Proor. 1. If g as given by (3.1) is the order of a non-cyclic simple 


é H. F. Tuan, Ann. of Math. vol. 45 (1944) pp. velit especially p. 135, Theo- 
rem 4, and p. 139, Formulas (10.i) and (10.i’) for i=1, - - - , 7. Notice that Formulas 
(10.2) and (10.3’) are printed there in the wrong order. 

€ R, Brauer, Ann. of Math. vol. 45 (1944) pp. 57-79, especially p. 76, Theorem 11. 
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group ©, then by (3.2) certainly p2 and without restriction we may 
assume that 


(3.3) (e*,g) = 1. 


The case p=g is impossible on account of Sylow’s theorem since the 
p-Sylow subgroup of a group © of order g = p*+1g* would be normal in 
©, if g*<p—1i. Hence pq, and p divides g only to the first power. 
From (2.6) it follows that in the first p-block Bi(p) we have a degree 
n21 which is prime to q. Then 


(3.4) n| g", 


and hencen<p—1. This shows that n must be the exceptional degree 
M=B.41 (cf. (2.5)), since all the other degrees are congruent to +1 
(mod $) according to (2.4). 

2. If mS(p+1)/2, Theorem A gives GŒÆLF(2, p), $3, and 
g=p(p+1)(p—1)/2. Hence 

(2 + DG — 1) = 2gg*. 

As p+1 and p—1 have the greatest common divisor 2, it follows that 
one of the two numbers p—1 and p+1 is divisible by gt. The other 
number then divides 2g*. But p+1>g* by (3.2) and we have one of 
the two cases 
(1) P-l=g pti = 25%; 
(II) ati=¢, p—1 = 2g*. 
In either case, g = 2, and this leads to the first alternative of our theo- 


rem. 
3. We may now assume that 


(3.5) p—1>n> (p+ 1)/2 


By (2.5), we have ni = +1 (mod p) where ¢ divides p—1. It follows 
that n = F (p—1)/t (mod $), and (3.5) gives ' 


(3.6) n = p — (p — 1)/i 
From (2.8), it follows that we may set 

(3.7) (p — 1)/t = gh, 
(3.8) h| g*, 


` 


where 8 <b is a non-negative integer. Combining (3.6) and (3.7), we 
obtain í 


(3.9). n = p — Gh, 
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which implies (r, k) =1. Now (3.4) and (3.8) give 
(3.10) nh| g*. 
The relations (3.6) and (3.7) also yield 
1+n=1+4+p-—(p—1)/t=1 + (it wh) — Ph, 

(3.11) L+n=2+ klt- 1). 

4. If 8=0, then (3.9) gives p=n-++h. On the other hand, (3.10) 
and (3.2) show that xh Sg* <p —1. Hence nh<u-+h, and then at least 
one of the two positive integers n, # must be 1. But we haven 1, and 


therefore k must be equal to 1. However, this would lead ton=p—1, 
which contradicts (3.5). Thus, 


(3.12) B>0. 


5. From (3.6), itfollows that nt =1 (mod p). Since n =2.41, we have 
§41=1 in (2.5). The relation (2.6) then has the form 


(3.13) A+nt---)—(---)=0, 


where the missing terms are the non-exceptional degrees greater than 
1 of the first p-block By(p). 

If g2, then (3.11) shows that at least one of these degrees must 
be prime to q, and hence a divisor of g*<p—1. But the only degree m 
with 1 <m <p—1 is the exceptional degree (cf. (2.4)). This is a con- 
tradiction; we must have 


(3.14) , peed 


6. Assume next that 8 22. Then (3.11) shows that 1+ =2 (mod 4), 
and at least one of the missing degrees in (3.13) is not divisible by 4. 
This degree then has the form m=p or m=2p with p| g*. Hence 
m S$ 2g* <2(p—1). On the other hand, we have m= +1 (mod p) on ac- 
count of (2.4). As m1, the only possibilities are m =p +1. The num- 
a g* is a multiple of m/2, and from (3.2) it now follows that 

=(p+1)/2. But then the divisor ” of g* is at most (p +1)/2 which 
Ea (3.5). 
Hence the only possible case is the case B =1. 
7. For g=2, 6=1, the equation (3.9) reads 


(3.15) n= p — 2h. 


The number g* now is odd and so are its divisors n and h. Combining 
(3.10), (3.2) and (3.15), we find 


(3.16) nh Sg <p~1<n+2h. 
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If h1, then k23 and (3.16) gives. 
n> (n— 2)h Z 3n — 6, 


which is impossible as 2 is odd and n= 1. This proves that k=1, Now 
(3.15) reads n=p—2. The multiple g* of n then must be p—2; we 
have 


(3.17) gi=n=p-2, 
(3.18) g = p2*(p — 2). 
From (3.6), it follows that 

w = (p — 1)/t = 2. 


In the equation (2.6) only three terms appear. The first two terms are 
1 and =p —2. The missing term therefore is — (p — 1) and (2.6) reads 


(3.19) t$@-)-@=)=0. 


As the degree of an irreducible character, the number p—1 is a divisor 
of g. Then (3.18) shows that p—1 is a power of 2, say 


(3.20) p—1=2:, csb. 


\ 
8. In order to finish the proof, we need three lemmas which we 
state here in a more general form than actually needed for our present 
purpose. The proof of these lemmas will be given in the next section. 


Lema 1. Let © be a group which is identical with its commutator 
subgroup ©’, and assume that the first p-block B(p) contains an irre- 
ducible 1-1 represeniation 3 of degree 2<2p. Then the order of the cen- 
tralizer &($) of a p-Sylow subgroup $ of © is a power of p. 


LEMMA 2. If a group © with center 1 has an irreducible 1-1 representa- 
tion 8 of degree z=p" (p a prime) and if the center © of the p-Sylow 
subgroup P of © has the order p°, then B belongs to a p-block of type ee 
least s. In particular, r&s. Also, s2=1 except when @=1. 


Lema 3. Let © be a group of order g = p%q'g* where p and q are dif- 
ferent primes and a, b and g* are positive integers, (g*, pg) =1. Assume 
that © does not contain elements of order pg. Then for every p-singular 
element P of ©, we have 


ek (P) = 0 (mod g’), 


where the sum exiends over all characters ¢, which belong simultaneously 
to a fixed p-block B,(p) and to a fixed q-block B,(q). Here, 2, denotes the 


degree of Ẹp. 
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9, Assuming these lemmas, we conclude the prcof of Theorem 1 as 
follows: 

Lemma 1 shows that under the assumptions of the theorem, © does 
not contain any element of order 2p. From Lemma 2, it follows that 
the degree $—1=2¢ in (3.19) belongs to a 2-block B,(2) which is not 
of the lowest kind. Now apply Lemma 3 to the first p-block B,(p) 
and the 2-block B,(2). The only character in zommon to these two 
blocks is the character { of degree p—1 in (3.19), since the other de- 
grees occurring in B,(p) are the odd numbers 1 and p—2 which there- 
fore cannot occur in B,(2). Now the statement of Lemma 3 gives 


2¢(P) = (p — 1)t(P) = 0 (mod 2°) 


for any p-singular element P of ©. But (2.7) and (2.4) give ((P) = —1, 
and hence p—1 =0 (mod 2°). Combining this with (3.20) and (3.18) 
we find 


(3.21) p—1=2% 
(3.22) g = pp — 1)(p — 2) = 2p(1 + 2 — 3)/2). 


Now Theorem B can be applied with 7 = (p —1)/2 and m = (p—3)/2. 
We have either G=LF(2, p—1) with p=25+1>3 or GŒÆLF(2, p). 
In the second case, g=(p—1)(p+1)/2. Comparison with (3.22) then 
gives p=5. In any case, © is of the form stated in Theorem 1. As the 
converse is trivial, this finishes the proof. 


4. Proof of the lemmas. To complete the proof of Theorem 1, it 
now remains to prove the three lemmas used and formulated in the 
preceding section. 

Proof oF Lemma 1. If ¢ is the (irreducible) character of a 1-1 
representation 8 of the first p-block Bi(p), we have (cf. (2.2)) 


(4.1) h(G)t(G)/z = A(G) (mod p). 


< For all elements G of the centralizer €($) of a -Sylow subgroup §, 
the number 4(G) is prime to p and can therefore be cancelled in (4.1) 
and we have then 


(4.2) ¢G) = z (mod p). 


Assume that the order of €() contains a prime factor vp. Then 
E(P) contains a cyclic subgroup $ of order v. Now ¢(G) for Gin B 
may be considered as a (reducible) character of % and the same is 
true for (*(G)=2=1+1+ ---+1 (z terms}. We cannot have 
¢(G) =z for all G in @, as 8 then would represent every G in $ by 
the unit matrix while 3 is assumed to be a 1-1 representation. The 
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congruence (4.2) implies? 
(4.3) $G) = 20 + p6G), 


where ‘Zo is the least non-negative residue of 29 (mod $) and where 
6(G) is a reducible or irreducible character of B. 

If the degree z of 3 is less than 2p, the degree of 0(G) is 1. It follows 
that for every G in %, the matrix 3(G) has 2 characteristic roots 1, 
and $ roots 6(G). If © coincides with its commutator subgroup WG’, 
every representation of © represents elements of © with matrices of 


determinant 1. Hence 
1%-9G)? = 1. 


But 6(G) is a vth root of unity with (v, p) =1. It follows that 6(G) =1 
and all characteristic ‘roots of 3(G) are 1. But this means that 
3(G) =I which gives a contradiction for G1. Hence, under the as- 
sumptions of Lemma 1, the order of €({$) cannot contain a prime 
factor v¢p, and this proves Lemma 1. 

PROOF oF LEMMA 2. Let 3 with the character ¢ be an irreducible 1-1 
representation of degree z =p" of ©. If ¢ belongs to a p-block B = B(p) 
of type a, we may find a character {9 of degree Zo in B such that 2 is 

divisible by p* but not by pe+4. According to (2.2), we have for any 
element G of ©, 


(4.4) hG)§G)/z = k(G)to(G)/zo (mod p). 


Now, for any element G of the center © of P, the number 4(G) is 
prime to p, and z=" divides ((G) which is a sum of p” roots of unity. 
A well known argument of Burnside? shows that either 3(G) is a 
scalar multiple of J or ¢(G)=0. The first possibility cannot arise for 
G1, if the center of © consists only of 1.. In the case ¢(G) =0, (4.4) 
yields 


(4.5) i fo(G) = 0 (mod pp?) (for G ~ 1 in œ), 
since 29=20 (mod p°). On the other hand, 

(4.6) fo(1) = zo. 

Adding (4.6) and (4.5) for all elements G1 of €, we obtain 

(4.7 E C) = zo (mod pp), | 


7 It follows from theorthogonality relations for group characters and (4.2) that t (G) 
contains every irreducible character of 8 with a multiplicity divisible by p with the 
exception of the 1-character only. In the case of the 1-character, the multiplicity is 
congruent to z (mod $). 

8 Burnside, p. 322, Theorem I. 
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where the sum extends over all elements G of ©. The expression on 
the left side is divisible by the order p° of © (cf. (2.1)). Since 29340 
(mod 2+), the congruence (4.7) shows that s <a, and this proves the 
main assertion of Lemma 2. It is then clear that r25. If s=0, then g 
would be prime? to p and hence r=0, z=1. But then © would be 
Abelian and would not have the center 1, except for G@=1. 


CoRoLLARY.”! If in Lemma 2 the p-Sylow subgroup is Abelian, then z 
must be the highest power of p which divides the order of ©. 


Proor or Lemma 3. Let P be a -singular element of a group G, 
let B.(p) be a fixed p-block of © and set 


(4.8) §& ={,(P) for ¢&, in B,(p), & =0 for ¢, notin B,(p). 
The equation “2.3) can be written in the form 


(4.9) l 2 Et) = 0. 


Here Q is an arbitrary p-regular element of ©, and we may let fy 
range over all characters of ©. We can determine a1, a2, © © > , a, from 


(4. 10) E, = D> a$,G), 


where Gi, Ge, © ++, Gr represent the different classes of © (this be- 
cause the determinant FACA] (u, «=1, 2, +- < , k) does not vanish), 
Multiplication of (4.10) with £,(Q) and addition over p gives 


> £,¢,(Q) = > Ged, £Gdo(@). 


The expression on the left side vanishes on account of (4.9). The 
orthogonality relations for the group characters show that the inner 
sum on the right side is different fram 0 only for that element G, which ` 
is conjugate to Q-1. Hence a,=0 when G, is conjugate to Q-!. Now 
since Q7! as well as Q may be any p-regular element, it follows that 
a. =0 when G, is p-regular. It will consequently suffice to let G, in 
(4.10) range over all p-singular elements. 

Take Q now as a g-singular element of ©. Since © does not contain 
elements of order pg, the element Q must be p-regular, and can there- 
fore be used in (4.9). Applying (2.3) to the g-block B,(q) of ©, we have 
for any g-regular element G, the equation 


(4.11) Xt) = 0, 


9 Burnside, >. 119, Theorem I. 
10 R. Brauer, loc. cit. footnote 6, p. 78, Lemma 5. 
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where ¢, ranges over all characters of B,(g). In particular, this will 
hold for p-singular elements G,, that is for all G, actually appearing in 
(4.10). Multiplication of (4.11) with a, and subsequent addition over 
all p-singular G, gives 


E Liat, (G) = 0. 


On account of (4.10) this may be written in the form 


(4.12) Z*E (O) = 0. 
Set now Í 
(4.13) SG) = »*t 0G) 


for any G in ©. Then S(G) is a linear combination of the characters 
of ©, the coefficients £ are algebraic integers as follows from (4.8). 
On account of (4.12), S(G) vanishes for all G¥1 belonging to a 
g-Sylow subgroup ©; we obtain 


2 S@) = S(1) = D Eo 


where G ranges over all elements of Q. The left side is a sum of the 
kind studied in (2.1) and hence it is divisible by the order g® of Q. 
Consequently, 


D Ez = 0 (mod g). 


Here, p ranges over those values for which ¢, lies in B,(q). As defined 
in (4.8), & is 0 if £, does not belong to B,(p). We thus obtain 


Di'So(P)2_ = 0 (mod g’), 
here the sum extends over those values of p for which ¢, belongs to 
both B,(p) and B,(g). This proves Lemma 3. 


COROLLARY. If the order of a group & is divisible by two different 
primes p and q, and if © does not contain elements of order pq, then the 
first p-block By(p) of © and the first q-block Bi(q) of © have at least one 
character 741 in common. 


5. Simple groups of order prg’. We now prove the following theo- 
rem. 


THEOREM 2.1! If a simple group © has an order of the form g=prq 


1 This result was announced without proof in R. Brauer, Proc. Nat. Acad. Sci. 
U. S. A. vol. 25 (1939) p. 290. 


, 
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where p, q and r are primes and where b is a positive integer, then 
© œ LF(2, 5), g = 60, or GX LF(2, 7), g = 168. 
Proor. It follows from a well known theorem of Burnside’ that 
the primes p, q, 7 must be distinct. As then both p and r must be odd, 


we may assume without restriction that r<p—1. Now Theorem 1 
can be applied. Two cases are possible: 


(69) g = præ = plp — 1)(p + 1)/2, p= 2+; 
(II) g = prè = p — 1)( — 2), p= 2+1; 


with g=2 and p3. In both cases, g is divisible by 3 and hence r =3. 
In the first case, this gives 


3-26 = (p — 1)(p + 1). 
Not both factors on the right are divisible by 4. Hence either +1 or 
p—1 divides 6. Then p=5 or p=7 and this leads to GAL F(2, 5) or 
@LF(2, 7). In the second case, we obtain K 
3-2 = (p— 1)(p — 2). 


It follows that the odd number —2 must be 3 and this gives p =5, 
GL F(2, 4)=LF(2, 5). Thus Theorem 2 is proved. 


> UNIVERSITY OF TORONTO AND 
PRINCETON UNIVERSITY 


12 Burnside, p. 323, Theorem I, Corollary 3. 


BOUNDS FOR THE CHARACTERISTIC ROOTS OF A MATRIX 
EDWARD W. BARANKIN 


In a recent paper [1],! A. B. Farnell reiterated the possibility of the 
existence of a certain upper bound for the characteristic roots of a 
matrix. This bound was first conjectured by W. V. Parker (cf. [1]}), 
and was, in fact, proved in the case of matrices of order 2 by Farnell. 
We shall here, in Theorem 1 below, establish that bound for matrices 
of any order n. Two previous results on bounds for characteristic 
roots, one due to Parker [2], and one to Farnell [1], will be stated 
for purposes of comparison with Theorem 1. But first, we make cer- 
tain definitions, following, for the most part, those of Farnell, for the 
sake of uniformity. 

We let A =llc,,||, of order z, be any matrix of complex numbers, 
with a characteristic root \=a+7@ different from 0. Then there exists 
a non-null vector {x,} ,r=1,---, n, such that 


(1) Alr = > Ora Xa. 


With A* denoting the hermitian-conjugate of A, set 
(4 + A*)/2=B=|lb,|, (4 —A*)/2i=C = led, 
both of which matrices are hermitian. Finally, define 


R= X| anl, T: = X| an|, 


R = maxi R,, T = max) Ts 


S? = Xl bul =D] bel; Si = 2 | cnl = DI cel. 


Now the theorems of Parker and Farnell may be stated briefly as 
follows: 


PARKER’s THEOREM. If S, S’, and S” are the greatest of the 
(Rr+7,)/2, S} , and S}’ , respectively, then 


Jalss, felss, [al ss”. 
FARNELL’s THEOREM.? |A|? is bounded above by RT. 
Presented to the Society, February 24, 1945; received by the editors March 20, 
1945. $ 


1 Numbers in brackets refer to the references cited at the end of the paper. 
2 This is not the strongest bound that Farnell obtains. 
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It should be pointed out that both these theorems were proved for 
any A in the field of values of the matrix A, and thereby in particular 
for the characteristic roots. On the other hand, the results that we 
shall establish below are not necessarily true for all numbers in the 
field of values. One observes that these theorems, and all that follow, 
are trivially true when \=0. We therefore assume throughout that 
+0. 

We now prove the following theorem. 


THEOREM 1. lal 2 is bounded above by MmaXıry (RrT;). 


From the equalities (1) we deduce immediately the inequalities 


D lels Defame] = E| an|] anle] al. 


Applying Schwarz’s inequality to the right-hand side in the manner 
indicated by the preparation, we obtain 


sized s (Ell) (Elola 


= RÒ Elonll al) 


or, squaring this, 


(3) Jafe] a]? S Red. | ara| | ae |?. 


8 


Suppose first that no R, vanishes. Then we divide the rth inequality 
by R,, and sum over r, so obtaining 


apy EE s Shonllalt= Dalal 


This may be written 
x 2 
ECG slates 
í 
It follows that, for some m, 
[| 


In 0 
Rn 


or 
| a| s Rala Ss Max r) (R,T-), 


and the theorem is proved if R,+0 for each r. 
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Now suppose that some R, vanishes. By a permutation of the in- 
equalities (3), and a like permutation of the terms in the right-hand 
member of each inequality (a similarity transformation of the matrix 
A!), we may take R,=0. Then, since \+0, we must have x,=0. The 
inequalities (3), which are x in number, and in each of which the sum- 
mation extends over the range s=1, 2,---,, are thus reduced to 
the »—1 inequalities 


nl 
[r|?| a |? < Redo | an| | zl, r=1,2,---,n—-1. 
ae] 
If, now, R,+0 for r=1, 2,+--,2—1, we apply to these inequalities 


` 


the arguments above, and obtain 
n—l 

|a|? < maxo (r-l ow). 
eal 


But R, =0 implies that | ane =0 for each r=1, 2,+--,. Hence, for 
each 7, 


Sial lali 


asl s=1 
and so, again, as was to be proved, 
| A |2 s maxX (ry (R,T;,). 


In general, by the procedure just illustrated, one shows that 


[al S mary (R-E onl), 


where 7 ranges over those indices x such that R0. But for those in- 
dices s, such that R,=0, one has |as] =0 for each r=1, 2,--+, 2%, 
so that 


n 


Do] a] = Do] ael = Tr. 
€ s=1 
Thus, the theorem is proved in every case. 
Parker’s bound on |r| follows from Theorem 1, since if lal 2L RaT m, 
then 


|A] S (RaTa)™!? S (Ra + Ta)/2 SS. 


Furthermore, if lal 2S RaT m, then Ra SR and Ta ST, and we have 
_ [A]? S RT, which is Farnell’s result. 
By the method employed above, one can establish the following, 
somewhat stronger theorem, 
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THEOREM 2. Let 0 Sk <2, and define R® =)_,| ars Is, r, T® =F r| ar]. 
Then, for each fixed k in the specified interval, |r| 24s bounded above by 
max (RPTE). 


To prove this, one applies the very same train of arguments as in 
the proof of Theorem 1, starting with the inequalities (2) in the form 


[Afl] £ E | a[n [1e] a. 


By permitting k to vary with 7 and s in these last inequalities, one 
obtains a still stronger generalization of Theorem 1. l 

We state one more result, which obtains without the aid of 
Schwarz’ s inequality, and which again implies Farnell’s theorem. 


Turorem 3. |A| is bounded above by both R and T. 


Let | xn =max¢r)| 2r] ; then, dividing the inequality 


[al | em] S D0] ema] | 2 | g 
- through by | mel 5 we have 


hls Elow {2h s Elom] = Ra £ R 


Now, sum all the following inequalities : 


WIES S E| on] | ml 5 
[sl als Erla] 
Eal- T)| al s o 





we obtain 


or 


Hence, for some m, 
\al S Ta ST. 
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NOTE ON FACTORIZATION IN A QUADRATIC ‘FIELD 
GORDON PALL f ; 


1. Introduction. In this note we shall prove certain theorems relating 
to the “existence” and “uniqueness” of factorization in a quadratic 
field (cf. §§2 and 3); and shall maintain that the introduction of 
ideals should be regarded as restoring existence rather than uniqueness 
of factorization into primes. 

To illustrate this, let us consider first the case of quaternions. Let 
%=Xopisx1+texe+isxs be a primitive quaternion, that is, let the co- 
ordinates xo, --+, xa be relative-prime rational integers. Let the 
norm Nx=)->x,? be factored into a product of rational primes 
pı- pa Then, by a theorem of Lipschitz,! there exist prime qua- 
ternions #’, t’’, -- +, #, of respective norms pi, >- >, pe such that 
x=¢'t" .--4@, This factorization is unique, for any given ordering of 
the primes fı, - - - , Ps, except that we can insert unit factors in the 
trivial way illustrated by the example t” t” = (t'i) (itia) (ist) 
= (—#') (E i) Gt) = - 

It is proved enhe that a sailar uniqueness of factorization 
holds in every system of “generalized quaternions,” but that the exist- 
ence of such a factorization will fail if certain rational primes p; are 
not norms. 

As is well known there exists a very satisfactory arithmetic of 
ordinary quaternions, without the necessity of introducing ideals. 
Nevertheless, factorization of imprimitive quaternions is not unique. 
For example, 


6 = (1 — i — i)(1 — it ait at a) 
= (1 — i — i)(1 — a) (1 + i)(1 + h t is), 
where the primes 1 —i1—iz and 1—ir—i; do not differ only by unit 


factors. 
7 Similarly, in the quadratic field R(p), where p?= — 5, we have 


6 = (1+ p) (1 — p) = 2-3, 


where the factors are essentially different prime integers of the field, 
and hence factorization is not unique. Yet a uniqueness theorem 
analogous to that for ordinary quaternions holds for the factoriza- 


‘ 


Presented to the Society, August 14, 1944; received by the editors June 5, 1944, 
and, in revised form, July 18, 1945. 

1 Lipschitz, Journal de Mathématiques (4) vol. 2 (1886) pp. 373-439; Hurwitz, 
Vorlesungen uber die Zahlentheorie der Quaternionen, 1919. 
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tion of primitive integers in every quadratic field. 

Indeed, let A be a non-square integer, A=e (mod 4), e=0 or 1, 
A/(2—e)? be squarefree. Set p=(—e+A’*)/2. Then the integers of 
the field R(p) have the form x =xo+x1p, where xo and x1 are rational 
integers. The norm of x is Nx = x9? — exo%1-+ (e? —A)=12/4. Suppose that 
x is primitive, that is, (xo, x1) =1, and factor Vx=#1 - - - paas a prod- 
uct of ordinary primes p;. Then (as a corollary of Theorem 1) the 
factorizations x =i't/’ - - - 2 with NG®) =p; are unique apart from 
unit factors. However, the prime factors p, of Nx need not be norms, 
and so such factorizations need not exist. 

When ideals are introduced into the quadratic field, there are ideals 
of every prime norm which can divide the norm of a primitive in- 
teger. For, if (A'p)=—1, then p| Nx implies that plz. Hence the 
principal service performed by the introduction of ideals is to restore 
existence rather than uniqueness of factorization into “primes.” It is 
the fact that every prime is a sum of four squares that makes the 
arithmetic of queternions satisfactory; and the fact that every prime 
p such that (A| p) —1 is a norm (in essentially only one way) that 
makes the fundemental theorem of arithmetic hold in those quad- 
ratic fields in which there is only one class of forms of discriminant A. 


2. Quadratic integers; unique factorization. Let A be a non-square 
integer, A =e (mod 4), where e=0 or 1. Set p = (—++A1/?)/2. We shall 
consider factorization in the ring of quadratic integers x=xo+xip, 
where xo and x, are rational integers. The letters #, - - - , z (without 
subscripts) will be reserved for such integers. We do not restrict at- 
tention to the case where A/(2—e)? is squarefree. This restriction is 
commonly made in books on quadratic fields, and does in fact make 
the arithmetical theory simpler than it would otherwise be, since it 
excludes from consideration certain complicated cases. But, arith- 
metically, we are as much interested in the complicated cases (such 
as, say %o+4%1(13)*/*) as in the others, and with very little effort can 
remove the restriction. It is to be noted that if A/(2— e€)? is square- 
free, our set of integers is the same as that in the classical theory. 


It will be observed that x (along with its conjugate =x 9+), 


where p=(—e—A1?)/2) satisfies the equation 
x? — (2x9 — €x1)" + (xo — exigi + (e — A)ay2/4) = 0. 


The rational integers x-+ # = 2x9 — egi and xg =x? — exo%1 + (e? —A)x:?/4 
are called the trace and norm of x, respectively, the latter denoted 
by Nx. 

If «=yz, evidently £=92, whence Nx =Ny- Ns. Hence if ¢ is a di- 
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visor of x, Nil Nx. If 0 denotes any unit, that is if N@=1, the associ- 
ates #1 are (with #) factors of x, all with the same norm. 


THEOREM 1. If x is primitive (that is, xo, x1 coprime), and 
x= ut = wW, Nt = Ni, 
then t and t' are associates, except possibly when Nt is divisible by a 
prime p for which A/p? is an integer congruent to 0 or 1 mod 4.? 
The proof is made up of three lemmas: 


Lemma 1. If x=y (mod m), then x and y have the same factors of 
norm m. 


Proor. If «=uit and Né=m, then x+2m =(u-+s))E. 

LemMa 2. If ut=vt’, Nt=Nt'=m, and Nv is prime to m, then t 
and t’ are associates. 
'Proor. Let k- Nv=1 (mod m}. Then kiut=k-Nv-t’. By Lemma 1, 
t' has ¢ for a factor, ¢’=wi, Nt’ = Nw. Ni, Nw=1. 


Lemna 3. If x is primitive, and x =ut where Ni=m, then we can find 
an integral z such that {N(x+zm)}/m is prime to m, except possibly 
when m is not semiprime to A. 


Proor. Set x#=km, that is, (2%9—x1)?—-Ax? =4km. We have 
N(x + zm) = (x + sm)(4 + zm) = x& + (x3 + zējm + 28m? 
= mÍ k + (249 — ex1)zo 
+ (— ezo + (€ — A)a/2)2, + mNz}. 

We can evidently choose 29 and zı to make {N (x+sm) } /m prime to 
m, except when for some prime p dividing m and k, 
(1) 2x9 — ex, = 0 = — ex + (e — A)x/2 (mod $). 
Since (xo, #:)=1 this requires that p2|A if p>2. If p=2 and e=1, 


(1) implies 2| x0 and 2| x1, a contradiction. If p=2 and e=0, then 
A| xo? —Ax,?/4, implying xo and x even, if A/4=2 or 3 (mod 4). 


3. Conditions for the existence of factors of given norm. For a 
given x, and a given rational integer m which satisfies the obviously 
necessary conditions 


2 Hence there is no exception if A/(2~—e)? is squarefree. We shall say that m is 
semiprime to A if m is divisible by no prime p such that p> A (p>2), nor by the prime 2 
if A/4=0 or 1 (mod 4). All integers are semiprime to A if A/(2— e}? is squarefree. 
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(2) - misanorm, m| Nx, 


we investigate the set of divisors ¢ of x having norm m. Consider then 


(3) £= ul, Nt = m. 

These conditions on ż are equivalent to the following: 
(4) xi = 0 (mod m), Ni =m. 

The condition «?=0 expands into the following: 

(5) i tty — xoti = 0 (mod m), 

(6) toto — (exo — (e — A) a1/4)é, = 0 (mod m). 


Hereafter we assume, for simplicity, that: 
(7) x is primitive, and m is semiprime to A. 


Since m| x — exx + (e?—A)x12/4, (m, xı) =1. Hence (5) can be writ- 
ten fo2=At, (mod m), where A=x0/x1. If this is put into (6), (6) re- 
duces to (t1/xı)Nx=0 (mod m), a consequence of (22). 

Hence, under assumptions (2) and (71), (3) holds if and only if 


(8) Nt =m, to = Mı (mod m). 
Putting f6=myo+Ay, 41=31, into (81), we get 
(9) myo? + (2X — e) yoyi + kyè = 1, 


where k is the integer defined by 
km = X — A+ (e — A)/4. 


The binary form $ =#yo?+ (2A —e)yoyı+ky:? has discriminant A. 

Now it is well known that only one class of binary quadratic forms 
of discriminant A can represent 1, namely the principal class, con- 
taining the form ġo =o? — exo + (e —A)x12/4. 

There are certain cases in which we can be sure that ¢ belongs to 
the principal class. An integer m semiprime to A is represented by 
forms in at most one genus of discriminant A. Hence if ġo is in a genus 
of one class, ¢, which represents m, must be equivalent to ġo. In par- 
ticular the form xo?+5x;° is included in this case. 

Secondly, a prime is represented in at most one class and its recipro- 
cal. Hence @~¢o if +m is a prime. 

Finally we shall state without proof necessary and sufficient condi- 
tions that an integer m which is semiprime to A be isolated, that ‘is, 
be represented by at most one class and its reciprocal class under 
composition. First suppose that the primes fi, ++, pr are repre- 
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sented in non-ambiguous classes Gi, ---, G,, and that a1,+--, a, 
are positive integers. Then m1=91% - - + p,°" is isolated if and only if 
either 7 =0, or 7=1 =a, or 

tı + dg+--- + a, is odd, Gi? = EOR = G,?, Gf = 7+) =G,f= 1, 


Next, if nı contains only primes represented in non-ambiguous classes, 
and m2 only primes represented only in ambiguous classes (these in- 
clude primes dividing the discriminant but semiprime to it), then mn 
is isolated if and only if 2; is isolated. Finally, the only other primes 
which may divide an integer m which is semiprime to A are primes 


such that (A|p)=—1; such primes must appear in m to an even 
power, if m is represented at all, and can be cancelled out of m and 
its representations. r 


It is only when there is but one class of forms of discriminant A that 
every prime p such that (A|p)~—1, and p is semiprime to A, is a 
norm. Further, every such prime is a norm in only one way, so that 
its factors are unique. Hence in this case we can easily deduce from 
the preceding theory that every quadratic integer whose norm is semi- 
prime to A has a unique expression into factors, which are either of 
prime norm or are themselves rational primes such that (A|'p) =]. 
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TRANSFINITE RATIONALS 
JOHN M. H. OLMSTED 


The standard method of extending a system with an operation to 
a system with the operation and its inverse depends heavily on the 
law of cancellation: ab =ac implies b =c (possibly with some limita- 
tion on @). The most familiar example is undoubtedly the extension 
of the integers to the rational numbers. If the law of cancellation 
fails, not only does the method fail, but the extension cannot be a 
group. However, one may ask whether some method of extension is 
available in certain cases where the cancellation law fails but is re- 
placed by something else, for example an order relation. It is the pur- 
pose of this paper to present an extension of the system of cardinal 
numbers (the positive cardinals, excluding zero). This will be an ex- 
tension of both the cardinal numbers and the positive rational num- 
bers with respect to the operations of addition and multiplication and 
the relation of ordering. Furthermore, this extension is the smallest 
extension subject to certain conditions. We shall assume the axiom 
of choice in the form of the simple ordering of the cardinals. 

The means for obtaining the extension is suggested by a treatment 
of ratios by Eudoxus. (See for imstance E. T. Bell, Development of 
mathematics, New York, 1940, p. 61.) 

‘We define first an equivalence relation between ordered pairs of 
cardinal numbers: (a, b)p(c, d) if and only if (1) a>b and c>d, or 
(2) a=b and c=d, or (3) a<bandc<d. 

In terms of the relation p we define the fundamental equivalence 
relation between’ ordered pairs of cardinal numbers: 


DEFINITION. (a, b)~(c, d) if and only if for every pair of cardinal 
numbers, m and n, (ma, nb)p(me, nd). 


The relation ~ is readily shown to be an equivalence relation. Be- 
fore discussing the equivalence classes defined by this relation we shall 
state a theorem, assuming for the first two parts that (a1, b1) ~(a2, b2). 


THEOREM. I. If a1 and b, are finite so are as and be. II. If a<hy 
and bı is infinite, then b=be. If a:>b and a ts infinite, then a,=as. 
Ill. If a1:<b, a2<b, and b is infinite, then (a1. b)~(ae, b). If a>hi, 
a>be, and a is injinite, then (a, b1)~(a, bs). IV. If (a, e)~(b, b) and a 
and b are infinite, then a=b. 
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As a sample proof we shall prove the first half of part II. Choose 
m=b,, n=1. Since bia:=1-bi, therefore biag=1-be. But a2<be, and 
therefore bı = be. 

Each equivalence class {(a, b)} defined by the relation ~ will be 
called a rational, and the entire set will be denoted by R. If a and b, 
for any equivalence class representative, are finite, the class will be 
called a finite rational; otherwise, a transfinite rational. We shall now 
define ordering and multiplication of rationals. In each case it is nec- 
essary to show that the definition is independent of the representa- 
tives chosen. The proofs for the two cases are similar, and only that 
for multiplication will be given. 


DEFINITION OF ORDERING. { (a, 6)} < { (c, d) } if and only if for every 
pair of cardinal numbers, m and n, 


ma > nb implies mc > nd, ma=nb implies mc 2 nd. 


Remarks. 1. The definition of < is independent of the equivalence 
class representatives. 2. If { (a, b)} = { (c, d) }, then { (a, b)} S$ {(c,d)}. 
3. If {(a, bD} S{(c, d)} and f(e, b)}2(c, d)}, then f(a, b)} 
={(c, d)}. 4. {(a, b)} <$ (c, d)} if and only if {(b, a)} 24, 0}. 
5. The relation < is defined in terms of $ and =. 6. The rationals 
form a partially ordered system. 


DEFINITION OF MULTIPLICATION. { (a, b)} - {(c, d)} = { (ac, bd)}. 


Remarks. 1. (a1, b1)~(as, bz) implies (ac, 61d) ~ (ase, bed). [In order 
to show that (mar, 2b:)p(mae, nbz) implies (gaic, rbid)p(qaec, rbd), 
let m=ge and n=rd.| 2. (a1, b1)~(ae, b2) and (cr, di) ~(c2, de) imply 
(a161, bida) ~ (dele, beds). [(are1, bids) ~ (a2¢1, bedi) ~~ (aeCe, beds). | 3. Multi- 
plication is commutative and associative. 4. { (a, b) } = { (ac, be) } only 
if ¢ is not too large. 

In order to imbed the cardinals in R we define the correspondence 
az { (a, 1)}. It is readily shown that this correspondence is one-one, 
preserves ordering, and is isomorphic with respect to multiplication. 
Furthermore, the definitions of ordering and multiplication in the 
case of the finite rationals are equivalent to those normally given for 
rational numbers. The finite rational {(1, 1)} is a multiplicative unit 
for the entire system R. X 

Adopting the notation a/b for { (a, b) }, letting f represent any finite 
rational, and using x and y to represent any two transfinite cardinals 
where x <y, we can indicate the order structure of R by means of an 
abbreviated Hasse diagram : 


778 . J. M. H. OLMSTED [October 


The complete diagram would contain three sequences of transfinite 
rationals radiating from f. From the above diagram it can be seen that 
R is a non-modular lattice. It might be noted that the product of 
any two rationals, not both finite, is represented on the diagram by 
the one which is farther to the right, unless the two are distinct and 
situated on a common vertical, in which case the product is the first 
element to the right of both. (One could obtain a new ordering by 
giving the complete Hasse diagram a quarter turn, the result being a 
distributive lattice where multiplication is identical with the lattice 
operation U. In this case it is to be understood that only one finite 
rational is included.) í 


DEFINITION OF DIVISION. &/bc/d =ad/bc. 


Since a/1--b/1 =a/b, the notation A/B will be used for quotients 
of elements of R as well as for equivalence classes of pairs, without 
danger of confusion. Although many familiar laws involving division 
persist, let us observe that multiplication and division are not inverse 
operations in the usual sense. For example, a rational divided by it- 
self is the unit element only if the rational is finite. 

The definition of addition which first comes to mind is a/b-+-c/d 
= (ad+bc)/bd, particularly since it can be shown that this is inde- 
pendent of the representatives chosen. However, this possibility will 
be rejected for two reasons. In the first place, the expected distribu- 
tive law fails, and secondly the corresponding formula for adding 
quotients of elements of R fails. A more satisfectory method is to 
impose certain requirements and prove that the resulting operation 
exists and is unique. To furnish a more concise arrangement of mate- 
rial, a third method has been chosen which is equivalent to the-sec- 
ond. The definition will be given in a form which is apparently 
arbitrary, but it will be justified by properties given subsequently. 


DEFINITION OF ADDITION. A+B=AUB unless A and B are both 
finite rationals, in which case the sum corresponds to the sum of the corre- 
sponding rational numbers. 
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We now state and prove the principal theorem which enumerates 
properties of R and establishes its minimal character. 


THEOREM. The following conditions are satisfied by the system of ra- 
tionals R. Furthermore, R can be imbedded isomorphically with respect 
to the operations of multiplication, addition, division, J, and (\ in any 
lattice L with operations of multiplication, addition, and division de- 
fined, subject to the following conditions: 1. L is an extension of the posi- 
tive rational numbers and the cardinals with respect to addition, multi- 
plication, division, and countable U and (\, wherever these are defined 
among the positive rational numbers and the cardinals. II. Addition and 
multiplication are commutative and associative. The following distribu- 
tive laws hold: multiplication over addition, over I, and over (\; ad- 
dition over J. III. There exists a unit I such that A[=A/I=A. IV. 
(A/B)(C/D) =(A/B)/(D/C)=AC/BD. V. A <B implies IJA >I/B. 
VI. I<A <B implies A/B<I. VII. A SA +B. 


Proof that R actually has the properties claimed will be omitted, 
since there is no difficulty present. Proof of the distributive laws con- 
sists of verification of all cases, but this is simplified by the partial 
equivalence between addition and UJ, and the duality between U and 
(\ where multiplication is involved. 

Assume now that L is a lattice with the given properties. The dis- 
tributive laws for addition and multiplication over U will be used in 
the forms: A<B implies A-+CSB+C and ACSBC. For the sake 
of compactness the following notational conventions will be made: 
the letter F will denote an element of L corresponding to a positive 
rational number, P an element corresponding to a positive integer, 
and T, X, and Y elements corresponding to transfinite cardinals with 
the added assumption that X < Y. Proof that L is an extension of R 
is divided into four parts. 

I. Ordering. 1. By property I, P<T. 2. F<T, since F is less than 
some P. 3. By property V, [/Y<I/X <F<X<Y. 4, By property V 
and the fact that T/T is not a multiplicative unit, there can be no 
order relation between J and T/T. 5. By property VI, I < Y/X. Since 
multiplication is distributive over U, I< Y/XSY/I=Y. Assume 
I<Y/X<Y. Then by property VI, (Y/X)/Y=Y/Y <I. Since this 
is impossible, Y/X = Y. 6. Similarly, T/F=FT=T and F/T=1/T. 
7. By property V, there is no order relation between X/X and Y/Y 
unless they are equal. Assume VY/Y=X/X. Then (Y/Y)(Y/X) 
= (X/X)(¥/X) or Y/Y=Y/X>I. This is impossible. 8. Similarly, 
there can be no order relation between X and Y/Y, or between T/X 
and Y/Y. 9. 1/T<T/T<T. In establishing these order relations be- 
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tween quotients of certain pairs of elements of L, we have incidentally 
proved the more fundamental fact that the obvious imbedding corre- 
spondence is one-one. For example, the distinct elements «/1, 1/4, 
and y/¥ of R correspond to distinct elements X, I/F, and Y/Y of L. 

Il. Multiplication and division. Proof is trivial by property IV and 
by what has been proved in part I. 

Ill. Addition. A sample collection of pairs of quotients of ele- 
ments of L will be chosen, and the sum of each pair determined. 
1. TSF4T7ST-T. By property I, T+T =T, and therefore F+T 
=T. 2. By a distributive law, [/T+J/T=U+D/TsF/T=1/T. 
More generally, any element of L corresponding to a transfinite ra- 
tional is idempotent with respect to addition as well as multiplication, 
U, and A. 3. It follows from the inequalities T/TSI/T+T7/T 
ST/T+T/T=T/T that I/T+T/T=T/T. 4. Assume T=I+T/T. 
Multiplication by T/T gives [/T=I/T+T/T=T/T. This is false, 
and therefore, since ISI+T/T, I<I+T/T. 5. Since [<T and 
T/T<T, I+T/TST4T=T. Assume I<I+T/T<T. Then by 
property VI, (Z/T)(I+T/T) <I, or I/T+T/T =T/T <I, This is im- 
possible, and therefore I+T/T=T. 6. F+T/T=F(UI+T/T) = FT 
=T. 7. X/X+V/V=(X/X)T+- Y/Y) =(4/X\(Y =. 8. F+I/T 
SF+-F’, where F and F’ correspond to arbitrary finite rationals. 
From property I, since f [all finite rationals >f]=f, it follows that 
Nr [F+F'] exists and equals F. Therefore FS$F+I/TSF, and 
F+I/T=F. 

IV. U and à. In R countable U and A are trivial except where 
finite rationals are concerned, and the isomorphism proof in this case 
is a consequence of property I. Finite U and M cause no difficulty. 
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HYDRODYNAMIC PROBLEMS ARISING FROM THE 
INVESTIGATION OF THE TRANSVERSE 
CIRCULATION IN THE ATMOSPHERE 


H. J. STEWART 


Introduction. The motion of the atmosphere can be considered as 
a mean flow which has a very large scale and is only slowly changed 
and, superimposed on this, the low level, smaller scale phenomena 
usually associated with the polar front. If the mean pressures over a 
period of about a week are plotted, it is seen that the latter disturb- 
ances are averaged out and only the large scale mean motion is 
shown. Such a plot of the northern hemisphere shows, in addition to 
the mean westerly flow of air, large scale closed isobaric systems spaced 
at comparatively regular intervals over the surface of the earth. These 
include the Aleutian and Icelandic low pressure areas to the north of 
the westerlies and the Pacific and Bermuda high pressure areas to the 
south of the westerlies. 

It has been noticed that the position aia strength of these systems 
control the paths of the low level storms. This fact has been used in 
the development of a long range forecasting technique which has 
proved to be very successful for periods as long as three months. A 
knowledge of the properties of these large scale systems is thus not 
only of academic interest but of considerable value in the develop- 
ment of long range forecasting techniques. 

In the investigation of these large scale transverse motions in the 
atmosphere, two controlling factors have been suggested and dis- 
cussed by the author [1] and by Rossby [2] and Haurwitz [3]. These 
are first, the dynamical instability of the shearing motion on either 
side of the belt of westerly winds and second, certain forced oscilla- 
tions In the atmosphere. The first of these and several related prob- 
lems are discussed here. 

In making these calculations several approximations are made. The 
principal ones and the reasons for their adoption are as follows: 

(1) As the systems are very deep, that is, the wind momentum 
vector for a vertical section is roughly constant, it was felt that the 
horizontal field of motion was the dominant factor; consequently, 
vertical velocities are neglected; and horizontal momentum is as- 
sumed not to vary with height. 
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(2) With this dynamical setup, the effect of variation of density 
with altitude would probably be small; consequently the atmosphere 
is treated as a layer of fluid of constant density with the depth being 
determined by the hydrostatic law. 

(3) All frictional effects are neglected. 

(4) In most of these calculations it is assumed that the fluid can 
be considered as being on a rotating disc rather than on a rotating 
sphere. As on the earth, the gravitational field is assumed to be de- 
formed by an amount large enough to cancel out the centrifugal ac- 
celeration acting on a particle which is stationary with respect to the 
rotating disc or sphere. 

In the analysis the following notation is used: 

x, y=rectangular coordinates on a rotating disc, 
r, 8=polar coordinates on a rotating disc, 
u=velocity in the x direction, 
v=velocity in the y direction, 
7 ve=velocity in the tangential direction, 
h=depth of fluid layer, 
=angular velocity of the disc, 
g=acceleration due to gravity. 


The fundamental relations. Using the assumptions discussed in the 
preceding section, the equations determining the fluid motion on a 
rotating disc (see [4, p. 317]) are, for a Cartesian coordinate system, 
the dynamical equations, 


(1) rk he E 
Dt Ox 

and 

Ds Oh 
(2) pe en ag 
and the equation of continuity, 
(3) a ee o 

Dt ox ay 


where D( )/Dt is the derivative following the fluid particle. If h is 
eliminated from (1) and (2) by cross-differentiatian, the result may be 
combined with (3) to obtain 


“ TE 





1945] HYDRODYNAMIC PROBLEMS 783 


where 
(5) f==-—- 


This is the law of conservation of vorticity and could just as well have 

been taken as one of the fundamental equations. If the motion of the 

fluid could have been started from rest with a uniform depth, ho, the 
. last equation can be integrated and the result obtained that 


6) 6+ 20 = 2w 
h ko 
dgohtdr 
y 
do > ô 
~$  4ephtrds zep [r+ (ltr) }do 
2 J 
A ‘dy ~y 
Agphtdr 
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Diagram of forces for flow in circles 


As the dynamical equations are nonlinear, general solutions to 
these expressions are not readily found; however, the solution for the 
case of steady motion in circles can be obtained quite easily. The 
equilibrium of forces in the radial direction (see Figure 1) requires 
that 





d 
(7) (1/2)er— (k) = hug + 2orhvs. 
r 
From (6), 
1 d 
(8) k = hf 1 + £/20} = heft + E wt. 
2wr dr 
The equation which determines the velocity is thus 
d? 1 d 4w? 1 2 
uo paee ee 
dr? r dr gho r ghor 
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This can be put into a somewhat simpler form by using the dimension- 
less variables, p =2wr/(gho)!* and Vs=v¢/(gho)"?. With these vari- 
ables, (9) becomes 


(10) BAE A {i+ sty noe 
j d? p dp ey p s 


The desired solutions of this equation are those which vanish at in- 
finity and thus correspond to vortex motion. If Vo is positive, this 
is the equation for cyclonic rotation; if Ve is negative, this is the ` 
equation for anticyclonic rotation. These solutions were found 
numerically at the Massachusetts Institute of Technology by means 
of the Differential Analyzer. These results are plotted in Figure 2 
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Velocity profiles for vortices 


together with Ki(p) which they approach asymptotically. These re- 
sults were calculated from this asymptotic solution and thus can be 
expected to diverge more and more from the true solutions as p de- 
creases. From physical considerations it appears improbable that the 
anticyclonic solution should have the velocity approach negative in- 
finity at the origin. There exists a solution which is finite at the origin 
and which has à series expansion which starts as follows: 


Ae pp SEO th, 


li Va = : 
a) Ve afo + - z 


It seems probable that the anticyclonic solution must start out this 


way for some particular value of a, but this conjecture has not been 
verified. l 
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An approximate solution to this same problem may be found by 
linearizing the quadratic terms of (1), (2), and (3), that is, by re- 
placing D( )/Di by 0( )/dé. If the linearized equations are solved for 
h, it is seen that 
(12) Ze ko 5 + za + 4e%(k — h) = 0 
ap "Vans asf T pee 
In terms of dimensionless variables X = 2wx/(gho)'!?, Y =2wy/(gho)'/* 
and 7 =(h—ho)/ho, this equation becomes 


4 0°y { 0*y 04 } 
13 puller +7=0. 
(13) | reer o] 








The only steady state solution to this equation which vanishes at 
infinity and which represents flow in circles about the origin is 


(14) n = AKo(p) 


where p = (X?-+ Y2)1/2 is the same as in (10), A is an arbitrary con- 
stant, and K,(p) is a modified Bessel function of the second type 
[5, p. 21]. From (1), it is seen that 

Ve on 


This is plotted for a unit cyclone, A = —1, in Figure 2 together with 
the exact solutions which retained the quadratic terms. From (15) it 
can be seen that if p<1, the velocity varies inversely as the radius, 
just as in an ordinary line vortex in an incompressible nonviscous 
fluid, and if distances between the vortices of (14) are small, results 
identical to those found with ordinary vortices will be obtained. 
However, the linearization of the equations of motion breaks down 
in this range; so that results obtained with ordinary vortices cannot 
be applied directly. 

If Ao is taken as being the depth of the homogeneous atmosphere, 
about 8 km, a distance of about 2,000 km corresponds to p=1. Fig- 
ure 2 or (10) shows that at distances as large as this, the error caused 
by neglecting the quadratic terms is not large. As the spacing of the 
pressure centers being investigated is of the order of 2,000 km, the 
quadratic terms will be neglected throughout, and the linearized form, 
(13), will be used. In addition to this, the motions will be considered 
to be either stationary or changing very slowly so that the local ac- 
celeration can be neglected as compared to the Coriolis term. This is 
equivalent to saying that the fluid motions to be considered can be 
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built up through superposition of vortices of the type given by (14). 
With these approximations, (1) and (2) can be written as follows us- 
ing dimensionless velocities U=u/(gho)"? and V=o/(gho)'?: 


(16) 


‘ 


These are the well known geostrophic wind equations. 

It is of interest to note that (13) is the same as the equation for the 
deflection of a membrane which is elastically supported. The char- 
acter of its solutions may often be estimated by use of this analogy. 


i 
Oo: ò 0O 0 O 
== 


Fie. 3 
Single row of vortices 


Stability of rows of vortices. The most noticeable feature of the 
general circulaticn of the atmosphere is the belt of westerly winds. 
On both sides of the westerlies where the wind intensity diminishes 
rapidly there is a region of concentrated vorticity, cyclonic to the 
north and anticyclonic to the south of the westerlies. As a first ap- 
proximation to this, the westerlies may be considered as a uniform 
jet with stationary air masses on either side. Separating the station- 
ary and moving air masses are vortex sheets. That such vortex sheets 
are unstable has been shown by Pekeris and others. When an unstable 
vortex sheet breaks up into discrete eddies, the vorticity may either 
diffuse throughout the fluid mass or, if there is a stable vortex forma- 
tion, the vorticity may collect in a definite pattern. As an example of 
this type of motion, the vortex sheets shed from a two-dimensional 
bluff body break down and then form the well known Kármán 
“vortex street.” 

A vortex sheet such as bounds the jet of westerlies can break up 
into only one system which is in equilibrium. This is a row of equal 
vortices equally spaced as in Figure 3. In terms of the dimensionless 
variables introduced in the preceding section, the surface deflection 
for such a system of vortices of unit strength is, by (14), 
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(17) = > Ko[(x — nl)? + y2]¥2. 


n=—20 


If the nth vortex is displaced by amounts Ax, and Ay, in the x and 
y directions, respectively, the surface deflection in the displaced posi- 
tion is 


(i) ge leaw one e Ge 


The velocity of a vortex is the sum of the velocities induced by all the 
other vortices. By (16), the velocity of the vortex at the origin is 


d [--) 

Š (amg =~ È zalle m= Ar) (y — arb 
COE : 

Gy A) = = YK ol(x — nl ~ Axa)? + (y — Ayn)? ]?? 


where x and y are to be replaced by Axo and Ayo, respectively, after 
the differentiation has been performed. The ( )’ on the summation 
sign indicates that the term for n =0 is to be omitted. If the displace- 
ments are small, these expressions can be written as 








d 2, Ki} al 
— (Ax) = 2 l | (Ayn — Ayo), 
dt Acie | nl | 

= d ©, (Kı| a| i 
— (Ayo) = a : + Kol nt|\ (a2, — Ax). 
dt nco | |a] : 


Similar expressions for the velocities of the other vortices could be 
written by symmetry. These form a set of simultaneous differential 
equations which must be solved in order to determine the motion of 
the vortices. 

As the equations for the infinitesimal displacements are linear, any 
arbitrary perturbation can be represented as a sum of terms of the 
type Ax, =Axoe*** and Ay, =Aye"t where 0Sġ<2r, and the indi- 
vidual harmonics can be investigated separately. From this, 


a a 





ba (Ax) = — 2A nD — cos nọ), 


di 
(21) 





Pr (Ay) = — An > {as ri + Kan) — cos nọ). 


mei 


If these two equations are combined, it is seen that 
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d 
—— (Am) — Axo = 0, 








2 
oe dt 
(ay) — Maye = 0 
where 
N= af = ae (1 — cos ne) 
(23) ae 
. | >| + etn | (1 — cos ne) : 
z=] nl 


From (22) it is seen that any infinitesimal disturbance will grow in 


w So 6: o> 
o o bo 66! 
E D a 
60 o bo “vl 


Fic. 4 
Double rows of vortices 


amplitude unless \?<0; however from (23) it is evident that X? is 
never negative. A single row of vartices is thus unstable. 

. As there are two shear regions in the northern hemisphere, cyclonic 
shear to the north of the westerlies and anticyclonic shear to the 
south, it is possible that a double row of vortices arising from these 
might be stable. As shown in Figure 4, there are two possible arrange- 
ments of equal and opposite vortices which do not’ change shape with 
time. 

The stability of the symmetrical system will be investigated first. 
If Ax, and Ay, are the displacements of the nth vortex in the upper 
row and Ax, and Ay, are the displacements of the mth vortex in the 
lower row, the surface deflection is given by 


(24) n -È {Ko [(x Ea nal — Ax,)? + iy cay Aya)?]/2 


— Kol(x — nb — Axa)? + (y — d — Aya)*]¥9}. 
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From this expression the velocities of the vortices can be obtained 
in the same manner as in the preceding calculation. By writing 
Ax, =Axcei**, Ay, =Ayoe*™* Axa =Axce** and Ay,=Ayce'** as before, 
the velocity of the zero vortex in the lower row is seen to be 


d 2a = 
P7 (Axo) = AAY -+ Bât CA yo, 





(25) i 
u (Ayo) = DA to a BAY + Eito 
where 
Kil K l 
A= — Kd) - = = 2 ax {ae a(n!) (1 — cos nd) 
nal 
Koln? d2]1/2 K [n212 d21112 
+e Kl + 2 _ wie — a Alerter, 
nl? + d [722 + d?]?!? 
«2 nld sin nd Ki [n? + d?}t2 : sii 
= 24 PECE n ERN 12 
B= 22 T { er a ee + Ko[n3l? + d?] y 


(26) C = Kid) + a +2544 Paa eh 


n? + d? 
kier + d?]12 
— (ni — d?) air) os nọ, 
D=A-— 2d Ko(nl)(1 — cos nd) + > Ko{nl? + d], 


r=—o 


t 


E=C— K,(d) - 2 Ko[m?l2 + d]? cos ne. 
neal 


From symmetry the equations for the motion of the zero vortex in 
the upper row can be written as 


@ on cts 

au (Axo) = a AAYpo + BAxs kiad Cå yo, 
(27) F 

= (Ayo) = — DAxy — BAyo — Ezo. 


It may be noticed that the second pair of equations is identical to 
the first in either of two cases, first if Axo =Axo and Ayo = —Ay, and 
second if Axp=—Axo and Ayo=Ayo. The first case corresponds to 


symmetrical perturbations with respect to the center line and the 
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second case corresponds to antisymmetrical perturbations. In order .. 
for the system to be stable, both types of motion must be stable. 


(28) E D B) as = (A — C)Ays, (< = B) Aye = (D+ EA% 


for the symmetrical case. As B is an imaginary quantity, the condi- 
tion for stability in this case is that 


(29) (4—-C\(D+ 4) $0. 


For the antisymmetrical perturbations the corresponding stability 
condition is that 


(30) (4 +C)(D — £) £ 0. 


For the special case where ¢ = r it is easily seen that the first of these 
is violated, for from (26) both (4—C) and (D+£) are negative. 
From this, it follows that the symmetrical vortex system of Figure 4 
is unstable. 

For the asymmetrical system of Figure 4 it is found by a similar 
procedure that (25) and (27) and thus (29) and (30) hold if 








= — $ = D oy — cos nd) 
his + 1/2)32 — d O p 
+ PR mee as Ki(R. = ot ; 
B=% TEDS, ae re KR.) sin (a + 1/2)¢, 
(31) nad h 
o (e 1/22 — d? 
C=2 DiE Ki(Rn) — oe rrd} 


-cos (n + 1/2)¢, 
D=4— 25 Ko(nl)(1 — cos no) + 25 E(Ra); 
nal nnd 


E =C — 25 Ko(Rn) cos (n + 1/2)¢, 
, fim 


where R,= [(n+1/2) 224 q2] 2, For #=7, the critical case for stabil- 
ity, C=E=0. The stability criterion thus becomes A(r)D(r)=0. 
From (31) it is apparent that this condition will be satisfied for a 
given value of / for a range of values of d between the limits which 
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correspond respectively to A(z)=0 and D(r)=0. These limits are 
given in Table 1 and are shown graphically in Figure 5. It should be 
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Stability diagram for double vortex rows 


K9 


TABLE 1 


Stable range of values for d/l for asymmetric vortex street 


l Upper limit Lower limit 
0 0.281 0.281 
1 0.300 0.281 
2 0.350 0.280 


noted that for small values of J, the result that d/1=0.281 is exactly 
that obtained by Kármán in his work with vortex streets behind 
two-dimensional bluff bodies (see [4, p. 228]). 

This calculation shows that stable configurations do exist. These 
results would be directly applicable to motions in the earth’s atmos- 
phere if the width of the vortex street were small compared to the 
radius of the earth. Unfortunately, this is not so, and the curvature 
of the shear fields on the edges of the westerlies must be considered. 
These effects will be considered in the next section. 


‘Stability of rings of vortices. The analysis of the stability of a 
double ring system of vortices, the system one would use to represent 
the vortex pattern accompanying the belt of westerly winds, is un- 
fortunately so complex that a successful solution has not yet been 
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carried out. The effects of the curvature on the stability of such sys- 
tems can, however, be estimated from the investigation of the sta- 
bility of a single ring of vortices. This corresponds to a condition 
where the shear field to the north of, the westerlies is of negligible 
strength. As the shear field to the north of the westerlies is much . 
weaker than that to the south, this single ring of anticyclonic vortices 
furnishes a much better picture of the atmospheric motions than the 
double row of equal vortices investigated in the preceding section. 


O O 


tO 
O © 


O G 
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Ring system of vortices 


If the shear field north of the westerlies is neglected, a ring of 
equally strong anticyclones evenly spaced around a latitude circle is 
the only formation of vortices which will not change its shape with 
time. The stability of such a system can be investigated approxi- 
mately by considering the stability of a ring of vortices of the 
type given by (14). If there are N such vortices in a ring of radius a, 
spaced at equal angles r=27/N. as shown in Figure 6, the surface 
deflection for such a system in its equilibrium state is 


N 
(32) n = 2 Kola? + 72 — 2arZcos (0 — nr) |". 
n=l 
For the calculation of the velocities of the system it is useful to 
know the form taken by (16) in polar coordinates. If v, and ve are the 
dimensionless velocities in the radial and tangential directions, re- 
spectively, (16) can be written as 


(33) Yo n es Or = 


From the second of these, the system shown in Figure 6 is seen to 
have an angular velocity Q given by 
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N-1 


(34) Q = — (1/a) > Ky [20 sin (27/2) ] sin (27/2). 
n=l 


If the nth vortex is displaced by Ar, in the radial direction and by 
an angle of AQ, in the tangential direction, the surface deflection in the 
displaced condition is 


N l 
(35) n = >) Ko[(a + Ara)? +7? — 2(a + Ar,)r cos (0 — nr — Abn) |12. 
n=l 


If the displacements are small, the change in velocity from the equilib- 
rium value given by (34) can be readily calculated. For the Nth 
vortex it is found that 


d N-1 
Av, = rH (Ary) = (1/2) >> Ar, Ko(Rn) sin ur 
nal 





N1 jae 


+ >> a(Ae, — Aby) F + Ko(Ra) cos? (ne/)\ , 
n=l n 


d 
Ave = @ a (An) + QAry ' 
(36) 


N-1 


= Ary LAKRA sin? (nr/2) — ae cos ns 








+5 [ ar ye + Ko(R,) sin? (nna) 


n=l n 
+ (1/2)cA@,Ko(Rp) sin "| 


where R,=2a sin (nr/2). Similar expressions for the velocities of the 
other vortices could be written from symmetry. These would form a 
set of simultaneous differential equations for the displacements. 

If the N equations in each of the two sets indicated in (36) are 
added, it is seen that 


=f > ar, = 0, 
(37) =i > an} = { 2 Arab 
l {E [2 sin? (mr/2)Ko(Rn) + (1/0) sin (nr /2)K(R)}} 


n=l 
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If the system is initially in equilibrium so that initially Ar, =A0„ =0, 
then (37) shows that 


N x 
(38) D Ar. = FA, = 0. 

n=l nal 
These results correspond to the similar equations for two-dimensional 
line vortices which state that the impulse of a system having no ex- 
ternal forces remains constant (see [4, p. 220]). 

The method of harmonic analysis used in the preceding section 
can also be used to advantage in the solution of (36). If Ar, =Aryei"* 
and A9, =Adye"? where ¢ is a member of the series 27/N, 4r/N, > 
(N —1)27/N, 27, then (36) can be written as 


d 
I (Ary) = AAry = Baéy, 


(39) P 
; ae (Aby) = CAry + Aaby 
where 
N-1 
A = (1/2) +> ei” sin nrKa(Ra), 
n=l 
et (KR) 
Bea con) Te + cost (ne DEAR 
(40) ah " 
C=; {a + e'*#) sin? (n7/2)Ko(Rn) 
n=l 


K EEN, 


n 


+ (1 — 2 cos nr + e”?) 


Since A is a purely imaginary quantity for eny of the specified 
values of ¢, the condition that the system be stable imposed by (39) 
is that 


(41) BC 2 0. 


From (40) it may be seen that B is never negative and that C is 
always positive for N=2, 3, 4, 5, or 6. For N=7, C is positive if 
a>71. For N>7, C is always negative for one or more of the values of 
@. A value of a>71 corresponds either to disturbances of such great 
wave length or to motions of such a shallow layer of air in the earth’s 
atmosphere that it probably is of no significance: The results of this 
calculation may then be summarized by the statement that six or 
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less equal vortices placed at the corners of a regular polygon form a 
stable vortex formation. This result is in agreement with the work 
of J. J. Thomson who investigated the stability of similar formations 
of two-dimensional line vortices in a frictionless incompressible fluid 
(see [6, p. 94]). The effect of the curvature of the row of vortices is 
thus seen to be stabilizing providing the number of the vortices in 
the ring is small enough. 

As a single ring is stable, the effect of the shear field to ie north 
of the westerlies can roughly be taken into account by placing a 
fixed vortex at the pole as in Figure 7. The effect of such a vortex is to 


O O 


1 
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Ring systeny of vortices with polar cyclone 


change the rate of rotation of the system and to add additional turns 
to (40). If P is the ratio of polar (cyclonic) vorticity to the anti- 
cyclonic vorticity, then (39) still holds if 





(42) C=C(P =0)— WP Koo) og NY) } , 

a 
The fixed polar vortex is thus seen to cause a decrease in stability 
and if P is large enough the motion becomes unstable. As P is in- 
creased from zero it is found that the maximum number of vortices 
which form a stable formation diminishes from six to five, to four, 
to three and then to zero. 


Vortex motion on a rotating sphere. All the calculations discussed 
in the preceding sections have neglected the effect of the variation of 
the Coriolis acceleration with latitude, that is, they correspond to 
conditions on a rotating disc rather than on a rotating sphere. In 
this section vortex motion in an atmosphere on a rotating sphere will 
be discussed. 
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In terms of polar coordinates on a sphere rotating with an angular 
velocity w with 6 being the angle from the north pole and ¢ being 
the longitudinal angle, the equation representing the conservation of 
angular momentum and corresponding to (4) is 


D f + 2w _ 


(48) Di h 


where ¢ is the radial component of the curl of the velocity vector. If u 
is the velocity to the east and v is the velocity to the north, the 
expression for ¢ is 


(44) -—— {2 ino) + = 
| t= 155 % sin a6 ; 


a sin 6 





This principle will be used to investigate the velocity distribution 
which would accompany a vortex with its core at the north pole. For 
this case it is permissible to assume symmetry about the polar axis 
with v being zero in the steady state and u and k being functions only 
of 0. 

If the motion started from rest with the atmosphere having a uni- 
form depth, ho, (43) can be integrated to give 


2w cos? 2 
(45) D eD TS pee cos o 
h ho 


where 09 is the colatitude at which the particle originated. As the 
mass of the fluid must be conserved, 


(46) f ho sin 0 dô = f h sin 0 dé. 
6 e 
From this, 
l "h. 
(47) cos ba = — 1+ f — sin 6 dé, 
a ho 


and the vorticity at any latitude is thus 
h k fh . 
(48) = ud- =~ cos 0+ = f = sin a do}. 
ho hod a ho 


' The equation of motion is 


1 dh 
(49) — cot ĝu? + 2w cos bu = a2 —) 
. a a de 
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and from (44) 





1 d 
— (u sin 8). 


50 = 
=o) j a sin @, dð 


Equations (48), (49), and (50) must be solved simultaneously for u, 
k, and £. An exact solution is extremely difficult, but an approximate 
solution can be obtained if the centrifugal acceleration is neglected in 
(49) and if the depth of the atmosphere is only slightly different from 
the equilibrium value ho. 

If the centrifugal acceleration is neglected, these equations may be 
combined to give 


a x 
tan oo = atda cos 0 + ata f n sin gdo} 
8 





51 — 
(51) sin 6 El do 


where 
a = 4w?a?/ (gho) and g3 = (h = ho) / ho. 


Since 7 is small compared to unity, (51) may be linearized by re- 
placing the factor 1-4-7 by 1. If a new independent variable, p =cos 0, 
is introduced, (51) can be then written in the form 








a (1 — pd d 
(52) = È = _ orfa ae + ant = 0. 
dl p dp dp 
This equation can be integrated once, and it then becomes 
d(i-wd 
(53) g -A a = — ayy = C 
duU u? dp 


where C is an arbitrary constant. This equation (with C=0) is 
identical with an equation used in the development of the dynamical 
theory of the long period fortnightly and semiannual tides (see [4, p. 
334]). The desired solution of (53) is finite except for u=1 and satisfies 
the continuity principle; that is, 


t 
f ndu = 0. 
= 


For standard atmospheric conditions with the sea level pressure 
and density being 1013.3 mb and 1.276X10% gm/cc, respectively, 
the constant a? has the value 10.9. The velocity distribution obtained 
from the solution of (53) for this value of a? which satisfies the given 
boundary conditions is plotted in Figure 8 together with the cor- 


798 H. J. STEWART [November 


responding solution for the velocity distribution for a vortex on a 
rotating disc as given by (15). 
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Velocity distribution for a polar vortex on a rotating sphere 


It would be desirable to extend these calculations to obtain the 
velocity distribution for a vortex arbitrarily placed on a sphere and 
to use this result to discuss the stability of vortex formations on a 
sphere. It may be seen from this calculation cf the velocity field of a 
polar vortex that such an investigation would be very difficult to 
carry out satisfactorily. 


Concluding remarks. It has been shown that a ring of equal anti- 
cyclones formed by the “rolling-up” of the shear field south of the 
westerlies is stable provided that the number of anticyclones is not 
more than six and that the shear field north of the westerlies is not 
strong. The most unsatisfactory feature of this dynamic picture is 
that if it were strictly true, the anticyclones would have a small 
velocity to the west; however it is apparent that the effect of the 
vorticity north of the westerlies would be to decrease this velocity. 
The “vortex street,” for which the cyclonic and anticyclonic vortic- 
ities are equal, has a velocity to the east; so that an analysis which 
properly took into account the relatively small amount of cyclonic 
vorticity to the north of the westerlies might be expected to show 
stable systems which are practically stationary. This is in rough agree- 
ment with the idea that the position of such systems ought to be de- 
termined primarily by thermodynamic cons‘derations, so that the 
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stable vortex formations found in the atmosphere might be expected 
to be those that are stationary. 

Since the cyclonic vorticity does not normally show concentrations 
like the Pacific and the Azores anticyclones—the Aleutian and Ice- 
landic lows apparently being surface phenomena caused by the 
passage of large numbers of low Jevel-storms—the representation of 
the cyclonic vorticity by a single polar vortex is probably a fairly 
good approximation. As this vortex was seen to cause a decrease in 
the number of anticyclones that could form stable formations, the 
maximum number which can exist in the atmosphere is probably 
Jess than six with the most stable formation of three anticyclones 
being the most probable. There is about 120° of longitude separating 
the mean positions of the Pacific and the Azores highs, and there is 
some evidence of the existence of a similar system equally distant 
from these two over Asia, but this evidence is far from conclusive. 

These stability calculations were made with vortices on a rotating 
disc rather than on a rotating sphere, and the possibility of coupling 
between northern and southern hemispheric systems was neglected. 
It is not possible to state “a priori” whether or not these modifica- 
tions are important; however it is believed that their effect is not 
large. 
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THE FUNDAMENTAL LIMIT THEOREMS IN PROBABILITY 


W. FELLER 


1. Introduction. The main purpose of this address is to explain 
the mathematical content and meaning of the two most important 
limit theorems in the modern theory of probability: the central limit 
theorem} and the recently discovered precise form of what was gen- 
erally known as “Kolmogoroff's celebrated law of the iterated loga- 
rithm.” The former traces its origin to the very beginnings of the 
theory of probability and is often called after Laplace and Ljapunov. 
For a long time it was clouded in mystery, and Poincaré once re- 
marked that mathematicians regard it as a physical law, whereas 
physicists hold mathematicians responsible for it. A great many 
mathematicians have contributed to the gradual recognition of the 
mathematical content of the theorem and to the establishment of the 
precise conditions of its validity. The complete solution came finally 
in 1935 and was possible only by an eliminaticn of all classical re- 
strictions and a reconsideration of the problem in a new generality. 

The central limit theorem (like its little brother, the weak law of 
large numbers) is a statement on distribution functions, and can be 
formulated, either as such or in terms of Fourier analysis, without 
any appeal to probability or measure. This is not true of the infinitely 
more delicate law of the iterated logarithm and its generalizations 
(or of the strong law of large numbers): these are essentially measure- 
theoretic. The starting point of the long series of papers which lead 
to the present form of the iterated logarithm was not a problem in 
probability but, surprisingly enough, a problem in Diophantine 
approximations treated by Hardy and Littlewood [1914].2 Their 
original estimate has gradually been improved for their particular 
number-theoretical case and, as a matter of fact, even the precise 
form’ of the iterated logarithm has first been checked for this particu- 
lar case. It is therefore instructive to realize that, from the point of 
view of the general theory, the Hardy-Littlewood problem consti- 
tutes an exceedingly special case comparable only to the role of the 
linear function within the domain of all real functions. Such special 
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1 The name “central limit theorem” is due to Pólya [1920]. 
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cases are in many respects misleading, and usually do not lend them- 
selves for generalizations. Thus in its number-theoretical application 
our problem reduces to an evaluation of certain sequences of binomial 
coefficients, and such special techniques are not applicable even to 
the most trivial generalization. The history of probability shows that 
our problems must be treated in their greatest generality: only in this 
way can we hope to discover the most natural tools and to open 
channels for new progress. This remark leads naturally to that char- 
acteristic of our theory which makes it attractive beyond its impor- 
tance for various applications: a combination of an amazing generality 
with algebraic precision. . 

The analytical formulation of our limit theorems seems unfortu- 
nately to obscure the fact that a great many individual problems can 
be treated as special cases. This fact seems little appreciated and 
often an unnecessary effort is spent on treating such problems. A few 
illustrative mathematical applications will be found in §4. Better 
examples are furnished by physical applications, but it would be too 
time consuming to explain them. The applicability of the central 
limit theorem to problems in number theory has been amply demon- 
strated in papers by Erdés, Hartman, Kac, Wintner, and others. 

Another point to be stressed concerns the abundance of open 
problems. The fact that we now have necessary and sufficient condi- 
tions both for the central limit theorem and the iterated logarithm, 
and that we are in a position to make a series of statements of the 
“best result” type, seems to have created the impression that “noth- 
ing remains to be done.” Actually we have just succeeded in pro- 
ducing good working tools and in opening the gate to a multitude of 
new problems both of theoretical interest arid of practical impor- 
tance. (This is true even for the classical field of so-called independent 
variables. The much wider domain of dependent variables, excepting 
only the theory of Markov chains, remains practically untouched 
despite the excellent pioneer work by P. Lévy and S. Bernstein.) 

It must be understood that the following exposition is concerned 
only with one aspect of the limit theorems and is not intended as a 
survey of modern tendencies in probability. This theory has devel- 
oped rapidly (thanks in particular to the famous Moscow School in 
probability) and many new channels have been opened which link 
the theory to many branches of mathematics. Thus the true role of 
the Gaussian distribution can be understood only in connection with 
stochastic processes. The foundations of this new branch of probabil- 
ity have been laid in a well known paper by Kolmogoroff [1931]. It 
leads to partial integrodifferential equations of a special kind, but it 
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throws new light even on the classical equation of diffusion and puts 
new interesting problems concerning this and other parabolic equa- 
tions [Fortet 1941; Feller 1936]. More generally, this theory seems 
to lead to a new type of functional equations which has not yet been 
investigated. Another aspect of the Gaussian distribution leads to 
the modern theory of infinitely divisible laws [Gnedenko, Khintchine, 
Kolmogoroff, P. Lévy | and to the so-called arithmetic of distribution 
functions, inaugurated by P; Lévy [Cramér, Khintchine, Raikov]. 
A third approach is that from the classical time series problem or, in 
modern language, from the measure theory in functional spaces 
[Wiener, Doob]: this approach would lead to the theory of random 
noises which now occupies so many minds [cf. Doob, 1944]. In order 
not to get lost in a jungle of general remarks we shall have to restrict 
the considerations to the well defined case of independent variables; 
we shall not even pause to consider S. Bernstein’s well known gen- 
eralization of the central limit theorem to certain classes of dependent 
variables or the important application, due to Kolmogoroff and 
W. Doblin, of that theorem to a more precise study of the ergodic 
properties of Markov chains. 


2. Random variables associated with the dyadic case. For the 
convenience of the uninitiated reader we shall explain the modern 
terminology and the type of our problems on the trivial special case 
of random variables associated with “spinning a coin.” It will be seen 
that this case is still considerably more general than the number- 
theoretical case to which we have alluded before. 

It is simplest to. consider only infinite sequences of tossings of a 
coin: each trial results in a symbol H (head) or T (tail), and the 
sequence of trials will be represented by an infinite sequence like 
HHHATHT ---. The aggregate of all such sequences (all thinkable 
results of our “experiment”) forms the Zabel space © and each se- 
quence .is called a point. The mapping H—1, T—0 makes to each 
point of © correspond a dyadic fraction like .111010 - - - , that is to 
say, a number x (0x1) in its dyadic representation; the label 
space © is in this way mapped onto the unit interval, which will also 
be denoted by ©. It is true that the mapping is not unique for num- 
bers like .011111 - -> which contain only a finite number of zeros or 
of ones; but this ambiguity will be seen to be of no consequence. In 
the usual way we shall associate with the symbols H and T probabili- 
ties 1/2 each, which is equivalent to saying that we introduce the 
ordinary Lebesgue measure on the unit interval In this manner the 
latter becomes the analytical model of a real “experiment”; every 
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picturesque expression concerning tossings of a coin is automatically 
translated into a statement concerning certain subsets of the unit 
interval: and the words “event” and “probability” become synony- 
mous with “set” and “measure,” respectively. The mathematician 
can from here on forget all about coins, while the classical probability 
student would from the beginning refuse to translate his picturesque 
statements into equivalent statements referring to the unit interval. 
Consider now “a player who at the kth trial receives or loses an 
amount @,, depending on whether the kth trial results in H or T.” 
The kth trial stands for the kth dyadic digit of the number x repre- 
senting our particular sequence of trials. Our picturesque description 
therefore associates with every x, given by the dyadic expansion 


(1) Pre pee . (ex = 0 or 1), 


a sequence of functions X;(x) defined by 


(2) X,(x) = { a gs 

— Ok Ek = 0. 
Accordingly, X}(x) is a real function defined in © assuming only two 
values, each with probability 1/2 (on a set of measure 1/2). The word 
random variable is synonymous with “measurable real function de- 
fined in the label space.” Having defined the individual gains X(x), 
“the total gain in 7 trials” is a new random variable given by 


(3) Se) = Xia). 
kal 


The number-theoretical case is included herein as the simplest special 
case 


(4) a, = 1, 


It concerns a player who loses or wins always the same amount, and 
can also be interpreted physically as a random walk in a one-dimen- 
sional lattice. Of course, S,(«) is simply the excess (positive or nega- 
tive) of the number of occurrences of the digit 1 over the number of 
occurrences of the digit 0 among the first » digits in the dyadic ex- 
pansion of x. 


We shall put 
(5) sa = >) ar 
kaal 
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In the sequel we shall assume that fas} is an arbitrarily prescribed 
sequence such that : ` 


(6) Sn—> © and an= 0(Sn); 


if one of the conditions (6) is dropped, definite conclusions can still 
be stated, but the considerations become rather trivial. 

The classical or Laplace’s problem may be formulated as follows. 
Let z be large, but fixed, and consider S,(«) as a function of x (which 
means essentially that we compare the total gein after v trials for all 
thinkable results of the experiment). The problem is to determine the 
distribution of values of S,(x). Now the central limit theorem states 
in our special case that asymptotically for all real £ and y (<n) 


(7) Pr fsa < Sala) <-45,} ~ Pa) — (6); 


here the left side stands for the measure of those x for which the in- 
equality within the braces is satisfied, and ®(£) for the Gaussian 
distribution 


(8) a = fie» (-+) ae 


The analytic form of (8) is here of no interest: what matters is that 
for the “reduced” variable 


(9) Sa¥(a) = Si(x)/sn 


the measure of those x for which S,(x) lies in the interval ($, 7) is, 
asymptotically, independent of the structure of the particular se- 
quence {a+}. We mention only in passim that much more precise 
estimates of the asymptotic behavior (7) are available; they will be 
discussed together with the central limit theorem for arbitrary ran- 
dom variables in arbitrary spaces. The importance of the relation (7) 
for many applications is so well known that it needs no amplification. 
Less known is that the central limit theorem is sometimes wrongly 
used in situations where it can not be applied. Ta this category belong 
all cases of so-called optional stopping, where the number 7 of trials 
is not a constant but itself a random variable. Thus a player (or the 
subject ‘in psychological card-guessing experiments) does not neces- 
sarily decide in advance on the number of trials but will stop at an 
opportune moment. He embarks on one (potentially infinite) se- 
quence of trials which is represented by one number «x. He is not in- 
terested in comparing his gain after trials with other sequences but 
rather in the fluctuation of his gain S,(x) for one particular point x 
and as a function of 2. 


1945] THE FUNDAMENTAL LIMIT THEOREMS IN PROBABILITY 805 


The central limit theorem (7) teaches us only that, on the average, 
S,(x) will be of the order of magnitude of s,. However, it leaves 
theoretically open the possibility that for every x the gain S,(«) will 
occasionally reach the magnitude si’, and in many cases it is only 
such an occasional maximum that actually counts.*? The maxima of 
Sa(x) will indeed for almost all x be larger than the probable values 
given by (7). The Khinichine-Kolmogoroff law of the iterated logarithm 
states in our case that with probability 1 (for almost all x) 

S,(2) 


10 lim sup ————— m = 1, 
ao) E log log Sn} 1/2 


provided only that 
(11) än = o(sn {log log Sa} 3). 


To explain the meaning of (10) consider the Hardy-Littlewood 
case (4) in which S,(x) is the excess of digits one over digits zero 
among the v first digits in the dyadic expansion (2). Condition (11) 
is here trivially satisfied, and the law of the iterated logarithm states 
in that particular case that for every positive e and almost all x 
the following statements hold: (i) There are infinitely many n 
such that S,(x) > {(2—e)n log log n} 2; (ii) for all n sufficiently large 
Sa(x) < { (2+) log log »}1/2. This is Khintchine’s [1924] refinement 
of Borel’s well known theorem that “almost all numbers are normal,” 
which in our notation means that S,(«) =0() for almost all x. Many 
intermediary steps have led from Borel’s theorem to Khintchine’s 
result. Hausdorff [1913] proved that S,(x) =o0(n'/?+*), Hardy-Little- 
wood [1914] that S,(x)=O((n log »)*), Steinhaus [1922] that 
lim sup S,(x)/(2n log 2)!/2S<1 (note the log n instead of the iterated 
logarithm); finally Khintchine himself [1923] had proved that 
S,(x) =O((# log log n)!!3). It is well to remember the tremendous 
computational effort which was necessary for the investigation of 
such a simple special case: only against this background can one fully 
appreciate the strength and value of the general arguments which 
permitted Kolmogoroff [1929] to prove the law of the iterated log- 
arithm (10) not only for all sequences {an} but for perfectly arbi- 


3 In the theory of diffusion the central limit theorem corresponds to the statement 
that the random position of the particle is subject to a Gaussian distribution with 
variance propertional to the time parameter ¢, It leaves unanswered questions of the 
following type. What is the probability that a particle under diffusion, starting at 
t=0 from x=0, will forever remain within the domain, say, | x <4? The significance 
of this, and similar more refined problems, stands to reason; they are of the category 
related to the law of the iterated logarithm. 
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trary random variables in arbitrary spaces (cf. §8). Moreover, the 
computational part of the argument in the general case is consid- 
erably simpler than in the special number-theoretical case. 

Looking back at the modest beginnings of the theory, Kolmo- 
goroff’s result (10) would seem as complete as one could desire. That 
it nevertheless is not the final word was first made clear by an ex- 
citing discovery due to Marcinkiewicz and Zygmund [1937]. They 
constructed an example showing that the law of the iterated loga- 
rithm (10) does not necessarily hold if the conditicn (11) is replaced 
by the only slightly weaker hypothesis 


(12) f On < €S,{log log sn }—!/2 


with e an arbitrarily small constant. To make things more puzzling, 
the equality sign in (10) is, in the Marcinkiewicz-Zygmund example, 
replaced by the sign “smaller than,” contrary to all expectations. 
To understand the inner mechanism of the phenomenon we must 
embark on the more ambitious undertaking and investigate, not only 
the upper limit (10), but also the manner in which it is approached. 
Again, for a real understanding and in order to find natural tools, 
such a problem must be considered in its greatest generality and not 
only for our very special random variables. However, we shall here 
describe the results for our particular case (but for arbitrary {an}). 

Our results can best be described by means of a convenient ter- 
minology due to P. Lévy: A nondecreasing sequence {on} of positive 
numbers will be said to belong to the lower class, or ix symbols 


(13) te} EL 

af, for almost all x (that is, with probability 1), there exist infinitely 
many n such that 

(14) S,(x) > SnOn} 


the sequence {gn} belongs to the upper class (EV), if for almost all x 
there exist at most jinitely many n such that (14) holds. Every sequence 
fdn} belongs either to L or to U.4 With this notation Kolmogoroff’s 
result (10) states that 

EL ife < 0, 
15 a = {(2 + ©) log log sn} 1/2 
(15) gn = {(2 + $) log log sa} EU eso. 
Thus here the gap between the two classes is of the same order of 


4 This is a special case of the “null-or-one-law.” It will be noticed that the state- 
ment is by no means obvious: a priori one might expect that a sequence fen} could 
satisfy the criterion for each class on a set of measure 1/2. 
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magnitude as ġn. We shall not pause to describe certain improvements 
for special cases which are due to P. Lévy [4, 1931], Cantelli [1933] 
and Cramér [1934], but pass to the illustration of the complete re- 
sult. To begin with, we shall replace (11) by the slightly stronger 
condition 


(16) a, = O(s, {log log s,}—8/2), 


Of course, this condition is certainly satisfied if the a, remain bounded 
or increase slowly; it holds in particular for the number-theoretical 
case (4). Now the following criterion holds (Feller [7, 1943]): if the 
constants {an} satisfy (16), then the necessary and sufficient condition 


that {on} EV (L) is that 
2 


(17) 2: bn exp {— ¢,/2} € C(O). 


n 


The law of the iterated logarithm is, of course, contained in this cri- 
terion and follows from (17) and the Abel-Dini theorem on infinite 
series. More generally the latter theorem and the conventional log- 
arithmic scales show that the sequence 


oa = {2 logs Sn + 3 logs Sa + 2 loga Sn +: > 
+2 logni Sat (2 + 5) logy Sat 12 
belongs to L, (U) if, and only if, 6 <0 (6>0). 
In the special case (4) we have s$ =n, and (17) reduces to 


(19) > = exp {— 42/2} € € (0). 


(18) 


The special result (19) (in an equivalent integral form) has been 
stated by Kolmogoroff (communicated without proof in P. Lévy’s 
book of 1937) and confirmed by Erdös [1942]. The most general con- 
ditions under which a similar result holds will be indicated later. 

Several interesting corollaries can be deduced from (17). Thus it 
follows that for any constant M the sequence 


(20) On = dn + M/¢n 


belongs to the same class as {ġa}. This is in a certain sense a “best” 
result and holds also in the general case [Feller, 1943]. Moreover, if 
{on} EL then there are (for almost all x and every positive ô) infi- 
nitely many n such that 


5 Here and in the following Cand®D stand for “converges” and “diverges,” respec- 
tively. 
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(21) Pn < Sp(2)/Sn < bn + 8/dn. 


The criterion (17) is only a special case of a more general theorem. 
The next simplest case arises when the condition (16) is replaced 
by the weaker one 


(22) En = O(S, {log log Sa} 5/8), 
If (22) holds, we shall have {ġa} EU (L) if, and only if, 


Pa 


03 ` pE = da exp [— 2/2 + Mapi/12} 
where 
(24) Mi= Da}. 

eal 


It is readily seen that under the stronger condition (16) the second 
term in the exponent in (23) has no influence on the convergence of 
the series, so that (17) is, in the strict sense, a special case of (23). 
We can now proceed to relax the hypothesis of our criterion. If in 
(22) the exponent 5/6 is replaced by 7/10, an additional term con- 
taining ¢§ will appear in the exponent of (23), and its coefficient will 
depend on 2.108. Generally, if the exponent in (22) is replaced by 
(2r+-1)/(4r—2), the exponent in the criterion will contain r terms 
and be a polynomial of degree 27 in ġa. Letting r— we obtain the 
following final form of our criterion, which contains all others as a 
special case: 


Define a number ¢ =¢ (x) by the identity 
(25) dn = Sa i >> as tanh (art). 
kal 


There exisis a numerical constant ņ™>1/100 such that for all sequences 
satisfying the condition 


Sn 
(35 
d {log log sa} 12 
the criterion holds: {ġa} EU (L) if, and only if, 


(26) a 


2 
ün n a 
(27) > ar $n eXP {- t >> ar tanh (at) — >; log ch (ox) r 
P s kml k=l 


In this general form the criterion is somewhat unhandy, but it 
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explains completely the breaking down of the law of the iterated 
logarithm when the condition (11) is not satisfied. 


3. Some unsolved problems. What happens when not even (26) 
is satisfied? The answer is unknown. Admittedly the question is 
somewhat artificial, since all “reasonable” sequences will satisfy even 
the strongest of our conditions, namely (16). However, considered as 
a special case of the general theory, the answer to the question would 
be of interest, for it would lead into new and unexplored domains. 
From special cases treated by P. Lévy [1931], Marcinkiewicz [1939], 
Hartman [1941], and Feller (unpublished) we know that the asymp- 
totic behavior of sums of independent random variables changes its 
nature completely when (26) (or its analog in the general case) is 
dropped. Our present tools are not sufficient to treat such cases. 
Natural methods would probably be applicable also to quite different 
problems linking the theory of probability to certain unexplored 
functional equations. 

Our theorems give precise theoretical information concerning the 
probable amplitude of the oscillations of S,(x) as a function of n. It 
would be of considerable theoretical and practical interest to have 
more information as to the frequency or wave-length of these oscilla- 
tions. What can be said concerning the frequency with which S,(«) 
changes sign? Many similar questions can be raised, but again very 
little is known in this direction. (However, in the special case (4) 
some interesting results were recently obtained by Erdés; they are 
not yet published.) These questions are related to the iterated log- 
arithm, that is to say, they are of the measure-theoretic or “strong” 
type. However, there are many open questions of the “weak” type, 
which are really problems concerning distribution functions and can 
be formulated in, terms of Fourier analysis. 

The central limit theorem gives us information concerning the 
average of S,(x) for a fixed n. This information is useful, but in many 
practical cases (for example, in all cases with “optional stopping”) 
we are interested not so much in S,(x) as in the function 


(28) S2(x) = ,max Si. (x). 


It would be of great theoretical importance to have a theorem analo- 
gous to the central limit theorem and relative to S*(x). Once such a 
theorem is obtained, one will proceed to obtain estimates of the 
asymptotic error and statistical tests of significance of the same type 
as are now available for S,(x). These remarks apply to the general 
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theory of random variables ever more than to the present special 
case.® i ` 

In the special case (4) the problem can be easily solved but, as 
frequently happens, the solution is of little use in the general theory. 
For the particular case (4) our problem is essentially equivalent to 
the classical problem of ruin, or physically, to the problem of the 
symmetric restricted random walk in one dimension with one absorb- 
ing wall. The simplest method here seems to be that of difference 
equations, which also permits us to treat the more interesting problem 
of a random walk with two absorbing walls, say at k=0 and-k=r. 
The problem arises classically in connection with a player who wins 
or looses in each trial a unit amount and starts with a capital less 
than r: the game ends when the player has either lost his capital 
(S, =0) or if he succeeds in increasing it to z. Analytically one is led 
to a difference equation corresponding to the differential equation of 
diffusion 


(29) Ut = Uz 


with a boundary value problem «(0, 4) =u(r, t)=0 and appropriate 
initial values. As in the case of the differential equation, our problem 
can be solved by two methods (method of images or trigonometric 
interpolation). Identifying the two solutions leads to curious identi- 
ties between certain sums of binomial coefficients on one hand and 
trigonometric polynomials on the other. Passing to the limit one 
obtains the familiar transformation formula for theta functions 
which is usually proved operating in the same way on the equation of 
diffusion.” In the general case the difference equations are of no use, 
but Petrowski [1934] (cf. Khintchine’s [1933] exposition) has shown 
that it is possible at least to obtain some limit theorems by the 
direct use of differential equatians. 


4, The general notion of random variables. In the simple example 
of §2, there were only two possible results of each individual trial, 
and therefore the random variables X+ could assume only two dis- 
tinct values. In the general theory we shall consider perfectly arbi- 
trary spaces. We consider first some empirical examples: throwing 
dice leads to a Jabel space consisting of six points; in the case of the 
roulette each trial will result in a certain angle, and the label space 
consists of an interval 0 Sy <2z; in the theory of diffusion the result 


6 For recent results connected with this problem, cf. Wald [1944]. 
7 These facts are doubtless known in the classical literature. Related arguments 
have been used by P. Lévy [1931]. 
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of an observation is, theoretically, a point, and the label space con- 
sists of a portion of the ordinary space; in statistical mechanics each 
observation is represented by a point in the phase-space, and the 
latter is the label space. Frequently a certain function will be asso- ` 
ciated with the points of the label space: in the case of games this 
function may represent the gain associated with the possible results 
of the experiment; in the theory of diffusion it may be the distance of 
the particle from the origin; in statistical mechanics it may be the 
kinetic energy or the entropy. This is the picturesque empirical back- 
ground for our abstract definitions; purely mathematical illustrations 
will be supplied in the next section. f 

A label space will in the sequel mean an arbitrary space in which a 
probability measure is defined (that is to say an absolutely additive, 
non-negative measure such that the label space itself has measure 1). 
A random variable is a real-valued measurable function in the label 
space. How the probability measure has been obtained (or defined) is 
of no interest for our present purposes. 

We have now to define the fundamental notion of independent 
random variables. For that purpose we can again use the language of 
“repeated trials,” although the notion can actually be defined in a 
more general way. As in §2 we shall consider an infinite sequence of 
trials and suppose that to the kth trial there corresponds the, label 
space ©,. In §2 all these spaces were congruent, each consisting of 
only two points. This, however, is by no means necessary, and the 
simplest applications actually lead to variable sequences of label 
spaces. The result of an infinite sequence of trials will now be repre- 
sented by a sequence P4, Po, + - - , where Pris a point of G,. Thus to 
our infinitely repeated trials there corresponds a label space G whose 
points are represented by symbols P=(P:, Pa, -+-) with P.GGxz. 
In modern terminology, © is simply the combinatorial product of the 
spaces ©,, 


(30) © = © X6: X ÕÕ: X. 


Since in each ©, a probability-measure has been defined, we can de- 
fine probabilities in the product space © in the usual way by taking 
the product measures. This definition of the product measure'is the 
mathematical equivalent of the empirical notion of independent 
trials. We shall from now on suppose that the ©, are arbitrary, and 
that in © (given by (30)) the product measure has been defined. 
Every random variable X;(P,) defined in ©, then automatically 
becomes a random variable in ©; any such sequence of random vari- 
ables will be called a sequence of mutually independent random vari- 


i 
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ables. We shall again be concerned in particular with sums 
(31) S.(P) = X XPa). 
kml 


The consideration of infinite product spaces (30) is in many cases 
most natural, but it means an unnecessary restriction. For example, 
the consideration of infinite product spaces led us in §2 to the unit 
interval in its dyadic representation. Clearly such a representation 
will not always be desirable, and it may be more convenient for many 
purposes to consider the unit interval itself as the directly given label 
space. A closer survey shows that the essential feature of statistical 
independence consists in a certain property oi multiplicativity, and 
this consideration leads us to the following general definition (which 
contains the construction in product spaces as a special case). A se- 
quence of random variables X, defined in an arbitrary label space © 
will be called mutually independent, if for any choice of N, b: and ci 


re 
(32) Pr fbr < Xr < crik = 1,2,- , N} = [| Pr fbr < Xr < ce}; 
keal 


here the letters Pr denote the measure of the set in © in which the 
inequalities within the braces are satisfied. 
The distribution function V(x) of X, is defined by 


(33) Vila) = Pr [Xr < x}. 


(In the case where X, =/f(t) is a function defined on the unit interval, 
the inverse of the distribution function can be interpreted as a re- 
ordering of the values of f(#) with preserved measure; in this way it 
has been used in real variable theory by Hardy, Littlewood, and other 
authors.) 

Now let F,(x) denote the distribution function of the random 
variable S,(x) defined by (31). If the X, are mutually independent, 
the distribution function F,,(x) of the sum S,(x) és given by the recurrence 
formulas 


+a 
(84) Fala) = Vl, Peal) = f F(a — y)dVn4(9). 


The characteristic function (Fourier-Stieltjes transform) of a distri- 
bution function V(x) is 


v(s) = f * e240 (a). : 


—2 
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With this definition the characteristic function of F(x) is simply the 
product of the characteristic functions of Vi(x), +--+, Va(x). 

The central limit theorem, the ordinary (weak) law of large num- 

` bers, and some other limit theorems are of the weak type, that is to 

say, they describe only the asymptotic behavior of the distribution 
functions F,(x). They can therefore be formulated in terms of an 
arbitrarily given sequence V;(x) of distribution functions and the 
formulas (34); the notion of random variable and measure in the label 
space is, for the weak theorems, irrelevant. However, the strong the- 
orems, like the law of the iterated logarithm and the strong law of 
large numbers, are strictly speaking measure theoretic. 

Before passing to examples, let us introduce a few definitions. 
The expectation of the random variable X, is, by definition, 


(35) m= f ee oe 


provided the integral exists (is absolutely convergent). A simple com- 
putation shows that the expectation of the sum S, is given by 


(36) My = bytes F bn 
The variance of X, is defined by 


oo 
(37) op = f: (x — ux) dV ala), 


again provided that the integral converges. It is readily seen that the 
variance 


(38) Sn = f” (x — ma) dF n(x) 


of S, is given by 
(39) in = at +++ H on 

5. Examples. The following examples are intended to illustrate 
the notion of independent random variables and their sums by means 
of some of the simplest purely mathematical applications. At the 
same time they will show that our limit theorems can sometimes be 
applied with greatest ease to problems which are frequently treated 
in a much more complicated manner; in such cases the refinements of 
the limit theorems are apt to give much more precise results than 
other methods. 
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(a) Inversions. Among the n! permutations of the elements 1, 2, 
++, n, how many will exhibit exactly r inversions? 


Here the label space © consists cf the n! permutations; with each 
point of © we associate probability 1 Ms Consider now an arbitrary, 
but fixed, permutation P. For k=1, 2, - + +, n we Gefine the value of 
X.(P) to be the number of elements among 1, 2,--+, R—1 which 
succeed the element k; in other words, X;,(P) is the Aab of inver- 
sions in P which are produced by the element k with regard to the 
smaller elements. The sum 


(40) Sa(P) = Xi(P) + +++ + XP) 


is the total number of inversions exhibited by P. 

It is also possible to describe the situation in the terminology of 
independent trials; for that purpose we have to represent the label 
space © as an n-tuple product space, which means that we have to 
build the permutations step by step. We first write down the element 
1; for the next element, 2, we have two possibilities, namely to put it 
ahead or behind: accordingly, the label space ©; corresponding to 
the second trial consists of two poirts, and we have to attribute to 
each the probability 1/2. For the third element we have three possi- 
bilities (places), ard in general, the label space ©; (k=1,2,---, n) 
will consist of k points, each having probability 1/k. The space © of 
all permutations is clearly the combinatorial product of these Gy, 
and the original measure (1/m! for each point) is the corresponding 
product measure. It is also seen that the random variable X,(P), the 
number of inversions produced by k, is defined in ©, without regard 
to the other trials. Our Xx are therefore independent random vari- 
ables, but this could also be checked directly in G using the defini- 
tion (32). 

According to construction, X+ assumes the values 0,1,+-+,k—1, 
each with probability 1/k. Therefore (cf. (35)-(39)} 


(41) up = (k-1)/2, s= (k — 1)/12 
whence 
(42) tt, = n(n — 1)/4~ n/t, sa = (2n + 3n — 5n)/72 ~ n /36. 


The central limit theorem (cf. the next section) shows that-the 
average number of inversions 1s Mn; that the number of permutations for 
which the number r of inversions satisfizs 


(43) (22/4) + (a1/6)n8!? < r < (0/4) + (22/6)n8? 
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is asymptotically given by n! multiplied by B(x2) —®(x1) (cf. (8)). Inci- 
dentally, known estimates of the asymptotic error in the central 
limit theorem permit us to give also more precise estimates for (43). 
Here we wish only to point out that the result is a trivial consequence 

of the central limit theorem. f 


(b) Cycles. How many permutations of the elements 1, 2,---,n7 
exhibit exactly r cycles? 


In a self-explanatory way we begin to write the permutations in 
the form 1—er>e—> + - - ; the first cycle is completed when e,=1; 
then we start with the smallest of the remaining elements and con- 
tinue in the same way. Thus the permutation 173-41; 2—2; 
5-—+7—8—6—5 is a permutation of the elements 1, - - - , 8 with three 
cycles. Now for any permutation P we define X,(P) to equal 1 if 
a cycle is completed at the kth place, and X,(P)=0 otherwise 
(k=1,---+,m). Again the X,(P) form a set of mutually independent 
random variables, and their sum (40) now gives the total number of 
cycles in P. From the way in which the permutations are built it fol- 


lows trivially that 
Pr {Xr = 1} = 1/(n — k + 1), 
(44) 

Pr {Xr = 0} = (n — B/(n — k+ 1), 


so that 
(45) me = 1/(n- k+1), ` op = (n — W/m — k+ 1)? 
and 
mM, =1-+1/24+1/3 +++» + 1/n~ log n, 
(46) 2 z n— k 
: Sn = r log n. 
rat (2 — k+ 1)? 
Therefore, according to the central limit theorem, the average number 


of cycles is mn; asymptotically, the number of permutations with r cycles, 
where i 


(47) log n + zillog n)? < r < log n + x:(log ”n)!?, 


tends to ®(x2) —®(x1). Again more precise estimates are readily avail- 
able. 

If, instead of considering all cycles, only cycles of a prescribed 
length are taken into account, the method does not apply without 
modification: it is then necessary to introduce certain dependent 
random variables. 
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(c) Runs. We shall now consider what is known as Bernoulli 
trials. The label space is the same as in §2, that is to say each point 
is represented by an infinite sequence of symbols H or T; only 
this time we shall associate with H an arbitrary probability p (not 
necessarily 1/2), and with T the complementary probability q =1 —p. 
For example, we may consider the ordinary decimal representation of 
the unit interval with its natural measure, calling the digit zero H; 
then p=1/10. By definition, an H-run of length r is an uninierrupted 
sequence of at least r symbols H. Arun of length r+1 is then automati- 
cally a run of length r; and we shall agree to say that a run of length 
2r, 3r,» ++ contains 2, 3,-+- runs of length r. This is not strictly 
the usual nomenclature, but it is for our purposes by far the most 
convenient one. Moreover, the numerical differences arising from the 
change in the usual definition are perfectly negligible. Also, it requires 
only trivial modifications to adapt our developments to the standard 
definitions. 

For any point P of the label space let X,(P) denote the num- 
ber of trials before the completion of the first run of length r. Then 
Xi is a random variable which may assume any of the values 
r,r+i1,+--+ (the probability that no run of length r occurs is zero). 
The distribution function Vi(x) of Xı is well known.® Next let X2(P) 
denote the number of trials from the completion of the first run to 
that of the second run. Clearly X; is a random variable which is inde- 
pendent of X, but has the same distribution function. Proceeding in 
the same pus we may define independent random variables 
Xı t+- , Xa, all having the same distribution function and such 
that their sum S, (cf. (40)) will give the number of trials from the be- 
ginning to the completion of the #th run. 

The usual problem (gaining new importance in applied statistics) 
is to find the probability of having in N trials k runs or more (each of 
length 7). In our notations this probability is 


(48) Pr {S < N}, 


and the central limit theorem permits to evaluate this probability in 
the most trivial manner and with all desirable acuracy. Thus we 
have obtained, as a perfectly trivial corollary, the famous theorem to 
the effect that the number of runs is approximately normally dis- 
tributed.® 
(d) Partial sums of the exponential series. This example is, even 
8 Cf., for example, Uspensky [1937]. 


? More interesting and much deeper results concerning zhe asymptotic’ distribu- 
tion of runs have been obtained by Levene and Wolfowitz [1944]. 
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formally, independent of the notion of random variable. Let a>0 be 
a constant, and define a distribution function V(x; a) depending on 
the parameter a by 

š [z] a* 
(49) V(x; a) = e}, —- 

“a0 k! 

This is the familiar Poisson distribution. Let, for every n, Va(x; a) 
= V(x; a) and define new distribution functions F,(x; a) by (34). A 
trivial computation shows that F,(x; a) = V(x; na). Accordingly, by 
the central limit theorem, 


(50) ACES e25) 


(na) !!? 


With a slight change in notation this result can be restated by saying 
that, for large values of X, 
Mtia) Yk 
(51) e D ~~ Sl) — Blh). 
HAAN] k! 
Again, known asymptotic estimates for the central limit theorem 


permit us to give, without computation, more precise estimates (cf. 
Kac [1942]). 


6. The central limit theorem., Returning to the general theory we 
shall now consider an arbitrary sequence of mutually independent 
random variables Xx and their partial sums 


(52) Sa = Xit o +X. 


Using the notations defined in (36), (39) and (8), we may say that 
the problem of the central limit theorem in its classical version is to 
establish the conditions under which the “reduced” random variable 


(53) Ss," = (Sn = ttn) / Sn 
will, in the limit, be normally distributed, by which is meant that 
(54) Pr {£ < Si < n} > 20) — 3). 


Needless to say that the purely analytical content of the prob- 
lem has not been understood from the beginning. For more than one 
hundred years a great many mathematicians have been working on 
the problem discovering many special cases to which the theorem ap- 
plies and gradually establishing, and relaxing step for step, sufficient 


10 This formulation presupposes the existence of second moments (34). 
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conditions under which the theorem holds. To less critical minds the 
law appeared as a universal law or, occasionally, as a law of nature. 
The first special case where the law does not apply has been dis- 
covered by Cauchy, but less than ten years ago a respectable mathe- 
matical journal contained a proof that the central limit theorem ap- 
plies without restrictions. Great analytical progress has been made 
by Ljapunov, but the modern era in the theory may be said to date 
from the discovery by the Finnish mathematician Lindeberg [1922] 
that the central limit theorem certainly holds if s,—> © and if for every 
e>0 


(55) lms, >> (æ — p) dV (x) = 0. 
noo be | znygl>ee, . 

This is the famous Lindeberg condition; it is of importance not only 
because it is of remarkable generality, but still more because it 
turned out to be a useful tool for many purposes. For example, it 
has been used by Kolmogoroff in the theory of stochastic processes 
[3, 1931]. As for its generality it may be stated that, somewhat 
surprisingly, it turned out later (Feller, [1935])" that Lindeberg's 
condition (55) is not only sufficient, but also necessary for the validity 
of the central limit theorem in its classical version (which was the only 
one considered at that time). 

At first sight this theorem would appear to state that Lindeberg’s 
condition completely solves the problem. This, however, is far from 
being true. Why are the random variables S, in (53) normed just by 
means of the numerical sequences {m,a} and {sa}? This is a tradi- 
tion which goes back to pre-Laplacian times, and has gradually taken 
root so firmly that it has tacitly been looked upon as the only pos- 
sibility. In reality this convention has done much harm. Admittedly 
it is natural and useful in most standard applications. Nevertheless 
its indiscriminate use has obscured the true content of the laws of 
large numbers. Worse than that, the failure to understand the arbi- 
trariness of the special norming (53), and of the use of moments in 
general, has lead to many misunderstandings and to lamentable use- 
less discussions (like the endless controversy connected with the so- 
called St. Petersbourg paradox). For real progress it is necessary to 
develop the most natural tools, which in turn is possible only by find- 
ing the most general formulation of the problem and freeing it from 
all artificial restrictions 

Accordingly, we shall say that a sequence { Vi(x)} of distribution 


1 The proof will be found also in Cramér’s booklet [1937]. 
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functions obeys the (generalized) central limit law if there exist two se- 
quences of constants {an} and {ba} such that the convolutions F,(x) 
defined by (34) satisfy the relation ‘ 


(56) lim F,(¢,2 + bn) = P(e); 


in terms of the corresponding random variables X, this means that 
the random variable 


(57) Spa = (Sa — bn)/an 


is, in the limit, normally distributed (satisfies (54)). In this way, we 
have freed ourselves not only from the arbitrary classical norming 
(53), but also from the restriction that the moments (37) should 
exist: in the present formulation the definition applies to an arbitrary 
distribution function. Only the case where 


(58) dn ©, Gnf On41— 1 


presents interest, and to avoid trivialities and clumsy formulations, 
we Shall restrict our considerations to that case. The generalized cen- 
tral limit problem has been completely solved by the following 


THEOREM. The sequence { Ve(x)} obeys the central limit law if, 
and only if, there exists a sequence g,—» © such that simultaneously 


(59) Gn > x dVx(x) -> o, £ dV (x) — 0. 


kal | zian k=l Y |z]<an 


In that case one may put 


oy ie X { J ee 2 dVi(2) -{ J a avad} Y 


and define b, by 
(61) f @=poarits) =0; = De 
|zl<a, kal 


With the constants so defined (56) will hold (Feller [1935]).™ 


22 According to a theorem of Cramér [1936], the central limit theorem can not 
hold with any bounded sequence fan} unless all the variables {Xn} are themselves nor- 
mally distributed. The case where the other relation in (58) does'not hold similarly 
leads to a trivial situation. 

18 Here and in the sequel it is supposed that the origin has been chosen in such a 
way that V.(+0)2g¢, Vi(—0)S1—g where g is some constant (arbitrarily small). 
This will almost always be the case and represents no restriction whatsoever. If, in 
particular, g=1/2, the origin is the so-called median. 


820 W. FELLER [November 


Whether or not a sequence {ga} satisfying (58) and (59) exists 
can be decided by means of a simple criterion, and the constants ga, 
if they exist, can be computed explicitly in a trivial way. 

It follows, in particular, that for given sequences {V.(x)}, {an}, 
{b,=0} the relation (56) will hold if, and only if, simultaneously for 
every e>0 


(62) lim 3° dV (x) = 0, 


ROD jal Y [zl>ec, 


63) lima >d “WV, -{ dV, y z1; 
) o 2 Jaat a Sat a } 


(64) lim a > dV ,(x) = 0. 


kml Y |zj<an 


(In most practical cases the quadratic term in (63) is too small to be 
of influence.) 

As the simplest example where the generalized, but not the clas- 
sical, central limit theorem applies we may consider the special case 
where all V(x) are identical: 


(65) Vila) = Vla). 


In this case the central limit theorem applies if, and only if, 


(66) fave = off ewo} 


as z— œ. This criterion shows in particular that the central limit 


u Cf, Feller [1935]. Alternative proofs have subsequently been given by Mar- 
cinkiewicz [1938], Gnedenko [1, 1939 ] and Doblin [2, 1939]. If the terms of the series 
in (64) are replaced by their absolute values, the quadratic terms in (63) may be 
omitted. The proof of the sufficiency of this set of (slightly stronger) conditions will 
be found in Cramér’s booklet [1937]. Simultaneously with Feller and in more proba- 
bilistic terms, P. Lévy [6, 1935, and chap. 5 of his book of 1937] has given the 
following solution of the central limit problem which, in a sense, should be equivalent 
to the second of Feller’s theorems of the text: Si chacune des variables X, est indivi- 
duellement négligeable devant la dispersion de la somme Sy, le condition nécessaire et 
suffisante pour que Sn dépende d'une loi d'un type généralisé peu different de celui de 
Gauss est que le plus grand de | Xz soit négiigeable (négligeable veut dire négligeable en 
probabilité, c'est-d-dire tres petit, sauf dans des cas très peu probable). For further re- 
sults cf. Raikoy [2, 1938]. 

16 This particular case has been discovered simultaneously by Khintchine [6, 
1935], P. Lévy [6, 1935] and Feller [example (a) in 1, 1935]. 
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theorem may apply even if the second moment does not exist (so 
that the classical formulation of the theorem would break down). 
In such cases the norms a? will increase more rapidly than n. It 
was the failure to observe the possibility of similar phenomena in 
connection with the law of large numbers which led to the discussions 
of the St. Petersbourg “paradox”; within the analytical theory of 
limit theorems the latter does not present the slightest difficulty. In 
the example (65) the Lindeberg condition (55) loses sense if the 
moments g? are infinite. However, it is easy to construct examples 
which look perfectly classical in the sense that moments of arbi- 
trarily high orders 2xist, and for which the classical central limit 
theorem breaks down simply because the norming (53) is unnatural 
and must be replaced by another one. (For examples cf. Feller, loc. 
cit.) 


7. Generalizations. The central limit problem was the starting 
point of many investigations. To begin with the simplest, the condi- 
tions can be generalized to various cases of convergence to distribu- 
tions other than the normal (Bawly [1936], Gnedenko [1, 2, 1939], 
Gnedenko and Groshev [1939], P. Lévy [8, 1936], Marcinkiewicz 
[1, 1938]); such questions are related to the nature of boundary 

. values of analytic functions. More interesting and deeper results 
concern cases in which the central limit theorem does not hold. The 
classical example is furnished by the Cauchy-distribution 


(67) Vila) = V(x) = 1/2 + r arc tan g; 
here i 


The Gaussian and the Cauchy-distributions are.the oldest ex- 
amples of a stable distribution, that is to say of a distribution func- 
tion satisfying a functional relation of the form V(x) + V(x)= V (ax), 
where @ is a constant. The systematic study of stable distribu- 
tions has been initiated by Pólya [1923]; the most general form 
of the Fourier-transform of stable distributions has been obtained 
by Khintchine and P. Lévy [1936] (cf. also P. Lévy’s book of 
1937). More generally, Khintchine has obtained the totality of 
solutions of the functional equation V(x) « V(x)= V(ax+b). Such 
distribution functions are the only ones which occur as limits of 
distribution functions of random variables of the form (57). The 
stable distributions are a subclass of a much wider. and much 


18 The star denotes the operation of convolution, defined in (34). 
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more important class of distribution functions, the so-called in- 
finitely divisible laws. A distribution function F(x) is said to be 
infinitely divisible if it is the convolution of an arbitrarily large num- 
ber, n, of distribution functions: F(x) = F(x) + ---+ » F, (x) where 
with increasing n the components F(x) (k=1, -> -, n) tend to the 
unitary distribution (which equals one for x>0 and zero for x <0). 
Roughly speaking, the infinitely divisible distributions represent in- 
tegrals of random variables and are therefore intimately connected 
with the theory of stochastic processes. The most general form of 
infinitely divisible distributions has been established by Kolmogoroff 
[1932] and P. Lévy [1934].!8 It is unfortunately impossible to de- 
scribe the ties which link the infinitely divisible laws to many other 
topics: partial differential and more general functional equations, the 
theory of semi-groups, the arithmetic of distribution functions (in- 
augurated by P. Lévy and studied ky Khintchine. Raikov, Gnedenko 
and others), and so on. Here it must suffice to mention the most 
direct connection with the central limit theorem which is furnished by 
the following beautiful theorem of Khintchine [8, 1937]: In order that 
V(x) be the limiting distribution of a subsequence S,, of a sequence 
of form (57) it is necessary and sufficient that V(x) be infinitely divisi- 
ble. 

Returning to the central limit theorem itself, we may briefly 
touch on the important question concerning more precise estimates 
of the asymptotic error involved in (54). That this question is by no 
means simple is seen from the great number of papers treating the 
accuracy of the Gaussian distribution in the triviel special case of the 
binomial distribution.2° The most general and most satisfactory 
asymptotic estimates now available are furnished by the well known 
asymptotic expansion due to Cramér [1928, 1937]. Quite recently 
P. L. Hsu [1945] has shown that Cramér’s proof can be considerably 
simplified by introducing a Cesaro type kernel instead of M. Riesz’ 
singular kernels. At the same time it is seen thet the same method 
can be used to obtain asymptotic expansions in much more general 
cases. It follows from these theorems that the difference between the 


17 o an account of the theory of infinitely divisible laws cf. P. Lévy’s book 
1937}. 
18 Alternative proofs by Khintchine [9, 1937] and Feller [5, 1937]. 

18 For further results concerning subsequences cf. Doblin [1, 3, 1938-1939], 
Gnedenko [1, 2, 1938]. 

20 For quite recent results in this special case cf. S. Bernstein [1943]. 

21 The use of Cesåro kernels has actually been suggested by Berry [1941], who has 
used this method to obtain very precise numerical estimates ior the maximum of the 
difference between the distribution Fa and the corresponding Gaussian distribution. 
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two sides in (54) is usually of the order of magnitude of n-"2. Clearly 
such a statement has practical meaning only if £ and 7 are of moderate 
magnitude. For large values of £ obviously ®(£)~1, and the relation 
(54) expresses a triviality. Actually the case of large £ (or of ’s in- 
creasing with 2) is of great importance in statistics; moreover, more 
precise estimates for this case are essential for many theoretical in- 
vestigations, for example, in connection with the iterated logarithm. 
Several special sequences V(x) have been investigated from this point 
of view. General results for the case of equal components (65) have 
been obtained by Cramér [1938]; they have been generalized by 
Feller [6, 1943], but much more remains to be done in that direction. 

A quite different type of open question connected with the cen- 
tral limit theorem has been discussed in §3. 


8. The iterated logarithm. We consider again an arbitrary infinite 
sequence of mutually independent random variables X, defined in 
arbitrary space. For example, the space may be the unit interval, 
and” 


(69) Xr = sign sin(2'r2); 


in that case the distribution function V;(x) defined by (33) is a step 
function with jumps of magnitude 1/2 at x= +1. For simplicity we 
shall consider only individually bounded variables X,; standard 
methods of truncation permit us to generalize all results, but the 
essence of our theorems will become clearer in the more restricted 
formulation. For bounded variables the moment (35) exists. Now the 
variable X,—y, has a vanishing first moment, and therefore we can 
always by a simple change of notation achieve that 


(70) Hk = 0. 
Accordingly, we do not lose any generality by assuming from now on 
that (70) holds. + 
As before, the study of the partial sums 
(71) Sa = Xip- HH Xan 


depends on the numbers ep and s, defined by (37) and (39), respec- 
tively. With these notations, Kolmogoroff’s law of the iterated logarithm 
states in the most general case that with probability 1 

Sa 


72 lim sup —— = Í, 
19 p Sn {2 log log Sa}? 


provided only that 
22 Cf. Rademacher [1922]. 
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(73) L.U.B. |X] = o(sa {log log Sapun). 


Again we can obtain more general and more precise results using 
the terminology of upper and lower classes introduced in §2. The 
definition given there applies without change if the numbers s, in 
(14) are interpreted according to the general definition (39). To ob- 
tain the first generalization of Kolmogorost’s law we have simply to 
replace (16) by” 


(74) L.U.B. | x, | = Olsa {log log Sai D), 


If the variables X, satisfy (74), then the necessary and sufficient condi- 
tion that pn EU (L) is that 
2 2 


On 

(75) E zon exp [— 44/2} € C (D). 

In particular, if all X, have the same distribution function (as in 
the case (69)), the criterion (75) assumes the form (19). It can be 
shown that condition (74) is the best possible of its type. As in §2 
we can proceed to relax it step for step: the exponent in (75) will again 
be replaced by increasingly more complex expressions. Now the ex- 
ponents encountered in §2 were sven polynomials in ọn, but this is not 
true in general. It remains true only in the case of symmetric vari- 
ables, that is to say in the case where the function — X, has the same 
distribution function as X+. In §2 we passed directly from (16) to (22). 
In the general case, if the exponent 3/2 in (74) is replaced by 1, the 
exponent in (75) must be replaced by a certain polynomial of third 
degree. In the same way, if the exponent in (74) is replaced by 
(m-+2)/2m, we shall have a polynomial of degree (+1) in ọn 
figuring in the criterion analogous to (75). Passing to the limit we ob- 
tain the most general and most precise statemant in the following 
form: ` 


There exists a universal contani n> 1/100 such that for all sequences 
{Xr} with 


(76) L.U.B. | X| < nsa {log log sa}? 
the criterion holds: {¢,} E U (L) if, and only if, 

on 
(77) 2s ~y Pa exp Bale) E C (D); 


n 


33 The iterated logarithms in conditions (74) and (76) can be replaced by other 
functions, and the conditions restated in a slightly more general form; the above 
special form has been chosen only for comparison with Kolmogoroff's condition. 
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here B(x) is a power series whose mth coefficient depends only on the 
moments of X1,°°+, Xn up to the order m. 


It can be shown that &,(x) is majorated by a certain geometric 
series, and other more precise estimates are available; we refer for 
such further results to Feller [7, 1943]. 

It seems that only quite artificial sequences {x} will satisfy 
(76) but not (74). Thus the rather complicated criterion (77) can, for 
all practical purposes, be replaced by the exceedingly simple and elegant 
criterion (75). The theoretical importance of the general criterion lies 
in the fact that it helps us understand the actual mechanism which 
makes so amazingly general classes of functions exhibit an asymptotic 
behavior in accordance with the simple scheme given by (75). The 
individual terms in the power series in (77) are closely related to the 
asymptotic error terms for the tails of the Gaussian in the central limit 
theorem. In this sense (77) reveals the increasing complexity as we 
approach the outer boundaries of the domain in which the central 
limit theorem holds. 

We are naturally led to the question of what happens if (76) does 
not hold. This problem is not answered and presents a challenge for 
the very reason that it leads beyond the central limit theorem into a 
domain where we still lack natural tools. Its solution would auto- 
matically give necessary and sufficient conditions for the strong law 
of large numbers (cf. §9), an elusive problem which has been many 
times attacked without success. Also, our problem would apply to 
several interesting stochastic processes exactly as our generalization 
applies to ordinary diffusion. Some interesting results leading be- 
yond (76) have been obtained by Hartman [1941] for the case where 
all the random variables X, are normally distributed (not necessarily 
with the same variance). A very special case studied both by P. 
Lévy [1, 1931] and Marcinkiewicz [1939] shows that the asymptotic 
behavior ,of sequences not obeying (76) is very different from that 
which we have considered so far. This is also borne out by the precise 
criterion obtained by the writer for the case where all the X+ have 
the same distribution function (not yet published). 

Time and space unfortunately do not permit more than brief 
reference to Gnedenko’s recent investigations related to our problems 
but pertaining to the case of continuous stochastic processes (like 
homogeneous diffusion). 


9. The laws of large numbers. The implications of the so-called 
laws of large numbers are considerably weaker than the statements 
of the central limit theorem or the law of the iterated logarithm, but 
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these weaker implications naturally hold under much more general 
conditions. The distinction between weak and strong laws of large 
numbers is the same as between the central limit theorem and the 
iterated logarithm: the weak laws concern only the asymptotic be- 
havior of convolutions of distribution functions and can be formu- 
lated without appeal to random variables. The strong laws, on the 
contrary, are of measure-theoretical nature. In classical textbooks 
only the weak law (in a special form) is proved; nevertheless the 
strong laws are of much greater importance in statistics, games, and 
other applications. In many books the weak law is proved, the strong 
one used. j 

Let {X+} be a sequence of mutually independent random vari- 
ables with distribution functions Vz(x) and expectations pz (cf. (33) 
and (35)). Let again S, denote the nth partial sum of {Xr}, and 
M= urt ++ + +u its expectation (if it exists). Tn the restricted clas- 
sical form one would say that the weak law-of large numbers holds if for 
every positive e 


(78) Pr {| Sa — ma | > en; 0. 


In terms of the distribution functions (34) this means that 
F,(nx-+-m,) tends to the unitary distribution function. Necessary 
and sufficient conditions for (78) to hold have been established by 
Kolmogoroff [1929]. It must be understood that the formulation (78) 
originates with the classical theory of games, where all X; have the 
same distribution function. In that particular case the special norm- 
ing by the factor n makes sense, since then m, and “the total amount 
at stake” are proportional to n. in general, however, the factor n is 
perfectly arbitrary. The failure to understand this arbitrariness has 
led to many unnecessary discussions and “paradoxes.” Also, the law 
of large numbers has frequently been regarded either as a law of na- 
ture or as a consequence of the definition of probability. In this sense 
it universal validity has been assumed and it has been applied to 
cases where it can easily be shown not to hold. For example, in the 
so-called St. Petersbourg problem the moments u+ do not exist: by a 
series of misinterpretations and treating ui asa number (assuming, in 
particular, that œ — œ =0 and that all passages to limits may be 
interchanged), the classical theory managed to “prove” a mathemati- 
cal theorem which contradicts common sense. Actually there is no 
problem to analvze the asymptotic behavior of the sums S, in the St. 
Petersbourg case and thus to determine what used to be called “fair 
price.” To analyze the real mathematical problem we must proceed 
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as in the case of the central limit theorem and free the theory from 
all artificial restrictions. Accordingly we shall say that the sequence 
{xX} obeys the (generalized) weak law of large numbers if there exist two 
sequences of constants {ca} and {pa} such that for every positive e 


(79) ` Pr { | Sa- én| > epat > 0. 
The necessary* and sufficient condition for (79) to hold is that 
(80) L aVi(x) = o(1), 
kel |2|>pp 
(81) > x dVi(x) = olha); 
kel Y [z]<p, 


the constants c, can then be defined by 


(82) i=), xdV (x). 
kalt |z|<Pr H 
This theorem” completely solves the problem of the weak law of 
large numbers. Despite several attempts the problem of the strong 
law still remains open. We say that the sequence {Xi} obeys the strong 
law of large numbers if there exists a sequence of constants {cn} such 
that with probability one 


(83) Pr {| Sa — cn| /n} 0. 


There exists a famous suficient condition for this law which is due to 
Kolmogoroff [1928]. For its formulation we shall suppose that the 
origin has been chosen as described in footnote 13. Kolmogoroff’s con- 
dition then consists in the simultaneous covergence of the two series 


(84) > dVu(x) 
kal |z]>k 
and 
~ ba 
(85) ie 
n 


™ The condition is necessary only if the origin has been chosen as described in 
footnote 13, but sufficient even without this restriction. 

% Feller [3, 1937]. For alternative proofs cf. Marcinkiewicz [1938], Gnedenko 
[1939], Doblin [3, 1939]. Several special cases (in particular for non-negative random 
variables) have been treated previously by Khintchine [7, 1936], Bawly [1936], 
Plessner [1936], and, perhaps, others. 
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where 
(86) bn = f zdV la). 
laja 


The condition (84) is clearly also necessary. Other conditions, in: part 
necessary and in part sufficient, can easily be obtained from the law 
of the iterated logarithm. Howev=r, up to now all attempts have 
failed to replace (85) by a weaker condition which is also necessary.” 
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THE SUMMER MEETING IN NEW BRUNSWICK 


The fifty-first Summer Meeting of the Society was held at New 
Jersey College for Women of Rutgers University, New Brunswick, 
New Jersey, Saturday, Sunday, and Monday, September 15-17, 1945. 
The Institute of Mathematical Statistics met on September 16. Four 
hundred persons attended the meeting among whom were the follow- 
ing three hundred twenty members of the Society: 


C. R. Adams, R. B. Adams, Leonidas Alaoglu, C. B. Allendoerfer, Warren Am- 
brose, R. L. Anderson, T. W. Anderson, R. F. Arens, H. A. Arnold, Silvio Aurora, 
E. G. Baker, Valentine Bargmann, Ruth Bari, R. C. F. Bartels, P. T. Bateman, 
I. L. Battin, E. G. Begle, T. J. Benac, Stefan Bergman, J. S. Biggerstaff, Archie 
Blake, Gertrude Blanch, R. P. Boas, Salomon Bochner, H. W. Bode, H. F. Bohnen- 
blust, G. L. Bolton, T. A. Botts, A. H. Bowker, J. L. Brenner, G. W. Brown, R. H. 
Brown, T. H. Brown, J. A. Bullard, R. S. Burington, L. H. Bunyan, S. S. Cairns, 
B. H. Camp, Abraham Charnes, S. S. Chern, Alonzo Church, R. F. Clippinger, 
I. S. Cohen, L. W. Cohen, J. B. Coleman, Richard Courant, A. P. Cowgill, E. L. 
Crow, Nancy Cole, T. F. Cope, Byron Cosby, N. A. Court, M. J. Cox, H. B. Curry, 
J. H. Curtiss, J. F. Daly, Norman Davids, M. M. Day, L. S. Dederick, J. B. Díaz, 
C. L. Dolph, M. D. Donsker, Arnold Dresden, R. J. Duffin, Nelson Dunford, W. D. 
Duthie, Jacques Dutka, P. S. Dwyer, W. F. Eberlein, Samuel Eilenberg, Churchill 
Eisenhart, L. P. Eisenhart, Wade Ellis, Benjamin Epstein, Paul Erdös, Herbert 
Federer, F. G. Fender, F. A. Ficken, C. H. Fischer, M. M. Flood, G. E. Forsythe, 
R. M. Foster, F. H. Fowler, R. H. Fox, J. S. Frame, Evelyn Frank, M. R. Freundlich, 
Hans Fried, Bernard Friedman, K. O. Friedrichs, R. E. Fullerton, G. N. Garrison, 
Abe Gelbart, H. H. Germond, J. H. Giese, B. P. Gill, H. F. Gingerich, M. A. Girshick, 
Casper Goffman, Michael Goldberg, A. W. Goodman, R. O. Goodman, W. H. Gott- 
schalk, H. S. Grant, J. W. Green, Bernard Greenspan, Leonard Greenstone, Lewis 
Greenwald, T. N. E, Greville, V. G. Grove, P. E. Guenther, E. J. Gumbel, Margaret 
Gurney, K. W. Halbert, D. W. Hall, Marshall Hall, P. R. Halmos, G. E. Hay, 
K. E. Hazard, C. M. Hebbert, G. A. Hedlund, A. E. Heins, M. H., Heins, Erik 
Hemmingsen, M. R. Hestenes, Edwin Hewitt, T. H. Hildebrandt, Einar Hille, Abra- 
ham Hillman, William Hodgkinson, T..R. Hollcroft, Harold Hotelling, S. E. Hotelling, 
A. S. Householder, E. M. Hull, Witold Hurewicz, H. D. Huskey, (L.) C. Hutchinson, 
Rufus Isaacs, Nathan Jacobson, Herbert Jehle, Fritz John, G. K. Kalisch, Aida 
Kalish, Wilfred Kaplan, Irving Kaplansky, William Karush, M. E. Kellar, J. L. 
Kelley, L. M. Kells, C. J. Kirchen, S. C. Kleene, J. R. Kline, E. R. Kolchin, H. L. 
Krall, Jack Laderman, Rafael Laguardia, H. G. Landau, J. A. Larrivee, J. P. LaSalle, 
~ Solomon Lefschetz, D. H. Lehmer, Joseph Lehner, A. M. M. Lehr, Max LeLeiko, 
Howard Levene, D. C. Lewis, J. V. Lewis, Charles Loewner, A. T. Lonseth, E. R. 
Lorch, A. N. Lowan, Janet McDonald, Brockway McMillan, E. J. McShane, L. A. 
MacColl, J. K. L. MacDonald, G. W. Mackey, Saunders MacLane, H. F. MacNeish, 
Ingo Maddaus, W. G. Madow, M. H. Martin, R. M. Martin, W. T. Martin, D. C. 
May, Walther Mayer, A. E. Meder, H. L. Meyer, E. B. Mode, Deane Montgomery, 
C. B. Morrey, Richard Morris, D, J. Morrow, Marston Morse, J. E. Morton, F. J. 
Murray, C. A. Nelson, O. E. Neugebauer, A. B. Newton, Ivan Niven, P. B. Norman, 
C. O. Oakley, L. R. Norwood, P. S. Olmstead, L. F. Ollmann, A. F. O'Neill, E. R. 
Ott, F. W. Owens, H. B. Owens, J. C. Oxtoby, J. S. Oxtoby, R. S. Pate, W. H. Pell, 


833 


834 AMERICAN MATHEMATICAL SOCIETY [November 


W. F. Penney, R. S. Phillips, Everett Pitcher, Walter Pitts, M. H. Protter, Hans 
Rademacher, John Raleigh, L. L. Rauch, Maxwell Reade, Mina Rees, R. W. Rempfer, 
R. G. D. Richardsor, C. E. Rickart, John Riordan, E. K. Ritter, H. E. Robbins, 
M. S. Robertson, P. C. Rosenbloom, J. B. Rosser, H. E. Salzer, Hans Samelson, 
Arthur Sard, F. E. Satterthwaite, L. J. Savage, S. A. Schaaf, A. T. Schafer, Robert 
Schatten, Henry Schaffé, I. J. Schoenberg, Pincus Schub, G. E. Schweigert, Lowell 
Schoenfeld, Abraham Schwartz, I. E. Segal, Abraham Seidenberg, M. E. Shanks, 
C. E. Shannon, Seymour Sherman, Max Shifman, S. S. Shū, D. T. Sigley, M. M. 
Slotnick, M. F. Smiley, P. A. Smith, Ernst Snapper, Herbert Solomon, R. D. Specht, 
A. H. Sprague, E. R. Stabler, 'E. P. Starke, N. E. Steenrod, F. F. Stephan, W. J. 
Sternberg, J. J. Stoker, C. N. Stokes, A. H. Stone, E. G. Strars, L. M. Straus, M. M. 
Sullivan, R. L. Swain, J. L. Synge, Otto Szász, A. H. Taub, Alfred Tarski, R. M. 
Thrall, Leonard Tornheim, W. R. Transue, W. J. Trjitzinsky, C. A. Truesdell, A. W. 
Tucker, Bryant Tuckerman, J. W. Tukey, H. S. Vandiver, V. J. Varineau, Andrew 
Vazsonyi, Oswald Veblen, R. J. Walker, A. D. Wallace, Henry Wallman, R. M. 
Walter, J. B. Walton, J. A. Ward, W. R. Wasow, J. V. Wehausen, E. T. Welmers, 
Hermann Weyl, Gecrge Whaples, A. P. Wheeler, G. W. Whitehead, P. A. White, 
Hassler Whitney, G. T. Whyburn, D. V. Widder, Norbert Wiener, S. S. Wilks, Jacob 
Wolfowitz, W. D. Wray, H. A. Wood, Alexander Wundheiler, G. S. Young, J. W. T. 
Youngs, Daniel Zelinsky, J. A. Zilber, H. J. Zimmerberg, Leo Zippin, Antoni Zyg- 
mund. 


On Saturday at 9:30 a.m. Professor S. S. Chern of the National 
Tsing Hua University and the Institute for Advanced Study gave an 
address entitled Some new viewpoints in differential geometry in the 
large. At 2:00 p.m. Professor Samuel Eilenberg of the University of 
Michigan gave an address entitled Topological methods in abstract al- 
gebra. Professor Marston Morse presided in the morning and Profes- 
sor Saunders MacLane in the afternoon. 

Vice President G. T. Whyburn presided at the Sunday afternoon 
symposium on Recent developments in numerical methods, which con- 
sisted of these addresses: Interpolation, smoothing and curve fitting by 
Professor I. J. Schoenberg of the University of Pennsylvania; Laurent 
expansions of algebraic functions by Professor H. A. Rademacher of 
the University of Pennsylvania; and Numerical solutions of integral 
equations by Professor A. T. Lonseth of Northwestern University. 

There was no session scheduled for Sunday morning in order that 
members might attend the symposium of the Institute of Mathemati- 
cal Statistics on The theory and application of sequential analysis. 

At 9:30 a.m. Monday, Professor Witold Hurewicz of the Univer- 
sity of North Carolina gave an address On some aspects of ergodic 
theory. Vice President Einar Hille presided. 

Presiding officers for the sessions of short papers were: Analysis, 
Saturday morning, Professor Norbert Wiener; Algebra and Geome- 
try, Saturday morning, Professor V. G. Grove; Applied Mathematics, 
Saturday afternoon, Professor J. L. Synge; Analysis, Saturday after- 
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noon, Lieutenant Marshall Hall; Analysis, Monday morning, Profes- 
sor E. R. Lorch; and Topology, Monday morning, Professor S. S. 
Cairns. 

There was a business meeting at 9:15 a.m. on Monday at which 
President T. H. Hildebrandt presided. 

Headquarters for the meeting were in the Little Arcade on Jameson 
.Campus. A photograph was taken at 1:15 p.m. Sunday. 

On Saturday afternoon Dean Margaret T. Corwin of the New 
Jersey College for Women of Rutgers University received at her home 
the members attending the meeting. 

The members of the Department of Music of the New Jersey Col- 
lege for Women gave an excellent musicale on Saturday evening. 

At dinner Sunday evening Professor Saunders MacLane was toast- 
master. Dean Corwin extended welcome on behalf of President R. C. 
Clothier of Rutgers University. President Hildebrandt spoke about 
the Canadian Mathematical Congress held in Montreal in June and 
on the immediate future needs of mathematics in America. Professor 
M. R. Hestenes. of the University of Chicago presented a resolution of 
thanks for the cordial hospitality and excellent arrangements. 

The Council met at 8:00 P.M. on September 16, 1945, in Agora. 

The Secretary announced the election of the following twenty per- 
sons to ordinary membership in the Society: 

Professor Alberto Barajas, Universidad Nacional de Mexico; 

Dr. George Francis Carrier, Gordon McKay Laboratory, Harvard University; 

Mr. Franco Croci, New York City; 

Mr. Robert A. Deutsch, Kellex Corporation, Knoxville, Tenn.; 

‘Mr. Nicholas A. Draim, Captain, U.S.N.; 

Mr. John Arthur Healey Duffie, Catholic University of America; 

Reverend Edward Henry Gallagher, University of Cincinnati; 

Professor Carlos Federico Graef, Universidad Nacional de Mexico; 

Professor Ralph Craig Huffer, Beloit College; 

Professor Zeke Lowe Loflin, Southwestern Louisiana Institute; 

Mr. George William MacCheyne, Stromberg Carlson Company, Rochester, N. Y.; 
Dr. Ethel C. Muggli, St. Benedict’s College, St. Joseph, Minn.; 

Miss Virginia Macky Noyes, Cambridge, Mass.; 

Mr. Nicanor Parra, Brown University; 

Mr. Joel Pitcairn, Corporal, U.S.A.; 

Professor B. S. Madhava Rao, Central College, University of Mysore, Bangalore, 

India; 

Mr. Carlos Federico Secada, Lieutenant Commander, Peruvian Navy; 

Mr. Frank Morris Steadman, Banning, Calif.; 

Mr. Charles Joseph Titus, Brown University; 

` Mr. Ronald B. Wiley, Owens-Corning Fiberglas Corporation, Newark, Ohio. 


It was reported that the following had been elected as nominees 
on the Institutional Memberships of the institutions indicated: 
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University of Manitoba: Assistant Professor Joseph William Lawson; 
University of Oregon: Mr. Alfred Ellsworth Halteman. 


Wheaton College, Norton, Massachusetts, was elected to institu- 
tional contributing membership. N 

The following appointments by President T. H. Hildebrandt were 
reported: as a Committee on Arrangements for the 1945 Summer 
Meeting at Rutgers University, Professors C. A. Nelson (Chairman), 
R. M. Foster, T. R. Hollcroft, A. E. Meder, and E. P. Starke; as a `’ 
Committee on Sponsorship of Mathematical Reviews, Dean M. H. 
Ingraham (Chairman), Professors O. E. Neugebauer and M. H. 
Stone; as a Committee on Aid to Libraries Devastated by the War, 
Professors Arnold Dresden (Chairman), Garrett Birkhoff, H. E. 
Bray, Will Feller, and Gabor Szegi. ` 

In order to aid the work of tte Committee on Aid to Libraries 
Devastated by the War, members of the Society are requested to send 
to Professor Dresden information concerning the state of libraries in 
various countries which may come to them from various sources. The 
existence of this committee does not prevent any member of the So- 
ciety from making a personal contribution to any library in which he 
may be particularly mterested. 

It was reported that Professor Hans Lewy had been invited to de- 
liver an address at the November, 1945, meeting in Pasadena, Califor- 
nia. Times and places of meetings during 1946 were set as follows: 
February 23, April 26-27, and October 26 in New York City; April 
26-27 in Chicago; April 27 in the far west. 

On recommendation of the Colloquium Editorial Committee, the 
Council voted to invite Professor Oscar Zariski to deliver a series of 
Colloquium Lectures in 1947. The Editorial Committee also reported 
that a volume, entitled Foundations of algebraic geometry, by Professor 
André Weil would be published. under its auspices in the near future. 

It was voted to invite Professor Subrahmanyan Chandrasekhar of 
the Yerkes Observatory, University of Chicago, to deliver the twen- 
tieth Josiah Willard Gibbs Lecture at the 1946 Annual Meeting. 

President T. H. Hildebrandt was added to the Emergency Com- 
mittee of the International Congress of Mathematicians, as an ex 
officio member, and the committee was empowered to elect its own 
chairman. (These changes were necessitated by the deaths of Profes- 
sors G. D. Birkhoff and W. C. Graustein, former members of the 
Emergency Committee.) i i 

Professors C. B. Morrey and C. V. Newsom were appointed repre- 
sentatives of the Society on the Council of the American Association 
for the Advancement of Science for the year 1946. í 


+. 
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The Council accepted a report of the Committee on the Role of 
the Society in Mathematical Publication (Professor R. L. Wilder, 
Chairman), recommending that the Society continue its subsidy of 
the American Journal of Mathematics. Since 1927 the Journal has 
been a joint enterprise of The Johns Hopkins University and the 
American Mathematical Society. 

The committee appointed to study the problem of a suitable me- 
morial to the late Professor G. D. Birkhoff recommended the publica- 
tion of the collected works of Professor Birkhoff and the dedication 
to him of an early volume of the Transactions. The President was 
authorized to appoint a committee to study the implementation of 
this committee report. 

‘It was reported that, in the future, mathematics would have eight 
representatives in the Division of Physical Sciences of the National 
Research Council, six of these to be appointed by the American Math- 
ematical Society, one by the Mathematical Association of America, 
and one by the Institute of Mathematical Statistics. (At present the 
Society has three representatives and the Association has one.) 

A report on Universal Military Service in Peace Time was pre- 
sented by a subcommittee of the War Policy Committee and ap- 
proved by the Council. 

The Council voted to discharge the War Policy Committee, ap- 
pointed in December, 1942. The President and Secretary of the So- 
ciety are to study the problem of establishing a policy committee to 
handle general problems affecting mathematicians in the postwar era. 

Titles and cross references to the abstracts of papers read are given 
below. The papers were read as follows: papers 1-6 in the section for 
Analysis, Saturday morning; papers 7-12. in the section for Algebra 
and Geometry, Saturday morning; papers 13-17 in the section for 
Applied Mathematics, Saturday afternoon; papers 18-22 in the sec- 
tion for Analysis, Saturday afternoon; papers 23-29 in the section for 
Analysis, Monday morning; papers 30-35 in the section for Topology, 
Monday morning; and papers 36-131, whose abstract numbers are 
followed by the letter t, were read by title. Paper 3 was read by Pro- 
fessor Martin, paper 7 by Dr. Seidenberg, paper 8 by Dr. Cohen, 
paper 10 by Professor Tarski, paper 14 by Professor Wiener. Mr. De 
Baggis was introduced by Professor Karl Menger. 

1. H. J. Zimmerberg: A class of definite: boundary value problems. 
(Abstract 51-5-94.) 

2. R. P. Boas: Some complete sets of functions. (Abstract 51-11-211.) 

3. R. H. Cameron and W. T. Martin: Fourter-Wiener transforms of 
analytic functionals. (Abstract 51-7-111.) 
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4. Nelson Dunford: Boolean algebras of projections. (Abstract 51- ` 
11-214.) 

5. W. J. Trijitzinsky: Theory of junctions of intervals and applica- 
tions to functions of a complex variable. (Abstract 51-9-164.) 

6. Bernard Friedman: Two theorems on simple functions. aaa 
51-11-215.) 

7. I. S. Cohen and Abraham Seidenberg: Prime ideals and ael 
dependence. (Abstract 51-11-203.) 

8. I. S. Cohen and Irving Kaplacsky: Rings with a finite unbe of 
prime elements. (Abstract 51-11-202.) 

9, Warren Ambrose: Remark on measures on locally compact topo- 
logical groups. (Abstract 51-11-194.) 

10. Bjarni Jónsson and Alfred Tazski: On direci products of algebras. 
(Abstract 51-9-149.) 

11. N. A. Court: On a skew quartic associated with a tetrahedron. 
(Abstract 51-9-174.) 

12. M. M. Day: Polygons circumscribed about closed convex curves. 
(Abstract 51-11-237.) 

13. Herbert Jehle: A new approach to stellar sictistics. (aaa 
51-9-170.) 

14. Arturo Rosenbluth and Norbert Wiener: Mathematics of fibril- 
lation and flutter in the heart. (Abstract 51-9-171.} 

15. F. J. Murray: Linear equation solvers. (Abstract 51-11-231.) 

16. Stefan Bergman: The integration of equations of fluid dynamics 
in the three-dimensional case. (Abstract 51-9-169.) 

17. R. J. Duffin: Nonlinear networks. 1. (Abstract 51-11-230.) 

18. Leonard Greenstone: Some properties of conformal mappings of 
multiply connected domains. Preliminary report. (Abstract 51-11-216.) 

19. Arnold Dresden: An extenston of the equation of Lagrange, 
y=a+xf(y). Preliminary report. (Abstract 51-9-156.) 

20. Hans Rademacher: On a funciion related to Riemann’ s zetafunc- 
tion. (Abstract 51-11-220.) 

21. C. E. Rickart: Banach algebrcs with an adjoint operation. (Ab- 
stract 51-11-224.) 

22. P. C. Rosenbloom: Convex bodies in Banach spaces. (Abstract 
51-11-228.) 

23. J. B. Diaz: On a class of partial differential equations of even 
order. (Abstract 51-11-213.) 

24. C. A. Truesdell: On the functional equation OF(z, «)/dz 
= F(z, &+1). (Abstract 51-11-229.) 

25. Otto Szász: On the absolute convergence of irigonometric series. 
(Abstract 51-7-125.) 
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26. M. S. Robertson: Univalent power series with multiply mono- 
tonic sequences of coefficients. (Abstract 51-11-227.) 

27. Robert Schatten: The cross-space of linear transformations. (Ab- 
stract 51-9-162.) 

28. Ivan Niven: A remark on Gaussian integers. (Abstract 51-11- 
205.) 

29. Einar Hille: On uniform ergodic theorems. (Abstract 51-11-218.) 

30. W. H. Gottschalk: Topological characterizations of almost peri- 
odicity. (Abstract 51-11-248.) 

31. J. C. Oxtoby: Invariant measures in groups which are not locally 
compact. (Abstract 51-9-187.) 

32. G. T. Whyburn: On monotone retractability inio simple arcs. 
(Abstract 51-9-192.) 

33. R. H. Fox: Knots in 3-dimensional manifolds. (Abstract 51-7- 
140.) 

34. A. D. Wallace: Dimensional types. (Abstract 51-9-190.) 

35. G. S. Young: The introduction of local connectivity by change of 
topology. (Abstract 51-9-193.) 

36. R. P. Agnew: Characterization of methods of summability effec- 
live for power series inside circles of convergence. (Abstract 51-11-209-#.) 

37. R. P. Agnew: Tauberian theorems for Nérlund summability. (Ab- 
stract 51-7-109-2.) 

38. R. F. Arens: The linear homogeneous continua of G. D. Birkhoff. 
(Abstract 51-7-137-t.) 

39. Reinhold Baer: Null systems in projective space. (Abstract 51- 
11-195-2.) 

40. Reinhold Baer: Representations of groups as quotient groups. I. 
(Abstract 51-11-196-t.) 

41. Reinhold Baer: Representations of groups as quotient groups. II. 
Minimal central chains of a group. (Abstract 51-11-197-t.) 

42. Reinhold Baer: Representations of groups as quotient groups. 
II. Invariants of classes of related representations. (Abstract 51-11- 
198-2.) 

43. Reinhold Baer: Sampling from a changing population. (Ab- 
stract 51-11-241-2.) 

44. Reinhold Baer: The homomorphism theorems for loops. (Abstract 
$1-11-199-1.) 

45. Joshua Barlaz: On some triangular summability methods. (Ab- 
stract 51-11-210-2.) 

46. Stefan Bergman: Pseudo harmonic vectors and their properties. 
(Abstract 51-9-155-z.) 
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47. R. H. Bing: Collections filling up a simple plane web. (Abstract 
51-9-185-2.) 

48. R. H. Bing: Concerning simple plane webs. (Abstract 51-7- 
138-Ł.) ` 

49, R. H. Bing: Collections cutting the plane. (Abstract 51-11-245-t.) 

50. R. H. Bing: Generalizations of two theorems of Janiszewski. (Ab- 
stract 51-9-186-2.) 

51. Garrett Birkhoff: Universal algebra. (Abstract 51-9-182-t.) 

52. L. M. Blumenthal: Characterization of $-spherical subsets and 
pseudo sets. (Abstract 51-7-130-t.) 

53. L. M. Blumenthal: Metric study of elliptic spaces: (Abstract 
51-7-131-1.) 

54. Salomon Bochner and Deane Montgomery: Groups of differ- 
entiable and real or complex analytic transformations. (Abstract 51-7- 
139-t.) 

55. A. T. Brauer: A problem of additive number theory and its 
application in elecirical engineering. (Abstract 51-9-145-t.) 

56. Richard Brauer: A note on systems of homogeneous algebraic 
equations. (Abstract 51-11-200-7.) 

57. Richard Brauer and H. F. Tuan: On simple groups of finite 
order. I. (Abstract 51-7-105-t.) 

58. F. L. Brown: A simplification of the postulates of trt-operational 
algebra. (Abstract 51-9-146-t.) 

59. E. T. Browne: Concerning a certain ring of homographies. (Ab- 
stract 51-7-106-z.) 

60. R. H. Cameron: Some examples of Fourier-Wiener transforms of 
analytic functionals. (Abstract 51-7-110-t.) 

61. S. S. Chern: Characteristic classes of Hermitian manifolds. I. 
(Abstract 51-7-132-t.) 

62. S. S. Chern: Characteristic classes of Hermitian mantfolds. I. 
(Abstract 51-7-133-t.) 

63. A. H. Copeland and Paul Erdés: Note on normal numbers. (Ab- 
stract 51-9-147-2.) 

64. M. M. Day: Note on the billiard ball problem. (Abstract 51-11- 
236-2.) 

65. H. F. DeBaggis: A reduction of the postulational basis of non- 
euclidean geometry. (Abstract 51-7-134-+4.) 

66. John DeCicco: Equilong maps of the œ circles. (Abstract 51-9- 
175-t.) 

67. Nelson Dunford and Robert Schatten: On the associate and con- 
jugate space for the direct product of Banach spaces. (Abstract 51-7- 
112-2.) 


1945] THE SUMMER MEETING IN NEW BRUNSWICK 841 


68. C. J. Everett: Two representations for real numbers. (Abstract 
51-9-148-2.) ; 

69. Evelyn Frank: On the zeros of polynomials with complex coeffi- 
cients. (Abstract 51-9-157-Ł.) 

70. W. H. Gottschalk: Properties of minimal sets. (Abstract 51-11- 
247-1.) 7 

71. J. D. Hill: Summability of sequences of O's and 1’s. (Abstract 
51-7-116-2.) 

72. Einar Hille: A note on semi-groups analytic in a sector. (Ab- 
stract 51-11-217-2.) 

73. Abraham Hillman: A note on differential polynomials, I1. (Ab- 
stract 51-7-107-1.) 

74. Abraham Hillman: Complex zeros of the Bessel-Weber functions 
Y,. (Abstract 51-7-117-2.) 

75. W. H. Ingram: A boundary value problem and its Stieltjes in- 
tegral equations. (Abstract 51-11-219-4.) 

76. Bjarni Jónsson and Alfred Tarski: A generalization of Wedder- 
burn’s theorem. (Abstract 51-9-150-2.) 

77. Mark Kac: On the average of a certain Wiener functional. (Ab- 
stret 51-11-243-2.) 

78. Irving Kaplansky: A contribution to von Neumann’s theory of 
games. (Abstract 51-5-77-#.) 

79. Edward Kasner: Neo-Pythagorean triangles. (Abstract 51-9- 
176-t.) 

80. Edward Kasner: Null hexagons. (Abstract 51-9-177-2.) 

81. Edward Kasner and John DeCicco: Multi-tsothermal systems. 
(Abstract 51-9-178-1.) 

82. J. W. Lasley: On the classification of collineations in the plane. 
(Abstract 51-9-179-z.) 

83. J. W. Lasley: On the equations of certain osculants. (Abstract 
51-9-180-ż.) 

84. Jakob Levitski: Chains of multipla and semi-primarity. (Ab- 
stract 51-11-204-ż.) 

85. A. N. Milgram: Cyclotomically saturated polynomials and tri- 
operational algebra. (Abstract 51-9-151-ż.) 

86. Josephine M. Mitchell: Some properties of solutions of partial 
diferential equations given by their series development. (Abstract 51-9- 
158-t.) 

87. Deane Montgomery: Measure preserving homeomorphisms. (Ab- 
stract 51-11-250-t.) 

88. Deane Montgomery: Topological groups of differentiable trans- 
formations. (Abstract 51-7-141-2.) 
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89. C. N. Moore: Convergence jactors in general analysis. II. (Ab- 
stract 51-7-118-1.) 

90. A. F. Moursund: Non-summability of the conjugate series of the 
Fourier series. (Abstract 51-9-159-z.) 

91. M. E. Munroe: A note on weak differentiability of Pettis in- 
tegrals. (Abstract 51-9-160-?.) 

92. N. D. Nelson: Recursive functions and intuitionistic number the- 
ory. Preliminary report. (Abstract 51-11-240-t.) : 

93. J. M. H. Olmsted: Transfinste rationals. (Abstract 51-9-152-t.) 

94. Isaac Opatowski: Direct cud reverse transitions in Markoff 
chains. (Abstract 51-9-184-2.) 

95. Gordon Pall: Hermitian quadratic forms in a quast-field. (Ab- 
stract 51-9-153-i.) 

96. W. V. Parker: The characteristic roots of matrices. (Abstract 51- 
11-206-t.) 

97. H. P. Pettit: On the generation of certain algebraic surfaces. (Ab- 
stract 51-9-181-4.) 

98. H. P. Pettit: The tangents ct certain multiple points on a curve 
Cmn. (Abstract 51-11-238-2.) 

99. H. P. Pettit: The tangents ct certain ordinary points on a curve 
Comn. (Abstract 51-11-239-#.) 

100. V. C. Poor: Complex functions possessing differentials. (Ab- 
stract 51-7-120-t.) 

101. Tibor Radó: On continuocs mappings of Peano spaces. (Ab- 
stract 51-11-221-.) 

102. W. T. Reid: Definitely se:f-adjoint differential systems. (Ab- 
stract 51-11-222-f.) 

103. W. T. Reid: Integral criteria for solutions of linear differential 
equations. (Abstract 51-11-223-t.) 

104. Moses Richardson: On weckly ordered systems. Preliminary re- 
port. (Abstract 51-9-188-2.) 

105. P. R. Rider: A new use for tables of the incomplete beta function. 
(Abstract 51-3-66-t.) 

106. H. E. Robbins: Cesàro conzergence of certain random sequences. 
(Abstract 51-11-225-t.) 

107. M. S. Robertson: The coeficients of univalent functions. (Ab- 
stract 51-11-226-2.) 

108. R. M. Robinson: Finite sequences of ciasses. (Abstract 51-9- 
183-1.) 

109. Edward Rosenthall: On the sums of two squares and the sum of 
cubes. (Abstract 51-11-207-2.) 

110. Raphael Salem and Antcni Zam: Capacity of sets and 
Fourier series. (Abstract 51-7-1224.) 
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111. Raphael Salem and Antoni Zygmund: Lacunary power series 
and Peano curves. (Abstract 51-9-161-t.) 

112. Raphael Salem and Antoni Zygmund: The approximation by 
partial sums of Fourier series. (Abstract 51-7-123-#.) 

113. H. E. Salzer: Formulas for direct and inverse interpolation of a 
complex function tabulated along equidistant circular arcs. (Abstract 
51-7-127-t.) 

. 114. H. E. Salzer: Note on coefficients for numerical integration with 
differences. (Abstract 51-11-232-t.) 

115. H. E. Salzer: Table of coefficients for double quadrature without 
differences, for integrating second order differential equations. (Abstract 
51-7-128-t.) 

116. H. E. Salzer: Table of coefficients for repeated iniegration with 
differences. (Abstract 51-9-172-t.)° - 

117. Peter Scherk: On differentiable arcs and curves. V. Preliminary 
report. (Abstract 51-5-100-Ł.) 

118. A. R. Schweitzer: A theory of congruence in the foundations of 
geometry. II. (Abstract 51-7-135-t.) 

119. A. R. Schweitzer: A theory of congruence in the foundations of 
geometry. III. (Abstract 51-7-136-z.) 

120. I. M. Sheffer: Note on Appell polynomials. (Abstract 51-7- 
124-t.) 

121. C. F. Stephens: Systems of linear difference equations contain- 
ing a parameter. (Abstract 51-9-163-t.) 

122. W. J. Trjitzinsky: Integral equations in problems of representa- 
tion of functions of a complex variable. (Abstract 51-7-126-t.) 

123. S. M. Ulam and John von Neumann: Random ergodic theo- 
rems. (Abstract 51-9-165-#.) 

124. C. W. Vickery: Concerning the notion of measure in metric 
spaces. (Abstract 51-9-166-2.) 

125. H. S. Wall: Analytic Lunon with positive real parts. (Ab- 
stract 51-9-167-ż.) 

126. H. S. Wall: Theorems on arbitrary J-fractions. (Abstract 51-9- 
168-ż.) 

127. A. D. Wallace: Another fixed point theorem. (Abstract 51-9- 
189-2.) 

128. A. D. Wallace: Extensión sets. I. (Abstract 51-7-142-t.) 

129. A. D. Wallace: Extension sets. II. (Abstract 51-7-143-t.) 

130. A. D. Wallace: Extension sets. III. (Abstract 51-7-144-t.) 

131. G. T. Whyburn: Boundary alternation of monotone mappings. 
(Abstract 51-9-191-4.) 

` T. R. HOLLCROFT, 
Associate Secretary 


UNIVERSAL MILITARY SERVICE IN PEACE TIME 


REPORT OF A SUBCOMMITTEE OF THE WAR POLICY COMMITTEE! 
OF THE 
AMERICAN MATHEMATICAL SCCIETY AND THE MATHEMATICAL 
ASSOCIATION OF AMERICA 


Foreword (prepared by Professcr M. H. Stone, Chairman of the War 
Policy Committee): The War Policy Committee of the American 
Mathematical! Society and the Mathematical Association of America 
was formed to study the many questions of professional and scientific 
policy arising out of the war. No subject has been of greater interest 
or more vital concern to the Committee than the relations between 
scientific effectiveness on the one hand and the military requirements 
of the nation on the other. A most important aspect of this subject is 
treated in the report on Universal Military Service in Peace Time 
which is now made public. This report, prepared some time ago,by a 
special subcommittee, is directed in the main at points upon which 
mathematicians as such are particularly qualified to express informed 
opinions. Whatever view may ultimately prevail concerning universal 
military training in peace time—and it should be emphasized that 
there are many Citizens, mathematicians included, who doubt the 
wisdom of introducing such a peace-time military program—it is 
clearly of the first importance that no program deleterious to the 
scientific and technological vigor of the nation should be adopted. 
The report deals frankly and in detail with this vital segment of the 
problem now before Congress. In offering the recommendations of the 
report as a professional contribution to the current discussion, the 
War Policy Committee hopes to render a modest public service 
strictly within the natural sphere of its activity. 


1. Introductien. In the Congress of the United States, bills are 
under consideration (S. 188 and H.R. 515, companion bills) which’ 
would prescribe a year of military service in peace time for all young 
men of suitable physical qualifications. These bills present the nation 
with a proposal for a fundamental new departure in our national life 
and it is appropriate that the widest discussion should occur concern- 
ing all sides of the situation which would result. It is natural that the 
greater part of the arguments pro or con about S. 188 in the public 
press should deal with military, internal political, and international 


1 Prepared, in July, by a subcommittee consisting of Professor W, L. Hart, 
Chairman, Saunders MacLane, and C. 3. Morrey, and approved by the War Policy 
Committee and the Council of the American Mathematical Society. 
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aspects of the matter. Various spokesmen of the general field of educa- 
tion, particularly at the college level, as well as of specific fields of 
learning have likewise discussed the measure under consideration. It 
is the main purpose of this report to state opinions concerning the 
impact of compulsory military service in peace time on those phases 
of our national life which are of primary significance to mathemati- 
cians and which lie in areas where we may speak with special author- 
ity. In carrying out this aim, it is natural that at times we shall 
phrase remarks from a general educational viewpoint not primarily 
associated with the field of mathematics. A summary of the opinions 
advanced in the report is to be found in Section 11. 


2. Orientation of the report. In the discussion of any measure like 
S. 188, we may conceive of a division of interest between two major 
questions. First, one may ask, “Should the United States have uni- 
versal military service in peace time?” Second, “If Congress is to pass 
such an act, what provisions should it contain in order that the great- 
est possible good should be obtained for the nation as a whole and 
for the young men who will perform the service?” We realize that 
these questions are considerably interrelated but, for our purposes, 
we shall act as if they are relatively independent. It is probable that 
the decision on the first question should and will be reached mainly 
on the basis of significant national and international considerations 
of a social, economic, political, and military nature. In this connection 
- it is likely that only small weight will be given to those points where 
our opinions as mathematicians or educators would be of any special 
importance as compared to those ideas we may express individually 
as mere citizens. Hence we have decided that, in regard to the first 
question and the most intimately connected phases of the second 
question, we shall make only a single statement. 

We believe that a decision about introducing universal military 
service in peace time should be reached only after an investigation by 
a carefully selected commission, preferably appointed by the Presi- 
dent of the United States. We recommend that this commission 
should include not only representatives of the armed forces but also 
individuals from all other important sections of our population, with 
a strong representation from the fields of industry, science, and tech- 
nology which have been of such great importance during the present 
war. This commission should have the wide objective of considering 
what combination of yniversal military service, scientific develop- 
ment work on weapons of war, and associated industrial and educa- 
tional measures would be best adapted to insure the safety of the na- 
tion. 
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The balance of this report will be concerned with matters particu- 
larly germane to a discussion of the second of the two major questions 
which we have mentioned, although we have no intention of consider- 
ing all its aspects. Our remarks will be phrased under the explicit 
assumption that universal military service in peace time will be adopted. 
However, this viewpoint is not to be taken as evidence that we desire 
or expect a bill such as S. 188 to become law. 

For future reference, we note that the presert bill S. 188 includes 
the following features. 

2.1. The bill omits specification of all subsidiary values as justifi- 
cation for military training and is based only cn reasons‘relating to 
national security and the prevention of dissipation of training re- 
sources and experience. 

2.2. The bill contains provision for a period of four years (ages 18 
to 22) in which the individual may select the year for military train- 
ing. A high school graduate with his parents’ ccnsent may volunteer 
to start his year of training while he is still 17 years of age. 

2.3. The year of training will be used by the Army and Navy asa 
basis for selecting non-commissioned and commissioned officers. 


3. Background relating to the present war. The importance of tech- 
nical developments of new weapons and tactics during the military 
operations of the last few years has emphatically shown that science 
has made a fundamental contributicn to the military power of the 
nation. More particularly, the abstract science of mathematics has 
been put to effective application in a surprising number of fields, in- 
cluding even the extensive use of mathematicians in operational 
analysis work overseas. These facts are important in the formulation 
of an intelligent long term policy for maintaining the nation’s military 
strength. It can safely be said that the military potential of a country 
does not depend solely upon the size and character of its armed forces. 
This potential also depends largely upon the technical and industrial 
talent available and upon the vigor, ability, and training of its sci- 
entific and technical experts. 

Long range military planning, therefore, requires that able young 
men be encouraged both in preparing themselves in basic scientific 
and mathematical knowledge and in ecquainting themselves with the 
ways in which this knowledge can be put to use in time of war or na- 
tional emergency. 

With the preceding viewpoint in mind, we deeply regret to note that 
the manpower policies of the United States during the war have 
not been well formulated with respect to the utilization of men 
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trained in science and technology or potentially able to assimilate 
such training. Draft deferments for the purpose of obtaining certain 
varieties of technical training have been at times difficult and often 
impossible to obtain. Some valuable technical men have been wasted 
in non-technical activities and others would have been wasted had st 
not been for the energetic efforts of representatives of science and 
technology in prodding reluctant or unenthusiastic government 
bureaus into action. During the war the United States has folloyed a 
sadly shortsighted and unintelligent policy with regard to science 
and technology by not providing for appropriate annual increments 
of undergraduate men to be trained in those fields. There are facts 
at hand which indicate that England and probably Russia have not 
made a similar error during the war. We agree strongly with the many 
opinions which have recently been expressed concerning the necessity 
for prompt resumption of training for the scientific professions, even 
before the end of the war with Japan. We believe that any additional 
delay in provisions for such training may have fatal effects not only 
on national health and the technological side of our economy but, 
also, on our means for future national defense. These remarks are well 
justified by the established facts about the present and potential 
shortages of physicians, dentists, Ph.D.’s in the various fields of the 
physical sciences, and technologists. The preceding background 
leads us to the following conclusion. 

We consider it very important that universal military service in 
peace time should not be planned in such a way as to interfere with 
efforts, first, to eliminate as quickly as possible the present shortage 
of scientists and technologists and, second, to provide for a con- 
tinuous generous supply of such essential categories of trained 
citizens in the future. 


4. An attitude about exemptions from military service. It has been 
the traditional American viewpoint that all men should be treated as 
nearly alike as possible in fundamental respects whenever a call for 
universal military service is issued by our Government. It could be 
argued that this was a major cause for some of the shortsighted man- 
power policies of the present war period which have been referred to 
previously. However, we believe that it would have been possible for 
Selective Service to have been administered during the war without 
violating the specified tradition and, also, without introducing vari- 
ous major evils. This democratic viewpoint is so deeply seated that, 
regardless of whatever arguments might be presented against it, 
neither the general public nor the affected young men could be 
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expected to give friendly support to measures for creating numerous 
exempt classes of the population in case universal military service in 
peace time should be adopted. Realistically, we appreciate that any 
request for the exemption of mathematicians or physical scientists, 
for instance, could be expected to induce requests for the exemption 
o \social scientists, and scholars in almost all other fields of learning, 
as ‘well as representatives designated by innumerable pressure groups 
outside the field of education. The-result of such requests for exemp- 
tions*would undoubtedly be the creation of an ironclad policy of no 
exemptions. The requests might even develop an unsympathetic 
attitude among the directors of military service with respect to 
rational plans for differentiation of training, which we propose to 
emphasize in place of exemptions. 

We shall proceed, then, with the explicit premise that it would “ 
undesirable to suggest the exemption of men with special mathe- 
matical talent and that each man, zegardless of his s abilities, will have , 
to spend one year of his life in military service. 


5. A liberal interpretation of the words ‘‘military service.” The pres- 
ent rate of increase in the military uses of science and technology 
convinces one that success in any future war will be dependent on 
continued progress in science and cn the existence of a large reservoir 
of trained technologists. Thus it is essential that any program for 
universal military service should be consistent with associated plans 
for the development of our scientific and technological potential. It 
follows that the final program should not be organized with the 
narrow objectives of merely disciplining masses of men and preparing 
them for handling existing weapons of war. Hence, the term “military 
service” should be interpreted in a liberal fashion. 

“Military service” should include not only the usual routine 
service in the Armed Forces but, also, various other highly technical 
forms of training which are just as essential for enhancing the military 
strength of the nation. These types of service should be made avail- 
able for properly qualified young men under some studied system for 
differentiation of training in accordance with ability. In particular, 
the system should provide appropriate advanced types of service in’ 
the case of the small but important group having special aptitude 
for and training in mathematics, the physical sciences, or technology. 


6. Candidates for the most highly technical militery service. During 
the present war, under Selective Service the Armed Forces have 
made intelligent efforts to place the inductees into various enlisted 
classifications in accordance with the abilities shown by the men in 
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civilian life and in various tests given by the Armed Forces. Also, 
similar efforts have been made to locate men with appropriate back- 
grounds as candidates for commissioned ranks in various branches 
of the Armed Forces. It should be anticipated that these commend- 
able practices in the direction of differentiated training would con- 
tinue under universal military service in peace time. The Committee 
then directs the main force of its recommendation for differentiated 
training at the cases of the exceptionally superior young men who, 
let us say, have the requisite mathematical and scientific aptitude 
and inclination to become Ph.D.’s in mathematics or a physical 
science, or to advance to the highest levels of attainment in an 
engineering field. Under the reasonable hypothesis that less than 
one third of the men in our population with such potentialities finally 
pursue careers in the indicated fields, we are led to estimate the num- 
ber of men of this sort available in any annual age group at about 
3000 men. If we should attempt to sift them out of the enormous 
annual group of high school graduates by any existing devices for the 
prediction of mathematical or scientific aptitude, the percentage of 
error in diagnosis would be very high. It is likely that we would have 
to earmark about 20,000 boys annually in order to be reasonably 
certain that the final group would include 90% of the 3,000 boys 
whom we have mentioned. Such an attempt at selection of 20,000 
boys would entail severe difficulties in the field of educational 
measurements and also many later complications if the members of 
the earmarked group were to be given individual attention during 
the next four to seven years. Our final plan will indicate a procedure 
for obtaining such candidates which appears more simple than an 
attempt to earmark them at an early age. At present we offer merely 
the following conclusion. Among the boys who graduate from high 
school in any year there is a group of about 20,000 with such high 
mathematical and scientific aptitude that they deserve special 
consideration under any plan for universal military service. This 
group will hereafter be referred to as the select technical group. 


7. Advantages of deferment of military service for the select group. 
It is likely that any boy in the group would graduate from high school 
by the time he is 18. Regardless of considerations related to military 
service, the rarity of the aptitudes present in the group makes it 
desirable that each member should be shielded from unnatural 
influences which might lead him away from the fields of science and 
technology where his abilities would be so valuable to the nation. 
We believe that he should be encouraged to carry out any latent 
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inclination to enter upon scientific or technical training. Immediately 
after graduation from high schoo!, an interruption of a full year in 
the educational process might eliminate or dim his embryonic urge 
to scientific study. The interruption would also cause an undesirable 
break in the important preliminary stages of progress in mathe- 
matics and science. Moreover, a year of military service at age 17 
or 18 might expose the boy to certain military, social, or industrial 
activities which, although appealing to a youth, could lead him 
` after a few years to an undesirably low terminal point outside of 
advanced science or technology, with a corresponding loss to the 
nation. 

If our attention is now fastenec primarily on differentiated train- 
ing at a high level under military service, we can lixewise argue that a 
delay beyond age 18 in this service may be desirable for a boy in 
the select group. When he graduates from high school, he will not 
yet possess the requisite mathematical and scientific background 
to be eligible for or to obtain maximum good from many of the high 
grade types of differentiated service which can be made available. 
Before he receives college training, his possibilities might be merely 
those of an exceptionally intelligert young man with latent scientific 
abilities and interests but no particularly useful background knowl- 
edge. He might even gain a permanently wrong orientation with 
respect to various aspects of military service where he should even- 
tually become most useful to the nation in case of war. 

The preceding remarks léad us to advocate the following flexible 
provision, similar to Item 2.2, ir any final regulations governing 
universal military service in peace time. 

The directors of the program should have the power to approve a 
request for deferment of the year cf service for anv young man when 
this is deemed best for the interest of the nation. In particular, con- 
tinued efficient progress with high achievement in the study of 
mathematics, a physical science, or technology, even through the 
stage of a Ph.D. degree, should be considered sufficient cause for 
such deferment. 

Conceivable complications in tke administration of the rules for 
deferment should not be considered a deterrent to the adoption of 
the preceding recommendation. It should be possible to develop a 
smooth routine for such a process in peace time which would be 
superior to the method employed with respect to draft deferments of 
scientists and scientific students during the war. In this connection 
it is pertinent to observe that a proposal for special treatment im- 
mediately under Selective Service for a select group of 20,000 was 
presented to Congress recently. 
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8. Suggestions concerning highly differentiated service. We proceed 
under the assumption that the deferment recommendation of Section 
7 could be adopted. Then, we propose the following rough outlines of 
a plan for implementing the suggestions about differentiated service. 

8.1. A board should be created to canvass the possibilities for in 
service training on intermediate and high technical levels for prop- 
erly qualified applicants and to supervise plans for instituting such 
training. This board should involve civilian representatives of the 
fields of mathematics, the physical sciences, and engineering, to- 
gether with representatives of the armed forces. 

8.2. The search for training locations should cover the various 
laboratories, research divisions, arsenals, and other technical ac- 
tivities of the Army and Navy. Also, the search should extend into 
associated private industries and related curricula and research in 
universities. As a mere sample of possibilities we mention the follow- 
ing types of training which might be given to properly selected 
groups each year. 

8.21. An advanced course in meteorology for the future use of the 
Army or Navy, along the lines of the curriculum presented at five. 
major universities in the United States during the early years of the 
war, and associated field experience. 

8.22. In service training at the Ballistic Research Laboratory of 
the Army Ordnance Department at the Aberdeen Proving Ground. 

8.23. In service training in the artillery fire control division at an 
ordnance plant. 

8.24. In service training at a laboratory of the.Signal Corps, or 
at an aeronautical research laboratory of either the Army, the 
Navy, private industry, or a university. 

8.25. Study of the mathematical and operation phases of crypt- 
analysis in the intelligence division of the Army or Navy. 

8.3. For each of the training possibilities, the Board should decide 
upon appropriate academic prerequisites to be demanded of any man 
who is to qualify for the opportunity. These prerequisites should 
probably be much more extensive than for any similar training during 
the war, because in peace time interested men would have ample 
opportunity to obtain the necessary background. A pamphlet should 
then be published listing the available varieties of technical training 
which might be taken as “military service” so that interested boys, 
even early in their high school life, could begin to orient their school 
work with respect to the future opportunities in military service. 
The pamphlet should urge boys of proper aptitudes to defer their 
entrance to military service until they gain the prerequisites for the 
type or types of service which appeal to them. 
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8.4. If administratively possible, assignments tc any one of the most 
exacting and desirable varieties of training should be made on the 
basis of applications asserting definite interest in zhe field involved, as 
well as possession of the necessary prerequisites. 

8.5. In addition to the technical training experience mentioned pre- 
viously, an appropriate amount of routine “boot” training should be 
given either simultaneously with the technical work or in a separate 
period of time during the year of service. 

8.6. The directing Board should examine the possibility of granting - 
commissions in the Reserve Corps of the Army or Navy for satis- 
factory completion of certain types of technical training which 
would be available to the most highly qualified. young men during 
their year of service. Acceptance by a young man of the opportunity 
of such training should not commit him to accepting such later com- 
* mission as might be offered in this connection. 


9. Civilian educational by-products of universal military service. If 
the interesting nature of the various technical types of differentiated 
military service, at low or intermediate as well as at high levels, and 
the corresponding academic prerequisites are properly advertised, 
strong repercussions might occur in the field of secondary education. 
It is probable that boys of ability and their parents would then 
demand maximum mathematical and scientific opportunities in the 
secondary curriculum for students of proper ability. Also, regardless 
of the possibility of differentiated training, it is our belief that a 
requirement of a year of military service, with the attendant delay in 
the study of the professions, would place an added demand for edu- 
cational efficiency on both the high schools and colleges. The knowl- 
edge resulting from a brief exposure to substantial secondary mathe- 
matics or science is easily forgotten. On the other hand, a long 
exposure to these fields gives the student a body of content which, 
even though it should remain dormant during a year of military serv- 
ice, would be effective in the next year after a brief review. 

Hence, if universal military service is adopted, added efforts 
should be made in the secondary field to expose the better students to 
as much substantial mathematics and physical science as possible. . 


10. Educational responsibilities of the Armed Forces resulting from 
universal military service. Even without the delay which would be 
caused by military. service, the time for completing professional 
.training encroaches on the age of greatest productivity and ingenuity 
as well as on the normal age for assumption of family responsibilities. 
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Hence, under universal military service, the Armed Forces will be 
presented with a challenge to compensate as much as possible for the 
year of delay which would be introduced. It is obvious that the 
handicaps suffered by a young man due to an interruption of a year 
in his formal education would be considerably lessened if he should 
systematically carry on correspondence study during the year. 

If universal military service is adopted, the Armed Forces should 
offer to the men in training the fullest cooperation and encourage- 
ment in the extension of their formal education by means of corre- 
spondence courses. At the college level, we recommend that this be 
done by paying the registration fees for men who take and dili- 
gently pursue courses offered by regular college correspondence 
departments, rather than through such an agency as the present 
Armed Forces Institute. 


- 11. Summary. In the development of this report we have em- 
phasized the following points and recommendations. 

11.1. A joint civilian and military commission should be ap- 
pointed by the President of the United States to study the problem 
of universal military service in peace time before final action is 
taken on the matter. 

11.2. An expression of opinions by the American Mathematical 
Society and the Mathematical Association of America should be 
focused on constructive suggestions about the administration of 
universal military service if it should be adopted and about the 
solution of resulting educational problems. 

11.3. No outright exemptions from universal military service should 
be requested. 

11.4. The required military service should be highly differentiated 
in accordance with the aptitudes and training of the young men 
involved, with emphasis on exceptional differentiation for those few 
with the greatest technical abilities. 

11.5. A system for deferring the year of military service should be 
instituted so that gifted young men might prepare themselves for 
advanced ‘varieties of differentiated service before entering the 
Armed Forces. 

11.6. The possibilities for technical varieties of differentiated 
service should be canvassed by a joint civilian and military board. 
The resulting training programs with the corresponding academic 
prerequisites should be well advertised among high school boys, 
their parents, and the teachers and administrators in the secondary 
field. 
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11.7. If universal military service is adopted, the field of secondary 
education will have the added responsibility af increasing the effi- 
ciency and quantity of instruction given in mathematics and physical 
science to the students of better than average ability. 

11.8. The Armed Forces should encourage young men to continue 
their education during military service by taking correspondence 
work through regular school channels, and the Armed Forces should 
pay the’costs of such study if a man carries it through diligently. 


PREDOCTORAL FELLOWSHIPS IN THE 
NATURAL SCIENCES 


The National Research Council announces that it is now ready to 
receive nominations and applications for the predoctoral fellowships 
in the natural (that is mathematical, physical, and biological) sci- 
ences which it is administering under a grant from the Rockefeller 
Foundation. These fellowships are intended to assist young men and 
women, whose graduate study has been prevented or interrupted by 
the war, to complete their work for the doctorate. It is hoped that 
these fellowships will do much to accelerate the recovery of the sci- 
entific vigor and competence of the country which is so seriously 
threatened by the loss of almost two graduete school generations of 
` scientifically trained men and women. 

This program will be administered by a Committee on Predoctoral 
Fellowships of the National Research Council whose members are 
Henry A. Barton, Charles W. Bray, Detlev W. Bronk, Luther P. 
Eisenhart, Ross G. Harrison (Chairmar—National Research Coun- 
cil, ex officio), W. A. Noyes, Jr., and John T. Tate, chairman; Enid 
Hannaford, secretary. 

The annual stipend will be $1200 for single persons and $1800 for 
married men. In genéral it is expected that each recipient will spend 
at least eleven months per year on academic work. An additional 
allowance up to $500 per year will be made for tuition fees. Fellow- 
ships granted to individuals who are eligible for educational support 
from the “G.I. Bill of Rights” will be at such stipends as to bring the 
total income from these two sourres to that which would be received 
at the above rates. 

Each fellow, before entering on his graduate studies, will submit 
for review by the Committee on Predoctoral Fellowships a schedule, 
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approved by the dean of his graduate school, for the completion of 
his work for the doctorate. This schedule, as approved by the com- 
mittee, will constitute an informal agreement upon the basis of which 
stipend payments will be made. At the discretion of the university 
concerned the fellowship stipend may be supplemented by university 
grants. All such supplementary sources of income should be made a 
matter of record with the committee. The progress of the fellows will 
be subject to periodic review by the committee which reserves the 
right to cancel fellowships when in their judgment satisfactory prog- 
ress is not being maintained. 

Prospective candidates for these fellowships are urged to apply at 
once even though they may be unable to undertake their graduate 
study in the immediate future. Information concerning these fellow- 
ships and Nomination-Application blanks are being mailed out widely 
to graduate schools and wartime research laboratories. They may also 
be obtained by writing directly to the Secretary, Committee on Pre- 
doctoral Fellowships, National Research Council, 2101 Constitution 
Avenue N.W., Washington 25, D. C. 


CANADIAN MATHEMATICAL CONGRESS 


The first meeting of the Canadian Mathematical Congress was held 
in Montreal, June 18-23. It was bilingual and its sessions were held 
in various parts of Montreal. The Congress had the support and ap- 
proval of all universities throughout Canada, and was made possible 
financially by substantial grants from the National Research Council 
of Canada, the Government of the Province of Quebec, the City of 
Montreal, and numerous insurance and industrial companies. Through 
the kindess of the British Council and the Royal Society, Professor 
L. J. Mordell (now of Cambridge University) attended as British 
delegate. A permanent organization was formed to meet about every 
four years and to operate in the meantime through committees and a 
permanent executive. The meeting was attended by about 200 mathe- 
maticians, some accompanied by their families, from all parts of 
Canada. 

The sessions on Monday, Thursday forenoon, Friday and Saturday 
were held at McGill University, the session on Tuesday at Montreal 
University, the session on Wednesday at the Agricultural Institute, 
and the session on Thursday afternoon at the Ecole Polytechnique. 
The program of the meeting gives a good view of the scope of the 
discussions. 

Secondary school mathematics from the universiéy point of view, Nor- 
man Miller of Queen’s University, D. C. Murdoch of the University 
of British Columbia, M. S. Macphail of Acadia University, and Her- 
bert Tate of McGill University. a f 

Comparaison entre les programmes des universités de France et des 
universités françaises de Québec, Emile Gérard of St. Mary’s, Montreal. 

On some developments of modern algebra. 1, Richard Brauer of the 
University of Toronto. 

Role of mathematics in a mathematics and physics course, Samuel ° 

-Beatty of the University of Toronto and Arthur Léveillé of Montreal 
University. ` 

Cosmic rays and ihe elementary particles of physics, F. Rasetti of 
Laval University. 

Rôle de la géoméirie dans la formation générale, J. Flahault of 
Montreal University and the Ecole Poiytechnique. 

Les nouvelles statistiques en physique, F. Rasetti of Laval University. 

On some developments of modern algebra. 11, Richard Brauer of the 
University of Toronto. 

Engineering mathematics. 1, V. G. Smith of the University of To- 
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ronto, Spencer Ball of the Nova Scotia Technical College, and 
M. Burke-Gaffney of St. Mary’s College, Halifax. 

Les mathématiques de l'astronomie, Frère Robert of Mont St. Louis, 
Montreal. 

The problem of mathematical research in Canada. R. L. Jeffery of 
Queen’s University. 

Methods of fostering research and graduate work, W. L. G. Williams 
of McGill University. ~ 

Engineering mathematics. II, Adrien Pouliot of Laval University 
and F. M. Wood of McGill University. 

Introduction aux mathématiques, A. Larue of Laval University: 

Foundations of geometry, G. de B. Robinson of the National Re- 
search Council. 

Postwar problems of the Canadian universities, F. S. Nowlan of the 
University of British Columbia. 

The nine regular solids, H. S. M. Coxeter of the University of To- 
ronto. 

Le calcul vectorial avec applications à la géoméirie analytique, Gaston 
Bertrand of the Ecole Polytechnique. 

“A national policy for applied mathematics, W. H. Watson of the 
University of Saskatchewan, L. Infeld of the University of Toronto 
and A. H. S. Gillson of McGill University. 

The geometry of numbers, L. J. Mordell of the University of Man- 
chester. 

Some topological properties of disk and sphere, A. W. Tucker of 
Princeton University. 

High-speed computing devices and mathematical analysis, John von 
Neumann of the Institute for Advanced Study. 

Universal algebra, Garrett Birkhoff of Harvard University. 

On the use of the differential analyzer in solving partial differential 
equations, Douglas R. Hartree of the University of Manchester. 

La théorie des groupes de Lie, Claude Chevalley of .Princeton Uni- 
versity. 

Conformal representation and hydrodynamics, A. Weinstein of the 
University of Toronto. 

A symposium on statistics was held in two sessions with the follow- 
ing program: 

The freld for university TEN in the life insurance business, Gordon 
Beatty of the Canada Life Insurance Company. 

The practical use of statistics and actuarial mathematics in the life 
insurance business, C. D. Rutherford of the Sun Life Assurance Com- 
pany of Canada. 
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Prediction of students’ success in a commerce course, L. A. H. War- 
ren of the University of Manitoba. > ' 

Certain mathematical aspecis of statistics, R. H. Cole of the Uni- 
versity of Western Ontario, E. S. Keeping of the University of Al-' 
berta, N. Keyfetz of the Dominion Bureau of Statistics, and 
W. Kozakiewicz. 

There was also a symposium on war research with the following 
program: 

Mathematics in ranti; W. J. Henderson of tne National Research 
Council. * 

Mathematics in ballistics research, N.S. Mendelsohn of the Ballistics 
Laboratory, Valcartier, Quebec. 7 

Mathematics in aeronautical research, W. F. Campbell of the Na- 
tional Research Council. ‘ 

There were two sessions for short research papers with the follow- 
ing papers presented: 

Isotropic solutions of Einstein's field equations, Max Wyman of the 
University of Alberta. 

Lattice points in ovals, Douglas S. Derry of the University of Sas- 
katchewan. 

The 3-row, n-column Latin rectangle deranzement problem, Lloyd 
Dulmage of the University of Manitoba. 

Some problems of approximation associated with linear differential 
systems, W. H. McEwen of Mount Allison University. 

The four vertex theorem and related topics, Peter Scherk of the Uni- 
versity of Saskatchewan. 

At the luncheon on Thursday addresses were given by C. J. 
Mackenzie, President of the National Research Council, and by L. : 
Mordell. 

Two mathematical films, The tsograph and A triple integral, were 
shown through the kindness of the Bell Telephone Company and of 
E. A. Whitman ofthe Carnegie Institute of Technology. 

Several sets of resolutions were adopted et the General Meeting on 
Friday evening and Saturday forenoon. To implement these the 
following permanent Committees were appointed: 

Committee on Secondary School Mathematics, Norman Miller and 
Abbe G. Perras, joint chairmen. 

Committee on Scholarships, Fellowships and Prizes, F. S. Nowlan, 
chairman. 

Committee on Research, G. Pall and A. Pouliot, joint chaired: 

Committee for Exchange of Staffs, A. H. S. Gillson, chairman 
(American Representative, R. G. D. Richardson). 
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Committee for Journal, A. Léveillé and W. H. Watson, joint chair- 
men. 

Committee for Publishing Proceedings of the First Meeting, 
H. S. M. Coxeter and A. Léveillé, joint chairmen. 

Finance Committee for the Congress, W. L. G. Williams, chairman. 

A. H. S. Gillson was appointed to prepare a pamphlet for educa- 
tional authorities, business and industry. 

The Executive of the Congress, appointed to function until the 
next general meeting, is as follows: Dean S. Beatty, President; Dean 
A. Pouliot, Vice President; G. Perras, French Secretary; R. E. 
O’Connor, English Secretary; W. L. G. Williams, Treasurer; and the 
Chairmen of the above committees. 

R. Eric O'CONNOR, S.J., 
Secretary 


BOOK REVIEWS 


The problem of moments. By J. A. Shohat end J. D. Tamarkin. 
(Mathematical Surveys, vol. 1.) New York, American Mathe- 
matical Society, 1943. 140 pp. $2.25. 


This book is the first in a new series sponsored by the American 
Mathematical Society. Each number of the series is evidently de- 
signed to collect all important existing material on a single mathe- 
matical discipline and to expound it in a readable and understandable 
manner. If so, then the volume under review succeeds admirably for 
that branch of mathematics which has recently grown up about a 
problem posed and solved by T. J. Sticltjes and named by him “the 
moment problem.” The authors have set a high standard of excellence 
in presentation and choice of material, which may well establish 
the tone for the series. 

The moment problem may be stated as follows: Given a sequence 
of real numbers po, ui, * + + ; determine a nondecreasing function y(é) 
such that 


(1) Un = f rave, = 0,1,2,---. 


If a=0, b= œ, the problem is precisely as Stieltjes set it and is known 
as the Stieltjes problem; it is known by the names of F. Hausdorff 
or H. Hamburger according as a=0, b=1 or c= — œ, b=+ œ. Of 
course the first two are special cases of the iast, but it is profitable 
to study them separately. The case in which y(f) is to be the Riemann 
integral of a positive function was studied by earlier authors, notably 
E. Heine and P. Tchebycheff. In spite of this it seems proper that 
the name of Stieltjes should be attached to tie problem, for the gen- 
eralized integral which he introduced, now known as the Riemann- 
Stieltjes integral, was indeed a very happy idea for the development 
of the problem. Without it finite linear combinations and integrals 
would have to be studied separately, and nothirg like the existing ele- 
gance in the theory could possibly be attained. 

The reason for the term “moment” becomes evident if one inter- 
prets ¥(#) as defining a distribution of mass along the interval 
asisb. Then po is the total mass; py is the statical moment which 
measures the tendency of the segment to turn about the origin if 
held horizontally; pe is the moment of inertia about the origin. 
Stieltjes defines u, as the nth moment, and his fundamental question 
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is whether the distribution of mass can be ascertained from a knowl- 
edge of all the moments. After this physical statement it is clear why 
one is particularly interested in nondecreasing functions ¥(/). From 
the point of view of the pure mathematician the case when y(é) is of 
bounded variation is equally interesting. Indeed this case has been 
studied in detail for the Hausdorff problem with suitable restrictions 
on the p’s. However, for the other two problems it turns out that the 
equations (1) are consistent for an arbitrary sequence of moments if 
Y(t) is only required to be of bounded variation. With so slight a rela- 
tion between the p’s and Y(t) there remains little to study. 

We return to the problems as originally set and state the funda- 
mental conditions for consistency. The Hausdorff problem has a solu- 
tion if and only if 


(— 1)*A*z, 2 0, k,n = 0,1,2, 


The sequences (n+1)~ and 2-* have this property. Indeed they cor- 
respond to the nondecreasing functions y(é) =# and W(t) =0, ¢<1/2, 
W(t) =1, t>1/2, respectively. The corresponding conditions for the 
Hamburger problem are that 


(2) > pa Hig GX iX 5 2 0, n=0,1,2,°:-, 
i=0 j0 

for all real numbers x;. Finally, for the Stieltjes problem one must add 

to the inequalities (2) that 3 


>, 2 ki+pitiť; 2 0, n=0,1,2,°-:. 


fx jad 


Having established conditions for the existence of a solution we 
naturally ask if the solution is unique. At first sight we might perhaps 
not expect uniqueness under any circumstances, for we are trying to 
determine a function over an interval, a point set with the power of 
the continuum, by the countable set of moments. However, our more 
familiar experience with Fourier series, where the Fourier coefficients 
do determine the function from which the series derives, may serve 
to’orient us here. In fact the solution of the Hausdorff problem is 
unique, even if y(t) is of bounded variation. However, in the other 
two cases when the interval is infinite the solution is not in general 
unique, and it becomes desirable to know if further conditions can be 
imposed on the p's to guarantee uniqueness. Many such sufficient 
conditions have been found. The most general one known, due to T. 
Carleman, is that the divergence of the series 
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—1/(2n) 
Han 
n=l 
implies the uniqueness of the solution of the Hamburger problem. 

The boòk begins with a brief introductory chapter designed chiefy 
to collect the needed tools but also containing a historical sketch and 
a description of the main results. Here is proved a theorem on the 
extension of non-negative functionals which is fundamental for later 
work. There follow four chapters which we now describe briefly. 

Chapter 1 is concerned with the fundamental theorems of con- - 
sistency mentionec above. It also proves’ Carleman’s uniqueness 
theorem and derives others therefrom. 

Chapter 2 deals with the Hamburger problem in minute detail 
and contains perhaps the most profound material of the book. The 
approach is through the theory of continued fractions, which really 
was the origin of the investigation of Stieltjes. These fractions in turn 
are studied by use of a class of functions which are analytic in a half- 
plane and which have a negative imaginary part there. Necessary and 
sufficient conditions for uniqueness are found in terms of the con- 
tinued fraction associated with the moment problem. Many details 
concerning the polynomials which appear in the successive ap- 
proximants of this continued fraction are developed. 

The third chapter discussés various modifications of the original 
problem, notably one mentioned above: the Hausdorff problem in 
which (4) is no longer required to be nondecreasing. Relations with 
the Laplace transform are considered. Explicit expansions of (¢) in 
terms of the moments are obtained. This part of the book is replete 
with ideas and makes fascinating reading. 

.The fourth and final chapter concerns itself with methods of ap- 
proximate quadrature. There is such a method, corresponding to each 
moment sequence, for approximating the integral 


D f rowo. 


Here y(t) is any solution of the Hamburger prcblem. The method de- 
scribed may be considered as a generalization of the classical formula 
of mechanical quadrature due to Gauss. In fact it reduces thereto ` 
if Y(t) =2 in the interval (—1, 1) and is constant elsewhere. The chap- 
ter closes with a discussion of the convergence of the approximations 
to the integral (3). : 

Throughout the book the method of exposition is to proceed from 
the general to the particular. An effort is made to drive directly at the 
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most general result known and to discuss all other results as special 
cases. This procedure is an ideal one for a survey of the present 
character. As a result the reader is able to get a clear picture of the 
whole subject and to see in proper perspective the interrelations of 
the various special parts. In view of the nature of the book the authors 
have not included proofs of all theorems. But enough of these have 
been given to give the reader a real understanding of the methods. 
The choice of what to include and what to omit is generally in excel- 
lent taste. The reviewer would prefer to have seen included more of 
the proofs of the results of N. I. Achyeser and M. Krein, for their 
treatise on the subject is written in Russian. There are very few mis- 
prints. Those discovered by the reviewer are of a trivial nature and 
can be corrected in an obvious way by the reader. The book is cer- 
tainly a very valuable addition to mathematical literature. The 
American Mathematical Society is to be congratulated on this aus- 
Picious initiation of its series of surveys. 
D. V. WIDDER 


Introduction to mathematical logic. Part I. By Alonzo Church. (Annals 
of Mathematics Studies, no. 13.) Princeton University Press, 
1944. 6+118 pp. $1.75. 


This booklet contains the material of the first half of a graduate 
course given by the author at Princeton and is, in fact, the revision 
of a set of lecture notes of that course. It is hoped that Part II, cover- 
ing the second half of the course, which exists now in rough draft in 
the form of lecture notes, will some day appear in print. 

The title of the book is somewhat misleading. As the author says, 
this is a monograph rather than a text. Its aim is not to give a broad 
survey of recent developments in symbolic logic but to present for- 
mally and rigorously, and with all the latest improvements, the theory 
of one of the oldest branches of the subject, namely, the calculus of 
propositional functions. In this ‘aim the author has succeeded ad- 
mirably. The difficult points are emphasized instead of being avoided. 
The care and precision for which the author is noted are in evidence 
throughout. The end result is, for the qualified beginner, a compact 
presentation of an important theory which can serve also as a model 
of present-day standards of rigor. The book is of value to the special- 
ist also in bringing together in one place and in one notation rigorous 
proofs of important basic theorems which are otherwise only to be 
found scattered throughout the literature. 

There are four chapters, of which the first deals with the calculus 
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of propositions, the second and third with two different formulations 
of the functional calculus of first order, and the jourth with functional 
calculi of higher order. 

The first chapter presents various alternative but equivalent 
formulations of the propositional calculus as a formal system. The 
now familiar distinctions between object language and syntax lan- 
guage, between axioms and rules of procedure, and between theorems 
of the calculus and theorems about the calculus (syntactic theorems) 
are explained. The highlights of this chapter are the deduction the- 
orem and the solution of the decision problem, both syntactic results. 

The second chapter presents one formulation of the functional cal- 
culus of first order, called by the author the system F. By using in- 
finite axiom schemata instead of finitely many axioms, the author 
avoids the necessity of including the complicated substitution rules 
for individual variables, propositional variables, and functional vari- 
ables among the primitive assumptions. These substitution rules, 
however, are obtained as derived rules. Other important results of 
this chapter are the deduction theorem for the functional calculus, 
and the theorem on reduction to prenex normal form. 

The third chapter takes up another formulation called the pure 
functional calculus of first order F}. This system has only a finite 
number of axioms and no constants but it has complicated rules of 
substitution. This chapter contains some of the deepest results of the 
book. Among them are the Gödel completeness theorem and the 
Léwenheim-Skolem theorem. It is noted that the decision problem 
for the functional calculus is unsolvable in the general case. A solu- 
tion of the decision problem for formulas in certain special forms is 
given and the problem of finding simple forms with only a few quanti- 
fiers to which every well formed formula is reducible is treated. 

The last chapter is a short one. It discusses informally without 
proofs the extension of the previous theory to the functional calculi 
of second order F? and of infinite order F”. Also discussed are the 
axiom of infinity, the axioms of extensionality, the theory of types, 
and various forms of the axiom of choice. The difficulties of proving 
consistency when various combinations of these assumptions are 
made is pointed out. In this connection the famous Gédel incomplete- 
ness theorem is mentioned but discussion cf it is postponed to Part 
II. However, Gédel’s conditional consistency theorem is discussed. 

It is interesting to note that, although the title of the book refers 
to mathematical logic, the subject matter is mostly logic with very 
little mathematics. This is-because the applications to number theory 
and to set theory have been postponed to Part II. The book has no 


` 
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index or bibliography, but there are historical and bibliographical 
notes at the ends of the first two chapters. This is in every way a 
welcome and useful addition to the literature of logic. 

ORRIN FRINK, JR. 


Mathematical theory of optics. By R. K. Luneberg. (Supplementary 
notes by M. Herzberger.) Providence, Brown University, 1944. 
17+6+401+93 pp. $4.00. (Mimeographed.) 


In this book, geometrical optics and diffraction are both treated as 
special applications of the electromagnetic theory of light. This treat- 
ment has advantages in some respects and disadvantages in others. 
Some types of problems, for instance those of polarized light, are 
handled easily, while the development of the problems of geometri- 
cal optics proper becomes somewhat involved. 

The author has made several ingenious contributions in this con- 
nection. The idea of treating geometrical optics as a special limiting 
case of wave optics has never been carried out before in so much de- 
tail. The author has nowhere restricted himself to homogeneous 
media, following in the path of W. R. Hamilton. He covers first- 
order theory in general systems, third-order image-error theory in 
rotationally symmetrical systems, and the diffraction theory of spher- 
ical and near-spherical waves. A special chapter is devoted to media 
with parallel layers of constant refractive index. 

Luneberg’s treatment of diffraction optics is an important step 
forward. His fundamental contribution may be described as follows: 

The light distribution is assumed to be known in a plane of in- 
finite extent, and represented by the function f(%o, yo). The light dis- 
tribution may be only sectionally continuous inside a finite area, but 
outside this area the function must be small and continuous, and grow 
smaller with increasing distance from the center of the plane. Spe- 
cifically, outside the limited area, f, Of/dx9, and ðf/ðyo must all be 
continuous and smaller than B(xj++)—?, where B is a constant. A 
further condition is that the resulting light distribution in space, 
represented by the function u(x, y, 2), shall be indistinguishable from 
that of a spherical wave at great distances from the plane, since at 
great distances the finite area of the plane is indistinguishable from 
a point. Mathematically, this condition is that, beyond a certain large 
distance from the center of the plane represented by R = (x?+-y?+27)!/2, 
the absolute values of u and du/dR shall be smaller than C/R, and 
the absolute value of the expression 0u/0R—iku shall be smaller 
than D/R?, where D and C are constants. 
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The solution for the light distribution in space unde these con- 
ditions is given as 


+e ik 1 
uls, y, 3) = = > A Mic) (5 = =) ed odyo 


where r= ((x—x} + (y—yo)?-+27)!/2, The solution is found by the 
application of a mathematical technique which is reminiscent of a 
method used by A. Sommerfeld (Math. Ann. vol. 47 (1896)) for 
“the solution of another problem of diffraction. 

Luneberg proves that this solution fulfills all the conditions im- 
posed, and he proves furthermore that all of these conditions are 
necessary to guarantee that the solution shall be unique. 

It should be noted that this solution demands only the knowledge 
of u in the plane z=0, and not its normal comporient. Thus are 
avoided the difficulties encountered by Kirchhof and. eee in their 
early attempts to solve the problem. 

The book has some of the advantages and also some of Ae short- 
comings of lecture notes. A new edition might be more helpful to the 
reader if certain formal changes were made. For instance, the re- 
viewer found it very disturbing that the author does not distinguish 
between the symbols for scalars and those for vectors, especially in 
view of the fact ‘that the author uses vector integration. 

At many points-the author might with advartage have stated the 
physical reasons for his assumptions before proceeding with the mathe- 
matical argument. It is also regrettable that the book quotes little of 
the recent literature in the fields of geometrical cptics and diffraction. 

Nevertheless, we may say in conclusion that the book contains im- 
portant new material, interestingly presented. It is highly recom- 
mended as a source of valuable information. 

` ' M. HERZBERGER 


It was very fortunate that Herzberger carec to add some supple- 
mentary notes to Luneberg’s book. The first supplement deals with 
so-called electron optics and gives an excellent account of this theory 
in close analogy to ordinary optics. Starting from a properly general- 
ized Fermat principle and the associated canonical equations, the 
author leads up to the set of propositions that correspond to the 
Gaussian approximation and to the third-order error theory in the 
usual treatment of optical instruments. Greatly at variance with 
many papers and even textbooks, the presentation is logically com- 
plete and, self-consistent, not leaving out nécessary intermediate 
steps. At some places the reviewer would have liked more explicit 
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references to plain geometrical facts. But a reader well versed in the 
language of analysis and familiar with the elements of differential 
geometry will never be at a loss. This is probably the best succinct 
presentation of electronic optics so far published in any language. 

In the second supplement Herzberger discusses the physical prop- 
erties of optical glass. Based on his Jong standing experience in all 
parts of optical practice, he supplies a most useful collection of facts 
and numerical data. In a brief note headed Mathematics and geo- 
metrical optics, he examines the relationship between different start- 
ing points in the presentation of the usual material of geometrical 
optics, comparing Hamilton’s approach with Lagrange’s theory, and 
so on. 

Of greatest interest is the last supplement on Symmetry and 
asymmetry in optical images. Here Herzberger gives some very brief 
hints of a new error theory of which he is the author. This theory is 
based on the notion of “diapoint,” that is, the point in which the 
image ray intersects the meridian plane of the object point. By study- 
ing the manifolds of diapoints, one arrives at a new classification and 
thus at a new treatment of optical errors. Although it cannot be ex- 
pected that this conception will final y supersede the classical Seidel 
theory, it presents new, surprising, and very useful aspects which 
might become of great value in the design of instruments. It is to be 
hoped that Herzberger will soon find the opportunity to give a full 
account of his results in a book of his own. 

R. v. MISES 


NOTES 


Additional information concerning certain mathematicians in Hol- 
land has become available. Professor J. C. van der Corput of the 
University of Groningen is safe as is also Professor B. L. van der 
Waerden of the University of Leipzig who has recently come to Hol- 
land. Professor J. A. Schouten and Professor F. Schuh of the Techni- 
cal University of Delft and Professor J. A. Barrau of the University 
of Utrecht have retired. Professor Otto Blumenthal of the Technical 
School of Aachen, who emigrated to Holland in 1939, was deported 
to Theresienstadt in 1944 and is now reported to have died. 

The following news concerning Polish mathematicians has been 
received from various sources. 

The following mathematicians were killed during the German 
occupation of Poland: Stanislaw Ruziewicz, Professor at the Uni- 
versity of Lwéw, in July, 1941; Antoni Lomnicki, Professor and 
Pro-rector at the Polytechnical School in Lwéw, in July, 1941; 
Casimir Bartel, Professor and former Rector at the Polytechnical 
School in Lwów (several times Prime Minister of Poland), in July, 
1941; Stanislaw Saks, Docent at the University of Warsaw, in 
November, 1943; Julius Schauder, Docent at the University of Lwéw, 
in July, 1941; Herman Auerbach, Docent at the University of 
Lwów, in the summer of 1943; Moses Jacob, Docent at the Uni- 
versity of Lwów, in 1943; Stefan Kaczmarz, Docent at the University 
of Lwéw, officer in the Polish army, in the fall of 1939; Adolf Linden- 
baum, Docent at the University of Warsaw, in the summer of 1941. 

The following died in concentration camps: Antoni Hoborski, 
Professor at the University of Cracow, former Rector at the Mining 
Academy in Cracow, in 1940; Zygmunt Zalcwasser, Professor at the 
Free University in Warsaw, in January, 1943; Aleksander Rajchman, 
Professor at the Free University in Warsaw, in 1940. 

The following were taken prisoner and disappeared without trace: 
Józef Marcinkiewicz, Docent at the University of Wilno; Konstanty 
Sokół-Sokołowski, Instructor at the University of Wilno. 

Stefan Kempisty, Professor at the University of Wilno, was 
deported and died in prison in 1940. 

Samuel Dickstein, Professor at the University of Warsaw, died in 
1939 during an air raid. 

The following persons died of natural causes during the war: 
Witold Wilkosz, Professor at the University of Cracow, in March, 
1941; Antoni Przeborski, Professor at the University of Warsaw, in 
1941; Stefan Kwietniewski, Lecturer at tke University of Warsaw, 
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in 1940; Andrew Kozniewski, in December, 1939; Stanislaw Zaremba, 
Professor at the University of Cracow, in 1943; Stefan Banach, Pro- 
fessor at the University of Lwów, in September, 1945. 

The following Polish mathematicians are known to have survived: 
W. Sierpiński, K. Kuratowski, K. Borsuk, E. Szpilrajn, B. Knaster, 
O. Nikodym, S. Straszewicz, S. Otto, W. Pogorzelski, H. Steinhaus, 
W. Mazur, W. Orlicz, W. Nikliborc, W. Zylinski, J. Rudnicki, J. 
Biernacki, Mrs. Gruzewski, E. Leja, J. Wazewski, S. Gołab, W. 
Slebodzinski. ' 

A very valuable library of the Mathematical Seminar of the 
University of Warsaw was completely destroyed by fire during an 
air raid on September 1, 1942. All private libraries of Warsaw 
mathematicians were destroyed during the Warsaw uprising in the 
fall of 1944, or immediately after. 

Volume 33 of Fundamenta Mathematicae was set in type in the 
fall of 1939. All except the first one hundred pages, which were already 
printed, were destroyed, together with the manuscripts. All copies 
of the first ten volumes of Monografje Matematyczne were de- 
stroyed by fire. 


Among the mathematicians who are teaching in the Army Univer- 
sity Centers in Shrivenham, England, Biarritz, France, and Florence, 
Italy, are: V. W. Adkisson, P. L. Armstrong, Frank Ayres, J. P. 
Ballantine, T. A. Bancroft, I. A. Barnett, T. C. Benton, E. E. 
Blanche, E. T. Browne, F. J. H. Burkett, H. C. Christoferson, F. K. 
Danforth, D. R. Davis, W. M. Davis, P. D. Edwards, W. H. Fager- 
strom, H. M. Gehman, Olaf Helmer, L. S. Hill, C. G. Jaeger, C. G. 
Latimer, L. L. Lowenstein, R. B. McClenon, E. R. C. Miles, J. H. 
Neelley, A. L. Nelson, B. P. Reinsch, P. R. Rider, N. E. Rutt, C. G. 
Stipe, Gabor Szegé, H. S. Thurston, J. C. Tolley, J. I. Tracy, Charles 
Vehse, R. M. Winger. 


Professor Emeritus W. F. Durand of Stanford University has re- 
ceived the American Society of Mechanical Engineers Medal for his 
work in hydrodynamic and aerodynamic science. 


Professor R. P. Stephens of the University of Georgia has retired 
with the title professor emeritus. 


Professor H. S. Vandiver of the University of Texas has received 
an honorary doctorate of science from the University of Pennsyl- 
vania. 


Dr. A. C. Offord of King’s College, Newcastle-upon-Tyne, has been 
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appointed to the chair of mathematics in the Newcastle division of 
the University of Durham. 


Assistant Professor F. T. Adler of the University of Colorado has 
been promoted to an associate professorship of physics. 


Dr. H. H. Alden has been appointed to an asscciate professorship _ 
at the University of Wyoming. . 


Associate Professor C. K. Alexander of Occidental College has been 
promoted to a professorship. 


Dr. Florence E. Allen of the University of Wisconsin has been pro- 
moted to an assistant professorship. 


Assistant Professor H. G. Apostle of the University of Rochester 
has been appointed to an assistant professorship at Amherst College. 


Dr. K. J. Arnold has been appointed to an assistant professorship 
at the University of Wisconsin. 


Assistant Professor A. E. Basch of Rensselaer Polytechnic Institute 
has been appointed to an assistant professorship at Amherst College. 


Assistant Professor R. A. Beaver of the New York State College for 
‘ Teachers has been promoted to a professorship. 


Associate Professor H. F. Bohnenblust of Princeton University has 
been appointed to.a professorship at Indiana University. ` 


Assistant Professor E. C. Brown of Worcester Polytechnic Insti- 
tute has been promoted to a professorship. 


Assistant Professor O. E. Brown of Case School of Applied Science 
has been promoted to a professorship. 


Associate Professor R. E. Brown of Rhode Islend State College has 
been promoted to a professorship. 


Assistant Professor J. H. Butchart of Grinnell College, Grinnell, 
Towa, has been appointed to a professorship at Arizona State Teach- 
ers College. ' 


Miss Eleanor Calkins of the College of William and Mary has been 
promoted to an assistant professorship. f 


Dr. M. A. Coler of New York University has been promoted to an 
assistant professorship of chemical engineering. 
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Dr. W. J. Combellack of Northeastern University has been pro- 
` moted to an assistant professorship. 


Associate Professor A. T. Craig of the University of Iowa has been 
promoted to a professorship. 


Dr. A. W. Davis of Iowa State College has been promoted to an 
assistant professorship. ; 


Mr. James Edgar Davis has been appointed to an assistant profes- 
sorship at the University of Illinois. 


Assistant Professor D. B. DeLury of the University of Toronto has 
been appointed to an associate professorship at Virginia Polytechnic 
Institute. 


Assistant Professor F. L. Dennis of Ursinus College, Collegeville, 
Pennsylvania, has been promoted to an associate professorship. 


Assistant Professor R. P. Dilworth of the California Institute of 
Technology has been promoted to an associate professorship. 


Professor C. E. Dimick of the U. S. Coast Guard Academy has re- 
tired. 


Mr. N. E. Dodson of Newberry College, Newberry, South Caro- 
lina, has been promoted to an associate professorship. 


Dr. T. C. Doyle of Stanford University has been appointed to an 
assistant professorship at Dartmouth College. 


Assistant Professor W. C. Doyle of Rockhurst College, Kansas 
City, Missouri, has been promoted to an associate professorship. 


Assistant Professor L. T. Dunlap of Pennsylvania State College 
has been promoted to an associate professorship. 


Assistarit Professor Samuel Eilenberg of the University of Michigan 
has been promoted to an associate professorship. 


Assistant Professor L. M. Garrison of Louisiana Polytechnic In- 
stitute has been promoted to an associate professorship. 


Professor G. D. Gore of Central Y.M.C.A. College has been ap- 
pointed to a professorship at Roosevelt College, Chicago, Illinois. 


Professor Maria D. Graham of the East Carolina Teachers Col- 
lege, Greenville, North Carolina, has retired. 
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Assistant Professor J. W. Green of the University of Rochester has 
been appointed to an assistant professorship at the University of Cali- 
fornia at Los Angeles. 


Mr. W. C. Griffith of DePauw University has b2en appointed to a 
professorship at Marion Institute, Marion, Alabama. 


Professor H. H. Hartzler of Goshen College will be at Bluffton 
College, Bluffton, Ohio, during the present academic year. 


Dr. C. C. Hurd of the U. S. Coast Guard Academy has been ap- 
pointed dean of Alleghany College. 


Dr. Lois Kiefer of New Mexico State Teachers College has been 
appointed to an acting assistant professorship et the University of 
Tennessee. 


Associate Professor Eugene Lukacs of Berea College has been ap- 
pointed to a professorship at Our Lady of Cincinnati College. 


Assistant Professor J. C. C. McKinsey of Montana State College 
has been appointed to an assistant professorship at the University of 
Nevada. 


Professor Edith J. McKissock of Youngstown College, Youngs- 
town, Ohio, has been appointed assistant dean of women at the Uni- 
versity of Cincinnati. 


Professor A. E. Meder, secretary of Rutgers University, has been 
appointed also dean of administration. 


Dr. N. S. Mendelsohn has been appointed lecturer at Queen’s Uni- 
versity, Kingston, Ontario, Canada. 


Dr. Peter Scherk of the University of Saskatchewan has been pro- 
moted to an assistant professorship. i 


Dr. D. R. Shreve has been appointed to an asociate professorship 
at the University of Tulsa. 


Assistant Professor C. C. Torrance of Case School of Applied Sci- 
ence has been promoted to an associate professorship. 


Dr. H. S. Wall of the Illinois Institute of Technology has been pro- 
moted to a proiessorship. 


The following appointments to instructorships are announced: Am- 
herst College: Mr. F. G. Graff, Mr. R. L. Wine; University of Cali- 
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fornia; Dr. O. G. Owens; University of Chicago: Dr. William Karush; 
University of Illinois: Miss Corinne Hattan; Louisiana State Uni- 
versity: Mr. (T.) H. Lee; Vanderbilt University: Mr. S. K. Bright. 


Mr. H. W. Curjel died in England on July 17, 1945. He had been 
a member of the Society for forty-one years. 


Dr. Willis Whited of Harrisburg, Pennsylvania, died April 28, 1945, 
at the age of eighty-six years. He had been a member of the Society 
for twenty-three years. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TC THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue. and the serial num- 
- ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


194, Warren Ambrose: Remark on measures on locally compact 
topological groups. 


Let G be a locally compact topological group with Haar measure m. Let m’ be 
another left invariant measure which satisfies André Weil's condition: (x, y)—>(x, xy) 
is measure preserving. The measure m’ is a sub-measure cf the Haar measure m if 
and only if every m-measurable set of positive m-measure contains an m’-measurable | 
set of positive m’-measure. It is shown that every sub-measure m’ gives rise in a 
natural way to a locally compact topology on G which is a refinement of the given lo- 
cally compact topology, and in which G is a topological group. Strong use is made of 
André Weil's fundamental theorem about measure giving rise to a topology, but it is 
necessary to modify his topology, i in general, to obtain local’ compactness. (Received 
August 8, 1945.) 


195. Reinhold Baer: Null systems in projective space. 


Extending a result by O. Veblen-Young, R. Brauer has characterized the null- 
systems over an n-dimensional projective space P, proving in particular that n must 
be odd, provided that P is the n-dimensional projective space over a commutative 
field of coordinates. It is the object of the present note to remove this last hypothesis, 
More precisely it is proved that the existence of a null-system in an n-dimensional 
projective space P with 1 <z is equivalent to the fact that z is odd and that P is 
the n-dimensional projective space over a commutative field of coordinates. (Received 
August 22, 1945.) 


196. Reinhold Baer: Represeniations of graups as quotient groups. 
I. $ 
If N is a normal subgroup of the group H, and if the groups G and H/N are iso- 
morphic, consider H/N a representation of the group G. In this first part'of a sys- 
tematic theory of such representations the author is concerned with three problems: 
the classification of representations; the derivation of invariants of classes of repre- 
sentations; the construction of “interesting” classes of representations. (Received 
August 22, 1945.) j 


197. Reinhold Baer: Representations of groups as quotient groups. 
Il. Minimal central chains of a group. 


If N is a normal subgroup of the group G, define the subgroups iN, ‘G inductively 
by ‘G=(G, 1G), «V=(G, 1N) where (X, Y) is the subgroup generated by all the 
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commutators x~ly~!xy for xin X and y in Y. It is shown that 'G/;,N is finite, if G/N 
is finite. For G a free group, a survey is given of the manifold of the groups ‘G/W 
where aN SW and iN/i4:N is the direct product of W/.N and of (NOV G)/i. 
These groups 'G/W may be considered to be generalizations of I. Schur's “Darstel- 
lungsgruppen.” (Received August 22, 1945.) 


198. Reinhold Baer: Representations of groups as quotient groups. 
III. Invariants of classes of related representations. 


In the first part of this investigation the representations of a group as quotient 
groups have been divided into classes of related representations; and it has been shown 
that these classes of related representations possess a vast system of structural in- 
variants. The present note is devoted to the investigation of the interrelatedness of 
these invariants and to applications of these invariants, in particular for deriving 
criteria for a homomorphism to be an isomorphism. (Received August 22, 1945.) 


199. Reinhold Baer: The homomorphism theorems for loops. 


This note concerns itself with the isomorphism laws, including Zassenhaus’ for- 
mula, which play a fundamental role in the proof of the Jordan-Hélder-Schreier- 
Zassenhaus Theorem. Proofs of these theorems, of (new) converses and extensions 
of them are given which apply not only to classical group theory, but also to loop 
theory. Preference is given to working with homomorphisms, instead of doing com- 
putations with elements. (Received August 22, 1945.) 


200. Richard Brauer: A note on systems of homogeneous algebraic 
equations. 


Assume that the field K has the following property (A): For every positive integer 
r there exists an integer y(r) such that for n 2y(r) every equation axı + -- + +anx,=0 
with coefficients a, in K has a nontrivial solution (x1, +--+, xn) in K. It is shown that 
for every system of positive integers 71, 72, - ++, ra and for every integer m20 there 
exists an expression Q(71, 72,°* +, ra; m) such that for n2Q(n,-- +, ra; m) every 
system of k homogeneous algebraic equations of degrees 7, r2, +> + , ra respectively 
with coefficients in K is satisfied by all points of an m-dimensional linear manifold M, 
defined in K. If K does not have the property (A), a similar statement holds, if one 
allows that M is not defined in K but in a soluble extension field of K. The p-adic 
fields have the property (A). As a further application, it is shown that if J, denotes 
the smallest number such that the general algebraic equation F(x) =0 of degree n 
can be solved by means of algebraic functions of at most J, arguments (Hilbert’s 
resolvent problem), then limn.« (#—l,) = ©. (Received August 11, 1945.) 


201. Richard Brauer: On the representation of a group of order g in 
the field of the gth roots of unity. 


It has long been surmised that every representation L of a group G of order g can 
be written in the field Q of the gth roots of unity, that is, that L is similar to a repre- 
sentation with coefficients in Q. In the present paper, this conjecture is proved for 
the first time. The proof is obtained by combining the methods of I. Schur and of 
H. Hasse with results concerning the modular representations of groups. (Received 
August 21, 1945.) 


202. I. S. Cohen and Irving Kaplansky: Rings with a finite num- 
ber of prime elements. 


` 
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Let R bean integral domain in which every element is a product of prime elements, 
„of which it is assumed there are but a finite number z. Every ideal in R has a finite 
basis (this is proved more generally for any integral domain having a finite number of 
prime ideals, each of which has a finite basis), and its prime ideals Mi, --+ , Maareall 
maximal. Each prime element of R is contained in just one My, and if es and b; are 
products of prime elements in Af; and [[}.10;=] Jib; then ta) = (b), 721, 0>, h 
The factorization problem can then be reduced to the case of a local ring. If Risa 
local ring and factorization is not unique, then n 23 and the residue class field con- 
tains at most n —1 elemants; the completion of R is free from zero-divisors and has 
exactly the same primes as R. The multiplicative structure of R is explicitly deter- 
mined for n =3, 4, 5. (Received August 10, 1945.) 


203. I. S. Cohen and Abraham Seidenberg: Prime ideals and in- 
tegral dependence. : 

Let R and G be commutative rings, RCG, with the same identity element, and 
let © be integrally dependent on R. The following theorems are proved: (1) If p is 
a prime ideal in §, then there exists a prime ideal $ in S such that POR =p. (2) If q 
and p are prime ideals in R, qC_p, and if O isa prime ideal in © such that QOR =q, 
then there exists a prime ideal $ in G containing Q such thet BC \R=p. (3) Assume 
now that no element of R is a zero-divisor in © and tha: R is integrally closed. If q 
and pare as in (2) and if P isa prime ideal in © such that PAAR =p, then there exists 
a prime ideal Q in © contained in P such that Qf \R =q. The present proofs are sim- 
pler than those of Krul! (Math. Zeit. vol. 42 (1937) pp. 745-766), which in addition 
assume that R and © ace integral domains. (Received August 10, 1945.) 


204. Jakob Levitzki: Chains of multipa and semi-primarity. 


A descending chain of right ideals R; DR: DRD --- of an arbitrary ring S is 
called a chain of multipla, if for each m there exists a right ideal Ry for which 
Ray Rd Rn. As in the classical theory of ideals, each descending chain of right 
ideals in a semi-simple ring is a chain of multipla. A slight modification of the usual 
argument leads to the following statement: A ring S is semi-simple if and only if 
(1) S is without nilpotent ideals and (2) each chain of multipla in S is finite. The 
corresponding theorem of E. Noether assumes instead of 2) the finiteness of each 
descending chain of right ideals. It is further proved that from condition (2) alone 
follows that S is semi-primary (that is, the radical N of S is nilpotent, and S/N is 
semi-simple). A necessary and sufficient condition for semi-primarity is obtained by 
assuming condition (2) for the right ideals which either contain or are contained in 
the radical of S. For the truth of this last theorem it is irrelevant which of the various 
existing definitions of che radical is chosen. (Received Sepiember 1, 1945.) 


205. Ivan Niven: A remark on Gaussian iniegers. 

The author has shown (Trans. Amer. Math. Soc. voL 48 (1940) p. 410) thatevery 
Gaussian integer of the form ¢+-20# is expressible as a sum of three squares, and has 
given necessary and sufficient conditions for a sum of two squares, The question is 
now raised, how many representations are possible? it is shown that any a+-2b7 has 
an infinite number of three square, but a finite number (with formula given) of two 
square, representations. (Received August 20, 1945.) 


206. W. V. Parker: The characteristic rcots cf matrices. 
If à is a characteristic root of a matrix A, and if ETRA vee Ze, (p: 20) are the 
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characteristic roots of 4A’, Browne has shown that p2 |A] 2pn. In this paper it is 
shown that for any complex number z such that p:2| p| > pn there exists a matrix B 
which has the characteristic root y and is such that BB’ =44'. Consideration is also 
given to the distribution of the roots of B within the annular region. (Received August 
10, 1945.) 


207. Edward Rosenthall: On the sums of two squares and the sum of 
cubes. 


In this paper the complete rational integer solution of each of the diophantine 
systems += ee =at and (AHD o Hya = iti) 
+++ (1È, +102) is obtained in terms of integral parameters. Also, a method is given for 
finding all the sets of rational integers satisfying the diophantine equation x}-++3 
+ ..+-+2x3,=0. This method reduces the resolution of this equation to a system of 
linear homogeneous equations in which the number of unknowns always exceeds the 
number of equations. The above results are deduced from the complete integer solu- 
tion in the quadratic fields Ra(), Ra((—-3)*/*) of certain connected simple and extend- 
ed multiplicative equations. (Received September 4, 1945.) 


ANALYSIS 


208. R. P. Agnew: A simple sufficient condition that a method of 
summability be stronger than convergence. 


Let on=)_f.1dnesx be a regular Silverman-Toeplitz transformation by which a se- 
quence Sı, Sz, © ++ is summable to ø if cao as n— ©, It is shown that if an —>0 as 
n, k— œ, then some divergent sequences of zeros and ones are summable. A more gen- 
eral theorem applies to transformations which are not necessarily regular. If (i) 
Dilan |< for each fixed n=1, 2,--+ and if (ii) as n— œ, the maximum for 
k=1,2,+°++ of | ane! converges to 0, then some divergent series of zeros and ones are 
summable. The theorems furnish criteria for determination of relations among meth- 
ods of summability. (Received August 20, 1945.) 


209. R. P. Agnew: Characterization of methods of summability ef- 
fective for power series inside circles of convergence. 


A matrix bnz of real or complex constants determines a series-to-sequence trans- 
formation on =} k obni by means of which a series > un is summable B to e if 
oo, cn ++ exist and lim o,=o. In order that the matrix bas be such that ) s is 
summable B whenever > #3" has radius of convergence greater than 1, it is necessary 
and sufficient that (1) constants fo, f:,-+*+ exist such that limneo bne =p when 
k=0,1,2,* ++ and (2) to each number 6 in the interval 0 <8 <1 corresponds a con- 
stand 44(6) such that | bnxO*| < M (0) when z, k=0, 1, 2,-++. If (1) and (2) hold 
and $ unz” has radius of convergence greater than 1, then )_8ntn converges absolutely 
and the number B {> un} to which $ u» is summable B is > fata. In order that 
B{ Yun} = J un whenever > itn has radius of convergence greater than 1, it is 
necessary and sufficient that (1) and (2) hold with @,=1 for each k. (Received 
August 3, 1945.) 


210. Joshua Barlaz: On some triangular summability methods. 


A class of triangular sequence-to-sequence summability methods is given by the 
transform t, =e") ;.os,0n/v!, n=0, 1,2, +--+, where {xn} is a sequence of numbers 
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tending to infinity. The transform is obtained by applying to Borel’s exponential 
limit a process which Professor Szász applied to Abel summability in a recent paper 
(Ann. of Math. vol. 43). A necessary and sufficient condition for the regularity of the 
transform is that (%,—2)n7~¥?—+— as n— ©, Imposing other conditions on the se- 
quence {xn}, the author makes an investigation of some of the properties of the 
class of summability methods. For instance if x,=o(2), itis shown that the transform 
is as powerful as Borel’s method when applied to power series with a positive radius 
of convergence. It is also shown that the method sums the sequence s= (—1)” for all 
sequences {xn}, xn». Finally it is shown that for no sequence {xn} does the trans- 
form include the method of arithmetic means. (Received August 10, 1945.) 


211. R. P. Boas: Some complete sets of functions. 


The following generalization of a theorem of W. H. J. Fuchs (Proc. Cambridge 
Philos. Soc. vol. 40 (1944) pp. 189-197) is proved. Let {An} be a sequence of positive 
numbers, and let (r) denote the number of A, Sr. Then the set ferid} is complete 
in L?(0, ©), 1Sp < œ, if n(r)—r/22 —rô(r), where, as 7—> œ , &(r) 10, r= fièlu)du 
=0(8(r)), and f *r-15(r)dr<o. Fuchs also proved that, if the set of all positive in- 
tegers is divided into two complementary sets {^n} and inn}, then at least one of 
feid} and {e-%#n} is complete. This result is extended to subsets of a set {an} . 
whose function‘x(r) satisfies |n(r) —r| Sri(r), with the same conditions on 4(r). Ap- 
plications are given to singularities of power series with gaps. (Received August 9, 
1945.) 


212. Paul Civin: Fourier coefficients of dominant functions. 


Let f(x) be a complex integrable function of period 2v and let F(x) be an iritegrable 
function of period 2r which dominates f(x), that is, F(x) 2 ' f(x)| If h(x) oe dne™?, 
denote ($ 2| da|") "t by N,(h) and (fZa]| h(x) |"dx)~" by A,ih). The following theorem 
is proved. For g=2, 4, 6,: ++, Ng(f)SN,(F), while for p=g/(q—1) there is some 
dominant function F,(x) of each f(x) such that Np(Fp) < Np(f). This is the dual of a 
problem of Hardy and Littlewood (Quart. J. Math. Oxford Ser. vol. 6 (1935) pp. 304- 
315) who consider functions F(x) whose Fourier series ar majorants of the Fourier 
series of f(x), and consider relations of inequality between 4,(f) and A,(F). (Re- 
ceived September 18, 1945.) _ 


213. J. B. Díaz: On a class of partial differential equations of even 
order. 

Partial differential equations of the form LNu=0, where u =u(x, y) and Lisa 
certain linear partial differential operator of second arder with variable coefficients 
(the most important special case being Lu =Au+¢(<)z2+y(y)u,), are studied by the 
method of hypercomplex variables, which involves replacing L¥%=0 by a system of 
2N partial differential equations of first order denoted by E(2, N), where = is the 
matrix of the coefficients of L. E(, N) plays the role of the Cauchy-Riemann equa- 
tions in the study of Laplace’s equation. A function theory of E{ 2, N) is constructed 
by introducing hypercomplex-valued functions, f(x, y) = *ac(x, V\jy (where the 
hypercomplex unit jy satisfies (1+ jy)” =0), such that the real functions aj, 
i=0,1,--+,2N—1, satisfy E( £, N). The processes of (Z, N)-integration and (£, N)- 
differentiation are defined, and several analogues of known results for analytic func- 
tions are proved. (The system E(2, 1) has been discussed by Bers and Gelbart, and 
L. Sobrero has studied Aĉu =0 employing hypercomplex variables.) There is given a 
sequence of particular solutions of L¥x=0, obtained by quadratures from the coeffi- 
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cients of L, and such that every solution u of Lu =0 may be expanded in a uniformly 
and absolutely convergent series of these particular solutions. (Received August 10, 
1945.) i 


214. Nelson Dunford: Boolean algebras of projections. 


The problem of embedding a bounded Boolean algebra of projections on a Banach 
space X in a complete Boolean algebra of projections in X is investigated. In particu- 
lar, it is shown that if X is reflexive, this can always be accomplished. (Received 
August 11, 1945.) 


215. Bernard Friedman: Two theorems on simple functions. 


Let f(z) =2-+a22?-+-a,23++ - ++ bea function regular and simple (“schlicht”) in the 
unit circle. It is well known that |a2| <2, |as| <3. With the help of an inequality due 
to Prawitz (Arkiv for Matematik, Astronomi och Fysik vol. 20 (1927-1928)) it is 
proved that | al <4.16. Itis also proved that if all the an are integers, then f(z) must be 
one of the following: z, 2/(1 +23), 2/(1 3+2), 2/(1 +2), z/(1 +2)?. (Received August 
10, 1945.) 


216. Leonard Greenstone: Some properties of conformal mappings 
of multiply connected domains. Preliminary report. 


The author investigates the Gaussian curvature of a non-Euclidean metric which 
is invariant with respect to conformal mappings of multiply connected domains. Em- 
ploying Bergman's method of the minimum integral (Partial differential equations, 
advanced topics, Publication of Brown University), one can represent this curvature 
in terms of certain minima. Normal family methods, in conjunction with certain prop- 
erties of these minima, are then employed in order to prove that if {Ba} isa sequence 
of increasing non-null domains, all B, lying in the unit circle, which sequence con- 
verges in the sense of Carathéodory toa domain B, then the curvature (of the metric) 
of Ba converges uniformly to the curvature (of the metric) of B. Let C be a circle 
which together with its boundary T is contained in a multiply connected domain B. 
The author obtains inequalities in C for the value of a function closely associated with 
the curvature (of the metric) of B, in terms of the values this function assumes on P. 
(Received August 11, 1945.) 


217. Einar Hille: A note on semt-groups analytic in a sector. 


Let @= {T(¢)} be a semi-group of linear bounded transformations on a complex 
B-space ¥ to itself. Let T(¢) be holomorphic i in —v/2S%,<arg t<: Sr/2 and 
lzeen SB(¢), 0<r<1, where B(#) is bounded for @+eS¢S4,—e. Then 
ol) = limner log |l T(re*)|] exists; either o(¢) = — œ or a(¢) is continuous and is the 
function of support of a closed convex unbounded region D. If R(\; A) is the resolvent 
of the infinitesimal generator of ©, then R(A; A) is holomorphic outside of D, the con- 
jugate of D in the complex 4-plane, and all extremal points of Dare spectral points 
of A. Conversely, if A isan unbounded linear operator on % to itself with domain dense 
in ¥, if R(A; A) is holomorphic outside of D, all the extremal points of which are spec- 
tral points of A, if 5(\) is the distance from A to D, and if HARA; A)|j i is bounded 
in a certain qualified sense outside of D, then A is the infinitesimal generator of a 
semi-group G= { TO) h, holomorphic in a sector and bounded in interior sectors near 
the origin, and the growth function o{¢) of T(t} is the function of support of D. 
(Received September 26, 1945.) 
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218. Einar Hille: On uniform ergodic theorems. 


Let S= {T(#)} be a semi-group of linear bounded transformations on a complex 
B-space ¥ to itself, Let T(£) be uniformly measurable for £>0, foe™*||T(S)||dé exist 
for \>0, and (1/n) /$7()xdt—= for all x when 70. Then TYE) is uniformly continu- 
ous for &>0 and RQ; 4)=/fe™T(£)dé is holomorphic for R(A) >0. The following 
assertions are equivalent: (1) T(E) is uniformly Abel ergodic for E>, that is, 
ARA; A)—>P when 4->-++0. (2) \=0 is a simple pole of Rà; A) with residue P. 
(3) limy..0d2R(A;.4)x=0 for all x and X=R[A]@B[A], N'A] being closed. Further 
R[4*]=R[A] for all positive integers k. Here A is the infinitesimal generator of ©, 
[A] the range of A and 3[A] the manifold annihilated by A. If for some a20, 
Ta(t) is bounded, 0<&< œ, and (1) holds, then T(£) is also uniformly (C, 8) ergodic 
for B>a, that is, limg..7g(t) =P. Here To(t)=T(t), Talt) =at-*/§(E—7)° OT (dE, 
a>0. If Tal) is feebly oscillating when -> ©, the (C, a) limit also exists. The proof 
uses the fact that solutions of the resolvent equation, having an x-tuple pole, are char- 
acterized by z simple limit conditions. (Received September 26, 1945.) 


219. W. H. Ingram: A boundary value problem and its Stieltjes in- 
tegral equations. 


The problem y’=(A(x)+uB(x))y, v(xi-+) —yGi—) = (AR es) +H B* (as) 9), 
aSxSb, aSx;Sb, i=1; 2,---, 2y(xs)=y(mst)+yi—), Ly(a)+Ry(b) =0, con- 
tains as a special case the problem treated by Birkhofi and Langer, Bliss, and Reid. 
The matrices A(x), B(x) are of bounded variation on [ab] but need not be defined 
over the set 1, 22, +++. The matrices A*(x;), B*(x;) are zero everywhere except on 
the set x, za -> and );|A*(x)| < o, 3°|B*(x:)| <2. With accommodations as 
to form and the substitution of the Riemann-Stieltjes for the Riemann integral, the 
theorems on the number, distribution and reality of the crizical values of the parame- 
ter ua, for a self-adjoint system as defined after Bliss, the relation between the nullity 
of the characteristic matrix and the multiplicity of 4, and the expansion theorem are 
generally preserved under extensions of the various definitions of definiteness of Bliss 
and Reid. (Received September 17, 1945.) 


220. Hans Rademacher: On a function related to Riemann’s zeta- 
function. 


The function in question is 7(w) =), exp (pw), where the sum is extended over the 
complex roots of t(s) of positive imaginary part. The sum is convergent in the upper 
w-halfplane and defines there an analytic function. The function n{w) can be con- 
tinued analytically and turns out to be meromorphic on the logarithmic Riemann 
surface. All its poles are of the first order. Their locations and residues can be fully 
determined. (Received August 10, 1945.) 


221. Tibor Radó: On continuous mappings of Peano spaces. 


The purpose of this paper is to discuss certain topological questions that arise in 
the theory of length and area. The notion of a cyclic decomposition of a mapping on 
a general Peano space, corresponding to the cyclic element decomposition of the mid- 
dle space in a monotone-light factorization of the mapping, is first introduced and 
studied. Particular results are then developed concerning mappings of 2-spheres and 
2-cells, the cases of especial significance in the theory of area, Finally, a general theo- 
rem on cyclic additivity of a general function F(T) of a mapping T, which includes 
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both Lebesgue area A(T) and lower area a(7) in the sense of Gedcze, is formulated 
and proved, (Received August 8, 1945.) 


222. W. T. Reid: Definitely self-adjoint differential systems. 


This paper contains an analysis of the conditions that have been used by Bliss 
(Trans. Amer. Math. Soc. vol. 44 (1938) pp. 413-428) in defining a definitely self- 
adjoint boundary value problem consisting of a system of first-order linear ordinary 
differential equations and two-point boundary conditions. In particular, it is shown 
that if a differential system satisfies the conditions of definite self-adjointness with the 
exception of the normality condition, then there exists an “equivalent” system which 
is definitely self-adjoint. (Received August 10, 1945.) 


223. W. T. Reid: Integral criteria for solutions of linear differential 
equations. 


The following theorem is one of a set of related results established for linear ordi- 
nary differential equations. Suppose that a;(x) (¢=0, 1, -+ +, n) is of class C®, and 
@n(x) #0 on (a, b), while g(x) is integrable on this interval. If f(x) is integrable on each 
closed sub-interval (a, 8) interior to (a, b), then there exists a solution u(x) of the 
differential equation Dor _oti(x)u“ +-9(x)=0 such that f(x) =u(x) a.e. on (a, b) 
if and only if for each such subinterval (æ, 8), JEZ; a(x) ~ai f(x) +h" lafe) 
+(x) ]|dx=0(h"), where A; f(x) denotes the ith forward difference of f(x) with inter- 
val h. There is also given a corresponding integral criterion for harmonic functions. 
(Received August 10, 1945.) 


224. C. E. Rickart: Banach algebras with an adjoint operation. 


“ A “B*-algebra”¢Jf is a normed ring (Gelfand, Rec. Math. (Mat. Sbornik) N.S. 
vol. 9 (1941)), not necessarily commutative, in which to each element xE 4 corre- 
sponds a unique element «*GeA with the properties: (1) x** =x, (2) (xy)* =y*x*, (3) 
(x+tuy)*=ix*+py*, (4) [|xx*l| =[|xl]? (Gelfand and Neumark, ibid. vol. 12 (1943)). 
An element uGc4 is called a “projection” if w =u and u*=4. A B*-algebra is called a 
“Be*-algebra” if for every sE a projection uG¢4 exists such that xu =% and xy=0 
implies yu=0. Special examples of B,*-algebras are the factors of Murray and von 
Neumann (Ann. of Math. vol. 37 (1936)). The structure of a B,*-algebrac/ is studied 
here in terms of the projections in the algebra.c/ is generated by its projections. 
Notions of “equivalence” and “finiteness” of projections are used closely related to 
similar notions of Murray and von Neumann for factors. A B;*-algebra is simple if, 
and only if, all of its projections are finite. 4 is said to satisfy the “denumerability 
condition” if every family of orthogonal projections is denumerable. ¢/ is said to be 
“quasi-transitive” when xAy= (0) implies either x=0 or y=0. If e4 is quasi-transi- 
tive, regular in the sense of von Neumann and satisfies the denumerability condition, 
then it is necessarily simple. Every quasi-transitive B,*-algebra is central. If the de- 
numerability condition is satisfied, a central B;*-algebra is quasi-transitive. (Re- 
ceived August 11, 1945.) 


225. H. E. Robbins: Cesdéro convergence of certain random se- 
quences. 
Let {an} bea sequence of numbers with }a,n~*< and which converges (C, 1) to 


a limit æ. It is shown that almost every sequence derived from {an} by a random 
process of a certain general type, involving the dropping or repeating of terms of 
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{an}, will also converge (C, 1) to a. This generalizes a theorem of Buck and Pollard 
(Bull. Amer. Math. Soc. vol. 49 (1943) p. 928, Theorem 2). It follows that with proba- 
bility 1 certain random sequences of transformations exhibit ergodic behavior. (Re- 
ceived August 10, 1945.) 


226. M.S. Robertson: The coefficients of univalent functions. 


Let f(z) =} rcns”, :==1, be regular and convex in the direction of the imaginary 
axis for |z| <1 and be real on the real axis. Then the coefficients ¢, satisfy the inequali- 
ties Cni Cup S4n(n? —1)71- (1—| cal), n even, | cna — enya S4n(n?—1)7}: (1—en), 
n odd and greater than 1. The factor 42 -(n2—1)-! cannot be replaced by a smaller 
one and the equality signs are attained by the function 3(1—2)—'. Let the function 
F(z) =>. Pane", a1=1, be regular and univalent for [zl <1 and real on the real axis. 
Then (n-+1)an-1— (n—1)äny <4(n—|an|), n even, | (n+1)ana—(n—1ana| 
S4(n—an), n odd and greater than 1, 4(1-aetast >- - +an-1)—(n—2)a, $n, 
n> 1. The proofs depend upon the trigonometric inequalities (+1) sin (n—1)@/sin @ 
—(n—1) sin (-+1)6/sin 8 S4(n —sin n6/sin 9), n2-+-n sin 2n8/sin 26—2(sin n8/sin 6)? 
20. (Received August 9, 1945.) ; 


227. M. S. Robertson: Univalent power series with multiply mono- 
tonic sequences oj coefficients. f 


The Cesàro partial sums of the first order SP (2) =} r_,(1—k+1)z* of the geomet- 

ric series are univalent for |z| $1 (Œ. Egerváry, Math. Zeit. vol. 42 (1937) pp. 221- 
230). The author obtains a new proof which permits him to generalize this result to 

- linear sums >, ce Sn k—1(2) with non-negative coefficients nat all zero. These sums are 
univalent for |z| £1 provided that for all «,>_7_,B7 { (sin ka:/sin a)?—ksin 2ka/sin 2a} 
20 where BP =) Gcr and in particular if the sequence {By, By,---, B3 y 
0, 0, +++ } is monatonic of order 2. If the sequence { an} is monotonic of order 2, ~ 
a,—0, and if for each n>no the sequence [An Apter Aah e } is mono- 
tonic of order 2 where A3 =A? anr Aan, HL ABa,- AOarpr then f(8) = D fan" 
is regular and univalent for |z| <1. This result is an extension of a theorem of L. Fejér 
(Trans. Amer. Math. Soc. vol. 39 (1936) pp..18-59) and the improvement on his re- 
sult by G. Szegö (Duke Math. J. vol. 8 (1941) pp. 559-564). The method of proof 


yields a positive lower bound for | fe) —f)|, 242. (Received August 7, 1945.) 


228. P. C. Rosenbloom: Convex bodies in Banach spaces. 


The notions of Minkowski functional, supporting functional, and polar body of a 
convex body can be generalized from finite-dimensional spaces. If £ is a separable . 
Banach space, then a necessary and suffident condition that a convex body K* in 

‘ its conjugate space £* be regularly convex—which is equivalent to its being the polar 
body of a convex body K in E—is that its Minkowski functional K*(f) be lower semi- 
continuous in the weak topology of E*, We say that K*(f) is uniformly differentiable 
at fo if lim.o{ K*(fot+hf) —K*(fo) } /k exists uniformly in ||f|| $1. If K is a convex 
body in E, and fo(x)=1 is a supporting hyperplane of K, and if K*(f) is uniformly, 
differentiable at fo, where K* is the polar body of K, then fe(x) =1 has a unique point 
in common with X and this point is an extreme point of K. We say, in this case, that 
fois tangent to K. If E* is separable, then the set of points on the boundary of K* 
which are tangent to K is dense on the boundary of K. This work is related to that of 
Mazur, Yosida, Fukamiya, Krein, Smulian, Gantmacher, Milman, and Mackey. (Re- 
ceived August 17, 1945.) 
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229. C. A. Truesdell: On the Core equation OF(z, a)/dz 
= F(z, a+1). 


It is attempted to provide a theory which motivates and verifies many seemingly 
special relations among various familiar special functions. The recurrence relation 
OF(z, a)/az=A(z, «) Fle, a) +B(z, a) F(z, a+1) satisfied by many familiar functions 
furnishes common ground for study. In all cases of interest this equation is reducible 
to the form ð F(z, a)/d2= F(z, a+1). If (a) is bounded in a right half-plane a unique 
solution F(z, æ), an integral function of z, exists such that F(zo, œ) =¢(a). Two solu- 
tions which agree in a right half-plane of a when z =z agree for all values of z whether 
or not they are bounded functions of æ. On the basis of these theorems it is possible 
to establish many relationships satisfied by certain classes of solutions of the F-equa- 
tion: (1) power series solutions, (2) factorial and Newton series solutions, (3) contour 
integral solutions, (4) generating expansions, (5) definite integrals, (6) relations among 
various different solutions of the F-equation. Methods of discovery are stressed be- 
cause the discovery of a relationship satisfied by some special function or functions 
is almost always more difficult and more interesting than the construction of an ad hoc 
rigorous proof. A number of these special relations are shown to be obtainable by sub- 
stitution in general formulas. (Received August 7, 1945.) 


APPLIED MATHEMATICS 
230. R. J. Duffin: Nonlinear networks. I. 


A system of n nonlinear algebraic equations in z real variables is studied and shown 
to have a unique solution. A special case of this system is the equations which govern 
the distribution of current in a direct current electrical network when the conductors 
are quast-linear. A quasi-linear conductor is one in which the potential drop across 
the conductor and the current through the conductor are nondecreasing functions of 
one another. It follows that the distribution of current among the conductors of a 
quasi-linear network is unique. (Received September 6, 1945.) 


231. F. J. Murray: Linear equation solvers. 


The theory and actual construction of certain devices for the solution of a system 
of linear equations Do aliat =b, is described. In these machines, the variables x, are 
subject to the control of the operator and the machine indicates the value of 
B= Dadar —b;)?, The operator varies each x, in turn to minimize this expres- 
sion. This is equivalent to the Gauss-Seidel method applied to the symmetric system 
obtained by multiplying the given set of ‘equations by the adjoint matrix. The ex- 
pressions Latin — bs are realized (except possibly in sign) as the amplitudes of 
alternating current voltages by means of a combination of bell transformers and 
variable resistances. This can be done in a number of ways. These alternating cur- 
rents are then rectified by means of diode vacuum tubes and the combined currents 
measured by a microammeter. The result is essentially 4. Emphasis is placed upon the 
possibility of amateur construction and standard radio parts are used. The cost of the 
part of the device associated with the coefficients is proportional to 2”. The sensitivity 
of modern vacuum tubes is utilized to minimize the constant of proportionality. Re- 
ceived August 3, 1945.) 


232. H. E. Salzer: Note on coefficients for numerical integration with 
differences. 
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In a recent paper (A. N. Lowan and H. E. Salzer, Tebi of coefficients for numerical 
integration without differences, Journal of Mathematics and Physics vol. 24 (1945) 
pp. 1-21) quantities B® (p) are tabulated to 10 decimal places, for continuous numer- 
ical integration (thaz is, integration to various points within én interval of tabulation) 
by a Lagrangian formula which uses the tabular entries only. The present note indi- 
cates how those same.quantities BY (p) can be employed as they stand, for continuous 
numerical integration using differences, in formulas obtained by integrating the ipter- 
polation formulas of Gregory-Newton, Newton-Gauss (two forms), Everett, and 
Steffensen. (Received August 6, 1945.) 


À GEOMETRY 
233. H. S. M. Coxeter: Quaternions and rzflections. 


Every quaternion x=x9-+x:i-+x2j-+-xsk determines a pcint Pz= (£o, %1, %2, xa) in 
Euclidean 4-space, and every quaternion @ of unit norm determines a hyperplane 
OoXo--a3x1-+-de%2+-a2x3=0. The reflection in that hyperplane is found to be the trans- 
formation x—>— aza. This leads easily to the classical expression x—axb for the general 
displacement preserving the origin. If p and g are pure quaternions of unit norm, the 
transformation x—(cos a+ sin «)x(cos 8-+g sin 8) represents the double rotation 
through angles a+ about the two completely orthogonal planes PoPptePit pe (Re- 
ceived October 1, 1945.) 


234. H.S. M. Coxeter: The order of the symmetry group of the general 
regular hyper-solid. 


Schlafii defined {ġ, g, r} as the regular four-dimensioral polytope bounded by 
{p, a}'s, r at each edge; for example, {4, 3, 3} is the hyper-cube. The order, g, of the 
symmetry group is found to be given by 16h/g=6/jp,.q~6/jgr+1/p+1/r—2, where 
cos? r/k is the greate- root of the equation x?— (cos? r; p-+cos? r/q+cos? r/r)x 
+cos? m/p cos? r/r=0, and jp a= [(2p+20+7p0)/(2p+20—pg) ]"2-+1; for example, 
for the hyper-cube {4, 3, 3}, 128/g=6/8+6/6+1/4+1/3—2=1/3. (Received Octò- 
ber 1, 1945.) 


235. H. S. M. Coxeter: The Petrie polygon of a regular solid. 


Schlafli defined {p, a} as the regular solid bounded by p-gons, g at each vertex; 
for example, {4, 3} is the cube. The Petrie polygon of {p. q} isa skew h-gon such that 
every two consecutive sides, but no three, belong to a face of the solid; for example, the 
Petrie polygon of the cube is a skew hexagon. It is found that h=(g+1)/?—1, where 
g is the order of the symmetry group (that is, four times the number of edges). Since 
4/g=1/p+1/q—1/2, we deduce an expression for } in terms of p and g. Moreover, 
the solid has 34/2 planes of symmetry. (Received October 1, 1945.) 


236. M. M. Day: Note on the billiard ball problem. 


In his book Dynamical systems, G. D. Birkhoff proves by the rather deep Poincaré 
ring theorem the fact that for each convex cornerless billiard table and each integer n 
there is a closed path around the table of precisely » sides such that a billiard ball will 
follow this path around and around if it satisfies the usual reflection law that the angle 
of incidence equals the angle of reflection whenever the tall hits a side. An elementary 
proof of this result is given by the following two statements: (1) Any m-sided convex 
polygon of stationary length inscribed in a convex cornerless curve satisfies the reflec- 
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tion law. (2) For each #22 there is an n-sided convex polygon of maximal length 
inscribed in such a curve. (Received August 9, 1945.) 


237. M. M. Day: Polygons circumscribed about closed convex 
curves. 


An earlier abstract (50-5-132) announced a proof without use of fixed point theo- 
rems of the following result. If C is a symmetric closed convex curve, there exists a 
parallelogram P circumscribed about C so that the midpoint of each side of Cis on P. 
Using very elementary minimal area methods this result is extended to polygons of an 
arbitrary number of sides, and to polyhedra about convex bodies in Euclidean space 
of any finite dimension. In higher dimensions the phrase “midpoint of each side” is 
replaced by “centroid of each face.” (Received August 9, 1945.) 


238. H. P. Pettit: The tangents at certain multiple points on a 
curve Comn. 


In a paper published in the Téhoku Mathematical Journal in 1927, the author dis- 
cussed the construction of a curve Cmn of order 2mmn by the use of two pencils of lines 
with centers Á, As, related by means of two base curves Cn, Cm of orders n and m, 
respectively, and an auxiliary pencil with center Az. It was shown that the line A142 
meets Cm in m n-fold points of Camn. In the present paper, it is shown that certain 
projective relationships yield the following method of determining the tangents at 
such an 2-fold point: Project the points in which 414: meets Cn from the point of 
intersection of A14; with the tangent to Cm at the point in question, thus determining 
n points on zás. These points are projected from the n-fold point in the desired 
tangents. (Received August 6, 1945.) 


239. H. P. Pettit: The tangents at certain ordinary points on a curve 
Comns 


As shown by the author in a previous paper published in the Téhoku Mathemati- 
cal Journal in 1927, a curve of order 2mm is generated by means of two pencils of 
lines related by means of two base curves of orders m and n respectively and an aux- 
iliary pencil. The generated curve was shown to pass through all common points of 
the base curves, This paper discusses a method of constructing the tangents to the 
generated curve at these common points. There is shown to be a projective relation- 
ship between the tangents to the base curves at the common point and the tangent 
to the generated curve, which results in the following. If A1, 42, As are the vertices of 
the first, auxiliary, and second pencils, and P is the common point of the base curves 
Ci, Cs, determine K; in which the tangent to C; at P meets 4:4; and the point K; in 
which the tangent to Cı at P meets A142. Draw the line KK; meeting A1A; in T. 
The line PT is the required tangent to the generated curve. (Received May 26, 1945.) 


Locic AND FOUNDATIONS 


240. N. D. Nelson: Recursive functions and intuitionistic number 
theory. Preliminary report. 


It is shown that the interpretation by the intuitionistic truth notion of realizability 
of Kleene (Bull. Amer. Math. Soc. abstract 48-1-85) satisfies certain formal systems 
of intuitionistic number theory. Further results are obtained which complete reason- 
ing outlined by Kleene (loc. cit. and Trans. Amer. Math. Soc. vol. 53 (1943) pp. 41-73, 
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§16) to show that intuitionistic number theory admits, besides the extension which 
gives classical number theory, also an intuitionistic extension. Both éxtensions are 
simply consistent if the unextended system is, and the two extensions are contradic- 
tory to each other, The work involves formalization of the theory of certain primitive 
recursive predicates Ri(e, x1,°--, Xx, Y) which in a formal intuitionistic system 
afford a representation of the theory of general and partial recursive functions and 
predicates. The presént results combine with reasoning of Kleene (Abstract 48-1-85) 
to establish the independence of certain formulas of the intuitionistic predicate cal- 
culus, in particular of the formula 7 7 (x)(A(x) V Z A(x)). (Received August 8, 1945.) 


STATISTICS AND PROBABILITY 


241. Reinhold Baer: Sampling from a changing population. 


The stochastic limits of certain functions of random samples are determined where 
the samples are taken from different distributions belonging to a continuous family of 
distributions. (Received August 22, 1945.) 


242. J. L. Doob: Markoff chains—denumerable case. 


Let pult), i 7=1, 2, -+ -, 0St< œ, be the transition probability functions of a 
Markoff process. Let x(t) be the (integral) value assumed by the probability system 
at time #. Necessary and sufficient conditions are found that the py (t) satisfy the sys- 
tems of first order differential equations (*) pi(f)= —gitul) Fomigahal), pall) 
= —palt)ge-Hy ibiza, where g= —pu(0), g= pil0) Gk). A detailed analysis, 
is made of the processes for which the discontinuities of x(#) are well ordered. It is 
shown that if ga, ga are specified arbitrarily except that g.220, ¢.=)_.9s, there is 
always a corresponding set of functions {#;,(t)} determining a Markoff process, but 
that in general there will be infinitely many such sets of functions, and even infinitely 
many satisfying (*), such that the discontinuities of x(#) are well ordered. The initial 
conditions ;,(0) = 4;; are thus insufficient to determine uniquely the solutions to (*). 
(Received September 22, 1945.) 


243. Mark Kac: On the average of a certain Wiener functional. 


Let x(¢) be an element of the Wiener space. It is shown that the average of the func- 
tional exp (—2/f,|x(2)|dt) (g>0) is given by the formula $ fx, exp (—(8,/2)z*/*), 
where ôi, 52, - - - are positive zeros of the derivative of P(y) = (Qy)¥2{ T_s19((23/2/3) y4/) 
f+ Suys((242/3)y2*) } and «,=(1+/%P(y)dy)/5,P(5;). A related limit theorem in cal- 
culus of probability is discussed. In the course of the proof the following seemingly ` 
new result was also obtained: If r, is the jth positive root of J,(x) (v20) then 
r'> v? + (27j)* 33, For j fixed the estimate is weaker than a known asymptotic for- 
mula. The value of the estimate is due to the fact that j can depend on ». (Received 
August 2, 1945.) 


244. Isaac Opatowski: Calculation of Markoff chains by incomplete 
gamma and beta functions and by Charlier polynomials. 


Several types of stochastic processes consisting of successive transitions between 2 
states {i}? are considered (cf. Bull. Amer. Math. Soc. vol. 51 (1945) p. 665). Call 
P,,.(t) the probability of being a system at the time ¢ in the state s if it is at ¿ż=0 in 
the state r. Let the only transitions possible during dt be (¢—1—>7)(¢+1—4) and the 
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corresponding probabilities be equal respectively to kidi+-o(dt) and gid?+o(dt) where 
kny 20, the remaining constants k; being all greater than 0 and either independent of 
i or forming an arithmetic progression. Let g: be either 0 or a constant g>0. If g,=0 
for a certain mSn—2 then P,,,(f) is the convolution of Pim(é) and Payn(t). This 
reduces the calculation of Pi,a(é) to the case when all g,’s are not equal to 0, and 
P,,n(#) is obtained in this case as a power series in g whose coefficients are expressed 
in terms of the functions specified in the title of this abstract. The paper is a part of 
“two articles to be published in vol. 8 (1946) of the Bulletin of Mathematical Bio- 
physics. (Received October 1, 1945.) 


TOPOLOGY 


245. R. H. Bing: Collections cutting the plane. 


The following is proved for the plane: Suppose that K is a bounded set of n com- 
ponents which does not cut the point A from the point B, that G is a collection of 
compact continua with a closed sum, that the sum of no » elements of G cuts A from 
B in the complement of K and that no two elements of G intersect each other in the 
complement of K but each element of G intersects K. Then the sum of the elements 
of G does not cut A from B in the complement of K. Also, there isa subset T of K-K 
irreducible with respect to K—T not cutting A from B and such that if the compo- 
nents of T are regarded as points, there is an arc (or a point) in the complement of 
K-T that contains A and B but no point of an element of G. (Received September 4, 
1945.) 


246. D. G. Bourgin: Quadratic forms. 


This note gives a topological interpretation of the two numerical invariants char- 
acterizing a real quadratic form, namely the rank and the signature. Thus for Q (not 
definite) in 2-++1 essential variables the signature is n+-2—)_."R, where R, is the 
j-dimensional mod 2 Betti number of the configuration Q=0 in (x+1)-dimensional 
projective space, The case of definite forms is included by either identifying rank and 
signature here or by using Q’=Q-+x2—x%2. The appearance of the sum rather than 
the alternating Sum of the Betti numbers is interesting. The invariant above may be 
taken as a definition of the signature for more general forms, and presumably other 
numerical invariants needed for more general forms may be introduced in a natural 
way by taking account of the topological aspects of the manifolds corresponding to 
Q=0, (Received September 22, 1945.) 


247. W. H. Gottschalk: Properties of minimal sets. 


Let X be a topological space in which there operates a flux, that is, a homeo- 
morphism, a mapping, a one-parameter group of transformations, or a one-parameter 
semi-group. A subset of X is minimal in the sense of G. D. Birkhoff provided that 
it is a smallest orbit-closure. It is shown that a minimal-set partition carries over from 
a flux to a sub-flux. Minimality is characterized. The existence of minimal sets is 
demonstrated in case the phase space X is compact. Finally, it is proved that if X 
is a compact Hausdorff space, if f is a continuous flux, and if X is minimal under f, 
then either X is minimal under every sub-flux or X is the cartesian product, with 
bases properly identified, of the unit interval and a set minimal under some sub-flux. 
It is to be noted that minimal sets and almost periodicity are intimately related. 
(Received August 8, 1945.) 
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248. W. H. Gottschalk: Topological cheracterizations of almost 
periodicity. 

The author generalizes previous results of his (see Orbit-closure decompositions and 
almost periodic properties, Bull. Amer. Math. Soc. vol. 50 (1344) pp. 915-919) to in- 
clude nonmetric spaces and to include homeomorphisms, mappings, one-parameter 
transformation groups and one-parameter semi-groups. It is noted that an almost 
periodic function may be considered as an almost periodic point in a function space. 
Bochner’s'characterization of almost periodicity is extended to the cases of a homeo- 
morphism and a one-parameter group in a uniform space. Several uses of these theo- 
rems are made to obtain further results. (Received August &, 1945.) 


249. William Gustin: Countable connected spaces. 


Let © be the class of all countable and connected perfectly separable Hausdorff 
spaces containing more than one point. Urysohn, using a complicated identification 
of points, has constructed an © space (Math. Ann. vol. 94 (1925) pp. 274-283). Two 
© spaces, X and X*, more simply constructed and not invclving identifications, will 
be presented. The space X* is a connected subspace of X end contains a dispersion 
point; that is, the subspace formed from X* by removing this one point is totally dis- 
connected. (Received July 17, 1945.) 


250. Deane Montgomery: Measure preserving homeomorphisms. 


Kerékjártó has obtained interesting results on a class of transformations which 
he named similitudes (C. R. Acad. Sci. Paris vol. 198 (1954) pp. 1345-1347). By modi- 
fying his method one can obtain certain results about the structure of measure pre- 
serving homeomorphisms in the vicinity of fixed points. It is shown that there must 
be arbitrarily small (but not degenerate) continua containing the fixed point and going 
into themselves under the transformation. This implies that there are points near the 

, fixed point which remain near under positive iteration. (Received August 10, 1945.) 


251. Deane Montgomery and Hans Samelson: Fiberings with 
singularities. 

A mapping P of a polyhedron R onto a polyhedron £ is called a singular fiber 
mapping if (1) P is open, (2) P is topological on a closed subset L of R, and (3) P is 
a fiber mapping (in the sense of Hurewicz-Steenrod) of the complement of L. The 
points of L are the singularities, It is proved that a (differentiable) singular fibering 
of an m-sphere cannot have exactly one singular point, and that, if the fiber has 
characteristic 0 and the singular points are finite in number, there are exactly 0 or 2, 
depending on the parity of n. (Received August 27, 1945.) 
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GALLAND, J. S. An historical and analytical bibliography of the literature of cryptol- 
ogy. (Northwestern University Studies in the Humanities, no. 10.) Evanston, 
Northwestern University, 1945. 8-+-209 pp. $5.00. 
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HERMITIAN QUADRATIC FORMS IN A QUASI-FIELD 
GORDON PALL 


1. Introduction. E. Witt! proved the following theorem concerning 
quadratic forms in a fairly general field: 


THEOREM 1. Let fi=axy?+oi(%e, - + + , Xn) and fo=axy?+he(xe, °° +, 
xn) be quadratic forms whose coefficients lie in a given field F in which 
20. Then the equivalence in F of fı and fa implies that of $1 and pz. 


It is our purpose here to generalize this theorem to any quasi-field 
(a field, except that multiplication may not be commutative) on 
which is defined a conjugate operation of period 2 with the usual 
properties 





at+b=a+6, ab=5-4. 


Well known examples are any field with @=a; the field of complex 
numbers with the usual complex conjugate; the system of quaternions 
with real coefficients and the usual conjugate. The analogue in a 
quasi-field of quadratic form in a field is the hermitian quadratic form 
n 
f= #dx= DY kaije;, where A’ =A, or aij = ay. 
ij 

The scalars of a quasi-field are the elements s such that 5=s. The, 
diagonal elements of a hermitian matrix are therefore scalars. The 
process of completing squares is carried out in much the same way 
as in a field. Thus if, in f above, ai13£0, 


n n 
f= (4 +> zaam) an (« +> aitans) 


tal 42 
n 
+ >; & ;( 0 jx F @ 1011044) XK. 
j k=2 
Hence the analogue of a form like fı in Witt’s theorem can be written 


a n 
$ zaxi + ġ, where ¢ = L Žibijtj bi; = b ji 
, 7 i, zen 
Since determinants do not exist in a quasi-field (except for hermit- 
ian matrices), we cannot demonstrate that a matrix T is nonsingular 
Presented to the-Society, September 17, 1945; received by the editors October 28, 


1944, 
1 See bibliography. 
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by the nonvanishing of a determinant. Instead, we may construct 
explicitly the reciprocal matrix V, such that VT=7TV=TI. 

We shall, in §3, consider automorphs of f, that is matrices T such 
that T’AT=A. If z denotes the first column of T, then 2’/Az=daun, 
that is z is a representation of the leading coefficient au of f. If an5<0, 
we shall for any given representation z of du construct a correspond- 
ing automorph of f. 


2. A generalization of Witt’s theorem. The theorem we shall prove 
is the following. 


THEOREM 2. Let F be a quasi-field with a conjugate operation as de- 
scribed above, 20. Let a be a nonzero scalar, and By, Be nonsingular 
hermitian matrices of order n—1, with elements in F. Let 


(1) A -5 A 4 f a 
1 lo B? > lo Bul: 


where 0 denotes a column, and 0’ a row, of n—1 zeros. Let T denote any 
transformation (with coefficients in F) of A, into Ao, that is let 


(2) Ae =s T'A T . 
Then we can construct a transformation of Bı into Bo. 


Proor. We can write (2) in the form 


o babi wll all zl 


where xo is a constant, x and y are column vectors of n—1 compo- 
nents, T; a matrix of order n—1. Expanding (3) we get 


(4) Foaxo + 2’ Bix = a, 
(5) Zay’ + 2B Tı = 0’, VAX + Ty Bix = 0, 
(6) jay’ + TyBiT, = Bo 


Our problem is to derive from (4)—(6) a transformation of Bı into Be. 

Suppose we could secure xo=1, x=0, to begin with. Then by (5), 
y’ =0', 9=0; and by (6), Tf BiT1=Be. What we shall do is construct 
a nonsingular automorph U of A; whose Arst.column is the same as 
that of T. Having done this, let 


Zo w z Xo ‘ 
W = | | be the reciprocal of U = | | 


Z U x 


Then Zoxotue’x=1, 2x9 + Ux =0, and so 


1945] HERMITIAN QUADRATIC FORMS IN A QUASI-FIELD 891 


i x i 1 r 
aed | ee a ata 
Z Ui x Ti 0 y 
say; and WT also replaces Ai by As. By the preceding remark, 
V'B,V=Ba. 
Hence Theorem 2 is a consequence of the following theorem; or 
see §4, 


3. Automorphs with an assigned first column. We now prove: 


THEOREM 3. Let A = (a;;) be any nonsingular hermitian matrix with 
coefficients in a quasi-field F of characteristic not 2. Let z be a representa- 
tion in F of au, that is Z'Az=aun, and assume au~0. Then there exists 
in F a nonsingular automorph of A with z as its first column. 


We first complete squares, which amounts to applying a transfor- 
mation i 


= a 0’ 1 a 
P'AP = = A; say, where P = | | 
0 Bı 0 


I 
b ~ 
P= = ; 
0 I 


Here @=ay, and Bı is hermitian with A. We have 2’Az=%#'A.u, where 
z= Pu; and if we can construct an automorph U of A: with w as first 
column, then P UP— will be an automorph of A with z as first column. 
For, the first column of PU is Pu, and multiplication on the right by 
P~ does not change the first column of PU. 

We can therefore use the notations (4)-(6) with Ba=B,. Here xo 
and x are given as satisfying (4), and it is required to find y and 7; to 
satisfy (5) and (6). 

The cases xo =0 and x90 must be distinguished. 

Let xo=0. Then #’Bix=a, and we must choose y and T; to satisfy 


(8) #BT,=0', joy + TiBT = By 


The last equation can be replaced by (xy’)’Bi(xy’) +7/ BiTi= Bi, 
hence by 


(7) 


(9) (xy! + T1)’Bi(xy' + Tı) = Bi, 
in view of (81). Then all of-(8) will hold if we put 
(10) Ti =I— xy’, z Bı — ay’ = 0; 


the last is satisfied if y’ =a—'z’B,. It will be found that y’x=1, and 


a [ nlle nl-[o 
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Let x00. Then (5) will hold if 
(12) j= — Ty Bisex te, ay’ = — £94’ BiTy, 
and then (6). becomes 
(13) F Ty (Bi + Bix( Zam) tz Bi) T1 = Bi. 
We therefore try to choose a number & in F to satisfy 
(14) (I + Bizk’) BI + xk By) = Bı + Brx(Z0a0)—1#’ By. 
In virtue of (4) this will be satisfied if 
(15) k++ Ra — Sox)k = (maz). 


Here we try the substitution k =t, and multiply left and right by £ 
and # to obtain 


(16) i+ t+a— &ax = (osx i. 
To satisfy this we put £ =k -+2a%0, and find ; 
(17) h(x) th = a, which holds if k = + om, t= (žo + 1)azo. 


p 
Since 20 in F we can choose the sign to make? 0, so that & exists. 
We can now solve for T; the equations 


For if we put Tı = I +xmž' Bı, where m is a constant to be determined, 
then (18) will hold if ` 


(19) k+ m+ Ka — taxm = = m+ k+ mla — xpax)k. 
Noting that ki=ik=1 (Gitte k=i-), we replace (19) by 

(20) m*4+i+a — hom = 0 = i +m + a — xox, 

which holds if m7! = —i—a+#.ax9= — (1 + žu. Thus’m exists, and 
(21) Ti = I 4 emë’ Br 


Finally we verify that the automorph so constructed is nonsingu- 
lar. By (3), 


(22) ae aiz’ By ib y ] E A 
, Byrja Bo TYBilLe Tı o rt 


Hence we have only to prove that? 


2 The referee remarked that (23) need not be proved since it is known that if 
(a)(8)=1, where (a), (£) are matrices with elements in a division ring, then also 


(8) (a) =1. 


p? 


` 
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23) bs y ] ata ate! By ] j A 

( x Ti ma BTY B, 0 I ` 

Put 7 = Zaxo. Using #’Bix =a —r, and verifying thatm+m+m(a—r)m 
=: —q7}, the proof of (23) is easy. For example, xea tzoa +y’ Bra =1 
if and only if ra 'r+8'B(I+xmē B)BriI+4+Bamë')Bix =r, or 
rar +a—7-+(a—r)(—a7) (a—1r) =7, or r=r. 

One additional remark is worth making for the case where F is a 
(commutative) field. If K is any square matrix of rank 1, it can of 
course be expressed as xy’, where x and y are column vectors. The 
determinant of I+K is readily found, since as is easily seen, 


|I+ey|=14tay=1t+ye=14+ 4 am. 


The reciprocal of a matrix of the type I+hxy’ (where h is a constant) 
can be found by noting that 


(I+ hey’) + key) = I+ [h4 k+ hky'x} xy’, 
and choosing k to make h-+k-+-hky'x =0. 


4. An alternative construction for Theorem 2. For some purposes, 
it is more advantageous not to construct an automorph of A, but to 
continue the argument from (4)-(6) as follows. If x» =0, xy’+T; re- 
places Bi by Bz. Let x90. Then (5) is equivalent to (12), and (6) 
reduces to (13) with Bz instead of B; on the right. We have (14)-(17) 
as before, and so 7:+xk#'BiTy is a transformation replacing Bı by B2. 
This transformation may in certain cases be integral (in a sense which 
we need not discuss here) even though no integral automorph of Ai 
exists with xo and x as first column. 

It should be mentioned that the preceding methods can be extended 
to the case where the element a is replaced by a nonsingular hermitian 
matrix of order greater than 1. 
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NOTE ON THE EQUIVALENCE OF NONSINGULAR 
PENCILS OF HERMITIAN MATRICES 


JOHN WILLIAMSON 


In a previous paper! on the equivalence of nonsingular pencils of 
Hermitian matrices the restriction was made that the characteristic 
of the field in which the elements of the matrices lay be zero. It is the 
purpose of this note to show how this restriction can be removed and 
that all the results of this paper are true for felds of any characteristic 
different from two. Since many of the proofs involve division by the 
integer two, the case of characteristic two is not considered. To save 
unnecessary repetitions the notations used here conform with those 
of the previous paper. 

If A, B and C, D are two pairs of Hermitian matrices, the pencil 
A—dB is said to be conjunctively equivalent to the pencil C—AD 
when there exists a nonsingular matrix P such that P*(A—\B)P 
== C—)D, where P* is the conjugate transposed of P. If B is nonsingu- 
lar, the invariant factors of the pencil A —)B are the same as those 
of the pencil AB-1—)E. Let M be any matrix similar to AB" so that 
there exists a nonsingular matrix P such thet P-14B-'P= M. Then 


P*B-1(A — }B)BOOP = P*BP(M — dE) = RM — dR. 


Therefore the pencil A —\B is conjunctively equivalent to the pencil 
RM —)R and, since RM is Hermitian, 


(1) RM = M*R. 
Further, if Q is any nonsingular matrix satisfying 
(2) QM = M*Q, 

it follows from (1) that 

(3) R = QS, 


where S is commutative with M. Moreover, i the pencil RM —AR is 
conjunctively equivalent to the pencil GM —)G, so that there exists a 
nonsingular matrix W such thar W*(RIJ—AR)W=G(M— dE), the 
matrix W is commutative with M. 

In paper J the matrix M is taken in the Wedderburn canonical 

Received by the editors February 15, 1945. 

1 John Williamson, The equivalence of non-singular pencils of Hermitian matrices in 


an arbitrary field, Amer. J. Math. vol. 57 (1935) pp. 475-490. This paper will be re- 
ferred to as paper I. - 
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form? and a canonical form for the matrix G is determined under a 
conjunctive transformation where the matrix W of the transforma- 
tion is commutative with M. Since this canonical form is valid in fields 
of characteristic different from zero, provided that A B-!—XE has no 
elementary factor [p(A)]" where pA) is an inseparable polynomial, 
the only case not covered in paper I is that in which AB-1—XE has 
one or more elementary factors of the type [p(A) ]" where p(A) is in- 
separable. 

If, however, M is taken to be the Jacobson canonical form? no ex- 
ceptions need be made. In fact with a slightly different interpretation 
of the symbols involved each proof in paper I holds word for word. 
The reason for this is that the forms of the matrix Q, satisfying (2), 
and of the matrices S and W commutative with M are essentially 
the same as before. 

Let [p(A)]" be an elementary factor of the pencil A—\B where 


P(A) =A" — aN — ay ad"? — - + + — a1, let 
0 1 0:--0 
00 1---90 
p= 
000...-1 


ay do agers ln 
be the companion matrix of p(A) and let 


0 0O--:-Q 
0 0...0 


1 0---9 


If M is the Jacobson canonical form of AB-', M is a diagonal block 
matrix with one block the rz-rowed square matrix 


E O, 
0 $ er.. 0 

Tr = = pE, + U; 
Ò 0 0---% 


2 J. H. M. Wedderburn, Lectures on matrices, Amer. Math. Soc. Colloquium Publi- 
cations, vol. 17, New York, 1934, pp. 123-125. 

3J. H. M. Wedderburn, The canonical form of a matrix, Ann. of Math. vol. 39 
(1938) pp. 178-180. C. C. MacDuffee, Vectors and matrices, Carus Mathematical 
Monographs, 1943, p. 136. 
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corresponding to the elementary factor [p(A) . Any matrix com- 
mutative with z, is a polynomial f(z,) in m, Since the minimal poly- 
nomial of r, is [p(x) |" of degree nr, 


(4) fe) = folt) + falwe)p (me) + +++ + fe-viare) (ae) 4 


where f;(z,) is a polynomial in r, of degree not greater than n—1, 
4=0,1,-°-+,7r—1. 

A routine but long calculation shows that p{z,)=eU, where e is 
the unit matrix of order n. It is however not really necessary to make 
this calculation. The coefficient of U, in a{*? is wa =D.) opiept and 
therefore pweyi— wap = p*t4e— ep +1, Consequently, if k is the co- 
efficient of U, in p(z,), ph—hpb=D(p)e— ep(p) =0 so that k is com- 
mutative with p. Since h is not zero, k is nonsingular and, if, in T, 
e is replaced by kte, p(1-) =h hU, =eU,. 

Accordingly (4) assumes the form 


(5) fla) = folms) + film) Ur +++ + fealm)Ur 


If D(A) is separable and M is the Wedderturn canonical form, in 
paper I N,=pE,+eU, takes the PA of m,. Any matrix commutative 
with N, is of the form. 


(6) IN) = JAP) Er + fult)U, + +++ + fa(p)Ur 


It is obvious that (5) can be obtained from (6) by replacing p by Te 
Further, if 


— a — a3-:++— ün 1 

— Gs ~ mt 1 0 
(7) qs ” B rs A -|, 

— Gn 1- 0 D 


1. Oe 09 


0 0---0 g 

0 O-+--¢ 0 
O,=qTp= |© e 

0 g:-:0 0 

q 0---0 0] 


satisfies the equation Q,1,=a; Q- Apart from the definition of g, the 
matrix Q, is the same as the corresponding matrix in paper I (see 
formula (11)). 
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In the proofs of paper I the only use made of the fact that the ele- 
ments of the matrices under consideration are polynomials in p is the 
following. If g(x) is a polynomial of degree not greater than »—1 and 
if the matrix g(p) is singular, then g(p) is zero. However the same is 
true if p is replaced by r, for l glr) =| g(p)|". Accordingly, if p is 
replaced by x, and g by the matrix defined in (7), the proofs and re- 
sults of paper I are valid for fields of any characteristic different from 
two. ‘ j 





QUEENS COLLEGE 


ON A LEMMA OF LITTLEWOOD AND OFFORD 
P. EEDÖS 


Recently Littlewood and Offord! proved the following lemma: 
Let x1, Xo, © + +, %, be complex numbers with |x:| 21. Consider the 
sums >.7_,6%;, where the e, are +1. Then the number of the sums 
> 3.16% Which fall into a circle of radius r is not greater than 


cr2(log 2)n—-1?, 
In the present paper we are going to improve this to 
Craratl?, 


The case «;=1 shows that the result is best possible as far as the order 
is concerned. 
First we prove the following theorem. 


THEOREM 1. Let x1, Xo, * - - , Xa be n real numbers, |x;i| 21. Then the 
number of sums > 2.1 65x, which fall in the interior of an arbitrary in- 
terval I of length 2 does not exceed Cum where m= [n/2]. ([x] denotes 
the integral part of x.) 


Remark, Choose x,=1, n even. Then the interval (—1, +1) con- 
tains Cum sums >.2_,€,%z, which shows thet our theorem is best pos- 
sible. 

We clearly can assume that all the x; are rot less than 1. To every 
sum J fiex} we associate a subset of the integers from 1 to as 
follows: k belongs to the subset if and only if e,=+1. If two sums 
dts, and > 2.,¢/x, are both in J, neither of the corresponding 
subsets can contain the other, for otherwise their difference would 
clearly be not less than 2. Now 2 theorem of Sperner? states that in 
‘any collection of subsets of n elements such that of every pair of sub- 
sets neither contains the other, the number of sets is not greater than 
Cam, and this completes the proof. 

An ‘analogous theorem probably holds if the x: are complex num- 
bers, or perhaps even vectors in Hilbert space (possibly even`in a 
Banach space). Thus we can formulate the following conjecture. 


CONJECTURE. Let %1, Xo, ***, Xn be n vectors in Hilbert space, 
||x.]] 21. Then the number of sums > 2.6, which fall in the interior 
of an arbitrary sphere of radius 1 does not exceed Crm 

Received by the editors March 28, 1945. 


1 Rec. Math. (Mat. Sbornik) N.S. vol. 12 (1942) pp 277-285. 
2 Math. Zeit. vol. 27 (1928) pp. 544-548. 
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At present we can not prove this, in fact we can not even prove that 
the number of sums falling in the interior of any sphere of radius 1 
is 0(2*), ‘ 

From Theorem 1 we immediately obtain the following corollary. 


COROLLARY. Let r be any integer. Then the number of sums yr enR 
which fall in the interior of any interval of length 2r is less than rCu,m- 


THEOREM 2. Let the x; be complex numbers, |æ 21. Then the num- 
ber of sums Dotare which fall in the interior of an arbitrary circle of 
radius r (r integer) is less than 


6rCn sm < eyr2*n7 2, 


We can clearly assume that at least half of the x, have real parts 
not less than 1/2. Let us denote them by m1, %2, © ++, £a 22/2. In 
the sums >.%_.,€.%, we fix Enu °°, €n Thus we get 2¢ sums. Since 
we fixed enu >>, eee has to fall in the interior of a circle 
of radius r. But then > ¢.,¢.R(xx) has to fall in the interior of an in- 
terval of length 2r (R(x) denotes the real part of x). But by the corol- 
lary the number of these sums is less than 


crCa tyg < r202, 


Thus the total number of sums which fall in the interior of a circle 


of radius 7 is less than 
cor2”/n!!?, 


which completes the proof. 
Our corollary to Theorem 1 is not best possible. We prove: 


THEOREM 3. Let r be any integer, the x; real, |x;| 21. Then the num- 
ber of sums X R.. 1€% which fall into the interior of any interval of length 
2r is not greater than the sum of the r greatest binomial coefficients (be- 
longing to n). 


Clearly by choosing x;=1 we see that this theorem is best possible. 
The same argument as used in Theorem 1 shows that Theorem 3 
will be an immediate consequence of the following theorem. 


THEOREM 4. Let Ai, Ao, +++, Au be subsets of n elements such that 
no two subsets A; and A; satisfy A:DA; and A;—Aj; contains more 
than r—1 elements. Then u is not greater than the sum of the r largest 
binomial coefficients. 


Let us assume for sake of simplicity that n=2m is even and 
r=2j+1 is odd. Then we have to prove that 
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+ 
u s = Com nis 

in—j 
Our proof will be very similar to that of Sperner.? Let Ai, Ao, © * °, 4u 
be a set of subsets which have the required property and for which 
u is maximal. It will suffice to show that in every A the number of 
elements is between »—j and + . Suppose this were not so, then 
by replacing if need be each A by its complement we can assume that 
there exist A’s having less than »—j elements. Consider the A’s with 
fewest elements; let the number of their elements be n—j—y and let 
there be x A's with this property. Denote these A’s by A1,42,°°: Az. 
To each A,,7=1, 2, -+-, x, add in all possible ways r elements from 
the n-+-j-+¥ elements not contained in A. We clearly can do this in 
Cotit+y.r Ways. Thus we obtain the sets Bi, Bz, +--+, each having 
n+j—y+1 elements. Clearly each set can occur at most Cy4j—y41,r 
times among the B’s. Thus the number of different B’s is not less than 


ont sro r(Carsytir) t > x 


Hence if we replace Ai, Az ---,Az by the B’s and leave the other 
A’s unchanged we get a system of sets which clearly satisfies our 
conditions (the B’s contain »+j—y+1 elements and all the A’s now 
contain more than n —j —y elements, thus B—A can not contain more 
than r—1 elements and also BCA) and has more than u elements, 
this contradiction completes our proof. 

By more complicated arguments we can prove the following theo- 
rem. 


. THEOREM 5. Let Ay, Ao, +++, Au be subsets of n elements such that 
there does not exist a sequence of r+1 A's each coniaining the previous 
one. Then u is not greater than the sum of the 7 largest binomial coeffi- 
cients. 


As in Theorem 4 assume that n =2m, r=2j7+1, and that there are 
x A’s with fewest elements, and the number of their elements is 
n—j—y. We now define a graph as follows: The vertices of our graph 
are the subsets containing z elements, »—j—ySsSn+j+y. Two ver- 
tices are connected if and only if one vertex represents a set containing 
z elements, the other a set containing z-+-1 elements, and the latter 
set contains the former. Next we prove the following lemma. 


LEMMA. There exist Conn—j-y disjoint baihs connecting the vertices 
containing n—j—y elements to the vertices contcining n+j+y elements. 


Our lemma will be an easy consequence of the following theorem 
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of Menger :? Let G be any graph, Vi and Vz two disjoint sets of its ver- 
tices. Assume that the minimum number of points needed for the separa- 
tion of Vi and Vz is w. Then there exist w disjoint paths connecting V1 
and Vz. (A set of points w is said to separate V, and Va, if any path 
connecting Vi with Vz passes through a point of w.) 

Hence the proof of our lemma will be completed if we can show 
that the vertices V; containing » —j—~y elements can not be separated 
from the vertices V2 containing n+j+y elements by less than 
Cenn—i-y Vertices. A simple computation shows that V; and Vz are 
connected by _ 


Conny n+ jt y(at+jty—-s+a-jo-yth 


paths. Let z be any vertex containing 2+7 elements, —j—y Sisjty. 
A simple calculation shows the the number of paths connecting Vi 
and Vz which go through z equals 


(n-+i)(n+i-1) +++ (n~=j—y+1)(n—i)(n—i—1) +++ (n—j—y+1) 
S(n+j+y)(n+j+y—1) +--+ (n-j-yt+). 


Thus we immediately obtain that Vi and Vz can not be separated by 
less than Con,»—j-y vertices, and this completes the proof of our lemma. 

Let now A,, A,,---, A, be the A’s containing n—j —y ele- 
ments. By our lemma there exist sets A;™, ¢=1, 2,-++, x3 
l=1, 2,+--, 27+2y+1, such that A;@i#2ut) has n+j+y elements’ 
and A, DCA; and all the A’s are different. Clearly not all 
the sets A;, J=1, 2,---, 2j+2y+1, can occur among the 
Ai, Ao, t, Au Let A; be the first A which does not occur there. 
Evidently s Sr. Omit A; and replace it by A;“. Then we get a new 
system of sets having also u elements which clearly satisfies our con- 
ditions, and where the sets containing fewest elements have more 
than n—j—y elements and the sets containing most elements have 
not more than 2+j-+-y elements. By repeating the same process we 
eventually get a system of A’s for which the number of elements is 
between n —j and x-+j. This shows that 


+i 
u s > Con ntis 
i=-j 


which completes the proof. 
One more remark about our conjecture: Perhaps it would be easier 
to prove it in the following stronger form: Let |æ 21, then the num- 


3 See, for example, D. Kónig, Theorie der endlichen und unendlichen Graphen, p. 244. 
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ber of sums > 2..,€s¢% which fall in the interior of a circle of radius 1 
plus one half the number of sums falling on the circumference of the 


circle is not greater than Cum. If the x, are real it is quite easy to 
prove this. 


We state one more conjecture. 
(1). Let fæl =1. Then the number of sums > 2.,e.4%, with 
DETA <1 is greater than c2*n—!, c an absolute constant. 


UNIVERSITY OF MICHIGAN 


NULL SYSTEMS IN PROJECTIVE SPACE 
REINHOLD BAER 


If P is an (abstract) n-dimensional projective space, then we de- 
fine a polarity in P as a correspondence p associating with every point 
Q in P a hyperplane Q? and with every hyperplane 4 in P a point h? 
in such a way that: 

(i) Q=0” for every point Q and h=h*" for every hyperplane h. 

(ii) The point Q is on the hyperplane # if, and only if, the hyper- 
plane Q” passes through the point h?. 

It is an immediate consequence of (i) that polarities are 1:1 corre- 
spondences. 

We shall term ~ a null-polarity if the polarity p has the additional 
property that: 

(iii) Every point Q is on the corresponding hyperplane Q?, and 
consequently every hyperplane k passes through the corresponding 
point h». 

Extending a result of Veblen and Young, R. Brauer! has shown that 
the existence of a null-polarity in P implies that the number of 
dimensions of P is odd, and he has connected the null-polarities with 
the so-called null-systems, provided P is the n-dimensional projective 
space over a commutative field of coordinates. It is the object of the 
present note to show that this last hypothesis may be omitted; more 
precisely we are going to show that if the dimension of P is greater 
than 1, then the existence of a'null polarity is equivalent to the fact 
that P is of odd dimension and is a projective space over a commuta- 
tive field of coordinates. 

If P is a projective space of dimension 1, then the hyperplanes 
are points too. The identity transformation on the points of the line P 
is therefore the null-polarity of P. For this reason we shall assume 
throughout the remainder of this note that P be of dimension greater 
than 1. 

The case of a projective plane P has to be treated separately from 
the others, since the Theorem of Desargues need not hold true in a 
projective plane, though it is true for all the higher-dimensional pro- 
jective spaces. = 

A projective plane is a system of points and lines such that any 
two different lines meet in one and only one point, any two different 


Presented to the Society, September 17, 1945; received by the editors May 31, 
1945. 

1R. Brauer, A characterization of null systems in projective space, Bull. Amer. 
Math. Soc. vol. 42 (1936) pp. 247-254. 
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points determine one and only one line (on which they are both situ- 
ated) and such thai every line carries at least three points (every 
point is on at least three lines). : 


Lemna. If p is a polarity of the projective plane P, if Q and R are 
different points in P such that Q is on the line Q? and R is on the line R?, 
then Q is not on R? (nor is R on Q?). 


Proor. If Q were on R?, then R? would be the uniquely determined 
line through the two different points R and Q, since R is on R?. 
Furthermore R would be on Q?; and it would follow likewise that Q? 
is the uniquely determined line through R and Q. Thus R? =Q? and 
hence R=Q, a contradiction proving our contention. 


COROLLARY. There does not exist a null-polarity in a projective plane. 


This is an immediate consequence of the lemma. 

Because of the corollary we shall assume throughout the remainder 
of this note that the dimension of the projective space P is at least 3. 
In this case P is the n-dimensional projective space over an essentially 
uniquely determined, not necessarily commutative, field F. 

If Fis any field (commutative or not), and if n is an integer not less 
than 3, then we denote by (F, ) an additively written abelian group, 
admitting the elements in F as left-multipliers, and having the rank 
n-+1 over F. The n-dimensional projective space over F is then es- 
sentially the same as the partially ordered set P(F, n) of all the F-ad- 
missible subgroups of (F, n), the points being of the form Fx with 
x0, and the hyperplanes being of rank n. 

Every polarity p of P(F, n) may, as is well kncwn,? be represented 
in the following form: There exist an anti-automorphism a of F (satis- 
fying a?=1) and an F-valued function f(x, y), for x, y in (F, 2), 
satisfying ? 

F(x, y) =0 if, and only if, fO, x)= 0; 

f(ux-+oy, 2) = uf (x, 2) +f (y, 2), f(z, uxtoy) =flz, x)ue+f(2, y)os. 

The point Fx is on the hyperplane (Fy)? if, and only if, f(x, y) =0. 

Assume now that the polarity p be a null-polarity. This is equiva- 
lent to saying f(x, x) =0 for every x in (F, n). If x0, then there exists 

2 A proof of this fact may be effected in essentially the same fashion as done by 
R. Brauer, op. cit. pp, 251, 252, in the case of commutative F; for a detailed proof of 
a more comprehensive fact see R. Baer, A unified theory of projective spaces and finite 
abelian groups, Trans. Amer. Math. Soc. vol. 52 (1942) pp. 315-317. 

3 We state here only such properties of the function f(x, y) as will be needed later. 
Further properties have to be imposed to assure that, conversely, every such f(x, y) 
defines a polarity. Note in particular that no use has been made of the involutorial 
character of a, 
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at least one y such that f(x, y)0, since otherwise (Fx)? would be 
the whole space instead of only a hyperplane. Let x, y be any pair of 
elements such that f(x, y) 0. If t is some element in F, then we find 


0= a+ ty, x + ty) = f(z, x) + f(x, yji + if(y, x) + if(y, yji 
= f(x, ye + if(y, 2). ‘ 


Substituting ¢=1, we obtain f(x, y)+f(y, x) =0; and thus the above 
equation reduces to 0=f(x, y)i*—if(x, y). Since f(x, y)0, this im- 
plies 4¢=f(x, y)-4f(x, y) for every ¢ in F, proving that the anti-auto- 
morphism a of F is an inner automorphism of F. Hence F is commuta- 
tive and a=1. Combining this with the fact that f(x, y)=0 if, and 
only if, f(y, «) =0, we see that f(x, y) is actually a skew-symmetric 
bilinear form. - 

It is well known‘ that there exists to every skew-symmetric, F- 
valued bilinear form f(x, y) over (F, 2) a basis x(1),---, x(m), 


y(1),- ++, 9(m), 2(1), +--+, 2(R) of (F, n), meeting the following re- 
quirements: 
(a) osm, OS k, 2m+k=n+1; 


b) Kæli), 9) =1 for 1Sigm; 
Kæli), #(9)) = fx, y) =0 for every i and j; 

(c) Ai, 2(9)) = FO), zG) = JEC), 2(7)) = 0 for every i and j; 
T(x, yj) = 0 for every i ¥ j. 


This implies in particular f(x, 2(¢)) =0 for every x in (F, n) so that the 
hyperplane (F2(z))? would contain every point of the space, an im- 
possibility proving k=0 and »=2m—1. Summarizing our results we 
obtain: 

If P is a projective space of dimension n, greater than 1, and if p is 
a null-polarity in P, then n=2m—1 for m a positive integer, P is the 
n-dimensional projective space over a commutative field F, and there 
exists a system of homogeneous coordinates in P such that the point 


F(%o, + + + Xam—1) is on the hyperplane [F(yo, + + +, Yom—1)|? if, and only if, 
a Pet . 
0 = >; (Xizi — Yairi). ° 
i=0 


Combining all our results one deduces without difficulty the fol- 
lowing facts. 


4 See for instance C. C. MacDuffee, The theory of matrices, Ergebnisse der Mathe- 
matik under ihrer Grenzgebiete, vol. 2, part 5, 1933, pp. 52, 53, Theorem 32.2. 
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THEOREM A. In an n-dimensional projective space there exists essen- 
tially at most one null-polarity. 


THEOREM B. In the n-dimensional projective space P with 1 <n there 
exists a null-polarity if, and only if, n istodd and P is the projective 
space of dimension n over a commutative field. 


UNIVERSITY OF ILLINOIS 
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QUADRATIC FORMS 
D. G. BOURGIN 


This note concerns itself with the concept of the signature of a real 
quadratic form and with Sylvester’s classical theorem of “inertia.” 
The standard treatment is elementary enough and involves merely 
simple algebraic algorithms. The usual extensions have been in the 
direction of replacing the real number field by other fields. Roughly 
speaking, the viewpoint has been algebraic. The viewpoint developed 
below is different. It leads to an interesting identification of the sig- 
nature with a certain topological invariant. This suggests that the 
corresponding invariant for other forms may be taken as a natural 
generalization of the signature. Moreover, although the signature and 
rank are sufficient to characterize quadratic forms, it would seem that 
for more general forms the topological aspects provide a basis for de- 
fining other numerical invariants. 

Write 


k 2 n+l 2 
Q= > a- r, k20. 
0 k41 
Since we may equally well use —Q, there'is no restriction in as- 
suming k Sn—k. If R20, the equation Q=0 defines a hypersurface 
in an (n+1)-dimensional real projective space, with coordinates 
Hotta ++ + Xapi Let R} j =0, +--+, n, be the mod 2 Betti numbers. 


THEOREM . The signature of Q is n+2—} oR. The rank and the sig- 
nature are invariant under real (nonsingular) projective transformations. 


It is worth noting the appearance of the sum of the Betti numbers 
and not the alternating sum. Indeed so far as the writer is aware, this 
is the first time that J R; has entered in a natural way. 

The second assertion of the theorem is, of course, a trivial reflection 
of the invariance under homeomorphism of the Betti groups and the 
dimension (7) which is 2 less than the rank. To establish the first part 
we need the explicit values of the Betti numbers R;. We can calculate 
these for k>0 by making use of results of Steenrod and Tucker,! for 
instance. An obvious conclusion from their work is that the mod 2 
homology groups for Q =0 are isomorphic to those of P*.S*~* where 


Presented to the Society, November 24, 1945; received by the editors June 25, 
1945. 

1 N. E. Steenrod and A. W. Tucker, Real n quadrics as sphere bundles, Bull. Amer. 
Math. Soc. vol. 47 (1941) p. 399. 
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P* is a k-dimensional projective space and S*-* is an (n —k)-dimen- 
sional sphere. 

Write iR; and 2R; for the j7-dimensional mod 2 Betti pum Der of P* 
and S*~* respectively. It is well known that 


(1a) iR; = 1, j=’ k, 
(1b) okt; = Sos + Sak i i=0, n — k, 


where, of course, 6;; is the Kronecker symbol. The Kunneth relations? 
lead to 


n k 
(2) > RB; = RD oR; = Wk + 1. 
0 0 0 


For k =0 the observation that Q =0 is a sphere leads immediately to 
a result formally consistent with equation 2, namely 


(2a) Ses 


The signature of Q is evidently »—2k. In view of equations 2 and 
2a, this is the value of 1 +2—) $R;. The theorem is therefore estab- 
lished. ; 

The case of definite forms is not compassed by the theorem, for 
then the configuration Q=0 has no meaning in projective geometry. 
Of course, in this case we need not differentiate between the signature 
and the rank. Alternatively we may agree to identify the signature of 
Q with that of Q+x_.2—x_,? with transformations restricted to the 
variables entering Q alone. 


UNIVERSITY OF ILLINOIS 


2S. Lefschetz, Algebraic topology, Amer. Math. Soc. Colloquium Publications, 
vol. 27, p. 141. 


ON GENERA OF BINARY QUADRATIC FORMS 
IRVING REINER 


Let B=ax?+-2bxy-+-cy? be a properly primitive form with integral 
coefficients, and let the determinant D=ac—b? be written as 
D=+2'A, where A is odd and positive, and the factorization of A 
into distinct primes is A=q,™ - - - g,“r. Let us suppose that a is posi- 
tive and prime to 2D. The genus of 8 is then completely determined 
by the Legendre symbols (algı), -+ +, (alg), and (—1|a) if D=0 
or 1 (mod 4), (2| a) if D=0 or 6 (mod 8), and (—2] a) if D=0 or 2 
(mod 8).! These characters are not independent, however, since 
—D=b?—ac and (a, b)=1 imply that (—D|a) =1; from this, using 
the law of quadratic reciprocity, we get 


1 = (— D| a) = (2| a)*(a| A)(— 1) aon 


= (al g++ + (a| g)”, 
where 


e = (2| a)*(— 1| a) a0: 


is a character or is trivially +1. Thus, the characters of any existing 
genus must satisfy 


(1) e (a| g)": -> (alg) = +1. 


Conversely, given any set of characters satisfying (1), a long but 
elementary proof showing the existence of the corresponding genus 
was given by Gauss,? who used the method of composition of forms; 
he also demonstrated by this means that all existing primitive genera 
of the same determinant contain the same number of classes.? Ele- 
mentary proofs were also given by Hilbert for the analogous case of 
ideal classes in quadratic fields? The purpose of this paper is to 
furnish, by use of Dirichlet’s theorem on the infinitude of primes in 
an arithmetic progression, simple proofs of the results mentioned 
above for forms with integral coefficients. These may be stated pre- 
cisely as follows: 


THEOREM 1. For any preassigned set of characters satisfying (1), there 
exists a genus with the given characters. 


Received by the editors February 1, 1945, and, in revised form, August 2, 1945. 
1 Mathews, Theory of numbers, Part 1, 1927 reprint, p. 134. 

2 Gauss, Disquisitiones arithmeticae, arts. 234-265. 

3 Hilbert, Jber. Deutschen Math. Verein. vol. 4 (1894-1895) pp. 286-316. 
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THEOREM 2. All existing properly primitive geneva of binary quad- 
ratic forms of a given determinant contain the same number of classes. 


Remark. The proofs given in this paper may easily be extended to 
the case of primitive forms with odd middle coefficient. 

For the proof of Theorem 1, we observe that by Dirichlet’s theo- 
rem, a prime a may be found such that (e, 2D)=1 and the set of 
Legendre symbols (al q), (a| gr) and (—1|2) or (2| a) or 

(—2| a) (or combinations of the last three symbols, depending on the 
value of D) coincide with the preassigned set of values of the char- 
acters. (1) then implies that (—D|e)= +1, whence there exists an 
integer b for which b?=—D (mod a), that is, —D =b?—ac with in- 
tegral a, b and c; the form ax?+2bxy+cy? then has the preassigned 
characters. i 

The proof of Theorem 2 will proceed as follows: Let bı, + - +, Br 
be nonequivalent representative forms of the classes in a given genus 
6, and let d:, -- -, dy be the forms of another given genus ¢, both 
genera having the same determinant. It is sufficient to show that we 
can find a transformation taking the 8; into the ¢,, and that no two 
of the ¢; thus obtained are equivalent. In that case k’ =k. By revers- 
ing the process, we shall have k=’, from which it will follow that 
k=k’, which gives the theorem.. 

The following will be shown: 

A. Starting with a form 8 of a given genus, it can be transformed 
into a form pd, where ¢ is a form in another given genus of the same 
determinant as 8, and where is a prime determined by the genera 8 
and ¢. 

B. If from fı and Be we get forms ġı and ¢e, then ¢1~¢2 implies 
Bibat 

Let the given form be B=ax?+2bxy+cy*, and set ac—b?=D 
=+2'A as before. Let p be a prime such that (p, 2aD)=1 and 
(—D|p)=1. Then there exist integers x and y, with y0 (mod p), 
such that 


5 


(ax + by)? = — Dy? (mod p). 
Hence there exists an integer 7 for which 

ar? + 2br + c = 0 (mod $). 
The transformation J: 


>p try yoy 


4 The notation ¢:~¢2 will mean that ¢: is equivalent to ġ, that is, there is 2 trans- 
formation with intezral elements and of determinant ~-1 taxing ¢1 into pa 
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of determinant p takes £ into py, where 
4 = ape? + 2(ar + bay + dy’, 


and d is an integer; it is clear that $ and 4 have the same determinant. 

Let ¢ =a'x?+2b’xy-+c’y? be a form of another given genus of the 
same determinant as $. If we show that p can be chosen so that v¢,5 
we shall have proved A. Since 8 and ¢ are representatives of classes 
of properly primitive forms, and in every such class there is a form 
with leading coefficient odd and prime to the determinant of the 
form, we may take (a, 2D)=(a’, 2D) =1. If the following relations 
are satisfied it will follow that y v ¢, for their generic characters will 
be the same. 


(ap| g) = (a’| q),--+, (eel gq) = (ol @), 
(—1ļap) = (~ 1|),  (2] ap) = (2| a). 


From these we may conclude that ( —D| ap) = (—D| a’). Since 
(—D|a)=(—D|a’)=1, this means that (—D|p)=1. Hence, if we 
choose a prime p which satisfies (2) and is prime to 2aD (this is possi- 
ble by Dirichlet’s theorem), then there exists a transformation J tak- 
ing 6 into d. This completes the proof of A. 

To prove B, let 8: V 2; we may choose §:=§2 (mod p), for we shall 
show that there exists a form in the class of 8. which is congruent 
(mod p) to 61. To show this, it is sufficient to show that by a trans- 
formation of determinant +1, z may be taken into a form congruent 
to Br. Let 


(3) Bi = ax? + 2bizy + ay’, = Ba = aax? + Adoxy + coy’, 


where (a1, 2D) = (a2, 2D) =1. If all congruences are modulo p, the con- 
gruence 


(2) 


a2 = (aax + boy)? + Dy? = mag 


certainly has a solution with not both x and y congruent to 0, pro- 
vided that we impose the restriction (p, 2a1a:D) =1. Let «=x, Y =Yo 
be such a solution, and choose integers xı and yı such that xoyi—x1¥0 
=1. The transformation of determinant +1: 


z — xox + (zd + 2)y,  y— yx + (yé + y)Y 
takes 82 into a form 
z B3 = asx? + 2(azt + bs) ay + cay, 


5 dy V o2 means that ¢: and ¢2 are of the same genus. 
8 Mathews, loc. cit. p. 133. 


912 IRVING REINER 


where @3=a140. If we choose é so that a3t-+b3= bu, it is clear from the 
fact that 6: and 83 have the same determinant that B3;=(; (mod p). 

Thus, let B2=6; (mod $), where ßı and fz are deEned by equations 
(3). The transformation J obtained for 6: may also be used for Be. 
If now ¢; and ġ: are equivalent forms obtained from fı and Be respec- 
tively by use of J, and if A takes ġı into dz, then JAJ- takes ĝı 


into Bz. Let 
‘a 
Á=, ‘ 
y 6 


case ell la 
 Lotdly silo 1 
_ i +ry/p ~ra — ry/p + B+ j 
Y/$ —ry/p +3 f 


If we show that p divides y we are through, since jal =1 implies 
| JAJ] =1, whence B,~f:. We have 


é1 = mp + 2(ar + bay + dy’, 
de = apx? + 2(aer + basy + day”. 
Since A takes ġı into ¢e, we obtain 
apa? + (ay + bijay + dry? = tsb, 
“apoB + (or + bi)(að + By) + drv5 = ox + ba. 
If all congruences are modulo p, we have 
2(ar + bay + diy? = 0, (aw + b1) (aô + By) + dyyé = aor + bg 


If d is eliminated between these two congruences and the fact that 
ai —By=1 is used, it follows that 


ylar + by) = — ylar + ba). 
If p does not divide y, then this shows that e1r-+0,=0, since b1= f2. 
But in this case it follows that bir+e,=0, by virtue of ar? +2br +c 
=0. Eliminating r between the two congruences, we get D=a1¢,— by? 
=0, or (p, D) #1. Since this is impossible, p must divide y, and Theo- 
rem 2 is proved. : 


Then. 


CORNELL UNIVERSITY 


ON THREE PROBLEMS CONCERNING NIL-RINGS 
JAKOB LEVITZEI 


1. Introduction. In the present note three problems concerning 
nil-rings are proposed and certain relations linking these problems to 
one another are discussed. 

First problem. The sum of all two-sided? nil-ideals of a ring S has 
been defined by G. Koethe [2, §3]? as the radical of S, provided that 
this sum contains also all one-sided nil-ideals of S. We shall hence- 
forth refer to this radical as the K-radical? of S. It is an open question 
whether or not there are rings in which the K-radical does not exist. 

Second problem. A ring T is called semi-nilpotent (see [3, §2]) if 
each finite set of elements in T generates a nilpotent ring. A ring 
which is not semi-nilpotent is called semi-regular. Each semi-nilpotent 
ring is evidently a nil-ring. It isan open question whether or not there 
exist semi-regular nil-rings. As may easily be seen, this problem is 
equivalent to the question whether or not there exist semi-regular 
nil-rings which are generated by a finite set of elements. 

Third problem. A nil-ideal P of a ring S has been termed by R. Baer 
[1, §1] a radical ideal if the quotient-ring S/P does not contain nil- 
potent ideals other than zero. The sum U(S) and the crosscut L(S) 
of all radical ideals of a ring S are again radical ideals which are called 
the upper radical and the lower radical respectively (see Baer [1, §1]). 
As indicated by Baer ideals may ‘exist between U(S) and L(S) which 
are not radical ideals. R. Baer has also constructed an interesting 
example which illustrates this possibility. Our results in the present 
note show that this phenomenon can not be considered as an excep- 
tion to the rule but on the contrary rather as the rule itself, and thus 
the following problem presents itself: Are there or are there not rings 
S in which U(S)DL(S) and in which furthermore each ideal which 
lies between U(S) and L(S) is also a radical ideal? 

In the present note the following results are obtained: Suppose 
that S is a ring in which the K-radical does not exist, then S contains 
an infinite number of right ideals as well as of left ideals which are 
semi-regular nil-rings (see Theorem 4 in §3). Suppose that S is a ring 
with a semi-regular upper radical U(S), then S contains a subring S’ 
so that U(S)DS’ = U(S’) DL(S’) and so that S’ contains an infinite 

Received by the editors April 3, 1945. 

1 We shall write henceforth in short ideals instead of two-sided ideals. 

2 Numbers in brackets refer to the Bibliography at the end of the paper. 


3 For the sake of convenience we shall reserve in this paper the term radical for 
the sum of all semi-nilpotent ideals of the ring (see [3, §2]). 


913 


914 JAKOB LEVITZKI {December 


number of ideals between U(S’) and L(S) which are not radical 
ideals (see Theorem 5 in §3). If S is a ring with a semi-nilpotent 
upper radical U(S), and if U(S)DL(S), then S contains an infinite 
number of ideals between U(S) and £(S) which are not radical ideals 
(see Theorem 6 in §3). 

Remarks. From Theorem 4 it follows that if the first problem is' 
answered in the affirmative then this will apply also to the second 
problem. From Theorem 5 it follows that if the second problem is 
answered in the negative then this will also apply to the third prob- 
lem. The above-mentioned example of R. Baer is of a nil-ring U of 
which it can be easily proved that it is semi-nilpotent. In fact, the 
proof for the semi-nilpotency of U is implicitly contained in Baer’s 
proof for the nillity of U (see [1, §2]). Thus our Theorem 6 explains 
the phenomenon which was described by Baer in his example. This 
theorem in conjunction with Theorem 5 seems to justify the conjec- 
ture that the answer to the third problem is in the negative. 

sal If the ring T is generated by the finite set of elements 


ti, pi -+, in then we write T=jh, t,---, in} or T=f.. 
ti}. The sum‘ of a finite number of Pent ideals (left ideals) 
Ay, Ae -+ , A, will be denoted by 41+Ae+ +++ +An= DA; 
The ideal, tthe right ideal and the left ideal in the ring S which are 
generated by a finite set of elements ay, 42, - - - , @a will be denoted by 
(a1, a2, +++, On), (1, G2, © * © , On) and (Gi, d2,- + > , Gn): respectively. 
If A = (a1, 02, - ++ ,@n)r, then AD >4.40;5. In case A= $ 70S we 


say that A possesses a proper right basis. Similarly a proper left 
basis is defined. 

If A = (m, as >> - ,@,), then AD >". S-a,S. In zase A = Dia SdS 
we say that A possesses the proper basis a1, @2,--- , Gn. 

If the ring S has an identity element, then all bases are of course 
proper bases. 


2. On nil-ideals with proper bases. In this section we shall derive 
certain properties of nil-ideals with proper bases which will be used 
in §3 for the proof of the assertions made in the introduction. 


THEOREM 1. If Ris a nonzero nil-ideal with a proper right basis in a 
ring S, then RCR. 


_ PROOF. By assumption we may put R= > %.,a;S, where ER, 

=1,---, n. Since further Sa,SCR, we have R?= )0¥p210;San5 
- S aRC CR*, and hence R?= > h e;R. Now suppose that 
R? ČR, then by RIER we would have R?=R, that is, 


t We-shall not use direct sums in this paper. 
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(1) R= aR, aERi=t,---,n. 
i=l 


In case #=1 we obtain R =R, which by successive left multiplica- 
tion yields R=a%R for each k, that is, a0 for each k, which is a 
contradiction to the nillity of R. Now suppose that n 22 and define m 
so that 


$ m m—L 
(2) R= aR, RD Dak, 2SmEsn. 
fea] ial 
By putting T= >5%5'a.R we then have 
(3) R=T+4,R, On 7 0. 


By (3) it follows that am can be represented in the form 
(4) Om = by + On, bET, CER. 


Now suppose that for a certain r it has been proved that am =b, +4åmt", 
b-ET, then by (4) this would yield am =b, + (bi +ame) = b,41+ ame", 
where 6,41=0,+0:c". In view of the fact that T is a right ideal, it 
follows that bu ET, and thus by induction we have proved that for 
each s the element am has a representation of the form 


we a 


(5) Om = by + n, BET, cER. 


Now take for s the index of the nilpotent element c, then c?=0, and 
we have dmn=b,ET, and hence anRCT, or R= >-%y'a;R, which is a 
contradiction to (2). Consequently equation (1) is impossible, which 
implies that R?CR. 


THEOREM 2. If Ris a nonzero semi-nilpoteni right ideal with a proper 
right basis in a ring S, then R?CR. 


Proor. For a certain integer n we have by assumption R= > -2.,a,5 
with a, €R, i=1,---, n. Now denote by N the radical? of S, then 
REN, and Sa,SCN (see [3, §2]). Hence we have R?= Dira: San 
Cc > 2..a:N. Now suppose that RPR, then we would have 
R?=R, that is, RC } 2a, NER, or 


(6) R= >> aN, o ER i=,- 
i=l 


From (6) follows 
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Do > ai= $. arbin bxEN,i,k=1,---,” 
Keel 


By considering the ring B= { ++, bin +++ }, we have in view of (7) 
the relation a;€ >-3.,a,B,i=1, - - + , n, which by right multiplication 
yields a:;BC >°3.,0,B?, i=1,---, n, and hence a;€ > 3_102B?, 


¢=1,---, n. Thus by successive right multiplication we obtain for 
each m 
n 
(8) a; € >) aB”, i=], =., 
kal i 


which implies that B”=0 for each m. But this is a contradiction, 
since N is semi-nilpotent, BEN, and B is generated by a finite set of 
elements. 

Remark, Each nil-ideal of a ring S is contained in the upper radical 
U(S) of S. Only a slight modification of the proof of Theorem 1 is 
necessary in order to extend the validity of that theorem to one-sided ` 
ideals of S which are contained in U(S). In this generalized form, 
, Theorem 1 would include Theorem 2 as a special case, since each 
semi-nilpotent one-sided ideal lies in the radical? N of S, which in 
turn is a subset of the upper radical. 


THEOREM 3. If Ris a nonzero semi-nilpotent idea? with a proper basis 
in S, then RCR. 


Proor. For a certain integer n we have by assumption 
R= >77.1Sa,5, ER, i=1, - - - n. If, again, N denotes the radical? 
of S, then Sa,SCN for each 7, and hence we kave Sa;SSa,SSa,;S 
CNa,N for any triple of indices 7, 7, k. Thus it follows that 
R= J frg: S SaS Sa; SE $2. NaN. Now suppose that RR, 
then we would have R?=R, and hence also R?=R, which by 
R=R Q } 2 Nce:NCER implies 


(9) R= > NaN, ER k=1,--+,” 
3 kaal 

By (9) it follows that each a, has the form 

(10) ay = Dy briliCkis bn, EN, nm EN, ikal, e,m 
f il : 
Putting B= { Cee | Fy } and c={ en 7 } we can write 


(10) in the form a€ >-2.,Ba,C, k=1,---, n, which by successive 
right and left multiplication yields 
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f 


(11) ar € >, Bal, k=l, e,n 
ial 

By (11) it follows that B”=0, C”=0 for each m, which is a contra- 

diction to the semi-nilpotency of N. 


3. Proof of statements made in the introduction. The proof of 
the following Theorem 4 follows directly from the author’s results in 
[3, §2], while Theorems 5 and 6 are based on our results in §2. 


THEOREM 4. If Sis a ring in which the K-radical does not exist, then 
S contains an infinite number of right ideals as well as of left ideals which 
are semi-regular nil-rings. 


Proor. First note that S contains right nil-ideals as well as left 
nil-ideals which are not in the upper radical U(S) of S. Indeed, by 
assumption S contains a one-sided nil-ideal A so that A € U(S). Now 
define the element a so that a@€A but a@ U(S), then the right ideal 
(a), and the left ideal (a); are nil-ideals which are not in U(.S). Now 
denote by R any right nil-ideal so that RC U(S), then also R?£ U(S), 
since U(S) is a radical ideal. Consequently R contains an element a1 
so that a,RC_U(S). By aı RGR and by the nillity of R follows easily 
RDa,R. Now put Ri=a,R; then in view of Ri! U(S) we may repeat 
with R; the same procedure, and thus by induction obtain an infinite 
sequence of right nil-ideals R,, Re, Rs, ---, each satisfying the rela- 
tion R, U(S). Now each semi-nilpotent right ideal of S is contained 
in the radical? N of S (see [3, §2]) which is a subset of U(S). This 
implies that the right ideals of the sequence Ri, Re,--- are semi- 
regular; since a similar result holds for left ideals, the proof of our 
theorem is thus completed. 


LEMMA 1. If T is a ring with a finite set of generators, then for each 
positive integer n also T” is a ring with a finite number of generators. 


Proor. Write T= {a1, a'>, am}, and put Daj i,---sinae 
=Oy0iy +++ Gin, Where OSk<m and 1Si,Sm for j=1,---,n+k; 
then, as may easily be seen, T” = { A Daten, inthe 2 qed. 


LEMMA 2. If T is a semi-regular nil-ring with a finite set of generators, 
then T™T** for each positive integer n. 


Proor. By Lemma 1 we may put T" = fb, bz, by}. Now sup- 
pose that 7*=7*+!, then by successive multiplication follows 
T*=T"*™ for each m, and hence by putting T” = W we have W = W* 
for each k. In view of W={b,---, b} it follows easily that 
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W= ibi W= W, which is a contradiction to Theorem 1. 


Lemma 3. If P'and Q are nil-ideals of a ring S and if PDQ, then P 
ts a radical ideal if and only if P/Q is a radical ideal in the ring S/Q. 
In particular, Q ts a radical ideal if and only if the zero ideal is a 
radical ideal in S/Q. 


Proor. Denote by A a two-sided ideal of S so that ADP, then 
by the so-called “second law of isomorphisms” (see [4, p. 149]) we 
have (A/Q)/(P/Q)SA/P. Our lemma follows from the fact that 
A/P is nilpotent if and only if (4/0)/ (P/Q) is ailpotent. 


Lemma 4. If the lower radical of a ring S is zero and if the upper 
radical U(S) is semi-regular, then S contains a subring T so that 
U(S)D>T=U(T)DL(T) and T contains an infinite number of ideals 
between U(T) and L(T) which are nat radical ideals. 


Proor. By assumption U(S) contains a finite set of elements 
01, @2, ` ` © , @n SO that the ring T= fa, an'e, an} is a semi-regular 
nil-ring. In view of the semi-regularity of- U(T) and the semi- 
nilpotency of the lower radica! it follows that T= U(T)DL(T), and 
that also the quotient-ring W=T/L(T) is a semi-regular nil-ring. If 
now b; denotes the image of a; in the homomorphism T~W, we may 
evidently write W = fbn, bz, +++, ba}. By Lemma 2 we have Wnt C Wym 
for any pair of positive integers m, r, that is, the nonzero ideal 
Wm/Wr+ of the ring T/Wt* is nilpotent. Consequently, Wt is: 
not a radical ideal of W. Now define for each positive integer 7 the 
ideal A, of T by the relations A4,DL(T), 4-/L(DS&W", then A, is 
uniquely determined, and in view af Lemma i none of the ideals of 
the infinite sequence Az, A3,--- is a radical ideal, q.e.d. 


Lemma 5. If the lower radical of a ring S is zero ond if A is a nonzero 
semi-nilpotent ideal of S, then S contains an infinite number of ideals 
which are not radical ideals and which are subsets of A. g 


Proor. Denote by a, a2, © © > , @, an arbitrary ñnite set of nonzero 
elements of A and consider the nonzero ideal A;= (a1, @2,---, Gn) of 
S which lies in A. As may easily be verified, we then have 
Ai= 3°2.,410;A1. Now suppose that A3=4,, then we would have 
Ar= Shy AiaiAiC iSt: STA, that is, Ai= 2.,Sa,S, which is 
a contradiction to Theorem 3 in §2. Hence we have A?CAi, which 
implies that the ideal A:/A? of the ring S/A} is nilpotent, that is, 


, > The lower radical is semi-nilpotent since it is a scbset of the radical N (see 
footnote 2). 
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B,=A} is not a radical ideal. By L(.S) =0 it follows that BDO. Since 
0CB,CA, we may repeat with B, the same procedure, and thus (by 
induction) obtain an infinite sequence of semi-nilpotent ideals 
B,D B2DB3;D -+> none of which is a radical ideal, q.e.d. 


THEOREM 5. If S is a ring with a semi-regular upper radical U(S), 
then S contains a subring S' so that U(S)DS'= U(S")DL(S’) and so 
that S’ contains an infinite number of ideals between U(S’) and L(S’) 
which are not radical ideals. 


Proor. By Lemma 3 (see also Baer [1, p. 539]) the lower radical 
of S*¥ =$/L(S) is zero, while the upper radical U(S)/L(S) = U(S*) of 
S* in virtue of the semi-regularity of U(S) and of the semi-nilpotency® 
of L(S) is also semi-regular. Hence by Lemma 4 the ring S* contains a 
subring T so that U(S DT=U(T)DL(T) and so that S* contains 
an infinite number of ideals 4*, A¥,--- between U(T) and L(T) 
which are not radical ideals. Now define a subring S’ of S so that 
S'DL(S) and S’/L(S)&T. By Lemma 3 it follows then that S’ has 
the required properties. : 


THEOREM 6. If S is a ring with a semi-nilpotent upper radical U(S), 
and if U(S)DL(S), then S contains an infinite number of ideals be- 
tween U(S) and L(S) which are not radical ideals. 


Proof. Since by Lemma 3 the lower radical of the ring S* =.S/L(S) 
is zero, it follows by Lemma 5 that the nonzero semi-nilpotent ideal 
U(S)/L(S) of S* contains an infinite number of ideals which are not 
radical ideals. Our theorem follows now as a consequence of Lemma 3. 
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HEBREW UNIVERSITY 


SOLUTION OF A CLASS OF SINGULAR 
INTEGRAL EQUATIONS 


ERIC REISSNER 


The following class of integral equations mzy be of some impor- 
tance in the applications: 


1 
== “Of + Eat- anha 


The symbol ¢ indicates that the principal value of the integral is 
to be taken and the coefficients c, are given constants. The special 
case of all c,=0 has been dealt with extensively, for instance by 
Glauert [1], Fuchs [2], Hamel [3], Schroeder [4] and Söhngen [5].t 
The values of the coefficients c, might be determined by the condition 
that a given kernel K(€—x), for instance K=1/sinh (£—«x), is ap- 
proximated as nearly as possible by the kernel of equation (1). ; 

The purpose of the present, note is to derive the solution of (1) for 
a finite-number of nonvanishing cn. The method cf solution is an ex- 
tension of the method applicable when all c,=0. 

Equation (1) is first transformed by the substitutions 


(2) x = cos ġ, = cos J, 
(3) g(x) =G), SO =FO 
into 


(4) G@) sae $ 7 F(6) {—*_+ 5 $. ¢a(cos J—cos gm} sin 6dé. 


cos ĝ— Coso n0 


The function G(¢) is thought to be developed in the interval (0, T) 
in the following form: 


(5) sin ¢G(¢) = >> Bn sin mó. 
mal 7 
It is then to be shown that the following representation of F(6) 
i 4 
(6) sin 0 F(6) = >> Am cos m9 
mao 


permits the explicit determination of the unknown coefficients A,, in 
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terms of the known coefficients Bm and cn. 
Substituting eauations (5) and (6) in equation (4) there occur these 
integrals 


(7) ig' cos m8 d@ ee 
0 


T cos ð — cos ġ sin ġ 








1 T 2n+2 sin ko 
(8) — f cos m6(cos 0 — cos ¢)2*+1d9 = $, Ds(m, n) — . 

Tvog kal sın 
Equation (7) may be found in reference [1]. The validity of equation 
(8) with suitable coefficients D+ follows from the fact that its left side 
may be written as a polynomial of degree 2%-+-1 in cos ø and there- 
fore also as a series of the form }_?"3}"a, cos j0. It is important to note 
that the coefficients D; satisfy the following conditions, 


(9) Dilm,n)=0, m=2n+2, 2n+3,--- ; R=Qn+3, 2n4+4,---. 
On the basis of equations (5) to (8) equation (4) takes on the form 
cr) co N 2n+2 
(10) >> Bn sin mọ = DAm{sinmd-t Do >> Di(m, n) sin w). 
m=] mea], n= heal 


This is equivalent to the following set of simultaneous equations for 
the quantities An, 


Ga N 
(11) By= Ast DAn{ Z eDim n), j=1, 2, 


n=0' 


But in view of equations (9) the system (11) may be written as 


B; = Á; jg=IN+3,2N+4,---, 
(12) 2N+1 N 
B;= 4+ DO 4nd È Dim d}, j=1,2,:-:, 2N +2. 
m=} n=0 


Thus, it remains to solve a simultaneous system of 2N+2 equations 
for the 2N-+3 unknowns Ao, Ái, ° © © , Aevye. In analogy to the pro- 
cedure when all c,=0 we may express A1, - ++, A2y42 in terms of Ao 
and leave Ao arbitrary or determine it by an extraneous condition 
such as for instance F(0) =) °Am=0. 

It is to be underlined that the above reduction of the problem to a 
system of simultaneous equations for a finite number of unknowns 
depends on the fact that the regular part of the kernel in equation (1) 
consists of a polynomial and not of an infinite series. It is further to 
be noted that there may be critical values of the coefficients c, for 
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which equations (12) have a solution only if certain relations between 
the quantities B; hold. 

The following example may illustrate the reie results. Taking 


N =1 one finds, in this special case most easily directly from equations 
(4) to (7), that equations (12) became 


Sey C1 
a= (144 +— ae atia 


B i 2), (£ + J4 
= — — ae Cc. i 
(13) 2 3 2 2 1 Jáo 
3c, 
= Ast — Ay By = Ay As, B;= 4A 7 =5,6,° 


Solving for A;, we obtain 
, Bı — 6B;/8 Be + (60/2 + 61)Ao 


ie ee 
Lz 69/2 + 30/4 — 302/64 4 — 36/8 
(1 + 60/2 + 3¢,/4)Bs — 36,B1/8 
(Gee eee 
1+ 6/2 + 3061/4 — 3c? /64 
a å 
A, = B+ ga As = Bs, 
and so on. i 


Evidently, aeenoia conditions exist when one or both denomi- 
nators in equation (14) have the value zero. The meaning of this oc- 
currence is that under those circumstances equation (4) has solutions 
of one or both of the forms F=cos 26/sin 8, F= (cos @—« cos 30)/sin 6 
when G=0. 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


ON A CHARACTERISTIC PROPERTY OF 
LINEAR FUNCTIONS 


E. F. BECKENBACH 


1. Introduction. If the real function y=g(x), defined and continu- 
ous in the closed and bounded interval a Sx <b, or in the open inter- 
val a <x <b, is linear there, 


y=pr+q, 


then for all xo, k, with h>0, such that xo—h and xo+} lie in the in- 
terval of definition, we have 


(1) g( 0) = [g(a0 — h) + glo + A)]/2. i 


Conversely, if the real function y =g(x), defined and continuous in 
a@sx3b or in a<x<b, satisfies (1) for all xo, k, with k>0, such that 
xo—h and xo-+h lie in the interval of definition, then [4, p. 189] 
y = g(x) is a linear function of x. 

If, however, in the converse it is given only that for each xs, 
a<xo9<b, there exists a positive ho=ho(x%o), such that xo—ko and 
xo-+Mo lie in the interval of definition, and for which we have 


(2) 8 (20) = [g(x — ho) + 8(2%0 + ho) ]/2, 


then the implications are different in the case that g(x) is defined and 
continuous in the closed and bounded interval and in the case that 
g(x) is defined and continuous only in the open interval; for in the 
former case it still follows [3, p. 253] that g(x) must be linear, while 
in the latter case g(x) is not necessarily linear [3, pp. 253-255]. 

A proof of the above result, that if g(x) is defined’ and continuous 
in the closed and bounded interval and satisfies (2) then g(x) neces- 
sarily is linear, can be given, as we shall show, which applies equally 
well to characterize, in terms of equalities analogous to (2), classes of 
functions [1] differing, and even topologically distinct [2], from the 
class of linear functions. ` 


2. Theorem. We shall establish the following result. 


THEOREM. Let { F(x) } be a class of functions defined and continuous 
in the closed and bounded interval a Sx <b, and such that for all real 
(x1, 1), (v2, Y2) with a Sxı <x: £b there is a unique member 
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F(a) = f(a} 21, Yi; #2) Ya) 
of the family { f(x)} satisfying 
Ka) = yun Ka) = ya 


If the real function g(x) is defined and continuous in the interval a Sx Sb 
and if for each xa satisfying a<xo<b there is a positive ho=ho(xo), 
a Sxo— ho <xotho £b, such that 


(3) g(%0) = fro; to — ho, g(æo — ko); £o + ho gCo + ko)], 
then g(x) coincides with a member of the family |f(x) } : 


The above theorem contains as special case the result concerning 
linear functions mentioned in the last paragraph of §1. 

The converse of the theorem clearly holds, so that condition (3) is 
both necessary and sufficient in order that a function defined and con- 
tinuous in the closed and bounded interval be a member of {f(x)}. 


3. Lemmas. We shall use the following result [1]. 


Lemma 1. For a given xo with a Sxo Sb, let f,(x) and f.(x) be two 
members of the family {f(x)}, such that 


(4) f(%0) = falo) 
and 
(5) f(z) = f(x), ees b; 


then f,(x) <f.(x) for all x in a Sx <b on one side of xo, while f.(x) >f.(x) 
for all x in a Sx <b on the other side of xo. 


Proor. By (4), (5) and the uniqueness property of the family 
{ f(x)}, we have f (x) ¥f,(x) in aSxSb except at xo. Consequently, 
by the continuity of the members of {f(x)}, on either side of xo in 
asx <b, one of f,(x) and f,(x) is greater than the other. 

If xo =a or x» =b, the theorem now follows. 

If a<xo<6, we shall obtain a contradiction from the assumption 
that it could be the same one of f,(x) and f,(<), say f.(«), which is 
greater on each side of xo. 

Let xı, xa satisfy a<x,<xo<x2<b, and consider the member f,(x) 
of {f(x)}, determined by 


Si) = fl; x1, falz); £a f-(o2)]. 
We have f:(x2) <f,(xe), so that f(z) <f,(x), #1<x <b; in particular, 
(6) filo) < fa(%o). í 


1945] A CHARACTERISTIC PROPERTY OF LINEAR FUNCTIONS 925 


Similarly; 
(7) Filxo) > feko). 
Now (6) and (7) contradict (4). 

We shall use also the following lemma. 


Lemma 2. For any positive M there ts a member f'(x) of { f(x) } such 
that 


(8) f(a) >M, "esx. 
Proor. By the continuity of the members of { f(x)}, there is a 


positive % such that if I(a) and I(b) denote the intervals aSx<a+h 
and b—h <x Sb respectively, then we have ` 


(9) Jila = flx; a, 2M; b, 2M] > M 


for all x in I(a) and for all x in I(b). Similarly, for each x’ in a<% <b 
there is a positive h=h(x’) such that if I(x’) denotes the interval 
x'—h<x<x'+h, then we have 


(10) flæ; a, 2M; «’,2M]>M 
for all x in I(x’). l 
By the Heine-Borel theorem there is a finite set a, b, xf, +++, Xn 


of numbers in a <x <b such that each number in a Sx <b is contained 
in at least one of I (a), I(b), I(xi ), - - + , I(£4 ). Hence there is a finite 
set 


(11) ICM TO MEE ATO 


of functions in the left-hand members of (9) and (10) such that for 
each x in a Sx £b we have 


(12) max [fe (2), fi (2), -++ s fA (2)] > M. 

If now f’(x) is one of the functions (11), such that 

f'(b) = max [fe (0), fi (0), wat „fa (0)], 

then since ff (e)=2M, j=0, 1,---, m, it follows from (12) and 
Lemma 1 that f'(x) satisfies (8). 

4. A Dedekind section. Let f(x) be the member of { HORN coincid- 
ing with g(x) at x =a and at x =b; that is, 
(13) fo(x) = flx; a, gla); b, g()], 


and consider the members f.(x) of {f(x)} defined, for — œ <a < + œ, 
by 
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Jalo) = g(a) +a = fola) + 0, falB) = 80) + a = f) + a 


Let a Dedekind section (4, B) of the real numbers be defined as 
follows: B contains all real numbers 8 such that 


Jela) > g(x), asxsb, 


and A contains all other real numbers a. 

To see that we actually have defined a Dedekind section of the real 
numbers, we note first that by definition all real numbers are included 
‘in A and B together. Further, A is not vacuous; for fo(x) coincides 
with g(x) at «=a, so that 0 is contained in A. And by Lemma 2, 
B is not vacuous,-since the function g(x), continuous in the closed and 
bounded interval a Sx <b, is bounded there. Finally, each a of A is 
less than each 8 of B; for if we should have By<ao, then by Lemma 1 
we would have 


Joks) < fola), z asxshb, 
and irela, by the definition of B, 
B(x) < foala) < Jala), anh, 


and ap would be a member of B. 
Hence (A, B) is a Dedekind section of the real numbers and de- 
termines a real number ry. Since 0 is contained in A, it follows that 


(14) y= 0. 
In §6 we shall show that y =0. 


5. Properties of a function determined by the section. The function 
f(x) has the following properties: 


(15) : fil) = g(x), esnzab; 
(16) Jala) = g( xo) 


for some xo, @S%0 Sb. 
If (15) did not hold, by (13) and (14) there would be an xı a <x% <b, 
such that 


(17) Fla) < g(a). 


Consider the functions 


(18) fO(x) = fls; a, f(a); try 2fy(¥1)/3 + g(m)/3] 
and f 


(19) f(a) = fle; su fa(21)/3 + 2g(21)/3; b, fV], 
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and let ô be defined by 
(20) 6 = min [f(a) — g(a), fO) — g(d)]. 


By (17), (18), (19) and Lemma 1, we have 5>7, so that 8 is con- 
tained in the set B. But by (17), (19), (20) and Lemma 1, we have 


Jls) < g(s), 


whence, by the definition of A, 6 is contained in the set A. But 6 can 
not be contained both in A and in B; this contradiction establishes 


(15). 
If (16) did not hold, by (15) we would have . 
(21) fala) > g(a), a<aSb. 


Since the members of { f(x)} are continuous, by (21) there is a posi- 
tive k such that if J(a) and J(b) denote the intervals a Sx <a+k and 
b—k<x <b respectively, then 


(22) JE) = fle; a, f(a); b, g(8)/2 + fy(6)/2] > gla) 


for all x in J(a) and for all x in J(b). Similarly, for each x* in a <% <b 
there is a positive k=k(x*) such that if J(x*) denotes the interval 
x*—k <x <x* +k, then 


(23) Jls: a, fa); a, g2 + f,(x*)/2] > g(x) 


for all x in J(x*). 
By the Heine-Borel theorem there is a finite set a, b, xi, - + + , %m* 
of numbers in a Sx £b such that each number in a Sx S6 is contained 


in at least one of J(a), J(b), J(xi*), +++, J(¢m*). Hence there is a 
finite set 
(24) f(x), F(x), Pa oe Sa (x) 


of functions in the left-hand members of (22) and (23) such that for 
each x in a £x <b we have 


(25) max [f#(x), JE), e p fla] > g(x). 
If now f*(x) is one of the functions (24) such that 
f*(6) = max UEO), JEO, +>, fo*(O)], 


then since f#(a)=f,(a), j=0, 1,---, m, it follows from (25) and 
Lemma 1 that f*(x) satisfies 


(26) f*(x) > g(2), asrash. 
By (21), (22), (23) and Lemma 1, we have 


3 
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(x) < fy(x), j=0,1,---, maces b; 
in particular, 
(27) f(x) < fr), a<nSb, 
with 
(28) FQ) = f0). 


Starting with (26) in place of (21), and interchanging the rôles of 
a and b, we can determine analogously the existence of a member 
f''(x) of {f(«)}, such that 


(29) - f(a) > g(x), aSaxsb, 
and 
(30) LH) < f), aSx<b, 
with 
(31) F” ®) = f*(). 
From (27), (28), (30) and (31) we obtain 
(32) f(a) < Jala), ages. 
Let e be defined by 
(33) e = max [f”(a) — g(a), f(b) — e(b)]. 
By (29) and (32) we have 
(34) O<e<y¥. 
Hence from (29), (33) and Lemma 1 we obtain 
ILe) > g(2), ax<xsbh, 


so that e is contained in B. But by (34) and the definition of y, e is 
contained in A; this contradiction establishes (16). 
We note that (15) and (16) might also have been established by 


proving first that 
lim f(a) = f(a), ERETI 


6. The value of y. By (14) we have either 
(35) y=0 
or 
(36) y> 0. 
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If (36) holds, then by the definition of f,(*) we have 
(37) fxe) > g(a), — f(b) > g). 


By the continuity of f(x) and of g(x), there is a greatest number xo 
in @SxSb satisfying (16); and by (37), this greatest xo satisfies 
a<xo<b. Then 


(38) Sr(x) > g(x), wy<“b, 


By hypothesis there is a positive number hyp =/ho(x0), aSxo—ho 
<xo+ho Sb, for which (3) is satisfied. ` 
From (15) we obtain 


Jalo — ho) 2 (x0 — ho), 
and from (38) we get 
Jxlæo + ho) > glxo + ko). 
Hence by Lemma 1 we have 
Jala) > fl; xo — ho, g(%0 — ho); xo + ho, g(%a + ho)] 
for xo—h <x Sxo+h; in particular, 
(39) fy(20) > flra; xo — ho, glxo — ho); xo + ho, g(x0 + ko)]. 


Now (39) contradicts (3) and (16), so that (36) does not hold, and 
therefore the value of y is given by (35). 


7. Proof of the theorem. We shall establish the theorem by showing 
that 


(40) g(x) = fola), asxsb, 
Suppose that (40) does not hold; that is, that we have 
(41) g(x) Æ foa), asrab. 


We shall obtain a contradiction. 
By (13) and (41) there is an Z, @<2<b, such that 


Bz) = fol%); 


and we can suppose that 


(42) g(a) > folz), 
e we could consider the function —g(x) and the family 
—f(x)}. 


From (15) and (35) we obtain 
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(43) Sola) 2 g(a), > a@S2n8b. 


Since (43) contradicts (42), the assumption chat (40) does not hold 
has led to a contradiction. 
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NOTE ON A CERTAIN CONTINUED FRACTION 


H. S. WALL 
The continued fraction 
1 
E az 
ia bz 
l (a + 1)z 
(1) 1+ - 
14 (b + Lz 
j (a+ 2)z 
+ i S rae 


is a limiting case of the continued fraction of Gauss, and is the formal 
expansion of the quotient Q(@, b; s)/Q(a, b—1; z), where 


2 
(2) -2(a, 8: 8) =1- ab = + ala + NEG +I Hes 


If a and b are real and positive, then it follows from the work of 
Stieltjes that (1) converges in the domain Z exterior to the negative 
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half of the real axis, and its value is an analytic function of z in this 
domain. It is easy to show that the same holds for a and b any real 
numbers, except that the function may have poles in the domain Z. 
By means of technique which has been developed in recent years, this 
result may be extended to arbitrary complex a and b. We shall first 
prove the following theorem. 


THEOREM 1. Let A and B denote two arbitrary bounded regions of the 
complex plane. Then, there exists a number 5>0, depending upon A 
and B, such that the continued fraction (1) converges uniformly for a in 
A, bin B and z in the real interval (0, ô). 


Proor. We may evidently choose 6>0 sufficiently small in order 
that the numbers (2+ )s, (6+ )z, p=0, 1, 2, +- -, will be in the 
parabolic region | | — R(w) $1/2 for all z in the interval (0, 6). The 
convergence then follows from the parabola theorem [3, p. 166 ].! The 
uniformity of the convergence follows from the fact that the approxi- 
mants are uniformly bounded: their values are all in the circle with 
center 1 and radius 1 [4, p. 581]. 


THEOREM 2. Let a and b be arbitrary complex constants not 0 or a 
negative integer .? Let G be any bounded closed region within the domain Z 
defined above. The continued fraction (1) converges over G except possibly 
at certain isolated points, and uniformly over the region obtained from G 
by removing the interiors of small circles with centers at these points. 
The value of the continued fraction is an analytic function having these 
points as poles. 


Proor. Let A and B of Theorem 1 be the single points a and b, 
and choose the number 6>0 accordingly. We may suppose that G is 
a connected region containing the interval (6/2, 6) on the interior. 
Let k >0 be chosen sufficiently small in order that G will be contained 
within the cardioid region 


1 
| w| SH (1 + cos 8), w =| w| eë. 


Néxt choose N so that for n>N the numbers (a+), (6+) will be 
in the parabolic region 


| w| — R(w) < k/2. 
If n>N, the continued fraction 


1 Numbers in brackets refer to the Bibliography at the end of the paper. 
2 If e or b is 0 or a negative integer, the continued fraction breaks off and is a ra- 
tional fraction. 
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1 
(a + n)z 
(b + a)z 
(a+n+1)z 
(b+ n+ 1s 


DETE 


1+ 
i+ 


is then uniformly convergent over G by the cerdioid theorem [1, pp. 
367-368]. It follows that (1) converges over G except possibly at 
certain isolated points, or else diverges to the constant œ. Inasmuch 
as it converges for z in the real interval (6/2, ô), the latter alternative 
is ruled out. The convergence is evidently uniform over the region 
obtained from G by deleting small circular neighborhoods of the afore- 
mentioned isolated points. 

In order to express the analytic function represented by the con- 
tinued fraction in terms of integrals, we wrize 


Aa, b; z) 


=14 È (=at) -+ (etp DEED «+ OHD E 


a = C-e, (a+ p)2? 


5 Cip S etyste-ldy g? 


“a p=0 
= etym idu 
za, (1-+2u)> 


This formal procedure suggests the possibility that (1) bas the value 
(3) f= e urdu f etudy 

o (1+ zu)? aa (1 sat gag ye-h 
whenever these integrals converge, that is, for z in Z and R(a)>0. 
Now, this is known to be true fer a, b ard z real and positive [2, 
p. 492], and the extension to complex z in Z is immediate inasmuch as 
(1) and (3) are both analytic functions of z over Z. Regarding a and b 


as variables, and using Theorem 1, the same conclusion can be ex- 
tended immediately to complex values of a and b. 
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In the K case b=1: 


sal e~"utldu 1 
T(a) ipu pzu i+ az , 
Tp ene a eee 
4 
(4) 14 (a+ 1)z 
14 2-3 
1+- 


for R(a)>0 and z in Z. The left-hand member can be transformed 
into an integral which converges for all a, and we get 


ft e “du E gi-a 
o (s+) nE i L : 
1 
5 G+ 
z+ 7 
5 1+ 
(9 (a + 2) 
z+ 
1+ 2 
a+: 


valid for all a and for z in Z. Let z=x, real and positive, make the 
change of variable v=u+%x in the integral, and then replace a by 
1—a. This gives 





wo eye 
f ety ldy a aa RT 
z 4 i—a 
x i 
+ 2—a 
Í 2 
(6) i+ 
+ 3— a 
x 
i+ 2 
x+. 


valid for all a and for x>0. The special cases a =0 and a = 1/2 furnish 
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expansions for the integrals 


oz du ®© ; 
f and f e= du, 
o logu 5 


respectively. The latter gives immediately the expansion 





2 


z 5 gT 
af CE RRO e T ie 
0 De / 
eR: Tea Fi 3 
j 3 
(7) o e+ i 
2x 
+ EA 


` valid for «>0. For a discussion of these formulas, with references, see 
[2, pp. 296-298]. 
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A NOTE ON THE ZEROS OF THE SECTIONS OF A 
PARTIAL FRACTION 


MORRIS MARDEN 


1. Introduction. If f(z) is a rational function with a total of three 
distinct zeros and poles, the zeros of its logarithmic derivative may be 
located as points in the complex plane by aid of the following theo- 
rem. 


THEOREM 1. The zeros of the partial fraction 


my mM, m3 


F(z) = 











, mmm; x 0, 
Z-— 21 Z — 22 Z — 23 

where %, zı and 23 are three distinct, noncollinear points, lie at the foci 
of the conic which touches the line segments (Zz, 23), (23, 21) and (21, 22) 
in the points Çı, [2 and {3 that divide these segments in the ratio mz: ms, 
m: Mı and mı:m respectively. If n=m,+me+m3~0, this conic is an 
ellipse or hyperbola according as nmymzm3>0 or <0. If n=0, the conic 
is a parabola whose axis is parallel to the line joining the origin to the 
point v =m + M22 +-M323. 


In the special case m, =m: =m=1, this theorem was proved geo- 
metrically by Bécher and Grace.! In the general case it was first de- 
duced by Linfield as a corollary to the following theorem which in 
turn was established by the use of line coordinates and polar forms.? 


THEOREM 2. The zeros of the partial fraction F(z) =)>_?_.4m;/(2—2)) 
lie at the foci of the curve C(zi, Zz, * * * , Zp} Mi, Ma, * * * , Mp) of class 
p—1 which touches each of the p(p—1)/2 line-segments (Zi, 2x) in a 
- point dividing it in the ratio mj:m,. 


In view, however, of the elementary character of Theorem 1, it 


Presented to the Society, April 28, 1945; received by the editors April 23, 1945. 

1M. Bécher, Ann. of Math. vol. 7 (1892) pp. 70-76; J. H. Grace, Proc. Cambridge 
Philos, Soc. vol, 11 (1901) pp. 352-357. 

2 For the case that all m,>0, see Siebeck, J. Reine Angew. Math. vol. 64 (1864) 
p. 175; M. Van den Berg, Niew Archief voor Wiskunde vol. 9 (1882) pp. 1-14, 60, 
vol, 11 (1884) pp. 153-186, vol. 15 (1899) pp. 100-164; J. Juhel-Renjoy, C, R. Acad. 
Sci. Paris vol, 142 (1906); P. J. Heawood, Quart. J. Math. vol. 38 (1907) pp. 84-107; 
and M, Fujiwara, Téhoku Math. J. vol. 9 (1916) pp. 102-108. It is to be observed 
that, although priority for the theorem when all m,>0 is usually accorded to Van 
den Berg, it should rightfully be given to Siebeck. For arbitrary integral m,, see 
B. Z. Linfield, Bull. Amer. Math. Soc. vol. 27 (1920) pp. 17-21 and Trans. Amer. 
Math. Soc. vol. 25 (1923) pp. 239-258. 
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seems desirable to furnish for it an elementary proof based upon-some 
familiar property of the conics. In the next paragraph we shall con- 
struct such a proof, based upon the optical properties of the conics 
and upon some apparently new propositions concerning the relative 
positions of the zeros of the partial fraction F(z), and those of its two 
sections, F,(z) => ?m,(z—z,;)-? and Fo(z)=>_24.m;(s—2)~—.. These 
propositions, which will be derived in §§2 and 3 by the aid of very 
simple analysis, will also be used in §4 together with Theorem 2 to 
obtain some relations among the foci of the curves C(21, 82, © ++, Zk; 
My, Mo °° , Mx); Cnt, ct ty Bp Met t ta itp) and C(21, 22, ST) 
Mı, Ma, * * * , My). Finally, in §5, applications of the method will be 
indicated for nonlinear, partial fractions. 


2. Proof of Theorem 1. Assuming 10 and n; =m: +m:0, let us 
write 


(2.1) Rig cea E ee 
(z — 2:)(2 — zo) (z — z3) 
Since by definition l 
(2.2) nafs = Mazı + M22, 


it follows that {; is the zero of the partial fraction A(z) = m/ (2—21) 
-+m2/(—22). Hence, 





f3 — 23 ms (Zi — $3) (Ze — $s) 
pie a 
E n ~ (zı — fa) (zz — ta) 


arg (Z1 — §3)/(z1 — $3) = arg (z2 — $:)/(Z2 — $s) 

(mod 2r) if nm; > 0, 
arg (Z1 — $s)/(z1 — ta) = arg (fa — 22)/(Z2 — $2) 

(mod 2r) if nm < 0. 


(2.3) 


(2.4) 


By clearing equation (2.1) of fractions and equating the coefficients 
of z on both sides of the resulting equation, we learn that 


(Zs + Z2)/2 = (oz + naza + mata)/n 


where nı = me-+m3, Y2=m3-+-m, and ny =m; +m. Since by hypothesis 
nz~0, the point (Z:1+2Z2)/2 cannot lie on the segment (2, 22) and 
hence not both Z, and Zz may lie on this segment. 

If {3 is an interior division point of the line segment (2, 22) and 
thus myn~e>0, we learn from equations (2.3) and (2.4) that the line 
(Z1, 22) makes equal angles with lines (Z1, [3) and (Zs, {:) and does or 
does not separate the points Z, and Zz according as mms3<0 or >0. 
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Likewise, if {3 is an exterior division point of the line segment (21, 22) 
and thus mym2<0, we learn from (2.3) and (2.4) that the line (21, 22) 
makes equal angles with the lines (Zi, 3) and (Ze, 3) and does or 
does not separate the points Z, and Z: according as nm>0 or <0. 
Hence, using the optical properties of the conics, we infer that at 
point {3 the line (z, 2) is tangent to a conic with foci at points Z, 
and Zz and that this conic is an ellipse or hyperbola according as 
nmymym;>0 or <0. 

Now, by merely permuting the subscripts 1, 2, and 3, we may com- 
plete the proof of the part of the theorem involving the ellipse and 
hyperbola. 

To prove the part involving the parabola, let us, since »=0, write 
instead of (2.1) the expression 


F(z) _ v(z ~ Zı) 
(z — 21)(2 — 22)(z — za) 


The quantity »=2my2,+m222+m3237%0 because, by hypothesis, the 
points 2, 2, and zs are noncollinear. Since now y replaces the factor 
(—Z2), a repetition of the above details would prove at once that line 
(zı 2) is tangent at point ¢; to the parabola described in Theorem 1. 

Remark. It is obvious from the proof that Theorem 1 holds not 
only, as usually asserted, when the m; are integers but also when they 
are arbitrary real numbers. Using this fact, we may extend our theo- 
rem to the case that, for example, n =m: +m:=0 but 70. For, tak- 
ing ms very small, we find that nm:>0, mım:<0, and, hence, 
nmymom; <0. The corresponding conic is therefore a hyperbola which 
is tangent at {3 to the line (21, 22). Now, as 73-30, the point {3 goes to 
infinity and, hence, the line (zı, 22) becomes an asymptote of the hy- 
perbola. 


3. Sections of a linear partial fraction. In order to generalize Theo- 
rem 1, let us now assume that n=m+met+ - ++ +m,+¥0, m=m 
met «+ + +m, £0, n= n—m +0. 

Let us write 





o & m; ne — Z) — Z) +++ (z — Zp) 
G a G — ai)(@ — 2) +++ (z — 25) 
Amy ome zi)(z— af) +++ (2 — zi) 
Hg) = 2 ‘ay (z — 21)(2 — z2) +--+ (3 — Zx) 
Falà) = > m; _ ma- 21 )(z — z2) +++ (2 — zpr) ; 


kti 3 — 2; (z — Zer) (3 — Zr) +++ (2 — 2p) 
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Since F(z) = Fi(z) + Fa(2), it follows that 
nz — Z1) +++ (z — Zp) 
= m(s — 21) +++ (2 — aea)(s — sega) +++ (2 — 29) 
+ mz — 2) +++ (@ — a) (e — 21) +++ (2 — pim). 


Hence, if z” is any 2/’ or a point s; with 1SjSk, and if Z is any 
point Z;, we find that 
(3.1) (e"—23) «++ (Za) el —Ze) a om 
(af) +++ Ge e) e ea) om 
i (3.2) Z—si) +++ (Z— zk) (Z— zrn) (Z — 3r) - +> (Z-z) te 
i (Z—21) - ++ (Z— sr) (Z2 (Z— zi) «+ - (Zk) ny 
Now, taking the moduli and amplitudes of equations (3.1) and 
(3.2), we derive the following theorem. 


THEOREM 3. Given the partial fraction F(z) =>) ?m,(2—2;)-! and its 
sections F,(2)=) ¥m,(s—z;)-! and F.(2z)=) 2, .m,(2—2,;)—, where 
m=) _*m;%0, n=2 2, m;*0, and n=m-+n:*0. Denote by S the set 
of p—1 zeros of F(z); by Sı the set of p—1 points comprised of the k—1 
zeros of Fi(z) and the p—k points 2241, 2k42, * * * , 3p; and, by Sz, the 
set of p—1 points comprised of the k points 2, Zz, +--+ , Ze and the p—k 
—1 zeros of F(z). 

A. Then, if 2” is any point of So, the product of its distances to the 
points of Sis | m/ n| times the product of its distences to the points of Sı., 
Also, if each point in S is paired in any manner with a point in Sy, the 
sum of the angles subtended at z” by the p—1 pcirs of points is zero 
or t (mod 2r) according as nyn>0 or <0. 

B. Further, if Z is any point of S, the product of its distances to the 
points of Sy is | 722/ m| times the product of its distances to the points in 
Se. Also, if each point in Sı is paired in any manner with a point in Sz, 
the sum of the angles subtended at Z by the p—1 pairs of points is zero 
or m (mod 2r) according as nm:<0 or >0.8 


» 


For example, if p=4 and k=2, then Fi(z) has as its only zero the 
point z’ dividing the line segment (21, 22) in the ratio m1:me and F.(z) 
has as its only zero the point z” dividing the line segment (za, z4) in 


3 In the case m=m= -+- =m,=k=1, the set Sz consists of the point zı and 
the p—2 zeros of F(z). Bécher (see footnote 1) states without proof Theorem 3, but 
takes the point z’’ to be only the point zı, making no mention of the fact that z’ may 
be also any of the other —2 points of Sz. In Theorem 3, the sense in which an angle 
subtended by a line segment is to be measured may he determined from formulas 
(3.1) and (3.2). 
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the ratio m3:m,. Using part B of Theorem 3, we may prove that the 
sum of the angles subtended in any zero Z of F(z) by the line segments 
(z’, z1) and (z4, z”) is the supplement of the angle subtended in Z by 
the segment (2, 23). Likewise, by using part A, we may prove that, 
if y denotes double the angle from the line (gs, z4) to the line (1, 22), 
then (¥—7) equals the sum of the angles subtended by the line seg- 
ment (z’, z”) in the zeros Z1, Zz, and Z, of F(z) (mod 2r). 


4. Geometric interpretations of Theorem 3. First, Theorem 3 may 
be restated in terms of two types of generalizations of the circle which 
were studied by Darboux. One is the so-called lemniscate, the locus 
of a point which moves so that the product of its distances from one 
set of fixed points (called poles) is a constant multiple of the product 
of its distances from another set of fixed points (also called poles). 
The other is the so-called stelloid, the locus of a point which moves so 
that the sum of the angles subtended in it by a set of pairs of fixed 
points (called poles) is constant. These two families are respectively 
the equipotential curves and lines of force in the field due to unit at- 
tractive particles at the points of the one set and unit repulsive par- 
ticles at the points of the other set. Thus, according to Theorem 3, 
the points of S, lie at the intersections of a certain lemniscate and a cer- 
tain stelloid, both of which have the points of S and Sı as poles, whereas 
the points of S lie at the intersections of a lemniscate and a stelloid, both 
of which have the points of Sı and Se as poles. 

Secondly, Theorem 3 may be used in combination with Theorem 2. 
By Theorem 2, the points 21, Z2,--+-, Zp-1 are the foci of the 


curve Co=C(zi,- ++, Zp; Mu ***, Mp) of class p—1; the points 
Zl, 32, ** © , 24-1 the foci of the curve C1=C (z, +++, Zk; Mu °° +, mx) 
of class k—1;and the points 2{’ , 22’, - - - , Zp-k-1 the foci of the curve 
Co=C (Sri, °° * Sp} Map, * °°, Mz) of class p—k—1. Thus, if p=6 and 


k=3 and all m,>0, the points zf and zł are the foci of the ellipse 
which touches the line segments (21, 22), (Z2, 23) and (Zs, 21) in points 
dividing these segments ‘in the respective ratios mı: m, mg:m3 and 
m3:m,, while the points zf’ and 2/’ are the foci of the ellipse which 
touches the line segments (Za, 25), (25,/26) and (Ze, z4) in the points di- 
viding these segments in the respective ratios m4:ms, msim,. and 
Me.Ms 

The set S of Theorem 3 consists thus of the foci of the curve Co. 
The set S, consists thus of the points 2:41, 2242, * * * , Zp and the foci 

of the curve Cı or, what amounts to the same, the foci of the degen- 


4G. Darboux, Sur une classe remarquable de courbes et de surfaces algebrique, Paris, 
1873, pp. 66-73. 


` 
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erate curve C’/=C(ai, > + +, Zk, Shit) °° * s Zp MAn °° + + Me, 0,°°-, 0) 
of class p— 1. Similarly the set S2 may be regarded as consisting of the 
foci of the degenerate curve C’’=C(a,--++, Sh Zk ** +, 2p) 
0,- ++, 0, my, °° +, Mp), also of class p—1. Thus, Theorem 3 ex- 
presses two geometric relations regarding the foci of the three curves Co, C’ 
and C” of class p—1. 


5. Further generalizations. It is obvious that Theorem 3 may be 


extended at once to the more general partial fractions 
2 milz — an) > ++ (8 — Gx) 
F(z) > > if a) ( 2 . 
fea (2 — by) +++ (SB — Sze 


For example, let us take all m;>0, and 


3 Mi my 


FQ) = 0 ERS age 


ez) 
The zeros of F2(z) are the roots of the equations 
z — 22/8 — 2 = (m/m)"? exp [n(2k + 1)i/q], 


where k=0, 1, 2,---+,q—1. These zeros may therefore be located as 
the intersections of the circle |z—zs| = (m/m )Yt|z—zı| with the g 
arcs of circles arg (2 —22)/(2—21) =9(2k+1)/q, k=0, 1, 2, ++, qg—1. 
On the other hand, if ¢ is any zero of F2(z), 


(¢ — z)! m (Z) E — Za) 
i —— F Ea a ee acs a 
om n = n (£ — za) {t — z3)! 


where Zi, Za © : -, Zs are the zeros of F(z) and n =m, +m: +m. From 
equation (5.1) we may thus conclude that tke sum of the angles sub- 
tended in ¢ by the segments from 2 to any q of the boints Z; equals (mod- 
ulo 2r) the sum of the angles subtended in £ by ihz segments from the re- 
maining Zi to 23. 


F(z) = F(z) — Fy(z). 
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ASYMPTOTIC DISTRIBUTION OF SUMS OF 
RADEMACHER FUNCTIONS 


JEROME C. SMITH 


1. Introduction. The central limit theorem of the calculus of proba- 
bility applied to the special case of the Rademacher functions 
r(t) =sign (sin 2*t) can be stated as follows: 

1 a 
—f - edu. 
qll? aa 





E lox Èr < a} = 
This form of the theorem suggests two generalizations, the first of 
which consists in replacing the constant a by`a function f(t). The sec- ' 
ond generalization is obtained by replacing the constant upper limit 
of summation n by a sequence of integral-valued functions N,(t), so 
that the number of Rademacher functions in the sum varies with £. 
These are proved by combining the standard techniques of the calcu- 
lus of probability with the methods of orthogonal series. Both proofs 
make use of the continuity theorem of Fourier-Stieltjes transforms: 


If F) =limy.ofn(t), and if 








noo 


1 
lim exp [éxf,(é) dt = 7n 


n+% 0 


uniformly in x, then 


1 Pe 
= — e~* du. 
wile J 





E{| AO] <a} 





Essential use is made of the Walsh-Kaczmarz system? of ortho- 
normal functions, which have two useful properties: (1) each of them 
is equal to a finite product of Rademacher functions, and (2) any 
Lebesgue-square integrable function can be expanded in a series of 
these functions, which series will converge in the mean with index two. 


2. First generalization. The first theorem expresses in asymptotic 
form the measure of the point set over which the sum of the Rade- 
macher functions is bounded by a given function. 


Received by the editors June 25, 1945. The material of this paper forms part of a 
thesis, prepared under the guidance of Professor Mark Kac, which was presented to 
the Graduate School of Cornell University for the degree of Doctor of Philosophy. 

1 Cf. S. Kaczmarz and H. Steinhaus, Le système orthogonal de M. Rademacher, 
Studia Mathematica vol. 2 (1930) and J. L. Walsh, A closed set of normal orthogonal 
functions, Amer. J. Math. vol. 45 (1923) pp. 5-24. 
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THEOREM. If f(t) is a non-negative, measurable function in the in- 
>> r(t) 


terval (0, 1), then 
z 1 Oo, 
eeiam < fli et dudt. 
CI kal K #|- aah Ja ‘ 


Proor. Let F,(é) be (22)-¥5~%_.r,(f) and let S,(é) be the partial 
sum of the expansion of a Lebesgue-square integrable function A(t) 
in a series of Walsh-Kaczmarz functions. It follows from the first 
property of these functions that 











n-o 


$ 1 z 1 
lim | S,(@) exp [éaF,(é) ]dt = 7 f h(é)dt. 
noe 0 (a 


In view of the second property of the Walsh-Kaczmarz functions, this 
implies that 


1 1 
lim h(é) exp [ixF, (0) |dt = e7 f h(i) dt. 
0 D 


no 


If h(t) be the characteristic function of an interval E, then 
lim f exp [ixF,(# ]dt = | E| eA 
fiw E 


By virtue of the continuity theorem of Fourier-Stieltjes transforms, 
it can be demonstrated that 
LEl pe 


Hence, if g(t) be a non-negative step-function having the constant 
value a, over the interval Ep, then 


lim |g [E E; |F| < a} | 





B [2 E Er; | F.O | < ax} š 





tin | p {|70| <0) | = tim È| 


0o kal 





Inspection shows that the limit on the right is equal to 


a(t) 
=f f e~” dudi. 
act att) 
The theorem now follows by considering f(#) to be the limit of properly 


chosen step-functions. 


3. Second generalization. In order to obtain the generalization of 
the central limit theorem in which the upper limit of summation of 
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the Rademacher functions is a given function, we must properly 
qualify this function. 


THEOREM. Let N,()=nN()+0,(), where Na) and NÈ) as- 
sume as values only zero and the positive integers and where N(t) is 
Lebesgue integrable, with p=f'N(t)dt. If limn..n~¥?|Q,(t)| =0, then 
for any non-negative a, 














1 Na(t) r: 1/2 x E 
E | <a >» rÀ | < a} = (4) È | e er?IMgy 
noo} £ (2np) 1/2 k=l T M=0 M3 
where 


Ey = E{N@ =M}. 


Proor. Since the conditions of the theorem imply that 


Nat) nN (t) 


D nl) = D rÀ + 5.0 


k=l kel 


where S,(é) is such that |S, | í ] Q-H , it follows that 
. ix p(t) 
in fe” [agr & ole 


ix ` S. J 
ze a cal 
nso J Ey p (2p)? im ) 
Since N (£) is constant over Ey, the second limit equals | Eu| e-Ma*/Ap, 


By virtue of the continuity theorem of Fourier-Stieltjes transforms, 
it follows that 
< a} 


= | Ex| - (4) f >S eas, 


and hence the theorem is proved. 

The conclusion of the theorem obviously holds under the stronger 
condition that there exists an N(¢) and an A such that | Nt) nN (t) | 
<A for all z. 


4. Sums of cosines with big gaps. By a similar method, using a 
Fourier series instead of a series of Walsh-Kaczmarz functions, it can 
be proved? that if f(#) is a positive, measurable function in the inter- 


Nn(é) 


È nd) 


k=l 


1 
(2np)*? 


lim 


noe 








E {i © Em; 








- 2 Professor M. Kac has proved the central limit theorem for cosines with big gaps 
in Note on power series with big gaps, Amer. J. Math. vol. 61 (1939) pp. 473-476. 
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val (0, 1) and if {nx} is a sequence of positive integers satisfying the 


gap condition: lim,....74/m.1= ©, then 
t pr pro, 
= f f e“ dudt. 
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ON THE HAMILTON DIFFERENTIAL 
VINCENT C. POOR 


1. Introduction. In the absolute geometric development of vector 
analysis Hamilton found it necessary to formulate a definition for the 
differential of a point function, since division by a vector is excluded 
in vector analysis. It is the purpose of this note to relate a restricted 
form of the Hamilton differential to that of Stolz and another modi- 
fied form to a differential defined by Rainich. 


2. The Hamilton differential. The definition of Hamilton for the 
differential @’ of a point function ¢(P) may be expressed by 
(2.1) $'(P, dP) sca at ay 

+0 A 

This definition is not entirely satisfactory. For some functions it 
furnishes differentials which are usually considered as nonexistent. 
For example, (dxdy)™? is the differential of (xy)"? at the origin ac- 
cording to definition (2.1). That such situations arise is due to the 
fact that the differential here defined does not necessarily possess the 
linearity property which will be defined later. This defect was recog- 
nized by Rainich! who proposed another form of the Hamilton differ- 
ential which possesses this desired property. This is essential if the 
differential of a tensor point function is to be again a tensor. 


3. The Rainich differential. Instead of making a single point 
P+)dP approach P as à goes to zero Rainich makes each of two 
points Q, and P, approach P as A goes to zero. His definition may be 
formulated as follows: 


DEFINITION (3.1). 


(a) o'(P, dP) = limit ola) — o(Pr) l 
a0 


which limit must exist for all modes of approach of Qy and P, to P for 
which 


(b) limit 





' Presented to the Society, April 28, 1945; received by the editors March 7, 1945, 
and, in revised form, July 5, 1945 and July 30, 1945. 
1G, Y. Rainich, Amer. J. Math. vol. 46 (1924) p. 78. 
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4. The linearity property. The inaanty property may be expressed 
by the formula 


(4.1) ¢'(P, rdP + oSP) = ro' (P, dP) + of’ (P, ôP) 


where r and ø are arbitrary scalars. 
We wish to show that the Rainich differentia! possesses ‘hig prop- 
erty. In doing this we make a direct use of (3.1); we may thus write 


Q — Ry Rm Pr 











limit ——_— = dP; limit = ôP, 
0 TA a0 Co. 
so that P 
limit OÖ = dP + dP. ` 
290 A 
But 
.. QA) — o(Pr) — ,, . AlO) — AR) 
limit ———————- = limit — 
(4 2) 10 +40 A 
i R) — ẹ(P. 
ayant rn) — $(P)) ; 
0 À 
or 
p (P, rdP + ôP) = ¢'(P, rdP) + ¢' (P, côP). 
Also ? 
limit P) = AR) _ o'(P, dP), 
~~ TÀ 


or multiplying by r we obtain trọ’(P, dP), the first term in the right 
member of (4.2), while the second term is obtained in the same way. 
This establishes (4.1). 


5. The modified Hamilton. The modified Hamilton differential wil 
be defined to be the Hamilion differential (2.1) upon which is imposed 
the lineartiy property (4.1) together with the continuity property, 





(5.1) limit ¢’ (x g = ġ'(P, dP). 


a0 
R, is a neighboring point to P which approaches P as \—0. 


THEOREM 1. The existence of the modified Hamilton differential is a 
sufficient condition for the existence of the Rainich diferential (3.1). 


To prove this theorem we deduce the Rainich differential (3.1) from 
the modified Hamilton as follows: we define f(£) by the equation 
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(5.2) JO = 6[P. + #AQ— Py] 

where £ is an arbitrary parameter. From (5.2) it follows that 

[Px + Eln — Pr) + AKA — Prd] — [P+ HO — Pr] 

Ag 
= p [Pa + EO — Pr), OQ. — Pa] = o (Rau Oa — Pr), ” 

where for 0S£S1, Ry plays the role of an intermediate point. This is 
by definition (2.1) the Hamilton differential. From (5.2), f(1) =@(Qa) 
and-f(0) =(P,) follow while the mean value theorem asserts the ex- 


istence of a value & such that f(1) —f(0) =f'(6) =@’(Ra, Qa— Pa). We 
then have j 


J’ = limit 
Ago 


(5.3) timit $(Qx) — (Pr) = 


0 





-P 

limit ¢' (z. & à) 
0 
(we have here used the linearity property) while if Q, and P, are made * 
to go to P in any manner whatever provided that limit,.o(Q,—P)/A 
=dP and if the Hamilton differential is continuous at P it follows 
that 

— P: 
Oo) = pP, aP). 





limit $ (2 
a0 


6. The restricted Hamilton. By the restricted Hamilton differential 
we shall mean the Hamilton differential (2.1) restricted by the linearity 
condition (4.1) only. 

In the sequel we shall write Qa for P+AdP. 


THEOREM 2. For a point function @(Q)) to possess a finite restricted 
Hamilton differential, it is necessary and sufficient that @(Q,) can be 
represented in the form 


(6.1) p) = o(P) + (P,Q — P) +2 


where n is an infinitesimal function of ` of higher order than the first, 
and $’ is linear in the second argument. 


To prove the necessity of the condition we introduce the notation 
n = (Q) — o(P) — ¢' (P, Q — P) 
and we write, using the linearity of ¢’, 


n ip) — 4) 
A A 





— ¢'(P, dP) — ¢' (z. Q ` Ta aP). 


. It only remains to show that 7/A goes to zero with X. 


948 V. C. POOR 


The difference of the first two terms goes to zero with A, according 
to (2.1) of the definition, and the last term goes to zero because of 
(3.1b) and the fact that a linear function in a fmite-dimensional vector 
space goes to zero with its argument; this means that 7/A goes ‘to 
zero. The same relation may be used to prove the sufficiency by re- 
marking that in this case it is given that n/A goes to zero with A. 

In passing we may note that in euclidean 2-space (6.1) becomes 


olr’, y) = plas, 9) +PP, (x — ait OO yj] Xa 

where 4 and j are coordinate vectors. The linearity condition permits 
us to write this equation in the form 

(6.2) olx, y) = plx, y) + pP, OY — e) +92, Dy’ —- +0 
while it is easy to prove that ġ'(P, i) and ọġ’(F, j) are the partial 
derivatives of ¢ at P. But this form of the function indicates that the 
restricted Hamilton is similar to a Stolz differential.? In fact when 

(x, y) = (x + Ada, y + Ady) 


is introduced into (6.2) and if the restricted Hamilton exists at P, 
it follows that for every e>0 there exists a ô such that for |A] <ô, 


[nA] <e. 
In conclusion it may be noted that the general notions arising here 
are not restricted to euclidean 3-space. 


UNIVERSITY OF MICHIGAN 


2 Otto Stolz, Diferential and Integral Rechnung, vol. 1, p. 132. 


MEASURE PRESERVING HOMEOMORPHISMS AT 
FIXED POINTS 


DEANE MONTGOMERY 


In an article of a few years ago [2]! Kerékjártó obtained interest- 
ing results about certain types of transformations which he called 
similitudes. With a few modifications and extensions his methods can 
be used to gain information about the structure of measure preserving 
transformations at fixed points. For simplicity the results are formu- 
lated for Euclidean n-space although they could easily be given a 
much more general setting and in particular the relevant ones apply 
to any n-dimensional manifold on which there is defined a measure 
satisfying light restrictions. Actually, as in most topological investiga- 
tions of measure preserving transformations, the main property 
needed is that a bounded open set can not be carried into a subset 
of itself such that the difference of the two sets contains interior 
points. 

It is shown that there are compact continua of assorted sizes which 
contain the fixed point and which are carried into themselves by the 
transformation. Such continua might, for example, be solid spheres 
x+ +--+ +4%,?S7? as in the case of an orthogonal transformation. 
On the other hand they might be arcs as in the case of the transforma- 
tion 

xt = 2x1, tty = 24n-1, xd = 1/21 tn, 


where continua of the type described are intervals on the x,-axis 
which include the origin. 

The results also show that there are certain points near the fixed 
point which remain near it under indefinite positive iteration of the 
transformation. We use the symbol U~ for the set T-1(U), and so on. 


THEOREM 1. Let T be a measure preserving homeomorphism of En 
onto itself, and let A be a compact connected set such that T(A)CA. Then 
if U is an open set with compact closure which includes A, there exists a 
compact connected set K of which A is a proper subset and such that K 
is in U- and T(K)CK. 

The theorem applies to the particular case where A consists of a 
single fixed point. We divide the proof into two cases. 

Case I. Assume that there exists an open connected set V in y- 


Presented to the Society, September 17, 1945; received by the editors August 20, 
1945. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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which includes A and which is such that T(V)G Y. i 

In this case V may be taken as the desired continuum because if 
either T(V} is in V or T-V} is in V, then T(V) =V. In order to see 
this suppose for example that T(V) is in V so that we have immedi- 
ately T(V)CYV. If T(V) did not include all of V, then because of the 
nature of FV it would have to omit some interior points of V and hence 
could not have the same measure as V. When 7-1(V) is in V, the 
procedure is similar and in either event we have T(V) =Y which is 
even stronger than the stated conclusion. f 

Case II. Assume that there exists no open connected set V in U~! 
with the properties described in case I. Both U~ and U include A. 
Let i 

Ui = CU7 NV) , 
where C(U—!A\ U) is used to designate the component of UAU 
which includes A. We also have 
: Uy = CUA U-, 


where, as usual, superscripts are used to indicate positive or negative 
iterates of a set, and subscripts merely distinguish between different 
sets. We see that U; is not contained in U, because U; in U implies 
Uis in U}. But this is impossible because Ui includes A and isin U~, 
and we have assumed there is no such set which goes into itself. Let 


= C0: N U) | 
so that 
' ' U2 = cur A U). 


Then U: is not in U, because U2 isin USO U~AAU and if it were 
also in U then Uz would also be in Uj and in Už which is impossible 
because U; includes A and is in U—. Continuing step by step let 


= C(U r1 A Ur) 
so that 
Ur = CUa N Ura). 
Then U; is notin U and we see this as follows: we have 
Ur CUDA. ANAU 
and 
1 —k -1 
UCU A- OU QU, 
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so that if U, were in U then U, would also be in U; because it will 
then be in Ui, Uy!, Ue, U2!, and so on, which is impossible as before. 
Now let ey oh ead 
K= UAOAOUO. . 
Since it is the intersection of a monotone decreasing sequence of con- 
nected compact sets including A, it follows that K also has these 
properties. It is clear that K is in U-—, and since 


R=UNUIN.--- - 


it also follows that T(K)CK because U;'C Uz. Each of the sets U; 
includes a point not in U and consequently K must do the same so 
that K must contain points not in A. The proof of Theorem I is thus 
complete. i 


COROLLARY 1. If T is a measure preserving homeomorphism of En 
onto itself with a fixed point p, then there exist arbitrarily small compact 
connected closed sets, which contain p, and which are carried into them- 
selves by T, and which contain more than one point. 


COROLLARY 2. If T is a measure preserving homeomorphism of En 
onto itself with a fixed point p, then there exist arbitrarily large compact 
connected closed sets which contain p and which are carried into them- 
selves by T. 


The proof of Corollary 1 follows immediately from the proof of 
Theorem 1. We turn to the proof of Corollary 2. Let Ai be any com- 
pact connected set which includes p and which is carried into itself 
by T. From Theorem I we know that we can find a larger set with 
similar properties and the proof of the corollary follows by transfinite 
induction or any similar technique. 


COROLLARY 3. Let T be a measure preserving homeomorphism of En 
onto itself and let A be a compact connected set such that T(A)CA. 
Further let U be an open set, including A and having compact closure. 
Then there exists a compact connected set K such that ACKC U-, K is 
not in U, and T(K)CK. 


For the proof we must keep in mind the proof of Theorem 1 which 
has the same hypothesis. Notice that in either Case I or Case II we 
can assert that there exists a compact connected set larger than A 
which goes into itself and which is in Ọ™. If this set is not in U we 
may stop. If it is in U we may proceed by transfinite induction to 
reach the conclusion. 

The first two lemmas show the existence of both small and large 
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continua of the tvpe under discussion, but the third contains a slightly 
sharper result useful in the next theorem. 

If T(t; x) is a one-parameter group of homeomorphisms of E, onto 
itself, then a point $ fixed under every element of the group is called 
a stationary point or a singular point of the group. The function 
T(t; x) is always assumed to be simultaneously continuous in t and x. 


THEOREM 2. Let T(t; x) be a one-parameter group of homeomor- 
phisms of E, into itself and let A be a compact connected set having the 
property that for all positive values of t, A is mapped into itself. Then 
there exists a larger set with the same properites. 


Let U be an open connected set which includes A and has a com- 
pact closure. For each n we may find a’set Æa which is not in U but 
is in U~ and such that T(1/n; K,)€K,. Some subsequence of this 
set of compact connected sets approaches (in the sense of Hausdorff 
distance [1]) a compact connected set K which is in U~ but not in U. 
We show now that for all positive values of ż this set is carried into 
itself. Let x be any point of K and let x, in K, be a sequence of points 
approaching x. It is clear that for all positive k and n 


T(R/n; un) E Kn. 
Letting ¢ be any positive number it will be sufficient to prove that 
T(t; x) EK. 


Let ka be the largest non-negative integer such that k,/n<t, so that 
as n approaches infinity k/n approaches t. We know that 


T(kn/1; £n) E En. 


Since x, approaches x, k,/# approaches t, and T is simultaneously 
continuous we may conclude that 7(é; x) is in X which therefore ends 
the proof. 

It follows from these considerations that we cculd find sets similar 
to those described in Theorem 1 and its corollaries for the negative 
iterates simply by letting T-' be the transformation. There need not 
be such sets which are carried into themselves by both T and T~! as 
we can see for instance in the second example cited in the introduc- 
tion. We may also make analogous remarks about the case of a one- 
parameter group. 

Remark. It is well known that any continuous transformation of a 
closed disc into itself has a fixed point. An orientation preserving 
homeomorphism of the interior of a unit disc does not necessarily 
have a fixed point but if this homeomorphism is measure preserving 
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then it must have a fixed point as we can see from the Brouwer trans- 
lation theorem. We see from the above that there must be compact 
continua which include the fixed point, go into themselves and which 
extend as near as we please to the boundary of the disc. This fact 
may be of use in studying measure preserving homeomorphisms of 
the interior of a disc onto itself. 
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GENERALIZATIONS OF TWO THEOREMS OF JANISZEWSKI 
R. H. BING 
Janiszewski proved [2]! the following for the plane. 


THEOREM A. The sum of two compact continua does not cut the point 
A from the point B provided neither cuts A fram B and their common 
part is connected or does not exist. 


THEOREM B. The sum of two compact coniinuc cuts the plane pro- 
vided their common part is not connected. 


Many generalizations and modifications of these theorems appear 
in the literature (for example, see [1, 3, 4, 6, 8, 9, 10, 11, 12]). This 
paper generalizes the two theorems by considering, instead of con- 
tinua, sets that are neither open nor closed. Al! sets referred to in 
this paper are in the plane. 

Derinirion. The set R cuts the point A from the point B in the 
set W provided some continuum in W contains 4 and B and R inter- 
sects neither A nor B but it intersects every continuum in W contain- 
ing A and B. If R cuts A from B in the plane, we simply say that it 
cuts A from B. Thus we use cut in the sense that coupe was used .in 
Fundamenta Mathematicae (for example, see [1, 2.75, and 10, p. 15]). 
and not in the sense used by some writers to mean separate. If a 
closed set cuts two points from each other in the plane, it separates 
them from each other; this is not true for more general sets. 


Generalizations of Theorem A. We shall make use of the following 
known result [12, p. 129, and 4, pp. 35-36]. 


THEOREM 1. If neither of the closed point sets H and K separates the 
point A from the point B, the common part of E and K ts connected or 
does not exist and the part of H in the complement of K is KOR then 
the sum of H and K does not separate A from B. 


THEOREM 2. If neither of the point sets H and K separates the point 
A from the point B, each of the sets is closed in their sum,? one of the 
sets is compact and their common part is a continuum or does not exist, 
then the sum of H and K does not separate A from B. 


Presented to the Society, September 17, 1945; received by the editors July 24, 
1945. 

1 Numbers in brackets refer to the references cited at the end of the paper. 

2 The set H is closed in the set Sif H- S is equal to H. 

3 In Theorems 2, 5, 6, 7, 8, 9, 10 instead of assuming that one of the sets is com- 
pact, we can assume that the part of it in the complement of the other is compact, 
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Proor. Assume that H+K separates A from B. Then H+K con- 
tains a continuum M separating A from B [8, Theorem 73, p. 150, 
and Theorem 24, p. 194]. However, neither of the closed point sets 
M-H+H-K and M-K+#H-K separates A from B because neither 
H nor K does. Hence, by Theorem 1 their sum does not. But their 
sum contains M. 

Example. Theorem 2 would not be true if instead of requiring that 
H-K bea continuum we only required that it be connected. Let H- K 
be the sum of the interval from (0, 0) to (—1, 2), the interval from 
(—1, 2) to (1, 1) and the image of 


y = sin (7/2z), 0O<a2s1; 

let H—H. K be the image of 
0S y < sin (1/22), O<a2s1; 

let K—H-K be the image of 
02 y > sin (r/2x), 0<a81. 


THEOREM 3. If the sum of the simple closed curve J and the arc PQ 
separates the point A from the point B then their sum contains a simple 
closed curve J’ such that J' minus the common part of J’ and PQ isa 
connected subset of J. 


Proor. There is a subset M of J irreducible with respect to M@+PQ 
separating A from B. Also, M+ PQ contains a continuum J’ which 
is irreducible with respect to separating A from B. This continuum 
is a simple closed curve containing M. If M were the sum of two 
mutually separated point sets Mı and Mz, neither of the closed sets 
M,+PQ and M.+ PQ would separate A from B and their sum would 
not. As M is irreducible with respect to M+ PQ separating A from B, 
it contains no point of PQ and is therefore equal to J’—J’- PQ. 


THEOREM 4. If the points A and B belong to the same component of 
the complement of the connected domain D and J is a simple closed curve 
separating A from B then J contains a continuum which contains no 
point of D and which cuts A from B in the complement of D.* 


Proor. Assume that J intersects D; the theorem is obviously true 
if it does not. Let O1, Oz, - + - be a sequence of points dense in D-J. 
There is an arc 010: in D and by Theorem 3 there is a simple closed 
curve J’ separating A from B and such that J’—J’-O,O2 is an open 


4 By Theorem 7 it follows that J contains a continuum cutting A from B in the 
complement of D and intersecting D in no more than two points. 
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arc (PıQı) of J containing neither O, nor Oz. If Pı is not O; there is 
an arc P10; in D and there is a simple closed curve J” separating A 
from B such that J” —J"-(0:0:+P:0;) is an open arc (P:Q2) of 
(P10;). This process is continued to get an infinituce of (PaOn)’s where 
(P,Q) is a subset of (Pn1Q,_1) containing neither Oi, Oz -- -, nor 
Ons1 but separating A from B in the complement of D. 

The common part M of (P1Q:), (P2Q2), - + + is the same as the com: 
mon part of PiQ:, PeQe,--- and is therefore a continuum. As no 
point of D belongs zo each P,Q,, M does not intersect D. If C isa 
continuum containing A and B but no point of D, then for each posi- 
tive integer z it contains a point of P,Q, anc therefore contains a 
point of M. 

Example. Theorera 4 would not be true if the word “cuts” were re- 
placed by “separates.” Consider the domain D which is the image of 


sin (x/x) < y < 1+ sin (z/2), 0<x*<i, 


and a circle J with center at (0, 0) and radius 1. Now J contains no 
continuum which does not intersect D but which separates (0, 0) from 
(2, 0) in the complement of D. - 


THEOREM 5. The sum of two domains does nat separate the point A 
from the point B provided neither of the domains separates A from B, 
one of them is compcct and their common pari is connected or does not 
exist. : 


Proor. First, assume that H and K are two compact domains 
satisfying the above hypotheses whose sum seperates A from B. Then 
H-+K contains a simple closed curve [8, Theorem 9, p. 184] separat- 
ing A from B. By Theorem 4, this simple closed curve contains a 
continuum M which contains no point of H- K but which cuts A from 
B in the complement of H.K. As M contains no point of H- K, it is 
a subset of either H or K, say H. Then the domain H cuts A from B 
and therefore separates A from B. 

The theorem may be proved in the case in which only one of H, K 
is compact by regarding the plane as a sphere minus one point. 


THEOREM 6. Suppose that H and K are sets such that one is compact, 
neither cuts the point A from the point B, their common part is connected 
and on the subtractien of their common part from each, the remainders 
are mutually separated. Then the sum of H and K does not cut A from B* 


ë Using other methods, Eilenberg showed [1, Theorem 8, p. 78] that the sum of 
the two compact sets H and K does not cut A from B provided neither cuts A from B, 
each is open or closed in H+-K and H- K is connected. ` 
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Proor. Suppose that Cy and Cx are continua such that each con- 
tains A-+-B, Ca does not intersect H and Cx does not intersect K. 
There exist domains Do, Dı, De such that Deo is connected and covers 
H-K but no point of Cg-+Cx, Dı covers H but no point of Cz, D2 
covers K but no point of Cz, Dı— Do: Dı and D2— Do: D: are mutually 
separated and one of Dı, Dz is compact. Considering Do+D, and 
Do+Dz2 as the domains of Theorem 5, we find that Dy» +D1+Dz. does 
not cut A from B. Neither does H-+-K which is a subset of Dp +D; 
+D. 


THEOREM 7. If H is a compact closed set cutting the point A from the 
point B in the complement of the connected set K, then H contains a sub- 
set H' irreducible with respect to being a closed set cutting A from B in 
the complement of K. Also, H' is a continuum that ts not separated by 
any subset of the closure of K. 


Proor. Let Dı, De, + -- be a sequence of domains such that if D 
is a domain containing a point P of H, there exists an integer 7 such 
that D, is a subset of D containing P. Let Hi be a closed subset of H 
such that (1) Hy cuts A from B in the complement of K and (2) Mı 
intersects D, only if every closed subset of H satisfying (1) intersects 
Dy. In general, let Hn be a closed subset of H,-1 such that (1) H, cuts 
A from B in the complement of K and (2) H intersects D, only if 
every closed subset of H, 1 satisfying (1) intersects D,. 

The common part H’ of Hy, Ho,--- is a closed subset of H. It 

cuts A from B in the complement of K for each continuum in the 
complement of K containing A and B intersects each of Mj, He, - 
If H’ contained a proper closed subset M cutting A from B in the 
complement of K, then there would be an integer ¢ such that D; con- 
tained a point P of H’ but no point of M. Then H; would not con- 
tain P. 

Assume that K contains a subset R such that H’—R is the sum of 
two mutually separated point sets Æ, and Fz. Then there exist mu- 
tually exclusive domains F; and F; containing E, and FE: respectively. 
However, as neither K+(H’~H’-F,) nor K+(H’—H’- Ff) cuts A 
from B, then by Theorem 6, K+H’ could not. 


Generalizations of Theorem B. We shall now consider some gener- 
alizations of Theorem B. 

DEFINITION. The junction [5, p. 206] of the sets H and K is the 
common part of H and the closure of K plus the common part of K 
and the closure of H, that is H-K+H-K. 


THEOREM 8. If H and K are connected sets one of which is compact, 
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and such that H is continuumwise connected and the junction of H and 
K is the sum of two mutually separated sets each of which contains a 
point of H, then the sum of H and K cuts the plane.’ 


Proor. Let the junction M of H and K be the sum of two mutually 
separated point sets M4 and Mg which contain points A and B re- 
spectively of H. There exists [7, Corollary 2, p. 221] a compact con- 
tinuum J irreducible with respect to separating A from B and such 
that if the components of Ma: Mpg are regarded as points, J is a simple 
closed curve (or a point) containing no point of M—~M,- Mp. Let T 
be the set of all continua ¢ such that ¢ is either a point of J not be- 
longing to M or a component of M4- Wp. 

Let C be a continuum in H containing A and B. No point of C-J 
is a limit point of K, for J contains no point of M. Using an argument 
similar to that employed by Kuratowski [7, Theorem 11, pp. 222- 
223] we find that T contains a finite number of elements hy, tz, © © +, Én 
ńone of which intersect C-+K and each of which belongs both to the 
boundary of a component of J—(t+--- +t) which contains a 
point of C but no point of K and also to the boundary of a compo- 
nent of J— (h+ + +--+ +i) which contains a point of K but no point 
of C. Let We be the sum of those components cortaining a point of C 
and let Wx be the sum of those containing a point of K. 

Assume that C+K does not cut between any two elements of 
hh, te, ++ +, ta. Then there is a continuum V containing A+h+ -> 
+i, but no point of C+. As neither the continuum V+We nor the 
continuum V+ Wg separates A from B, then by Thecrem 1 their sum 
doesnot. However, their sum contains J. 

Let 4 and j be integers such that C+K cuts i; from t; and let a; 
and a; be maximal connected subsets of J cantaining t; and t; respec- 
tively but no point belonging to an element of T containing a point 
of C-+-K. Now C+-K cuts every point of a; from every point of œ; 
But on (m=i, j) contains a point Pm not belanging to H for J con- 
tains no point of M. Therefore H+-K cuts P; from P}. 

Example. Theorem 8 would not be true if we did not require that 
H be continuumwise connected. Let H be the sum of the intervals 
having end points at (—3, 0) and (—3, 1), at (—3, 0) and (—1, 0), 
at (1,0) and (2, 0) and at (—3, 1/2”) and (2, 1/2”) wheren=1,2,---. 
Let K be the sum of the intervals having end points at (3, 0) and 
(3, 1), at (1, 0) and (3, 0), at (—2, 0) and (—1, 0) and at (—2, 1/3*) 
and (3, 1/3”). 


ë Nicodym proved this theorem in the case where H is a bounded continuum 
[10, Theorem 2, p. 20]. 
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THEOREM 9. If H and K are connected sets one of which is compact, 
the common part of the closure of H and the closure of K is the sum of 
two mutually separated point sets each of which contains a point of the 
junction of H and K, then H+-K cuts the plane. 


Proor. There exists a simple closed curve containing no point of 
H-K and separating some two points of the junction of H and K. 
Using an argument similar to that used in Theorem 8 we find that this 
simple closed curve contains two points which H+X cuts from each 
other. 


THEOREM 10. The sum of two continuumwise connected sets separates 
the plane provided one of them is compact and their common part exists 
but does not belong to any continuumwise connected subset of their junc- 
tion. 


Proor. Suppose that H and K are sets satisfying the hypotheses of 
Theorem 10 and that the complement of H+ is connected. Neither 
the complement of H+H-K nor the complement of K+K-H cuts 
between any two points of H-K and, by Theorem 6, the complement 
of H:K+H-K does not. 

This type of argument gives the following result. 


THEOREM 11. The sum of two connected domains one of which is com- 
pact separates the plane provided their common part is not connected. 
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ON ISOMETRIES OF SQUARE SETS 
PAUL J. KELLY 


1. Introduction. It is not fully known under what conditions the 
isometry of two square, metric sets, say E? and F?, implies the isome- 
try of E and F. Using the notion of order two self-isometries, this 
paper gives conditions sufficient to imply E isometric to F when E? 
and F are finite and are metrized under any one of a fairly extensive 
class of functions. The basic ideas are first applied to non-square sets 
to yield a more general theorem which is then applied to the inverse 
square problem. 


2. Definitions. A set is called metric if to every pair of its elements, 
a and b, there corresponds a real, non-negative number, which is in- 
dependent of the order of a and b, zero if and only if a equals b, and 
which satisfies the triangle law. 

Two metric sets are isometric (written “=”) if there is a one-to-one 
transformation of one set on the other in which the metric number 
associated with any pair is the same as that associated with the trans- 
formed pair. 

A non-identity mapping of a set on itself, which is an isometry, and 
which leaves each element of the set invariant or else interchanges it 
with another, is called a self-isometry of ord2r two. Any subset on 
which the self-isometry is the identity is said to be left pointwise in- 
variant. 


THEOREM 1. Assume A =B under a mapping T, where A and B are 
finite metric sets. Let A and B have self-isomezries of order two under 
mappings R and S respectively and let A; and By denote respectively the 
maximum subsets left pointwise invariant. If Ai has no self-isometry of 
order two, and has at least as many elements as E1, then'A,=B, and there 


Presented to the Society, November 25, 1944, under the title Some properties of a 
certain interchange type of self-isometry; received by the editors September 23, 1944, 
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exists a composition of R, S, T and T~ which maps A isometrically 
on B and carries Ax into Bı. 


Proor. Starting with the set Ai the following sequence of sets out- 
lined is obtained by transforming A: by T, the set obtained by S, 
this set by T~, and this set by R, and so on repeating cyclically the 
transformations T, S, T~, R. 


Column í , Column 2 

Ay —— a (1, a) 

(2, a) I-ST(Ay:) <——— ST(Ay)) (1, 0) 

(2, b) ne _— ee eat (3, a) 

—— STRT"'ST(Ay)$ (3,8) 

(2n, a) { 

(2n, b) > l (2n + 1, a) 
(2n + 1, b) 


The notation at the side is such that set (n, x), «=a or b, isin Bif n 
is odd and in A if is even. From the construction and the nature of R 
and S, the following relations are easily verified: R(2n, a) =(2n, b), 
R(2n, b) =(2n, a), S(2n +1, a) =(2n-+1, b), S(2n-+1, b) =(2n+1, a), 
T(2n, b)=(2n+1, a), T—1(2n+1, b) =(2n42, a). 

(1) Assume no set in column 2 is the set By. 

(2) Since all sets in both columns are isometric to A1, isometry be- 
ing transitive, and since A, has as many elements as Bı, (1) implies 
that no set in column 2 is a subset of Bi. 

(3) For any n, «=a or b, S(2n-+1, «)4(2n+1, x). Since S is the 
identity mapping only on Bı and since, from (1) and (2), (2n+1, x) 
is not By or a subset of it, S(2n-+1, x) =(2%+1, x) would mean that 
(2n+-1, x) had a self-isometry of order two. This, together with 
A,=(2n+1, x), would imply A: had a self-isometry of order two, 
contradicting the given conditions. 

(4) For any n, no two sets of column 1 up to and including (2n, a) 
are identical. The proof is by induction. 

(4.1) Statement (4) holds for n=1, since 4ı= (2, a) would give 
T(Ay) =T(2, a) or (1, a) = (1, b), contradicting (3). 

` (4.2) Assume (4) holds for n=k, 

(4.3) Since R is the identity only on A; and since (2, a) is nota 
subset of A,, being isometric to it, and is not equal to Ai, from (4.2), 
then R(2k, a) = (2k, a) would imply that (22, a) had a self-isometry of 
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order two, and hence that A; did also. Therefore R(2k, a) Æ (2k, a), 
that is (2k, b) = (2k, a). This, in turn, implies (22, b) A). 

(4.4) For i<k, x=a or b, (2k, b) = (2i, x). From (2k, b) =(2i, x) 
would follow R(2k, b) =R(2i, x), that is (2k, a) =R(22, x), which for 
4<k would contradict (4.2). 

(4.5) From (4.2), (4.3), and (4.4) no two sets of column 1 up to 
and including (22, b) are identical. This, with the one-to-oneness of T, 
implies that no two sets of column 2 up to and including (2k-+1, a) 
are identical. 

(4.6) From (3), (2k-1, 6) (2k-+1, a). 

(4.7) For ¢<k, x=a or b, (2k+1, b)#=(Qi+1, x). For, from 
(2k-+1, b)=(22+1, x) would follow S(2k+1, b) =S(2i+41, x), that 
is (2k+1, a) =S(22+1, x), which for i<k would contradict (4.5). 

(4.8) From (4.6) and (4.7) no two sets of column 2 up to and in- 
cluding (2k-+1, b) are identical. This, with the one-to-oneness of T—1, 
implies that no two sets of column 1 up to and including (2(k-+1), a) 
are identical, and completes the induction establishing (4). 

(5) Since (4) implies the existence of an unlimited number of dis- 
tinct subsets in the finite set A, it is clearly a contradiction reached 
through assuming (1). Therefore (1) is false and Bı must occur in 
column 2 and be isometric to Ai. The remainder of the theorem fol- 
lows from the fact that the sequence of sets can be started with A 
rather than A. 

If A and B are the same set and T is replaced by the identity, 
Theorem 1 reduces to the following result: 


THEOREM 2. Let A be a finite metric set and let A, and B; be the maxi- 
mum subsets left pointwise invariant under two distinct self-1sometries, 
Rand S, of order two. If Ai has no self-isometry of order two and has at 
least as many elements as Bi, then A=B and there is a composition of 
Rand S which maps A tsometrically on itself and carries A; into By. 


3. Definitions concerning square sets. Let E be a finite metric set 
with elements 21, x2, ---, “, and metric pz. By E? is meant the set 
of couples obtained from the cartesian product of E with itself. 

In E? the subset of couples (x: x:), 7=1, 2, ---, n, is called the 
diagonal set. 

The reflection mapping, R, of E? on itself is defined by R(x:, xj) 
= (£; X). 

If a metric px? is defined on the elements of # it is called a metric 
of class a if, in addition to making EZ? a metric set, it has the following 
properties: 
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(1) For any two points of E*, Py: (xi, xj), Pe: (£r, £1), px*(Pi, Ps) 
=f(X1, Xə) where X1=px(xs, xx), Xo=px(x;, x1). 

(2) F(X, Xa) =f(X», Xa). 

(3) There exists a constant M associated with f, such that when- 
ever X1 =X, then f(Xı, Xe) = MX. 


THEOREM 3. Let E and F be finite metric sets, and let E? and F? be 
metrized under the same class a metric. If either the diagonal set of E? 
or that of F? has no self-isometry of order two, then E?= F? implies E=F. 


Proor. Let R and S denote respectively the reflection mappings 
of E? and F? on themselves. From the definition of reflection and from 
property 2 of a class a metric, the mappings R and S establish self- 
isometries of order two in which the diagonal sets alone are left point- 
wise invariant. The two diagonal sets also have the same number of 
elements because E?=F?, From Theorem 1, then, with E? and F? 
playing the roles of A and B, and with the diagonal sets as A; and By, 
it follows that the diagonal set of E? is isometric to that of F?. This 
isometry together with property 3 of a class a metric implies E= F. 


UNIVERSITY OF WISCONSIN 


ON RIEMANNIAN MANIFOLDS OF FOUR DIMENSIONS! 
SHIING-SHEN CHERN 


Introduction. It is well known that in three-dimensional elliptic or 
spherical geometry the so-called Clifford’s parallelism or parataxy has 
many interesting properties. A group-theoretic reason for the most 
important of these properties is the fact that the universal covering 
group of the proper orthogonal group in four variables is the direct 
product of the universal covering groups of two proper orthogonal 
groups in three variables. This last-mentioned property has no ana- 
logue for orthogonal groups in z (>4) variables. On the other hand, 
a knowledge of three-dimensional elliptic or spherical geometry is 
useful for the study of orientable Riemannian manifolds of four di- 
mensions, because their tangent spaces possess a geometry of this 
kind. It is the purpose of this note to give a study of a compact orient- 
able Riemannian manifold of four dimensions at each point of which 
is attached a three-dimensional spherical space. This necessitates a 
more careful study of spherical geometry than hitherto given in the 
literature, except, so far as the writer is aware, in a paper by 
E. Study [2].? Our main result consists of two formulas, which express 
two topological invariants of a compact oriertable differentiable 
manifold of four dimensions as integrals over the manifold of differ- 
ential invariants constructed from a Riemannian metric previously 
given on the manifold. These two topological invariants have a linear 
combination which is the Euler-Poincaré characteristic. 


1. Three-dimensional spherical geometry. We consider an ori- 
ented Euclidean space of four dimensions EZ‘ with the coordinates 
Xo, X1, X2, Xa- In Et let S be the oriented unit hypersphere defined by 
the equation 


(1) ` ee has ee SL 


Three-dimensional spherical geometry is concerned with properties 
on S? which remain invariant under the rozation group (that is, the 
proper orthogonal group) of £4 leaving the origin fixed. 


Received by the editors June 22, 1945. 

1 The content of this paper was originally intended to be an illustration in the 
author’s article, Some new viewpoints in differential geametry in the large, which is due 
to appear in this Bulletin. Later it appeared more a¢visab_e to publish these results 
separately, but a comparison with the above-menticmed article, in particular §7, is 
recommended, 

2 Numbers in brackets refer to the references cited at the end of the paper. 
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We call a frame an ordered set of four mutually perpendicular unit 
vectors ĉo, ĉn ĉo, ês. There exists one and only one rotation carrying 
one frame to another. The coordinates x9, x1, %2, x3 of a point r&s 
with respect to the frame ĉo, ĉu ¢2, ¢& are defined by the equation 


(2) £ = xotg + witr + vole + aes. 


Let e, e:*, e2, es" be a frame related to ĉo, €1, €2, ¢s by means of the rela- 
tions 


o 3 
(3) ež = D> Gestg, a = 0, 1, 2, 3, 
f p=0 : 
where (dag) is a proper orthogonal matrix, and let xo, xi*, sč, x3 
be the coordinates of the same point x with respect to the frame 
ed, ev*, e", e. Then we have 


3 
(3a) xt = >) dagt, a = 0, 1, 2, 3. 
, B=0 
The properties of spherical geometry are those which, when expressed 
in terms of coordinates with respect to a frame, remain invariant 
under change of the frame. - 
Let xo, £1, %2, xs be the coordinates of a point g with respect to a 
frame ĉo, €1, €2, ¢3, as defined by (2)..To these coordinates we associate 
a unit quaternion 


(4) kentaki a ae (OD) =1, 


where N(X) denotes the norm of X. Let 
(4a) X* = yë + xři + zřj + ash. 


Then the following theorem is well known [1]: 


THEOREM 1. The proper orthogonal group (3a) can be expressed in 
the quaternion notation in the form 


(5) X* = AXB, 

where A, B are unit quaternions. It contains the two subgroups 
` (6a) X* = AX, 

(6b) oe X* = XB, 


called the subgroups.of left and right translations respectively. A left 
translation is a right translation when and only when it is X*= +X. 


It is important to give a distinction between the left and right 
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translations. We shall show that this is possible when $ is oriented. 
When X; 1=1, 2, 3, 4, are four quaternions, we introduce the notation 
|XıX2X:X4| to denote the value of the determinant formed by their 
components. Then we have the following theorem: 


THEOREM 2. For any three quaternions X, X', A the inequalities 
(7) | XX’, AX, AX’| £0, | XX’, Z4, X'A| 20 


hold. Equality sign holds only when A = +1 or when X, X’, A are lin- 
early dependent. 


To prove this theorem we assume the quéternions to be different 
from zero and hence, without loss of generality, to be unit quater- 
nions. By a change of frame, which does not atfect the values of the 
determinants in question, we can suppose X =1. Let 


A=ataitoajtask, KX =a +afitajt «dk 
We get then 
| XX’, AX, AX’| = — (uxi — ai)? — (axi — mad)? 
— (mai — ass)? S 0, 
| XX’, XA, X'A | = (ax — anc! )? + laxi — axi)? 
+ (asx? — axi) 2 C. 


From these equations the theorem follows. 

This theorem gives a criterion to distinguisk bive the left and 
the right translations. A reversal of orientation of .S* interchanges the 
left and right translations. 

We now put 


(8) A = Go + uit tj + ask, B = by + bit + baj + bak, 
and write out in detail the transformations (6a) and (6b): 


xë = loko — Gili — z2 — Ash, 


(9 ) xË = t% + ao%1 — agx ~- As, 
se xF = üo% + astı + ox, — a:23, 
xF = azto — Cox, + l1% —— tye, 

rë = boxe — bixı — box, — bazas, 

(0b) xi = bigo + boxr--+ bare — boza, 


x = baxo — bzxı + boza + biz, 
F = bax + baxı — bixa + bazz. 
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Let N and Y be respectively the matrices of these transformations. 
The associativity of quaternion multiplication implies that 

(10) AB = HA. 

We then define 


ĉo eg 

ey ei 
(11) €= ; GF = ; 

êz ex 

es eF 


so that Œ and G* are one-columned matrices whose elements are vec- 
tors. From Theorem 1 we see that the rotation (3) can always be 
written 


(12) G* = ABE = SAC. 
We call two frames Œ and &* left (right) equivalent if 
(13) EF = AE (G* = BS). 


It is evident that this equivalence relation is reflexive, symmetric, and 
transitive. We now introduce as new figures in spherical geometry 
classes of left (right) equivalent frames and shall call them the left 
(right) Clifford figures. 

With respect to a given frame © a left (right) Clifford figure con- 
sists of all frames USE, where Y (A) remains fixed and A (B) varies. 
As its coordinate we can therefore take the matrix $ (X), or the corre- 
sponding unit quaternion B (A). From Theorem 1 it follows that two 
quaternions determine the same Clifford figure, when and only when 
one is the negative of the other. For our purpose we shall, however, 
make a distinction between the Clifford figures determined by +B 
and —B (+A and —A). The new figure will then be called an ori- 
ented left (right) Clifford figure. With a natural topology the space 
of all Clifford figures is homeomorphic to the real projective space of 
three dimensions and the space of all oriented Clifford figures to the 
three-dimensional sphere. 

With a differentiable family of frames we define 


(14) A Wap = dea tp, Qa, B = 0, 1, 2, 3, 
where 
(14a) Wag + pa = 0. 


The differential forms weg satisfy the following equations of structure 
of our spherical space: 
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3 
(15) . daag = 2 Oa yfr a, ß = 0, 1, 2,3. 


It is easy to verify that when the frames of the family belong toa 
left equivalence class we have 


(16)  ġi= wn — ws = 0, 2 = w — 31 = 0, p3 = w — wr = Q. 


Similarly, when the frames of the family belong to a right equivalence 
class, we have 
(17) Yr = — wn — wz = 0, P = — ope — war = 0, 

ps = — wos — wn = 0. 
Using the forms ġ,, Y; 7=1, 2, 3, instead of wes, &, B=0, 1, 2, 3, the 
equations of structure (15) can be replaced by tke equations . 


doi = $3, doz = dati, dda = gids, 

dhi = pps, dpa = Yu dh = pya 
The form di¢2¢3 is a volume element in the space R; of oriented 
left Clifford figures and the same is true of the form Yes in the 


space R, of oriented right Clifford figures. Let R;, R, denote also the 
fundamental cycles on the manifolds R; R,. We easily find 


(18) 


(19) f doidods =f Vilas = 27°. 
Ry Rr 


It follows that if Z is a three-dimensional cycle of R, which is homolo- 
gous to mR we shall have 


1 
(20) zaf ets = m. 


A similar statement holds for R,. 


2. Riemannian manifolds of four dimensions. Let M be a compact 
orientable Riemannian manifold of four dimensions. With M as base 
space is defined the tangent sphere bundle af unit vectors, on each 
fibre of. which operates the rotation group in four variables. The ge- 
ometry of a fibre of M is the three-dimensicnal spherical geometry. 
The construction of the last section defines two new fibre bundles ¥, 
and .§, over M, camely the bundles of oriented left and right Clifford 
figures. 

The equations of structure of M are 
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3 

(21) diag = >, warorp + Rap, a, B = 0,1, 2, 3. 
y= 

We put 

(22a) 1 = wor — w23, Èz = wo — W31, $3 = wn — 12, 

and l d 

(22b) Yı = — wor — wz, Yo = — wo — wat, Ys = — wog — w2 


Equations (21) then become 
do, = p3 + 1, do: = papi + Bo, dhs = pide + $s, 


23) 
( ay = Yaps + Vi, dho = voi + Fa, ae Vio + Wa, 
where 

Bi = Qo — Res, Da = Qoz — Re, Be Ros — Qio, 
(24) 1 o 23 2 02 3y Bs os — Ore 


Pi = — Qo — Ro, Yo = — Qoz — O31, Vs = — Qos — Qi. 


Consider the fibre bundle §;. Each fibre being homeomorphic to 
a three-dimensional sphere, the characteristic class of §, in M is an 
integral cohomology class W, of dimension four. Similarly, %, gives 
rise also to an integral cohomology class W, of dimension four. By 
the multiplication of the homology group and the cohomology group, 
we put 


(25) L= W:M, 1,= WM, 
which are topological invariants of M (they are in fact invariants of 
the differential structure of M under consideration). We shall express 


In, I, as integrals over M of differential invariants of the Riemannian 
metric in M. 


THEOREM 3. Let M be a compact orientable Riemannian manifold of 
dimension four and let Qag, a, 8=0, 1, 2, 3, and ®;, Fi, 7=1, 2, 3, be 
the curvature forms of the Riemannian metric constructed according to 
the equations (21), (24). Then the following formulas hold: 


l 1 2 2 2 1 n2 2 2 i 
(26) SE @, + $: + = fi, a Yi + P: + F=. 
2r? a 2r? J y 


If x is the Euler-Poincaré characteristic of M, we have 
(27) X — hi4 I, = 8x. 
To prove this theorem. we find from (23) 
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d(did2hs) = Pidods + Sap3d1 + Paipa, 
a( Zoas) = — (Didods + Bodsdi + P:pip2) + 3 A 
teal 


which gives 
3 3 2 
(28) a (orbata + > 6.2) = 2 Ë; 
sol i=l 


By a standard procedure in the theory of fibre bundles we see that 
it is always possible to define a mapping of M into , with a finite 
number of singular points, such that the image of a point P of M is 
an oriented left Clifford figure attached to that point. The sum of the 
indices at the singular points is equal to I;. The first formula in (26) 
then follows immediately from (20) and (28). A similar argument ap- 
plies to the second formula. 
From (26) we get, by subtraction, 


2 . 
h-lr=- =f 01Q23 + Qo231 + Rohiz. 
wed M 
By the formula of Allendoerfer-Weil we have 
x=— =f. Qo1Qeg + Qp2M31 + Qosi2ie. 


Consequently, we have 
— l+ I = &. 


Hence the theorem is proved. 

_ The theorem shows that by the consideration of the fibre bundles 
Şo Fr over M we have introduced, besides the Euler-Poincaré char- 
acteristic, essentially one new topological i invariant of M. We denote 
this invariant by 


(29) n = (h+1)/2, 


which is an integer. Then we have 
(302) 2r = f Ror + Ror + Qos + Qie + Ms + Oar. 
M 
If M is the toroidal space, then 7=0, for a locally Euclidean Rie- 


mannian metric cen then be defined in M. If M is the four-dimen- 
sional sphere, the induced metric of M obtained by imbedding it as 


t 
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a unit hypersphere in the five-dimensional Euclidean space is of con- 
stant positive Riemannian curvature. We have then 


Qag = — Wats, a, B = 0, 1, 2, 3. 
It follows that n(M) =0, if M is a sphere. 
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A 5 CURVE THEOREM GENERALIZING THE 
THEOREM OF CARNOT 


TH. MOTZKIN 


Because of the 2-dimensionality of the plane a relation holds be- 
tween any 3 quantities determining a point o- a line. The relation 
between the meets of a line with the sides of a fixed triangle is given 
by the theorem of Menelaos. This is generalized to the meets of an 
algebraic curve with a triangle by the theorem of Carnot. I give here 
a further generalization to the meets of an algebraic curve with a 
triangle whose sides are arbitrary algebraic curves. The formulation of 
the theorem requires the introduction of the new notion of curve cross 
ratio; it will be verified by a simple algebraic method allowing us to 
prove a wide class of allied theorems. The theorem itself is already 
very extensive; of the numerous special cases, which include many 
known theorems, I can, in this place, only give a jew examples, but I . 
give an outline of the main procedures in obtaining, step by step, 
special cases and related theorems. 

The theorem of Carnot states that the cyclic product of the ratios 

in which the sides of a polygon are divided by en algebraic curve is 1: 
' it may be written [[(4P: BP) =1, if A is a vertex, B the next vertex, 
and P a meet of the curve and AB. Carnot’s theorem, which Poncelet 
in his epoch-making treatise Propriétés projectives des figures, a 
great part of which is based upon it, calls “le principe fondamental,” 
expresses, as I shall show elsewhere, a characteristic property of alge- 
braic curves; it may also be extended to a class of limiting cases. 

The usual proofs of Carnot’s theorem are by reduction to one of 
two special cases. The polygon is decomposed either into triangles or 
into quadrangles with two opposite vertices in the infinite, and these 
cases (the second of which is a theorem of Newton) are proved by 
writing the free term of a polynomial! as product of its roots. 

Menelaos’ theorem is usually proved by homcthetic triangles (the 
simplest case of Newton’s theorem); it may also be obtained by 
dualizing the theorem of Ceva. The latter is a trivial corollary of 
the representation of a point P by barycentric coordinates, with re- 
spect to a triangle ABC: if AP meets BC at A’, and so on, we have 
AC’: BC'’=ACC’:BCC’ (areas)=ACP:BCP=ACP:—CBP; and, 
evidently, the cyclic product of the ratios analogous to the last is —1. 
Menelaos’ theorem, and its exact dual equivalent, may likewise be 
expressed as identities between areas of triangles, that is, between 
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determinants. Now a determinant is only the simplest case of the 
resultant of 3 quantics, and this leads us to the formulation and proof 
of the generalized theorem. 

We consider Mobius’ 5 line theorem. If each ratio in Menelaos 
theorem is considered as a cross ratio with one point at the infinite, 
we obtain a projective theorem on two transversals of a triangle: the 
cyclic product of the cross ratios on the sides is 1. Exactly the same 
statement holds for 5 general algebraic curves (here the 4 curve theo- 
_ rem obtained by choosing the line at infinity as 5th curve is a very 
special case from which the general theorem cannot be deduced by 
projective generalization). This statement will make sense as soon 
as we define the cross ratio determined on a curve (side) by 4 curves 
(2 sides and 2 transversals). 

Let the given side (and the quantic vanishing there) be a, the ad- 
jacent sides b and c, the transversals p and g. Denoting by abp the 
resultant of the 3 quantics, the required cross ratio a(bp/cq) shall be 
defined as (abp:abq): (acp:acg). It has certain interesting properties, 
and its definition is a natural one, as seen by the following considera- 
‘tion. Denote the set of meets of a and p by ap, and so on. In case 
of lines, the cross ratio of the mutual distances of ab, ac, ap, ag equals 
the cross ratio of the distances of ab and ac from p and q. The last 
cross ratio may be obtained by ‘substituting the values of ab in 9, 
and so on. In the general case, substitution of every point x of ab in p 
and multiplication [ p(x) of the results gives abp. 

Remarks. 1. In the definition of the curve cross ratio, as throughout 
the note, we make the tacit assumption that no resultant which is 
explicitly mentioned is 0, that is, that the corresponding 3 curves do 
not have a common point. 2. If b and c, and if p and q are of equal 
degree, the curve cross ratio is not affected by multiplication of the 
quantics by constants, and thus depends only on the given curves. 
The simple ratio r=abp:abqg= [](p(x):q(x)), on the other hand, may 
differ for proportional quantics, For p and q of equal degree, all x 
with a fixed r= —y:\ form a curve \pt+yq=0. 

The 5 curve theorem follows at once from the définition: 
a(bp/cq) -b(cp/ag)-c(ap/bq) = +1, as all factors cancel out, or in 
words: 


The cyclic product of the cross ratios determined on the sides of a cur- 
vilinear triangle by two curvilinear transversals is +1. 


The same relation | [ax(@x-1/a241g) = +1 holds for polygons. 
We now prove the 4 curve theorem. In the preceding identities, 
already the product of the terms containing p equals +1, and the 
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second transversal is needed only to complete the cross ratios. If 

a, b, c are given and if a fixed q is chosen, we obtain a relation between’ 
the meets of p with a, b, c. For example, if the meets ap and bp are 

given, we obtain a certain value v of acp: bcp; that is, the product v 

of the ratios of the “distances” of the points cp from a and b (as —pid 

in Remark 2) remains unaltered if we change the curve p, as long as 

ap and bp remain fixed. Exchanging the rôle of p and c, we see that 
v also retains its value if c is modified without changing ac and be. 

so we have: 


The meets of two curves c and d with two given curves a and b of equal 
degrees determine the product acd:bcé of the distances of the meets of c 
and d from a and b. 


If the degrees a and 6 of a and b are different, the value of acd®: bed 
is determined. 

Examples of kindred theorems. Quotients of prcducts of resultants 
in which all terms cancel (except the sign) can, of course, be formed in 
various ways. As examples we formulate the 2 following theorems: 


I. The cyclic product of the ratios determined on each side of a curvi- 
linear polygon by all non-adjacent sides is 1. 


Il. The cyclic product of the ratios of the “segment” determined on each 
side of a curvilinear bolygon by the following iwo sides to that determined 
on the same side by the two preceding sides is 1. 


Indeed, let the sides in their order be a, b, c,---,p,*++. The 
product in I is composed of ratios aap: bcp with >a, b, c. All factors 
cancel out (the form abc ig cancelled by cab). The factors of the prod- 
uct in II are of the form cab:cde and cancel already on alternating 
sides; but to complete them to cross ratios (for use, for example, in 
the linear case) they must be written cab: cbd - chd: cde: (caq:.cqd -cbq:cge), 
and the additional terms will cancel only if all the sides are considered. 

Other notions related to'the curve cross ratio which may occur in 
theorems of the same type are: 

(1) The cyclic retio on a curvilinear polygon, that is, the cyclic 
„product of the ratios determined on each side s+ by a corresponding 
curve þr; 

i (2) The cyclic ratio abjc;:ac,bj41 on a curve a (tris generalization of 
the cross ratio is a product of cross ratios); 

(3) The triple cross ratio ajbi", j, k, i=1, 2, of 6 curves. 

We now discuss methods for deriving other theorems and special 
cases. Starting with the 5-curve theorem (or a related one), we pro- 
ceed by one or more of the following steps: 
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1. Dualization. 

2. (a) Affine specialization by a suitable choice of the line at in- 
finity; (b) metrical specialization by a suitable choice of the isotropic 
points J, J. 

3. (a) Specialization of the polygon; (b) composition of polygons. 

4. (a) Specialization of curves to cubics, conics and lines; (b) spe- 
cialization to reducible curves. 

5. Passing to limiting cases with one or more vanishing resultants. 

Example: orientation of common tangents. By the steps 4a, 1 and 2b, 
we derive a theorem of Laguerre from the 4 curve theorem. Let a and 
b in 9 be lines; after dualizing they become points. Choose them as I 
and J. As fixing the tangents to a curve from J and J is equivalent to 
fixing its foci, and as the product of the ratios of the “distances” of 
given lines from J and J determines their orientation,’ we have: 


The orientation of the common tangents of two curves is determined by 
their foci. - ; , 


It is the same as the orientation of the lines connecting the foci of 
one curve with those of the other. 

We now pass to a single curve. From the 4 curve theorem with a 
and b as lines we derive a theorem on a, b and a single curve c. Let p 
be the first polar of ab with regard to c; the meets ap may be deter- 
mined from ac only, and bp from bc. As the meets cp are the points 
of contact on the tangents to c from ab, we have: 


The meets of a curve c. with two given lines a, b determine the ratio 
product (with regard to a and b)-of the tangenis from ab. 


Conversely, this theorem implies the 4 curve theorem with a and b 
as lines: take c as a reducible curve d-e,,and apply the theorem to 
c, d, e separately, then note that the tangents to c are the same as 
to d and e plus the lines to de. 

Dualizing the preceding theorem, replacing a and b by I and J and 
remarking that the ratio c(Z):c(J) determines the orientation? of c, 
we see that the orientation of a curve is determined by its foci. 


UNIVERSITY OF JERUSALEM 


1 Sum of angles with a given line. 
2 Sum of angles of the asymptotes with a given line. 


THE HYPERSURFACE CROSS RATIO 
TH. MOTZKIN 


Introduction. In my note on A 5 curve theorem generalizing the theo- 
rem of Carnot, 1 I introduced the notion of curve cross ratio. This ex- 
tension of the ordinary cross ratio is the simplest situationally invari- 
ant (3.4) case of the generalized or hypersurface cross ratio of n-+1 
pairs of hypersurfaces in n-space which is the subject of the following 
lines. The generalized cross ratio is at the same time a generalization 
of the resultant of 1 quantics; the connection between cross ratios 
and resultants occurred to me when reading a paper of P. Humbert.? 

The properties of the generalized cross ratio, including extensions 
of some of those of the ordinary cross ratio, will be developed, to- 
gether with the similar and interdependent propert‘es of an analogous 
generalization of the intersection of n hypersurfaces to pairs of hyper- 
surfaces, in §3. This section, much of the contents of which is known, 
is parallel to §§1 and 2 on the ordinary resultant and intersection. 
In each section, after the definition and fundamental properties, the 
influence of a rational transformation of coo-dinates and of permu- 
tation, variation and linear combination of the hypersurfaces is stud- 
ied. 


1.- The resultant. 1.1. DEFINITION. Let x= ‘xo, --* , £a) be a point 
in (complex, or algebraically closed) projective #-space, 720, and 
a= (do ***,- Gn) a system of n+1 quantics of positive degrees 
Go, © © , @, in the variables xo, - ++ , X,. Then the resultant [a] is an 
irreducible polynomial in the coefficients of a with [x,“*]=1, such that 
[a]=0 if, and only if, an «0 with a(x) =0 (that is, ao(x)=0, - 
a,(x)=0 exists. The resultant is unique since the conditions of it irre- 
ducibility and [x,“*]=1 distinguish it from its powers and multiples 
respectively.’ 

1.2. Degree. [a] is a quantic of degree ]];@ in the coefficients of ax. 
Considering a, as degree of the coefficients, we can write [a]. =[Ja. 
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1 Bull, Amer. Math, Soc. vol. 51 (1945) pp. 972-975. 

2 Sur l'orientation des systèmes de droites, Amer. J. Math. vol. 10 (1888) pp. 258- 
281. 

3 Cf. van der Waerdea, Moderne Algebra vol, 2, 1931, po. 18-21. As | | is used 
for the absolute value, [ ] (already generally used in case af the vector product) is 
preferable for determinants, resultants and intersections. The product of all de- 
grees shall be denoted by [| 4, and if a is omitted, by Į [kē (=1 for n=0, as all void 
products including 0 degrze in 3.4 and 3.8). 
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1.3. Multiplication. If one of the given quantics a; is a product 
ax=JJax, we have [a] =] [iao < - -+ , aru ox, ars >*t, Gal, in 
short [---,]],--- J=L[ ], as both sides vanish simultaneously, 
are of equal degree, and can be simultaneously equal to 1. 

1.4. Special cases. If a,=0, then [a] =0. 

For [[@=1, [e] is a determinant. 

For n=1, [a] is a product of []@ determinants. 

Further note the monomial case [arx] =] [a ". 

1.5. Rational transformation. Let fo, > + +, fa be quantics of equal 
degree #>0; then y=f(x) defines a rational transformation. If, for 
x0, also y0, that is, if [f]0, the transformation is called regular; 
in it, to every y, there belong f” points x.t Hence, the only regular 
birational transformations are the projective transformations. 

If a(y) =0 for x0, then either y <0, [a] =0, or y=0, [f] =0. Hence 
[a(f)] must be of the form c[la]*[f]*, €=0 (that is, c is constant). 
In the monomial case a, =axxx"*, fe=brx we have ax(f) =a4,8x2*x Ja, 
[o(f)] =] (a81). We obtain [a(f)] = [a] f. 

1.6. Permutation. If the quantics az are permuted, then [a] and 
the new resultant [a’] are irreducible and of equal degree and vanish 
together, so [a’]=c[a], ¢=0. Choosing quantics which are products 
of linear forms, we see by 1.3 and the laws of determinants that 
c=(+1)"™ for a permutation of sign +1. 

1.7, Variation. If &,24;, 74k, and if a, is replaced by a,+Aq;, 
where A is a quantic of degree d,—4;, then [a] and the new resultant 
[a'] are of equal degree and vanish together, so [a’]=c[a], ¢=0. 
Choosing \=0, we see that c=1. 

1.8. Linear combination. If several quantics a, of equal degree are 
replaced by linear combinations > Jj,0%, 7;,=0, then by repeated ap- 
plication of 1.7 and 1.2 the new resultant is [a’] = [2]"[a]. 

If all degrees a; are equal, 1.6-1.8 are special cases of 1.5. 


2. The intersection. 2.1. DEFINITION. If ai, +--+ , dn, 721, are fixed 
quantics of positive degree, so that the intersection a= +++ =a,=0 
of n hypersurfaces consists only of a finite number of points P; (for 
n=2, quantics without a common:factor of positive degree), then for 
i=1, [, a] =0 only if some 1(P,) =0; hence [/, a] =] ]/(2,) with ap- 
propriate multiplicities of sum ][@ and with a constant factor accord- 
ing to which the coordinates of the points P; are determined. The 
system of these P;, whose order may be changed and whose coordi-: 
nates may be multiplied by constants, with product 1, will be de- 

4 By Bézout’s theorem, if the number of points is finite. But for, say, 00, any 


variety of positive dimension of points x with yofz(x) —yifo(x) =0 would have a point 
in common with fo(x) =0, against the assumption of regularity. 
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noted by P = [a] (the same symbol as for the resultant, but referring 
to n quantics only); we consider the intersection P as product of its 
points and write accordingly [/, a] =I([@]). 

For a general ao, [ao, a] and @o([a]) (that is, [[a2(P;)) are of equal 
degree and vanish together, so they differ only by a constant factor c. 
Choosing g&o as product of linear forms, we see by 1.3 that c=1, so 
[@o, a] =ao([a]) (well known for n=i). 

2.2. Degree. If az is replaced by car €=0, then [a] becomes 
d™ [a]; we may again say that [a] is of degree Į [rā in the coeffi- 
cients of a, and, as in 1.2, write [a]- =]]4, so the degree of an inter- 
section is the number of its points. The degree of a resultant in one 
of the hypersurfaces is the number of meets of the others. 

2.3. Multiplication. By [l, a]=1([a]) and 1.3 we see that again 
[---,]I],-++]=JI[ ], the latter symbol denoting juxtaposition 
(union) of the points of the respective intersections. 

2.4. Special cases. If [a] is defined, then no 2; is equal to 0. 

For [[¢=1, [a] consists of n determinants (‘vector product”). 

In the monomial case we have [arz] =] Jas™ (1, 0, +++, 0). - 

2.5. Rational transformation. Assume [f]9, and [a(f)] definable 
by 2.1. A point Q; belongs to [a(f)] if f(Q:) belongs to [a], so we 
may write [a(f)]=[a]:f. To obtain the exact degree and factor of P 
in f(Q), put J=x,, 1(f)=fs, then, by 2.1, the formula of 1.5 becomes 

FCO) = ea)? [FP PAA, or fla]: =P If]; fo agrees 
with 1.5, fourth line. 

Rational variety. Uf dmyi= ++ > =G,=0 is a fixed rational variety 
F(t), t= (to, + + + , tm), Of degree f such that to diterent ¢ there belong 
different points f(é), then the cross ratios [a] and ja(f)] as functions 
of the coefficients of ao, +--+, @m vanish together and are of equal 
degree, which is the number of meets of the hypersurfaces except 
a@,=0, so they differ only by a constant depending on f and on the 
form c™ (product up to ĉn»). A factor can be given to f so that c=1. 

For n =1, that is, a unicursal curve, [a(f)] is a product of determi- 
nants. 

If Qn4i= * * + =@,=0 is composed of several rational varieties, 
[a] equals the product of the corresponding cross ratios. For m=0 
this is again the final formula of 2.1. 

2.6. Permutation. For a permutation of sign +1, 2.1 and 1.6 give 
a’=(+Pi). | 

2.7. Variation. By 2.1 and 1.7, [| - - - aran -+ |= [a]. 

2.8. Linear combination. By 2.7 and 2.2, [a’]= [2] [a]. 


3. Generalized cross ratio and intersection. 3.1. DEFINITION. If 
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Qo ***, @, are quantics of positive degree, except @z, which is 
a quotient bpic of quantics of positive degree, we may, in agree- 
ment with 1.3, define [a] as [ao,+- +, Gr- br, Grit, s+ *, aa] 
z [ao <, Grn Chs Ont, © -° , Gnl, and Abr:Acr, ADO, will give the 
same value. Likewise, if every a, is a homogeneous rational function 
byicx, [a] is defined as quotient of products of 2” resultants. This 
“resultant of rational functions” we call also cross ratio of the corre- 
sponding n+1 pairs of hypersurfaces 6, =0 and c,=0.5 It may be 
0, ©, or indeterminate. Artificial indetermination, due to the choice 
of A, must be avoided. 

The intersection may equally be defined for rational functions, in 
agreement with 2.3, by admitting negative multiplicities of points P,, 
or, in case all multiplicities are 0, a number without point. And the 
notions of resultant and intersection remain linked by the relation 
[ao, a] =a0({a]). Here, for d=bo~—e=0, every factor ao(P,) equals 
dile; if P; is on the curve e,b0—d,co=0 of the pencil (bo, co), d; and ei; 
being constants. 

3.2. Degree. [a] is of degree [x4 in the coefficients of br, and of 
degree —][xé in the coefficients of c+; so we can again write [a] =] Ja. 
The same statements hold for an intersection [a] of pairs of hyper- 
surfaces. 

3.3. Multiplication. Again, for cross ratios and intersections, 
[ss lee be PIE diandtorbothi[s-<, tien > atoll: 

3.4. Special cases. No bx or cp is allowed to be congruent to 0. 

In the monomial case, the relations of 1.4 and 2.4 subsist. 

If a, =0, [a] is of degree 0 in the coefficients of all other quantics; 
if d;=d,=0, [a] depends only on the situation of the given hyper- 
surfaces.® In this case, by 3.1, the cross ratio [a] is a product of “cross 
ratios a,(P::Q;) =ax(P:):a,(Q;) of a pair of points and a pair of hy- 
persurfaces of equal degree,” another situational invariant.” As 
b.(P::Q;) is the ratio of the first and last coefficient of z in 
br(zoP, +210), that is, the product of the ratios —2,:29 correspond- 
ing to the meets of ),=0 with the line P,Qi, we see that a,(P;:(Q;) 
equals a product of ordinary cross ratios on P,Q;, each of which is 
determined by a meet of b =0 and a meet of c,=0. 

For cross ratios and intersections with constant az, [a] =a", 
and with constant a; and az, [a] =1. Thus, in contrast to 1.1, the 


$ Or of the virtual hypersurfaces ¢.=0, van der Waerden, Algebraische Geometrie, 
1939, p. 179. . 

6 If b,>0, c.>0, we can attain ¢,=0 by replacing by and cz by their own powers. 

7 Special cases of which are the ratio in Newton’s theorem on algebraic curves, 
and, passing to the logarithms, the angle, and Laguerre’s “orientation.” 
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resultant of quantics of non-negative degree may be reducible; and 
it may be equal to 0 even'if an x0 with a(x) =0 exists, which hap- 
pens if there are 2 or more constant az, all ož them equal to 0 (this 
case, it is true, has been excluded). Yet, in formal developments, we 
shall admit either or both 6,=0 and &=0, so we may assume b, and cp 
without a common factor of positive degree. , 

3.5. Rational transformation. The relations of 1.5 and 2.5 subsist. 
We see that, for [[@=0, the cross ratio and intersection are projective 
invariants. They are not invariant to dualization, common points 
occurring without common tangents and vice versa. 

For a general (not necessarily regular) rational transformation and 
Go =Q, ao(P;) in 3.1 remains unaltered; thereby the change of the cross 
ratio and the intersection can be obtained. 

Rational variety. The conclusions of 2.5 subsist; hence, for [[@=0, 
[a] = [@(f)]. For a unicursal curve f(¢) with inhomogeneous #, met by 
bo=0,-co=0, b1:=0, =O respectively in the systems of points 
F(Bo); (v0), F(6:1), f71) or, admitting negative multiplicities, by a9 =0 
and a,;=0 (of degrees 0) in f(a) and f(a:), we abtain [a] =a—a 
= (Bo —B1) (yo —71) : (Bo —1) (Yo Bx) where Bo—fx, and so on, denote 
products of differences. For a line and Boéob1é1 = 1, this is the ordinary 
cross ratio. 

It would be interesting to know whether similar laws hold for non- 
unicursal curves. 

3.6. Permutation. The relations of 1.6 and 2.6 subsist. Interchang- 
ing of b and cz gives, by 3.3, the reciprocal value (or negative multi-. 
plicities). All other permutations may change more than the sign 
of [a], or the sign of the multiplicities. Thus a cross ratio in (7—1)- 
space, or an intersection in m-space, n>1, has not (27)! but (gen- 
erally) N= (27)!:412"=1-3.-- + (2n—1) values, and with the re- 
ciprocals 2 values. Change of sign occurs only if among the 27 hy- 
persurfaces there are n of even and z of odd degree; these must be 
combined in pairs, which can be done in z! ways, so in this case, 
together with the opposites, there are respectively N +7! or 2N Taal 
values. 

But the N values are not independent, the number of resultants (or 
intersections) being only Cz», =(27)!:n!?, that is, 6, 20, 70, 252, 
924, 3432, 12870, 48620, - -- instead of 3, 15, 105, 945, 10395, 
135135, 2027025, 34459425, -- -. Moreover, a depends only on the 
Cnn —1 ratios of resultants, and for odd # only on the C2n,n:2 
ratios of a resultant of certain hypersurfaces and that of all other 
hypersurfaces. 

The true sequence of numbers of independent values begins 
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2, 5, 14,--- as seen below. The quantics will be denoted by 
1, 2,- --, 2n. Cross ratios and intersections are denoted as in the 
following example. If the given [a] is [2:7, 3:5, 6:1, 4:8], we bring 1° 
to the first place: +1: [a] = [1:6, 2:7, 3:5, 4:8]. In the second place 
we see 6, which is the 5th number after 1; so we begin our symbol 
by 5. The remaining numbers 234578 are now ordered cyclically, be- 
ginning after 6, that is, with 7. 7 is brought to the next place, and we 
write +a=[1:6, 7:2, 3:5, 4:8]. The figure after 7, that is, 2, is the 
second in cyclic order; our symbol begins therefore 62. 3 is already in 
the proper place, 5 is second among 458; hence (622). 8 is not in its 
place, so +1: [a] = (622). f 

n=2. We have (1) = [1:2, 3:4] = [13] [24]: [14] [23], (2) = [1:3, 4:2], 
(3) = [1:4, 2:3]. Multiplying, we get A: (1)(2)(3) =(~1) to the power 
(2)(3) + (2) (4) +(3) (4), hence there are 2 independent values.® 

n=3, Permuting 345 cyclically, we have, as before, A : (11)(12)(13) 
= +1. 234 gives B: (11)(23)(31) = £1. 235 gives (12)(23)(43) = +1, 
which follows also from the two preceding types A and B (“types” 
means that the first figures of the symbols may be replaced by their 
cyclic successors). So the 5 values (yı) determine the others; they are 
independent, as, for example, (11) contains [145] which occurs in no 
other (71). i i 

n=4. 234 gives C: (111)(251)(311) = +1. 235 gives (123) (221) (451) 
= +1, or, by B and C, D:' (221) = + (111) (131) (311) (511). 236 gives 
(131)(213)(511)=+1, or, by B and C, again D. 237 gives 
(143)(212)(651) = +1, or, by ABC, again D. Finally, ‘246 gives 
(123)(353)(512) = +1, or, by ABC, a relation E containing (341). 
By C, D, E respectively, all (651), (621), (641) are expressed by the 
14 values (611), (631). These are independent, as, for example, (131) 
contains [1567] which occurs in no other (631) or (611), and (111) 
contains [1457] which occurs in no other (811). 

Every relation for [a] and its permutations holds also if one of the 
quantics is 1, that is, for 2x—1 hypersurfaces.” The converse is easily 
seen to be true for relations derived by cyclic permutation of 3 
quantics, and 1.6, 2.6 and 3.3. Under the same, perhaps void, re- 
striction the same relations hold for the values [a] formed by an—2 

8 The relation [1:2, 3:4]-+[1:3, 2:4]=1 by which the 2N=6 values of the-ordi- 
nary cross ratio are shown to be functions of one of them—and which is equivalent 
to the additivity of linear measure—ceases to hold, for example, for squares of linear 
forms, Likewise, for general n, there hold special relations in the linear case, reducing 
the above sequence to that of squares 1, 4, 9,-+-+.A, B, and so on, and the effect 
of interchanging 6; and cx, are cases of logarithmic antisymmetry. 

? A for n=3 and the last quantic equal to 1 is the extension of Carnot’s theorem 
given in my paper loc. cit. p. 976. 
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of 2n—1 given hypersurfaces, the dimension of space having been 
diminished by 1. 

3.7. Variation. [a] remains unchanged if b, is replaced by br +Abj¢;, 
or c by ¢x-++Xb,c;. Hence [a] is determined if, in zase 5, 25;+6;, in- 
stead of bz, only the intersection of b,=0 with 8;=0 (and thereby 
also b») is known. Cf. the end of 3.1, and of 3.5. 

In some cases the cross ratio [ao a] is quize independent of ao (of 
a given degree).” By 3.1, this happens if, and only if, all multiplicities 
of the points P; of [a] are equal to 0, that is, if every meet of n hyper- 
surfaces, one of each pair, belongs to a further hypersurface, for ex- 
ample, in the linear combination case 3.8. 

Already for n=2 this is not the only case of constant [1, a]. Let 
bis ¢1, b2, Ce—no two of which shall have a common factor of positive 
degree—have p20 common points, and hi, C, be have 2 additional 
common points, and define fi, Yı Be similarly. Then, of course, 
b16:2P+Be+y72 and 5 analogous inequalities hold, of which—by the 
before-said—4 are equations if, and only if, [1,a] is constant. The 4 
equations give [[@=0 (as stated before); let 4 =0, so that h=&, 
Bi=y1, and Y2—B2=bid2, which may be assumed not less than 0. 
bi, G2, a, p, Bu Be are connected by (1) h?2=p+26e+bide, (2) 
čt ede =p+2Ps, (3) bie=p+61+6e. Eliminating p, there remains 
(4) 0, bié,— Gide — &? +8: SBoSbiG2—fi, by?9—bide—byG2+f1. Eliminat- 
ing Bo, we have (5) 0, batha—bYeSPiShte, (ã2+ĉ)ĉ/2 and 
(51 — &) da S (6: — &)?,"* that is, either S1: &&£b,— č, which may be 
written & <b: <b, or S2: & <b S č, which may be written b:— & Sb, 
Sls’: (Shi follows by eliminating ĝu, or from (1), except for 

6 =0, a linear combination case). In both cases, the inequality 
(6) byda2+5162— by? S (Giée+ &?)/2 is automatically fulfilled : for S1 this 
is obvious, for S2 we write (6) (2b:— @)@Sb;?+ (,— &)’, the left side, 
if greater than 0, being not greater than (2):— &)5; not greater than 

_the right side. 

For given 61, ĉ& we now may choose &a>0 acccrding to Si or S2, 
or S3: @=0, with b> %, or S4: @=0, b=; then f, according to 
(5), which in cases S1, S3, S4 reduces to OSf1S (i+ &)@/2; then 
b2 according to (4), which in case S4 reduces to f2=6,>0 (for B1=0 
we have a linear combination case); then $ by (3), Ëz, y2. S3 and S4 are 
the situationally invariant cases. Arranging by ascending max(hi, &), 
the table of “nonlinear-combination-cases” begins 


10 By 3.3 it is necessary and sufficient for this, that it be so for a linear form a)=1. 
By 3.2 there must be[[¢= 0. If the cross ratio is 1, it is also independent of dp. 
u Also immediately as (1)-+-(2) —2(3). 
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2113 3 224é42 2 «2 
1222222222 2 «2 
200111122222 
1 12 00 1100 1 12 
200000112234 
000120112010 
0001020209200 
3 12112222334 
124122312234 
C DEFGHIJ 
All 10 cases A, - - - , J, containing only lines and conics, are realiza- 


ble. Of the 4 situationally invariant cases E, F, I, J, the latter con- 
cerns 4 conics in the position described by the theorem : 


Of 4 given pairs of points every 3 pairs are on a conic if, and only if, 
either (1) all 4 pairs are on a conic, or (2) a point and a line harmonic 
to the 4 pairs exist. 


Indeed, let Bı, Ci, Ba, C2 be pairs of points, and B1C1B2 on a conic ce, 
and so on. Choose C2= (J, J), then bı, c1, b2 are circles. If they coincide, 
we have case (1); otherwise Bi, Ci, Be are pairs of inverse points for a 
certain circle O. If O is a line, we have case (2); otherwise, in the inver- 
sion at O, c becomes‘a quartic cf, meeting cz at Bi, Ci, Bz and in 4 
points of O, which is impossible.” 

F (on a pair of conics intersecting in 4 points ABCD and the pair 
of lines AB, CD) is a case of cross ratio 1, for the cross ratio is the 
same for all pairs of conics, as it cannot become 0 (or œ), and equals 
1 for coinciding conics; for two circles, F becomes the theorem of the 
radical axis. Æ concerns two conics as in Fand the lines AB, AC; bya 
limiting case of F, either conic may be replaced by BC and its tangent 
at A, so the fixed cross ratio equals that of AB, AC and the two tan- 
gents. I yields a theorem on 4 circles, which by inversion becomes the 
statement that a variable circle is met by a fixed triangle and its 
circumcircle in a constant cross ratio. 

3.8. Linear combination. 1.8 and 2.8 extend to the case where the 
unaltered a; are rational functions. 


12 The non-existence of cz, in this case, is also easily proved algebraically, or by 
remarking that the directions of its axes would have to be harmonic to any 2 of the 3 
lines through O and By, Ci, Bo. 
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If m+1>0 quantics bx are linear forms 6; af m-+-1 quantics dr, and 
if the corresponding c+ are also linear forms ‘yx of dy, then by repeated 
application of 1.8, or 2.8, we have [a]= [e], where a,=6x:72- 
In particular we mention that (a) two pairs of hypersurfaces belong- 
ing to a pencil are met by every line in the same cross ratio (and by 
any other curve in a power of that cross ratic)—a generalization of a 
fundamental theorem of projective geometry—and this cross ratio is 
a projective invariant; (b) n pairs of hyperplanes through a point 
are cut by every hyperplane in the same cross ratio. 

The cross ratio of n+1 pairs of hyperplanes, or points, considered 
as function of one of them, is a quotient of two quantics of degree 
2-}, and constant on a hypersurface of degree 27t. For n=2, the 
cross ratio of 3 pairs of points, or lines, is 1 if, and only if, they are, 
on a conic, which is the fact underlying the projective generation of 
conics. For general z, the cross ratio of +1 points a and of the funda- 
mental points is 1 if, and only if, the product of tke coaxial minors of 
even degree of a equals that of those of odd degree. For »=1, this 
leads to m=0. ' 


UNIVERSITY OF JERUSALEM 


THE PENTAGON IN THE PROJECTIVE PLANE, WITH 
A COMMENT ON NAPIER’S RULE 


TH. MOTZKIN 


1. Introduction: The relations between the 6 values of the cross 
ratio of 4 points obtained by permuting the points are well known 
(§2). The additional relations for the cross ratios of any 4 of 5 col- 
linear points are given in §3. 5 points (or lines) in the plane deter- 
mine cross ratios with the same relations (4.1). The vertices of a 
pentagon are on a conic, the sides on another, the pentagon is polar 
to itself for a third conic. The last may be without real points; in 
this case the relations between the cross ratios turn out to be equiva- 
lent to the famous rule of Napier on the 5 parts of a rectangular 
spherical triangle, the cross ratios becoming the squares of the sines 
of the 5 parts. Thus the said relations are a very simple projective 
. formulation of Napier’s rule.t These considerations form the contents 
of 4.2. The meets of the diagonals of a pentagon form another penta- 
gon, projective to the first. Repeating the procedure, -we obtain a 
bothways infinite sequence of pentagons, converging to the vertices 
and sides of the common polar triangle of the 3 above-mentioned 
conics (4.3), In §5 the relation between the generalized cross ratios of 
6 lines (or points) in the plane is determined. Finally we remark that 
the study of the pentagon in the projective plane is connected, in 
addition to that of the rectangular spherical triangle, to the study 
of the triangle in the metrical plane, that is, in elementary Euclidean 
geometry, and may be important because of its‘applications to the 
latter subject. 


2. Cross ratios of 4 elements in 1 dimension. A point @=(dp, a) 
on a line is given by a binary linear form ax =daoxo+-aix1 vanishing at 
the point. Denoting by [a, b] the determinant of the coefficients a, b 
of two linear forms, the cross ratio of the pairs a, b and c, d is 
s=[a:b, c:d]=([a, c]:[a, d]):([b, c]: [b, d]). Hence [e:d, a:b] =s, 
[a:b, d:c]=1:s. By the relation of Ptolemy-Euler-Pliicker [a, b] [c,d] 
+[e, c][d, 6]+[e, d][b, c]=0, there is [a:c, b:d] =1—s. Hence, 
[b:c, d:a]=[a:d, c:b ]=é=s:(s—1), 1:s+i:t=1. 1:5, 1—s, and ż 
may be called respectively the reciprocal, complementary, and op- 
posite cross ratios to s. The 6 values s, 1:s, i—s, t, 1:4, 1—# lie, if real, 

Received by the editors November 2, 1944. : 

1 And of its dual equivalent, cf, for example, R. E. Moritz, Napier’s theorem for 


quadrantal triangles, Congrés International des Mathématiciens, Oslo, 1936, II, pp. 
170-171. ` 
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y 
in the 6 intervals between — œ, —1, 0, 1/2, 1, 2, œ, one in each in- 


terval. We shall denote the intervals between — œ, 0, 1, œ by I, II, 
II; I and III, I and III, I and II are interchanged respectively by, 


passing to 1:s, 1—s, i. 4 points in cyclic order determine two opposite > 


cross ratios. 4 points may be ordered cyclically in 3 ways; for real 
points there is a natural cycle, with cross ratics in III, and two inter- 
laced cycles.? If each point is given by its coordinates, or coordinate, 
A, the cross ratio shall be denoted by A, B; C, D, for example, 
[o, 0; 1, s]=s. 


3. Cross ratio of 5 elements in 1 dimension. Of 5 elements, 12 
cycles and 30 cross ratios may be formed. In addition to the former re- 
lations, we have 10 identities of the type [a:b, d:e][:c, d:e][c:a, d:e] 
=1, Denoting 1: [b:c, d:e] by d, and cyclically, we obtain @-¢=1—5. 
5 points are projectively determined by 2 cross ratios, say 6 and d; 
d,- ++, éare then 1—8/1—éd, b, 1— bd, d, 1—d/1—Jbd. Inverting the 
cyclic order does not change the cross ratio quintuple. To the op- 
posite cycle acebd belong the opposite cross ratios 1:[c:e, b:d] 
= 4@:(@—1), and so on. Of the other 10 cycles, 5, such as ebcda, are 
bordering cycles to abcde, and 5 are bordering tc acebd; the latter are 
also bordering or opposite to the former. The 12-graph giving the 
relation of bordering, having no closed 3-chains, is not the icosahedric 
graph, but has 30 closed 4-chains. To ebcda Delong the cross ratios 
1—@, 1:8, é:(é—1), 1:d, 1—4. For real points the natural cycle has 
its whole cross ratio quintuple d,---, ē in II, the opposite in I. 
The bordering cycles have quintuples with cross ratios in II, III, I, 
III, I, their opposites in ITI, I, II, I, III. 


4. Cross ratios of 5 elements in 2 dimensions. 4.1. A line 
a= (do, a1, @2) in the plane is given by its equation, that is, by a ter- 
nary linear form ax =ao%o-+a1x1+-dex2 Vanishing at its points. If we 
denote by [a, b, c] the determinant of the coefficients a, b, c of 3 
linear forms, and by [a, b] the meet of a and b, given by the coefficients 
of x= (xo, x1, x2) in [x, a, b], the cross ratio of the meets [a, b], [a, c], 
fa, d], [a, e} equals fa, b:c, d:e]=([a, b, d]: [e, b, el): (fa, c, d] 


2 The same holds for complex points, the corresponding regions being bounded by 
` circular arcs through 1/2+(—3)/2/2. For example, the natural cyclic order (of 
œ, 0, 1, s) is characterized by |s| >i, | s| >|s— 1l. 

3 The fractional notation a/b would lead to the typograpkically less convenient 


symbol 
[p] 
BD4, 


which reflects the group properties of the cross ratio and has been proposed about 50 
years ago. 
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«vays considered as ratio of ordinary cross ratios; hence for each of 
4’ given pairs of lines the ratio of the cross ratios determined on its 
| nes by the two other pairs is the same. If the third pair (of points) 
¿3 I, J, then dln/2 of the (generalized) cross ratio is the difference of 
the angles at which one pair is seen from the points of the other. The 
¿ross ratio is 1 if, and only if, the 6 points (lines) are on the same 
conic—in particular, if two pairs are collinear (concurrent). There are 
again 30 cross ratios. The multiplicative relations of §§2-3 subsist 
and allow us to obtain the other values from @=[a:b, c:d, eif], 
b= [b:c, d:e, a:f|,--+, @=[eta, b:c, d:f]. As 6 lines are projec- 
tively determined by 4 constants, there must be a relation between 
G,-++, & Indeed, if a’=1:[f, a:b, cid], a!’ =1: [e, a:b, cid], and so 
on, then a’,---,e’ anda’’,---, e” are cross ratio quintuples as in 
§§3-4, and d, - - - , ë equal ((1—6’):(1—8’d’)): (1—8): (1—b"d")), 
b':b”, (1—b’d’):(14—-b"'d""), d'id”, ((1—d'):(1—b'd')): (1—4) 
:(1—b”d'')). By b'=5b", d’ =dd" we have 1 —ödb"'d" =c(1—b"'d""), 
bd" =(1—@):(bd—2). By (1—5b'): (1—0) =a, b”! = (1 GZ): 6-40), 
and similarly d’’ = (1 — čē) : (d—éé). Multiplying and equating, we get 
(1 — dé) (1 — G8) (€—bd) = (€—1) (6 — G2) (d— G2). E divides the difference 
of both sides, so finally abede—ace—ceb—ebd—bda—dac+<aé+ čē 
+é+5d+dé—1=0, an identity between the determinants of a 
6, 3-matrix. Conversely, to any @,---, @=0, 1 with 6=dé, and so 
on, and fulfilling the last equation there belong certain b’, d’, b”, d”, 
and 6 lines not on a conic, no 3 of which are concurrent. 


JERUSALEM UNIVERSITY 


RECTILINEAR CONGRUENCES WHOSE DEVELOPABLES 
INTERSECT A SURFACE IN ITS LINES OF 
CURVATURE 


- C. E. SPRINGER 


Introduction. It is well known that the develcpable surfaces of the 
congruence of normals to a surface intersect the suzface in its lines of 
curvature. One may inquire if there exist congruences other than the 
congruence of normals to a surface the developables of which inter- 
sect the surface in its lines of curvature. It is zhe chief aim of this 
paper to give an affirmative answer to this query. The exhibition of a 
congruence of the required variety depends upon the solution of a 
partial differential equation of Laplace—a circurastance which occurs 
frequently in problems of differential geometry. 

The notation employed here is that of: Eisenharz,! with the excep- 
tion that I'*g, will be used for the Christoffel symbol of the second 
kind. Greek letters will take the range 1, 2, and Latin letters the range 
1, 2, 3. The convention of the tensor analysis as to summation on re- 
peated indices will be observed. 


1. Analytical development. Consider a surface S represented by 
ct=xi(u, u?) (¢=1, 2, 3) referred to a rectangular cartesian system of 
coordinates. The functions x‘(#}, u?), together with their partial de- 
rivatives to the second ordér, are understood to be continuous at any 
point P of the surface. A unique line A of a cong-uence A is deter- 
mined at each point P of the surface S by the direction cosines 


(1) AE = (ut, 4), AMAL = l, 


where the functions ^ and their first partial derivatives are continu- 
ous ‘at points of the surface under consideration. 

The functions At may be expressed in terms cf the direction num- 
bers x‘. (a=1, 2) of the tangents to the coordinate curves on the 
surface through P, and the direction cosines X* of the normal to the 
surface at P. Thus, 


(2) At = peat + qX’, 


where p° are the contravariant components of a vector in the sur- 
face at P, q is a positive scalar function, and x*,, denotes covariant 


Presented to the Society, November 24, 1945; received by the editors June 20, 
1945. ' 
1 Eisenhart, Differential geometry, Princeton University Press, 1940. 
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differentiation of x? with respect to u®, based on the first fundamental 
tensor gas =<’ aX" g of the surface S. 
On using (2) and the second of equations (1), there results 


(3) NAF = (praia + gX) (pats + 9X4) = gahh +g? = 


If @ is the angle between the normal to S at P and the line à of the 
congruence A at P, it follows from (3) that 


cos 6 = NX = q. 
Thus, from equation (3), it is seen that the length of the vector with 


contravariant components $7 is sin 6, That is, the last of equations (3) 


assumes the form 
Pap! = sin? 0. 


It may be noticed here that the angle ¢ between the line A of the con- 
gruence A at P and the direction dx‘/ds of any curve C: u*=2°(s) 
through P on S is given by 


cos ọ = Aidxi/ds = (pea. + gX') x? pduf/ds = gagp*dub/ds, 


where s denotes arc length along C. 
Covariant differentiation of Af in equation (2) gives 


Ma = peat ap + X'e + hab" + X76, 
which, by means of the Gauss and Weingarten equations? 
Seip = dapXt,  Xig = — dagg?xi.s, 
can be written in the form 
(4) Mia = patty + aX}, 
where, in turn, Wa and va are defined by 
(5) Ba = Pa — laog”, Va = Ya F PPdap. 


Differentiation of AM =1 yields \'A‘,.=0, which can be written, by 
use of (2) and (4), in the form 


(p°x' + gx) (Uat y + VaX') = 0, 
or 


(6) Puta + Qa = 0 (a = 1, 2). 


Because g does not vanish, k, may be written for p,/g, so that equa- 
tion (6) takes the form 


(7) Va = — hiya (a = 1, 2). 
2 Eisenhart, loc. cit. pp. 216, 217. 
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2. Developables of the congruence and their intersections with the 
surface. In order to arrive at the differential equation af the two one- 
parameter families of curves on the surface S in which the develop- 
ables of the congruence A intersect the surface, take a point with 
coordinates x*+/A? on the line ` through P on S, and let P move 
along a curve C: u*=2%(s) on S for which the point with coordinates 
x?+-th? will describe a curve tangent to the line A. This requires that 


(8) d(x + A) = dai + id + Aidt = mhi, 


where m is to be determined. Multiplication of equation (8) by A‘ and 
use of NAi = 1 show that m =di+-didx‘, by means of which equation (8) 
becomes : i 

dxi + tdrdt = VFA dx), 


or 
(9) [aie + Aia — MAZE.) Jduse = 0. 
From equations (2), (4), (7), it is observed that 
(10) Asi a = P'foa = Pas 
(11) ASAB = Ball"por + Yaa = Malt"e(Bor + heh), 
(12) Matis = Wat yig = Ulag = Haa 


Multiplication of equation (9) by A's, together with use of equations 
(10), (11), (12), yields 


(13) (Hop + IG ag)du* = 0 (B = 1, 2), 
where Gag is an abbreviation for 
(14) At Aig = B apg, Eer + heh). 


Elimination of the parameter ż¿ from equations (13) gives the differ- 
ential equation 


(15) OM te rGasdutdul = 0, 
in which eê is defined as follows: e2} =1, et=—1, M=e#®=0. The 
curves on the surface which satisfy equation (15) constitute the net of 


curves in which the developables of the congruence iniersect the surface. 
This net will be referred to as the tntersector net. 


3. Particular congruences. It will be shown next that equation (15) 
can be written in the form è 


(16) Earls — hYvpjdutduf = Q. 


* 
i 
Ms 
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From the definition of Gag in (14) it follows that 


CP i eyGps = OT ie yt pt 3 (Sor + hghr) 
= etp yga Bh sor + hel? Srp)- 


(17) 


By use of the relations epi =e, € Sealer = lac, Where p= | uap] ; 
g=] gal, and €a is defined by ex=1, en=— 1, en=eg=0, the last 
member of (17) takes the form 

(18) MgCac(u%p — hvg). 


Thus, on rejecting the nonvanishing factors u, g, equation (16) fol- 
lows. 
A necessary and sufficient condition? that the intersector net given 
by (16) be a conjugate net is that 
eac(u%s — kvd = 0, 
which, by use of (5) and (7), can be written in tke form 


eop(P7/q) ad ® = 0. 


Thus, a necessary and suficient condition that the congruence have the 
property that its intersector net on S be a conjugate net is that the parame- 
ters h° of the congruence satisfy the partial differential equation of first 

» order 


(19) Eoph? ad? ='0. 
The intersector net on S is orthogonal, if, and only if, 
Cac(u’p — hvg)g® = 0. 
Again, by use of (5) and (7), and the identical vanishing of the term 
CypGacg? 1g, it is found that a necessary and sufficient condition for the 


orthogonality of the intersector net on S is that the parameters h° of the 
congruence A satisfy 


(20) €yp(h¥ a — dachth?)g? = 0, 


It is to be observed that if A is the congruence of normals to S 
(h* =0), then equations (19), (20) are satisfied identically, and equa-. 
tion (16) reduces to the lines of curvature net represented by 


Eßclayg dutdu? = 0. 


The congruence À is a normal congruence if, and only if, Hag = Bpa 
This can be shown as follows. If every line of A is normal to a surface 
© S given by yi=y*(w, u?), then yi=x'+ér' and Atd(x?-+Ar*) =0 identi- 


4 Eisenhart, loc. cit. p. 231. 
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cally in u!, u?. Because AN’ edu =0 and N(x? a tht pdu. =0 for arbi- 
trary direction du on SJ, it follows that 
Aixi + ba = 0, É Airi a + bo = 0. 


On differentiating the last two equations with respect to u’, u! re- 
spectively, and eliminating 0%/du10u?, there results 
xi adig = at gh) ay 


which, by (4), can be written as 


Eak” = Egyh as 
or 


(2 1) Hap = Bgas 


On multiplying equation (5) by gøy, itfollows from equation (21) that ; 
a necessary and sufficient condition for the congruence A to be a normal 
congruence is that 


~ pap = PB,a 


4. Congruences for which the intersector net coincides with th: 
lines of curvature net. It follows from equation (16) that the inter-” 
sector net is the parametric net on S if, and only E, mo 


(22) ug = hrm, CEDE 


which, by means of equations (5) and the fact that hy=p7/q, can be 4 
expressed in the form 


(23) í hY a = (gt + hth) dae (y £ a). 


J 


The first order partial differential equations (23) appear as a two- 
dimensional analogue of an ordinary differential equation of Riccati. 

It will now be shown that the two first order partial differential 
equations (23) in #7 become two partial differential equations of the 
second order by the substitution 


(24) hy = — dp, - (Y = 1, 2), 
where Y=log w(uz!, 22). Covariant differentiation of equations (24) “ 
yields 

B'a Ee BIW ve a a? Woy 
by use of which equations (23) become 


Vea — Og = (E°? + dat p dae 1 
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On setting Y =log w, and using the fact that dd, = Òa, there results 


dY wa + dY awe + Barts = 0 (Y = a) 
or 
(25) (dw o) a + 8° daw = 0 (y = a). 


A solution w(u', u?) of the two diferential equations (25) determines the 
parameters h° in (24) of a congruence whose intersector net on S is para- 
metric. 

It is to be required next that the parametric intersector net be the 
lines of curvature net on the surface S. For this, it is necessary and 
sufficient that g=diz=0. In this case, both of equations (25) reduce 
to the single equation of Laplace 


(26) (awa) a = 0 (Y = a). 
Equation (26) may be expanded into the form 
dr8?w/ durdu" + (dV a — dI" ap)ðw/ 3w = 0, 
nd this, in turn, on using 
o d7 a = Od /ðu* + dTpa + dI 5a, 
akes the form 
7) dð?w/ðurðu + (3dr /ðu* + dT? pa)ðo/ ðu = 0 (Y = a). 


jse of the Codazzi equations,‘ together with g=dz=0, allows equa- 
ion (27) to be written out in the form 


(28) 3w dog : Og11 ed dy Og22 Ow 





Ow du?  gədy ðu? ðu!  gudy ðu! ðu? 


Thus, it can be concluded that the exhibition of a congruence whose de- 
velopables intersect a given surface in its lines of curvature depends upon 
finding a solution of equation (28). After h* are found from equations 
(24), pY and q are determined by the relations h7=p"/q and equa- 
tion (3). 

To the solution w(u1, u?) =constant, of equation (28), there corre- 
sponds the congruence of normals to the surface S. 

It should be oberved that if gu is a function of u' alone, or if g» is 
a function of u? alone, then a solution of equation (28) can be obtained 
by quadratures. 


5. Coincidence of the intersector net with the asymptotic net on 


4 Eisenhart, loc. cit. p. 230. 


. 
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the surface. The intersector net may be required to coincide with a 
net other than the lines of curvature. For example, in case the asymp- 
totic net on S is parametric, di.=dx2=0, so that if the intersector net 
is required to coincide with the asymptotic net, equations (25) be- 
come 


(29) (dwe) a F gt%dayw = 0 (y Æ a} œ, y not summed). 
On putting y=2, &=1, and making use of the Codazzi relation 
Od12/)u) = d(T — Ti2), 
there results from equations (29) 
0n/du10u! + T4y10w/du! — Ty 10w/du? + 2?*(dy2)2w = 0, 
and similarly, with y=1, &=2, : 
0%n/du2du? — TD 29w/du! + T2—2,dw/du? + gdy) = 0. 
To a solution wut, u?) of the last two equations there corresponds a con- 


gruence A for which the developables intersect the surface S in its asymp- 
totic curves. : 


UNIVERSITY OF OKLAHOMA ' 


INTEGRAL DISTANCES 
PAUL ERDOS 


Ina note under the same title (Bull. Amer. Math. Soc. vol. 51 (1945) 
pp. 598-600) it was shown that there does not exist in the plane an 
infinite set of noncollinear points with all mutual distances integral. 

It is possible to give a shorter proof of the following generalization: 
if A, B, C are three points not in line and k= [max(AB, BC)], then 
there are at most 4(k +1)? points P such that PA ~PB and PB—PC 
are integral. For | PA —PB| is at most AB and therefore assumes one 
of the values 0, 1, ---, k, that is, P lies on one of +1 hyperbolas. 
Similarly P lies or. one of the +1 hyperbolas determined by B and C. 
These (distinct) hyperbolas intersect in at mos: 4(k-+1)? points. An 
analogous theorem clearly holds for higher dimensions. ‘ 


UNIVERSITY oF MICHIGAN 


Received by the editors September 18, 1945. 


A NOTE ON THE FIRST NORMAL SPACE OF 
A V, IN AN R, 


YUNG-CHOW WONG! 


Let N be the normal plane at a point p of a surface V2 in a Eu- 
clidean 4-space R,. Calapso? proved that the hypersphere S in Ry 
passing through p and with center c in N cuts V2 in a curve with a 
double point at p, at which the two tangents to the curve coincide 
if and only if c lies on the Kommerell conic. The Kommerell conic 
is the locus of the point in which N (at p) is cut by the neighboring 
normal planes of Vo. 

The purpose of this note is to generalize this result to the case of a 
subspace Vm in a Euclidean n-space Ra. To do this we shall first state 
some definitions and known results concerning the first (or principal) 
normal space of Vin in R,.? 


Let X* (k=1,---, n) be the rectangular cartesian coordinates in 
R, and let 
(1) X* = xh(u2) (a,b,¢ = 1,--+,m) 


be the equations of a Vm. Put 


(2) BY = dex" m Oxt/aur. 


Then the fundamental tensor and curvature tensor of Vm in R, are, 
respectively, 


k_k 
(3) "Zeb = X B:Bp, 
k 
(4) His = 8B, — TeBe 
where 'T%, is the Christoffel symbol of the second kind for Vn. 

Let us consider the figure surrounding a certain point p of Vn. We 
have at ġ a tangent m-plane and a normal (n—m)-plane N. Let 7* be 
the unit tangent vector at p of an arbitrary curve in Vm passing 
through p. Then the component in N of the first curvature vector of 
the curve with respect to R, is 


Received by the editors May 29, 1945. 

1 Harrison research fellow at the University of Pennsylvania. 

2 R. Calapso, Sulle reti di Voss di uno spazio lineare quadri dimensionale, Rendiconti 
Seminario matematico Roma (4) vol. 2 (1938) pp. 276-311. 

3 See J. A. Schouten and D. J. Struik, Einfuhrung in der neueren Methoden der 
Differentialgeometrie 11, Groningen, 1938, chap. 3; D. Perepelkine, Sur la courbure et 
les espaces normaux d'une Vm dans Ra, Rec. Math. (Mat. Sbornik) N.S. vol. 42 (1935) 
pp. 81-100. 
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(5) are: eee 
The vector «* spans the first normal m’-plane N’ (in N) of Vm in Rp. 


The arithmetic mean of the vector u* for m mutually orthogonal 
directions 7* is the mean normal curvature vector 


(6) M= eT Jm. 
Any vector n, (=2*) in N orthogonal to N’ is such that 


(7) His =0. 


p is called a semé-umbilical point if there exists a vector vx such that 


(8) lig = “gop 


is satisfied. Because of (7) we may suppose that vz is a vector in N’. 

The normal (n —m)-plane at the neighboring point p+d may or 
may not intersect NV’ (at p) at points other than p depending on the 
direction of dp. But we call the locus of the intersection of N’ at p 
(the point p being excluded) by the normal (n —m)-planes of all the 
neighboring points pb+dp the K-variety at p of Vm in Rn. The equation 
of the K-variety is 


(9) Det (Vein = 'geb) = 0, 


where F, is a variable vector in N’. The K-variety is an algebraic 
hypersurface of order m in N’. At asemi-umbilical point, it is a hyper- 
cone in N’ with vertex at the end point o(x*-++2*) (cf. (8)). 

We are now in a position to prove the following theorems. 


~ 


THEOREM 1. The hypersphere S in R, passing through p and with 
center at a point c in N intersects Vm in a Vn with a singular point 
at p. The tangent lines to Vn at p form a hypercone C (in the tangent 
m-plane to Vm) of generally the second degree. 


THEOREM 2. p is semi-umbilical if and only tf taere exists a hypercone 
C at p which is of at least the third degree. 


THEOREM 3. All the points in N with the same projection in N' have 
the same hypercone C. There exist two points in N’ having the same hy- 
percone C if and only tf p is semt-umbtlical. At a semt-umbilical point 
all the points (with the exception of the point v (x*-+-v*)) on each line in 
N’ passing through v have the same kypercone C. No two points in N’ ý 
noncollinear with v have the same hypercone C. 


THEOREM 4. The locus of the point in N’ whose hypercone C sustains 
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an orthogonal ennuple of generators is the polar hyperplane of the end 
point of the mean normal curvature vector with respect to the unit hyper- 
sphere in N’ (with center at p). 


THEOREM 5. The K-variety is the locus of the point in N’ whose 
hypercone C has a line of vertices. 


Theorem 5 for.m=2, n=4, N’=N reduces to the theorem of 
Calapso quoted at the beginning of this paper. 
Proor. The expansion of «*(u*) in the neighborhood of p : x$ =g* (u) 
is 
£ = zi + (Box Jodu" + 2 (8,0sx odu du eee’ 
But by (2) and (4), 
dow = Ba,  3ðot = 0,By = Hos + ToBo 
Therefore 
(10) = xo + (Baodu’ +2 (Hes + TesBa)oduidu +--+. 


The equation of the hypersphere S in R, passing through p and 
with center at a point c(x4-+-c*) in N is 


D(x = wc) = Dey. 
k k 
Using (1) for X* we see that S intersects Vm at the points (w)+dw*) 
at which 
E [- À + (Bodu + 2Ha + TeBalodu'du’ +--+] 


G = Dey. 


Let us arrange this in powers of du’. Then the constant term disap- 
pears. The first term vanishes because c* is orthogonal to the tangent 
m-plane spanned by (Bt): 


(12) E Fih = 0. 


k 


The second degree term is 
| DBB — oe (Aas + TaB] dudu” 
k k 


= (ge — eH is Jodu du 
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by (3) and (12). This proves Theorem 1 and gives us the equation 
of the hypercone C as 


(13) ` (His — gZ Z = 0, 


where Z¢ is a variable direction in the tangent m-plane at p. 
Theorem 2 follows at once from (8), (13) and (11). 
The hypercones at p for the two distinct points c (4¢+c*) and d 
(xf-+-d*) are the same if and only if a constant p exists such that 


(14) (dz — pcx)Hes = (1 — p) "ger 
is satisfied. If d and c have the same projection in N’ we have by (7) 


(15) (dz — on) Hin = Q, 
Therefore (14) will be satisfied by p=1. Hence al! the points in N 
with the same projection in N’ have the same hypercone C. 

This shows that we may confine our attention to the points in N’ 
for the consideration of the hypercone C. Let this be done. Then (15) 
can no longer hold, and condition (14) cannot be satisfied by p=1. 
Consequently, (14) may be put into the form (8) with 


(16) o: = (dy — ptx)/(1 — p). 


Therefore if there exist two points in N’ with the same hypercone C 
` then p must be a semi-umbilical point. Conversely, at a semi-umbili- 
cal point the locus of the point in N’ whose hypercone C is the same 
as that of the point c (distinct from v) is the straight line cv minus the 


point v. 
The hypercone (13) sustains an orthogonal ennuple, that is, con- 
tains m mutually arthogonal generators if and only if i 


1g” — 'gen) = 0, 
that is, by (6) if € 
(17) cM = 1. 


Theorem 4 is an immediate consequence of this. 
The hypercone (13) has a line of vertices if and only if 


l ` 
(18) Det lB — 'ges) = 0, 
that is, if c lies on the K-variety (9). This proves Theorem 5. 
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p. 520. Footnote 1 should read “Mathematicae Notae, Boletin del 
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D. H. Hyers, Linear topological spaces. 

p. 9, line 1. For “neighborhood system U” read “neighborhood sys- 
tem U.” 

p- 10, line 17. For “point yx” read “point y of S, with y#x.” 

p. 11, line 28. For “set D” read “set E.” 

p. 14, line 20. To conditions (2), (a) and (b), of Definition 6.1 add 
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“(c) (xo, £u %2) is continuous in the pair (1, x2) at the point (0, x2) 
for each xe in L;”. 
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Bn +l 2) grtl grte 


H. E. Salzer, Formulas for direct and inverse interpolation of a com- 
plex function tabulated along equidistant circular arcs, abstract 51-7- 
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[a, c, e]), as is immediately verified by assuming a=(1, 0, 0). In 
ddition to the relations of §1, we have the Menelaos-Mdébius identity 
a, bie, d:e\[b, cia, d:e] le; a:b, d:e|=1, with the same consequences 
s in §2. This is also clear by considering the lines as elements on 
eir common conic, say (1, u, u’), the cross ratio of 4 lines on the 
fifth being equal to that determined on any fixed tangent (1, 0, 0), 
that is, to that of the meets (0, u, —1).4 
4.2. A pentagon consists of 5 sides a, b, c, d, e and 5 vertices [a, b], 
[b,c], [c, d), [d, el, le, a] in cyclic order. Let Cy be the mean conic, 
that is, the one for which a and c are conjugate, and so on cyclically; 
then the polarity at Co interchanges every side a and its opposite 
vertex [c, d], and also the conics C, and Cı on which the sides and 
the vertices are. Let A and A’ be the meets of Co and a, and 
[A, A’; [e, a], [a, 6] ] =a’. Give to A, A’, and [e, a] the inhomogene- 
ous coordinates », 0, and 1, then the coordinates of [a, b], [a, c], 
ľa, d] will be a’, —1, —a’, so d=1: [a, bic, d:e]=[e’, —1; 1, —a’] 
= — (a' —1)?:4a'. For @ in I or III, a’ is real; for @ in II, a’ is purely 
imaginary. Hence Cy has real points except for natural cycles. For 
the latter, throw one of the lines to infinity; an ellipse round the 
opposite vertex would cut its sides, so that Co cannot have real points. 
If the pentagon is on the plane at infinity of 3-space, Co may be 
the isotropic conic; then the corresponding spherical pentagon will 
have quadrantal diagonals, that is of arc 7:2. The sides, or diagonal 


_ angles, are given by [i, —z; 0, tan al=a’, whence (i—tan a) 


:(i+tan a) =a’, d=tan? a: (1+tan? a) =sin? a; they are also the parts 
of any of the rectangular spherical triangles abc, bed, and so on (for 
example, abc has the sides +:2—a, B, r:2—y and the angles ô, €), 
the Napierian cycle becoming œyeßô. From ¢@=1—6 we obtain 
sin a sin y=cos 6 (the sign, for the usual orientation of angles, being 
verified for small angles). The opposite of sin? being —tan?, we have 
cot a cot 8=cos 6, the second equation of Napier.’ 

4.3. To the opposite line cycle acebd of a pentagon belongs the same 
Cı, but other vertices on a conic C3, and a new mean conic Cz. The 
opposite vertex cycle on Cs leads to Cs and C4, and so on. We obtain 


4 The relations between the cross ratios of n+3 elements in 2 >2 dimensions ob- 
tained by joining any 4 of them to the linear variety of the others, that is, between 
their mutual projective coordinates, can also be derived from identities of the types 
Menelaos and Ptolemy, and are therefore the same as for +3 elements in 1 dimen- 
sion, This can, as above, be otherwise obtained, together with the natural cyclic 
order, by use of the norm curve through the elements. 

ë Taking the mean conic as the conic of the correspondence of Hesse, we see that 
the cross ratio quintuples are also connected with the mutual cross ratios of 5 pairs 
of points on a line, which are harmonic to each other in cyclic order. 
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a bothways infinite sequence of cycles, d2termined by any of i 
cycles, and conics C, for every integer m. As the sides and vertic, 
of a pentagon have equal cross ratios, the same cross ratios belo , 
to all cycles of the sequence; consecutive pentagons have opposi, 
cross ratios, and every pentagon is prcjective to the next buton 
The projectivity P between both pentagons transforms every lin! 
cycle or point cycle into the next, and Cp into Cm4. The polarity at C, 
inverts the whole sequence and P; the fixed triangle P of P is, there- 
fore, a polar triangle of Cy (and of every Con). We may choose P as 
fundamental triangle and Cy as xx =0; then ad=0, bd =0, so that d | 
is proportional to [a, b}, and P transforms a= (ax) to a’ = (Azaz) which | 
connects [b, d] and [c, e]. Hence [a’, b, d]=0, [a’, b|[a, 6] =0, whence 

by a formula of Lagrange a’a-b*—a’b-ab =0; likewise b'b-a?—b'a-ab 

=0, so a’a-b*=b’b-a®; We see that a’a:aa=gq is the same for 

a,-:-, e, so that Ci, _ given by a’a—qaa=0, and hence or similarly 

every C2m+i, has also P as polar triangle. à and the cross ratio quin- 
tuple determine each other. By Poncelet's closure theorem, to a se- 

quence of conics there belong one-dimensionally many (1) sequences 

of pentagons. For a sequence of pentagons consisting of natural cycles | 
and their opposites (as in case of the quadrantal pentagon), there are 
mean conics without real points, so the vertices and sides of P are 
real; if [^o] <A] <|As|, the sides of the pentagons converge for 
m—+ œ to (0, 0, 1), the vertices to (1, 0, 0), and vice versa for 
m—-— «©, Otherwise, that is, for a sequence of cycles bordering to, 
natural and their opposites, only one vertex v and side s of P are real, 
for C_, and Cs have exactly 2 real meets, as is easily seen for particular 
cases and therefore generally true, a change in the reality of P being 
only possible for touching Cı and Ci, whereas touching conics have 
no closure polygons of Poncelet. P being projective to a transforma- 
tion of similitude, the vertices of the pentagons converge to v, while 
the sides approach v without converging to any line through v; vice 
versa for s. The limit points (1, 0, 0), (0, 0, 1), v are roots of cubic 
equations, which might lead to an approximative construction of the 
roots of cubic equations. Among the projectivities belonging to the 
12 point cycles of a given line cycle it is easy to find pairs whose - 
product has a line of fixed points. { 






al 


5. Cross ratios of 6 elements in 2 dimensions. The generalized 
cross ratio [e:b, c:d, e:f]=[a, c:d, e:f]:[b, c:d, e:f]* can be in 3, 


§ For general quantics cf. my papers The hypersurface cross ratio, and A 5-curve 
theorem generalising the theorem of Carnot, Bull. Amar. Math. Soc. vol. 51 (1945) 
pp- 976-984, 972-975. 


